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ROBUST MAXIMUM PRINCIPLE:
MULTI-MODEL DYNAMIC OPTIMIZATION

Alex Poznyak

Departamento de Control Automático, Centro de
Investigación y de Estudios Avanzados del IPN., México

D.F. AP 14-740

Abstract: This material deals with the version of the Robust Maximum Principle
in the context of Multi-Model Control Optimization formulated as the min-max
Bolza problem. The cost function contains a terminal term as well as an integral
one. A Þxed and inÞnite horizons as well as terminal set are considered. The
necessary conditions of the optimality are derived for the class of multi-model
systems given by an ordinary di erential equation with parameters from a given
Þnite or/and compact sets. Each parameters combination corresponds to one of
possible scenarios for a further dynamics of the system. The problem consists in the
control design providing a good behavior (in the min-max sense) for a given class
of multi-model system. Here maximum is taken over the set of possible scenarios
(or, possible models) and minimum - over a set of admissible controls. It is shown
that the design of the min-max optimal controller is reduced (in the case of a Þnite
model set) to a Þnite-dimensional optimization problem given at the corresponding
simplex set containing the weight parameters to be found. The robust optimal
control may be interpreted as a mixture (with some optimal weights) of the controls
which are optimal for each Þxed parameter value that justiÞes, as an example, the
"fuzzy control" implementation for such sort of problems with quadratic criteria.
LQ-multimodel min-max control is considered in details. Then LQ-multimodel
di erential games are also discussed. Copyright c° 2006 IFAC

Keywords: Robustness, Maximum Principle, multimodel, LQ games, Nash
Equilibrium, shifting signal.

1. INTRODUCTION

1The minimax controllers design for di erent
classes of nonlinear systems has been a hot topic
of research for over last two decades (Boltyanski,
1975), (Boltyansky, 1978), (Dubovitzkii and Mi-
lyutin, 1971), (Sussman, 1987b), (Sussman, 1987c),
(Sussman, 1987a)). All results of this area were
based on the traditions of two classical ap-
proaches: Maximum Principle (Pontryagin et al.,
1969 (in Russian)) and Dynamic Programming

1 Plenary talk at CAO�06, Cachan, Paris, April, 2006.

Method (Bellman, 1957). Both of them can be
directly applied to the controlled systems with
complete model description.

In presence of any sort of uncertainties (paramet-
ric type, unmodelled dynamics, external perturba-
tions and etc.) the main way to obtain a solution
suitable for a class of given models is to formulate
a corresponding minimax control problem, where
maximization is taken over a set of uncertainty
and minimization is taken over control actions
within a given set. One of the important compo-
nents of Minimax Control Theory is the game-



theoretic approach (Basar and Bernhard, 1991).
In terms of game theory, the control and model
uncertainty are strategies employed by opposing
players in a game: control is chosen to minimize
a cost function and the uncertainty is chosen to
maximize it. To the best of our knowledge, the ear-
liest publications in this direction were the papers
(Dorato and Drenick, 1966) and (Krasovskii, 1969
(in Russian)). Later, in the book (Kurjanskii, 1977
(in Russian)), Lagrange Multipliers Approach was
applied to the problems of control and observa-
tions under incomplete information. They were
formulated as the corresponding minimax prob-
lems.

Starting from the pioneer work (Zames, 1981),
which dealt with frequency domain methods to
minimize the norm of the transfer function be-
tween the disturbance inputs and the performance
output, the minimax controller design is formu-
lated as - optimization problem. As it was
shown in (Basar and Bernhard, 1991), this spe-
ciÞc problem can be successfully solved in time
domain, leading to rapprochement with dynamic
game theory and to the establishment of a relation
with risk - sensitivity quadratic stochastic control
((Doyle et al., 1989), (Glover and Doyle, 1988),
(Limebeer et al., 1989) and (Khargonekar, 1991)).
The paper (Limebeer et al., 1989) presents a con-
trol design method for continuous - time plants
whose uncertain parameters in the output matrix
are only known to lie within an ellipsoidal set. An
algorithm for minimax control which at every iter-
ation minimizes approximately the deÞned Hamil-
tonian is described in the paper (Pytlak, 1990). In
the publication (Didinsky and Basar, 1994), using
�the cost - to - come� method, the authors show
that the original problem with incomplete infor-
mation can be converted into an equivalent full
information minimax control problem of higher
dimension, which can be solved using Dynamic
Programming Approach. Minimax control of a
class of dynamic systems with mixed uncertain-
ties is investigated in (Basar, 1994). A continuous
deterministic uncertainty which a ects the system
dynamics, and a discrete stochastic uncertain-
ties leading to jumps in the system structure at
random times are studied. The solution presents
a Þnite dimensional compensator using two Þ-
nite sets of partial di erential equations. Robust
controller for linear time-varying systems given
by stochastic di erential equation was studied in
(Poznyak and Taksar, 1996). The solution is based
on the stochastic Lyapunov-like analysis with the
martingale technique implementation.

Another problems dealing with discrete time mod-
els of deterministic and/or stochastic nature and
their corresponding solutions are discussed in
(Didinsky and Basar, 1991), (Blom and Everdij,
1993) and (Bernhard, 1994).

A comprehensive survey of di erent parameter
space methods for robust control design can be
found in (Siljak, 1989).

In this paper we present the version of Maximum
Principle dealing with construction of the opti-
mal control strategies for the class of uncertain
systems given by a system of ordinary di er-
ential equations with unknown parameters from
a given Þnite set that corresponds to di erent
sceneries of possible dynamics (Boltyanski and
Poznyak, 1999). Such sort of problems, dealing
with Þnite uncertain sets, are very common, for
example, for Reliability Theory where some of
sensors or actuators can fail changing completely
the structure of a system to be controlled (each
of possible structures can be associated with one
of the Þxed parameter values). The problem un-
der consideration belongs to the class of opti-
mization problems of minimax type. The proof
is based on the tent method (Boltyansky, 1975)
and (Boltyanski, 1987). We show that in general
case the original problem can be converted to the
analysis of non - solid convex cones that leads
to inapplicability Dubovitzki - Milyutin�s method
(Dubovitski and Milyutin, 1965) for deriving the
corresponding necessary conditions of optimal-
ity. The main result deals with Þnite parametric
uncertain sets involved into the description of
a model. Then we present the extension of the
obtained result to the case of LQ-control prob-
lem (Poznyak et al., 2002a), to Stochastic control
(Poznyak et al., 2002b) and, Þnally, to Multimodel
LQ-di erential games.

2. STATIC MIN-MAX PROBLEM IN A
FINITE-DIMENSIONAL SPACE AND WHAT
WE CAN EXPECT ON A STRUCTURE OF A

SOLUTION

Let us consider the following min-max static op-
timization problem:

max
A

( ) min

( ) are bounded from below on .
(1)

2.1 The Þnite parametric case

Let, Þrst, the parameter belongs to a Þnite
set A = {1 2 } Obviously, the problem (2)
can be represented as a nonlinear programming
problem (NNP) with a Þnite number of nonlinear
constraints:

min

( ) = 1 2

)

(2)

Applying the Lagrange multipliers approach, this
NNP-problem (2) may be converted to the follow-
ing unconstraint saddled-point NNP:



( ) := +
X

=1

( ( ) )

max
0

min
(3)

In turn, the Lagrange function (3) can be repre-
sented as

( ) :=

Ã

1
X

=1

!

+
X

=1

( ) (4)

Evidently that if

µ
1

P

=1

¶
6= 0, the function

( ) has no minimum at all on ×
since the selection

= sign

Ã

1
X

=1

!

0 0

implies ( ) that contradicts the
assumption that ( ) are bounded from below
on . So, always we have

:= { |
X

=1

= 1 0 ( = 1 )

)
(5)

where is the -dimensional simplex in .
As the result, the Lagrange function (3) becomes
equaled to

( ) :=
X

=1

( ) (6)

If a pair ( ) is a saddle point of ( )
(6), that is,

max
0

min ( ) =

min max
0
( ) = ( )

(which exists if ( ) are strictly convex func-
tions), then for any we have

( ) ( ) (7)

This exactly means that there exist constants
such that is a minimizer of the

Lagrange function ( ) on , or
equivalently, is a maximizer ("Maximum
Principle") of the Hamiltonian function

( ) := ( ) =
X

=1

( )

( ) := ( )
(8)

on .

2.2 The compact parametric case

Suppose now that in the problem (1) the set A
is a compact set in . Then, analogously, this
problem can be represented as the following NNP

min

( ) A

)

(9)

that by the Lagrange technique implementation
may be converted in to the following min-max
problem:

( ) := +

Z

A

( ( ) ) =

1

Z

A

+

Z

A

( )

max
0

min

(10)

Again, there should be

Ã

1
R

A

!

= 0 (if

not we obtain the contradiction) that implies

( ) =

Z

A

( ) (11)

Again, if ( ) are strictly convex, there exist a
saddle point ( ) such that

max
0

min ( ) =

min max
0
( ) = ( )

This means that there exist ( ) such that for
any

( ) =

Z

A

( )

( ) =

Z

A

( )
(12)

or, equivalently, is a maximizer ("Maxi-
mum Principle") of the Hamiltonian func-
tion

( ) := ( ) =

Z

A

( )

( ) := ( )
(13)

on

2.3 Interpretation of Parametric Uncertainty and
Robust Maximum Principle

We can consider the parameter A involved in
the optimized function ( ), as an uncertainty
in the static-plant model

= ( ) (14)

where is an input, is the
corresponding output reaction and A is an
uncertain parameter from A. The problem (1) is
usually referred to as the worst-case (or min-max)
optimization problem where max is taken over the
set of uncertainties A and min is taken over the
admissible set of control actions .

The following two interpretations of a parametric
uncertainty seem to be natural:



1) Multi-scenarios (model) for a single
plant: here the parameter is suggested to be
considered as a possible scenarios (or, a model of
possible behavior) of a single static plant to be
optimized. For example, the corresponding min-
max optimization problem arrises when a Þnancial
committee one of countries, consuming an energy,
have to suggest the budget in the beginning of a
current year, taking into account three possibility
of the petroleum price - low prices (a "good"
scenarios), middle prices (a "regular" scenarios)
and high prices (a "bad" scenarios).

2) Multi-plants worst-case optimization:
this interpretation is related with selection of
the control which minimizes the worst-output
responses of several di erent plants.

Resume. Being applied to a static worst-case op-
timization problem the optimal control maxi-
mizes some weighted summation (or, inte-
gral) of individual Hamiltonian functions

( ) := ( ) (15)

Now, the natural question arrises: does a Maxi-
mum Principle, similar one discussed above,
holds not only in a Þnite dimensional spaces
but in Banach spaces too where elements
are functions? The answer is: yes, it does!
The details of the corresponding construction are
presented below.

3. SYSTEM DESCRIPTION AND BASIC
DEFINITIONS

3.1 Multi-model plant

Consider a system of multi-model controlled
plants

·

= ( ) (16)

where =
¡

1
¢

is its state

vector, =
¡
1

¢
is the control that

may run over a given control region , and
is a parameter belonging to a given parametric

set A and [ 0 1]. In this paper it is assume
that the parametric set A is Þnite, that is,

A := {1 } (17)

The usual restrictions are impose to the right-
hand side

( ) =
³

1

( ) ( )
´

namely, the continuity with respect to the collec-
tion of the arguments and di erentiability
(or Lipschitz condition) with respect to . One
more restriction is formulated below.

3.2 Feasible and admissible control

DeÞnition 1. A function ( ) 0 1 is
said to be an feasible control if it is piecewise
continuous and ( ) for all
[ 0 1]. For the convenience, every feasible control
is assumed to be right-continuous, that is,

( ) = ( + 0) for 0 1

and, moreover, ( ) is continuous at the terminal
moment:

( 1) = ( 1 0)

The initial points 0 = (
1

0 0 ) are
Þxed. For a given feasible control ( ) 0

1 consider the corresponding solution

( ) =
³

1

( ) ( )
´

of (16) with the initial condition ( 0) = 0 .
Any feasible control ( ) 0 1 as well as all
corresponding solutions ( ) A are assumed
to be deÞned on the whole segment [ 0 1] (this
is the additional restriction to the right-hand side
of (16)).

In the space the terminal setM given by the
inequalities

M := { | ( ) 0 ( = 1 )} (18)

is deÞned, where ( ) is a smooth real function
of

For a given feasible control ( ) 0 1

we are interested in the corresponding trajecto-
ries starting from the initial points 0 But the
realized value of A is unknown. That�s why,
the family of trajectories ( ) with insu cient
information about the scenario, which may be
realized, is considered.

DeÞnition 2. The control ( ) 0 1 is
said to be admissible or, realizes the terminal
condition (18), if it is feasible and for every

A the corresponding trajectory ( ) satisÞes
the inclusion ( 1) M. Below we will denote
the set of all admissible controls as .

3.3 Cost function and minimax control problem

The cost function contains the integral term as
well as terminal one (the Bolza form), that is,

:= 0( ( 1))+

= 1Z

= 0

+1
³

( ) ( )
´

(19)
The end time-point 1 is not Þxed. The worst
(highest) cost can be deÞned as follows:

( (·)) = max
A

(20)



The function depends only on the considered
admissible control ( ) 0 1. In another
words, we wish to construct the admissible control
actions providing a "good" (min-max) behavior
for a given collection of models that may be
associated with the multi-model robust optimal
design.

DeÞnition 3. The control (·) is said to be ro-
bust optimal if

( ) it realizes the terminal condition, that is, it is
admissible:

(·)

( ) it realizes the minimal worst (highest) cost
(among all admissible controls).

Thus the Robust Optimization Problem consists
of Þnding the control action ( ) 0 1

which realizes

0:= min
(·)

= min
(·)

max
A

( (·))

(21)
where the minimum is taken over all admissible
control strategies. This is the Min-max Bolza
Problem.

3.4 Mayer form representation

Below we follow the standard transformation
scheme. For each Þxed A let us introduce
( + 1)-dimensional space +1 of the variables
= ( 1 +1) where the Þrst coordinates
satisfy (16) and the component +1 is deÞned by

+1

( ) :=

Z

= 0

+1
³

( ) ( )
´

or, in the di erential form,

ú
+1

( ) = +1
³

( ) ( )
´

+1

( 0) = 0
(22)

As a result, the initial Robust Optimization Prob-
lem in Bolza form can be reformulated in the space

+1 as Mayer Problem, discussed in (Boltyanski
and Poznyak, 1999), with the cost function

= 0( ( 1)) +
+1

( 1) (23)

where the function 0( ) does not depend on the

last coordinate
+1

, that is,
+1 0( ) = 0.

The Mayer Problem with the cost function (23)
is equivalent to the initial Optimization Problem
(21) in Bolza form.

DeÞne now

¯ ( ) =
³

1

( ) ( )
+1

( )
´

+1

as a solution of the system (16), (22). We also
introduce for any A the following conjugate
variables

¯ ( ) =
³

1
( ) ( )

+1
( )
´

+1

satisfying

ú =
+1X

=1

¡
( ) ( )

¢
(24)

with the terminal condition

( 1) = 0 1

A = 1 + 1
(25)

Let now ¯
¦ = ( ) ¦ be a covariant vector

and

¦̄(¯¦ ) =
³ ´

¯¦ =
³ ´

( = 1 ; = 1 + 1)

Introduce the Hamiltonian function

H¦(¯¦ ¯
¦ ) = h¯¦

¦̄(¯¦ )i

=
X

A

D
¯ ¯ ( )

E
=

X

A

+1X

=1

( )

(26)

and remark that H¦(¯¦ ¯
¦ ) is the sum of

�usual� Hamiltonian functions:

H¦(¯¦ ¯
¦ ) =

X

A

D
¯ ¯ ( )

E

The function (26) allows to rewrite the conjugate
equations (24) for the plant (16) in the following
vector form:

¯
¦ =

H¦(¯¦ ¯
¦( ) ( ) )

¯¦
(27)

Let now ¦ = ( ) ¯
¦ be a covariant vector.

Denote by ¦( ) the solution of the equation
(27) with the terminal condition ¦( 1) = ¦

We say that the control (·) satisÞes
the maximum condition with respect to the pair
¦( ) ¦( ) if [ 0 1]

( ) = arg max H¦( ¦( )
¦( ) )

¦( )
¦( ) are assumed to be Þxed

(28)

that is,

H¦( ¦( )
¦( ) ( ) ) H¦( ¦( )

¦( ) )
[ 0 1]

4. ROBUST MAXIMUM PRINCIPLE

Applying the Theorem 1 from (Boltyanski and
Poznyak, 1999) to this optimization problem, the
following main result on the multi-scenarios min-
max control may be formulated (Poznyak et al.,
2002a).



Theorem 1. (RobustMaximum Principle). Let
( ) ( [ 0 1]) be an admissible control and
( ) be the corresponding solution of (16) with

the initial condition ( 0) = 0 ( A) The
parametric uncertainty set A is assumed to be
Þnite. For robust optimality of a control ( ) 0

1 it is necessary that there exist a vector

¦

¯
¦
and nonnegative real values ( ) and

( ) ( = 1 ) deÞned on A such that the
following conditions are satisÞed:

( ) (the maximality condition): denote by

¦
( ) 0 1 the solution of the equation

(24) with the terminal condition (25); then the
robust optimal control ( ) 0 1 satisÞes
the maximality condition (28); moreover

( ) = arg max H¦( ¦( )
¦( ) ) [ 0 1]}

(29)
and

H¦( ¦( )
¦( ) ( ) ) 0

( ) (complementary slackness conditions):
for every A either the equality = 0

holds, or ( ) = 0, that is,

( ) ·
³

0
´
= 0

moreover, for every A, either the equality
( ( 1)) = 0 holds, or ( ) = 0, that is,

( ) · ( ( 1)) = 0

( ) (transversality condition): for every
A, the equalities

( 1) + ( ) grad 0( ( 1))+
X

=1

( ) grad ( ( 1) = 0

+1
( 1) + ( ) = 0

hold;

( ) (nontriviality condition): there exists
A such that either ( 1) 6= 0, or at least one of
the numbers ( ) ( ) is distinct from zero, that
is

¯̄
( 1)

¯̄
+ ( ) +

X

=1

( ) 0

Remark 1. Due to the Complimentary slackness
condition we may conclude that for all active
indices such that ( ) 0 all corresponding
cost functions ( (·)) turns out to be equal, that
is, if ( 1) 0, ( 2) 0, , ( ) 0 then

0 :=
1

( (·)) =
2

( (·)) = = ( (·))

This means that there may exist several "worst"
indices 1 2 where the min-max control
being applied provides equal values of the corre-
sponding cost functionals.

5. PROOF

5.1 Active elements

We say that an element A is -active if
( ( 1)) = 0. Assume that there exists a -
active A such that grad ( ( 1)) = 0.
Then, putting ( ) = 1 ( ) = 0 and assuming
( 0) = ( 0) = 0 for all 0 6= ¦( ) 0, we
satisfy the conditions ( ) ( ) ( ) ( ) (it makes
no di erence in this case, whether the control is
robust optimal or not). Hence we may suppose in
the sequel that grad ( ( 1)) 6= 0 for any -active
indices A Similarly, we say that an element

A is 0-active if 0( ( 1)) =
0. As above,

we may assume that grad 0( ( 1)) 6= 0 for any
0-active A.

5.2 Controllability region

Denote by 1 the controllability region, i.e., the
set of all points ¦ ¦ such that there exists an
admissible control = ( ) 0 1 for which
the corresponding trajectory ¦( ) 0 1

with the initial condition ( 0) = 0 A
satisÞes ¦( 1) =

¦. Furthermore, denote by

2 the set of all points
¦ ¦ satisfying the

terminal condition, i.e., ( ) 0 for all
A. Let Þnally, ( ) 0 1 be a Þxed
admissible control and let ¦( ) 0 1 be
the corresponding trajectory, satisfying the initial
condition ( 0) = 0 for all A. Let 0 be the
corresponding value of the functional (20).

5.3 The set 0 of forbidden variations

Denote by 0
¦ the set which contains the

point ¦
1 =

¦( 1) and all points
¦ ¦ such

that 0( ) 0 for all A.

5.4 Intersection problem

If the process ( ) ¦
0 1 is robust

optimal, then the intersection 0 1 2 consists
only of the point ¦

1; this assertion may be estab-
lished analogously to the proof of the usual max-
imum principle (Boltyansky, 1975). Consequently
if 0 1 2 are tents of the sets 0 1 2 at
their common point ¦

1, then the cones 0 1 2

are separable, i.e., there are covariant vectors

¦ ¦ ¦
not all equal to zero, which belong to the

polar cones ¦
0

¦
1

¦
2 , respectively, and satisfy

the condition

¦
+

¦
+

¦
= 0 (30)

We now describe the sense of the inclusions
¦

¦
0 ¦

¦
1 ¦

¦
3 .



5.5 Needle-shaped variations

First of all, consider the tent 1 of the control-
lability region 1 at the point

¦
1 We choose a

time 0 1 and a point . By ( )
denote the control that is obtained from ( ) by
needle-shaped variation

( ) =

½
for +
( ) for all other

being a positive parameter. We will also consider

the control ( ) for 1, assuming ( ) = ( 1)
for 1. The trajectory

¦( ) corresponding

to the varied control ( ) (with the usual initial
condition ( 0) = 0 A), has the form

¯¦( ) =

½
¦( ) for 0

¦( ) + ¦( ) + ( ) for +
(31)

where ¦( ) =
¡

( )
¢
is the solution of the

system of variational equations

=
X

=1

( ( ) ( ))

A = 1

(32)

with the initial condition

( ) = ( ( ) ) ( ( ) ( )) (33)

We call ( ) = ( 1) the displacement
vector. It is deÞned by the choice of and . Re-

mark that the coordinates ( ) = ( 1)
of the displacement vector are, in general, distinct
from zero for all A simultaneously, i.e., every
trajectory within the family ( ) A, obtains
a displacement. It follows from (31) that every
displacement vector ¦( ) is a tangential vec-
tor of the controllability region 1 at the point
¦
1 =

¦( 1). Moreover, ±
¦( ¦( 1) ( 1)) also are

tangential vectors of 1 at the point
¦
1, since

¦( 1 ± ) = ¦( 1)±
¦( ¦( 1) ( 1)) + ( )

Denote by 1 the cone generated by all displace-
ment vectors ¦( ) and the vectors

± ¦( ¦( 1) ( 1))

i.e., the set of all linear combinations of those
vectors with nonnegative coe cients. Then 1 =
¦( 1) + 1 is a local tent of the controllability
region 1 at the point

¦( 1) The proof of that
fact is the same as in (Boltyanski, 1987).

5.6 Proof of Maximality condition

Let now
¦

¦ be a vector belonging to the
polar cone ¦

1 =
¦
1 Denote by ¦

( ) the solution
of the conjugate equation (24) with the terminal
condition

¦
( 1) =

¦
. We show that if the

considered control ( ) 0 1 is robust
optimal, then the maximality condition ( ) holds.
Indeed, Þx some where 0 1 .
Then for 1 the variation

¦( ) satisÞes
equation (32) with the initial condition (33), and

¦
( ) satisÞes (24). Consequently,

¦
( ) ¦( )

®
=

¿

¦
( ) ¦( )

À
+

¿

¦( )
¦( )

À
=

X

A

X

=1

( )
( ( ) ( ))

+

X

A

X

=1

( )
( ( ) ( ))

0

i.e.,
¦
( ) ¦( )

®
= const, 1. In

particular,

¦
( ) ¦( )

®
=

¦
( 1)

¦( 1)
®

= h
¦

¦( )i 0

since ¦( ) 1, ¦

¦
1. Thus

¦
( ) ¦( )

®
0

i.e., (see (33))

¦
( ) ¦( ¦( ) )

®

¦
( ) ¦( ¦( ) ( ))

®
0

In other words,

H¦(
¦
( ) ¦( ) ( )) H¦(

¦
( ) ¦( ) )

(for any ), i.e., the maximality condition
(29) holds. Moreover, since

± ¦( ¦( 1) ( 1)) 1

we have

±h
¦

¦( ¦( 1) ( 1))i 0

i.e.,
h

¦

¦( ¦( 1) ( 1))i = 0

By
¦
= ¦( 1), this means that

H¦( ¦( 1)
¦( 1) ( 1)) = 0

Consequently,

H¦( ¦( )
¦( ) ( )) 0

for all [ 0 1] This completes the proof of the
maximality condition ( ).

5.7 Proof of Complementary Slackness condition

We now pay attention to the terminal set 2 =M
and describe its tent at the point ¦

1 For
A denote by 2 the set deÞned by the
inequality ( ) 0. Then 2 =

L
A 2 . If

A is a -active index (hence, grad ( ( 1)) 6=
0), then we denote by 2 the half-spacen

:
D
grad ( ) 1

E
0
o

If even an index A is not -active, then
( ( 1)) 0, i.e., ( 1) is an interior point of



the set 2 , and we put 2 = . The direct sum

2 =
L

A 2 is a convex cone with the apex
¦
1 It is easily shown that 2 is a tent of 2 at
the point ¦

1. Let now ( 2 )
¦ ( )¦ be the polar

cone for 2 . Then the polar cone ¦
2 ¦

is given by

¦
2 = conv

Ã
[

A

( 2 )
¦

!

Since
¦

¦
2 , it follows that the vector ¦

= ( )
has the form

= ( ) · grad ( 1 ) for -active ( ) 0
= 0 for -inactive

This may be written in the combined form as
= ( ) grad ( 1 ), where ( ) 0 and ( ) =

0 for -inactive . From this we deduce that ( )
( ( 1)) = 0. This gives the second part of the
complementary slackness condition. Consider now
the set 0. As above, we obtain 0 =

L
A 0

where 0 is deÞned by

0 =
n

: 0( ) 0
o n

1

o

If A is an 0-active index, then we denote by

0 the half-space
n

:
D
grad 0( 1 ) 1

E
0
o

If even an index A is 0-inactive, then we put

0 = . The direct sum 0 =
L

A 0 is a
convex cone with the apex ¦

1 and this cone is a
tent of 0 at the point

¦
1. As above, the polar

cone ¦
0 is given by

¦
0 = conv

Ã
[

A

( 0 )
¦

!

and consequently
¦
= ( ) has the form

= ( ) grad 0( 1 ) where ( ) 0 and
( ) = 0 for 0-inactive indices. This gives ( )¡
0( 1 )

0
¢
= 0 for all A, i.e., we obtain

the Þrst part of ( ).

5.8 Proof of Transversality condition

Furthermore, from (30) it follows + + = 0
for every A, i.e.,

( 1)+ ( ) grad 0( 1 )+ ( ) grad 0( 1 ) = 0

This means that the transversality condition ( )
holds.

5.9 Proof of Nontriviality condition

Finally, since at least one of the vectors
¦ ¦ ¦

is distinct from zero, the nontriviality condition
( ) also is true.

Remark 2. In the proof given above, the cone

2 =
L

A 2 is a solid cone of the space
¦, since each 2 either coincides with or

is its half-space. The same holds for 0. Con-
sequently, the tent method can be replaced by
DM-method ((Dubovitski and Milyutin, 1965)).
Moreover, since both the spaces

¦

¦
are Þnite-

dimensional, the norms in these spaces are, in fact,
inessential (for solidness of the cones 0 2 and
applicability of DM-method). But when the para-
metric set A is inÞnite (see (Boltyanski, 1987)),
the norms turn out to be essential.

6. MULTIMODEL LQ-CONTROL

6.1 Problem formulation

Consider now the following class of non stationary
linear systems given by
½
ú ( ) = ( ) ( ) + ( ) ( ) + ( )
(0) = 0

(34)
where ( ) ( ) ( ) and the
functions ( ) ( ) and ( ) are continuous
on [0 1] The following performance index is
deÞned as

=
1

2
( 1)

| ( 1)+

1

2

1Z

=0

[ ( )| ( ) + ( )| ( )]
(35)

where = | 0 = | 0 and = | 0.
Any terminal set is not assumed to be given as
well as any control region, that is,

( ) 0 and =

The Minimax Linear Quadratic Control Problem
can be formulated now in the form (21):

max
A
( ) min

(·)
(36)

6.2 Hamiltonian form and parametrization of
robust optimal controllers

Following to the suggested technique, introduce
the Hamiltonian

H¦ =
X

A

h
| ( + + )+

+1

1

2
( | + | )

¸ (37)

where the adjoint variables ( ) =
³

|

+1

´|

satisfy



ú ( ) = H¦ =
| ( ) ( )

+1
( ) ( )

ú
+1
( ) = 0

(38)

with the corresponding transversality condition

( 1) = ( ) grad =

( ) grad
£

( 1)
|

( 1) + +1 ( 1)
¤

= ( ) ( 1)

+1
( 1) = ( )

(39)
The Robust Optimal control ( ) satisÞes (28)
that leads to

X

A

|

Ã
X

A

( )

! 1

1 ( ) = 0 (40)

Since at least one active index exists it follows that
X

A

( ) 0

Taking into account that if ( ) = 0 then
ú ( ) = 0 and ( ) 0, the following normal-

ized adjoint variable � ( ) can be introduced for
each = 1 + 1:

� ( ) =

(
( ) 1 ( ) if ( ) 0

0 if ( ) = 0
(41)

satisfying
·

÷ ( ) = H¦ =
| ( ) ÷ ( ) �

+1
( ) ( )

·
�

+1
( ) = 0

(42)

with the transversality conditions given by

÷ ( 1) = ( 1)

�
+1
( 1) = 1

(43)

The Robust Optimal Control (40) becomes as
follows:

( ) =

Ã
X

A

( )

! 1

1
X

A

( ) | ÷

= 1
X

A

| ÷

(44)
where the vector := ( 1 )

|
belongs to

the simplex deÞned as

:=
n

=|A| :

= ( )

Ã
X

=1

( )

! 1

0
X

=1

= 1

(45)
As one can see from (44), the Robust Optimal
Control is a mixture of the control actions

optimal for each independent index
. Below we show what is the optimal weights
selection for multi-model LQ-problem.

6.3 The extended form for the closed-loop system

For the simplicity, the time argument in the
expressions below will be omitted. Introduce
the block-diagonal × valued matrices A,
Q,G and the extended matrix B as follows

A :=

1 0 · · 0

·
·
·

·

0 · · 0

Q :=

0 · · 0

·
·
·
·

0 · · 0

G:=

0 · · 0

0
·
·
0

0 · · 0

:=

1 × 0 · · 0

0
·
·

0

0 · · 0 ×

(46)
B| :=

£
1| ·· |

¤
×

In view of (46), the dynamic equations (34) and
(42) can be rewritten as

úx = Ax+B + d

x( 0) =
¡
1| (0) | (0)

¢|

ú = A| +Qx
( 1) = x( 1)

= 1B|

(47)

where

x| :=
¡
1| |

¢
1×

| :=
³
÷|
1

÷|
´

1×

d| :=
¡
1| |

¢
1×

6.4 The robust optimal control

Theorem 2. The robust optimal control (44) real-
izing (36) is equal to

= 1B| [P x+ p ] (48)

where the matrix P = P × is the solu-
tion of the parametrized di erential matrix
Riccati equation

úP +P A+A|P P BR 1B|P + Q = 0
P ( 1) = G

(here Q = Q G = G )
(49)

and the shifting vector p satisÞes
½
úp +A|p P B 1B|p +P d = 0
p ( 1) = 0

(50)

The matrix = ( ) is deÞned by (46) with the
weight vector = solving the following Þnite
dimensional optimization problem

= arg min ( ) (51)



where

( ) := max
A

=
1

2
x| (0)P (0)x (0)+

1

2
max
=1

1Z

0

|( ) ( ) + |( 1) ( 1)

1

2

X

=1

1Z

0

|( ) ( ) + |( 1) ( 1)

+ x| (0)p (0) +
1

2

1Z

=0

p
|
£
2d B 1B|p

¤

(52)

Proof. Since the robust optimal control (47) is
proportional to , let us try to Þnd the solution
of (49) as follows

= P x p (53)

The commutation of the operators A| = A|

Q = Q ( 0) implies

ú = úP x P [Ax+B + d] úp = úP x

P
¡
Ax B 1B| [P x+ p ] + d

¢
úp

=
h
úP P A+P B 1B|P

i
x

+
¡
P B 1B|p P d úp

¢
=

[ A| + Qx] = [ A| + Qx] =
A| [P x+ p ] + Qx = A|P x+A|p + Qx

or, in the equivalent form,

h
úP +P A+A|P P BR 1B|P + Q

i
x

+
£
A|p P B 1B|p +P d+ úp

¤
= 0

This equation are fulÞlled identically under the
conditions (49) and (50). This implies:

( ) := max
A

= max
P

=1
=

1

2
max

P

=1

1Z

0

£
| + |

¤
+

|( 1) ( 1)
¤
=

1

2
max

1Z

0

( | + x|Q x) + x|( 1)G x( 1)

where

Q :=

1 0 · 0
0 · · ·
· · · 0
0 · 0

G :=

1 0 · 0
0 · · ·
· · · 0
0 · 0

and, hence,

( ) =
1

2
max

1Z

0

([ |B| + x|A|+d| ]

x| [A| Q x] d| )
+x|( 1)G x( 1)] =

1

2
max

1Z

0

³
úx| + x| ú +

x|Q x d| ) + x|( 1)G x( 1)] =

1

2
max

1Z

0

( (x| )+x|Q x d| )

+x|( 1)G x( 1)] =
1

2
(x| ( 1) ( 1) x| (0) (0))

1

2

1Z

0

(x|Q x d| ( x+ p )) +

1

2
max

1Z

0

x|Q x + x|( 1)G x( 1)

So, we obtain

( ) =
1

2
(x| (0) (0)x (0)

x| ( 1) x ( 1) + x
| (0)p (0))

1

2

1Z

0

(x|Q x d| ( x+ p )) +

1

2
max

1Z

0

x|Q x + x|( 1)G x( 1)

(54)

In view of the identity

x| (0)p (0) = x| ( 1)p ( 1) x| (0)p (0)

=

1Z

=0

(x|p ) =

1Z

=0

£
p
|
¡
Ax B 1B| [Px+ p ] + d

¢

+x| úp ] =
1Z

=0

£
x|
¡
A|p + úp PB 1B|p

¢

p
|
B 1B|p + d|p

¤
=

1Z

=0

£
x|Pd p

|
B 1B|p + d|p

¤

it follows



( ) =
1

2
[x| (0) (0)x (0)

x| ( 1) x ( 1)] + x
| (0)p (0)

1

2

1Z

0

x|Q x +

1

2
max

1Z

0

x|Q x + x|( 1)G x( 1)

+
1

2

1Z

=0

£
2d|p p

|
B 1B|p

¤

that implies (51).

6.5 Robust optimal control for linear stationary
systems with inÞnite horizon

Let us consider the class of linear stationary con-
trollable systems (34) without exogenous input,
that is,

( ) = ( ) = ( ) = 0

Then, from (50) and (52) it follows that p ( ) 0
and

( ) := max
A

=

1

2
[x| (0)P (0)x (0) x|(t1) Gx(t1)]+

1

2
max
=1

1Z

0

( ) |( ) +

( 1)
|( 1)

ª 1

2

1Z

0

x|( ) Qx( )

(55)

Hence, the algebraic Riccati equation

P A+A|P P B 1B|P + Q = 0 (56)

has a positive deÞnite solution P if the pair¡
A 1 2B|

¢
is stabilizable and, the pair¡

1 2Q1 2 A
¢
has no neutral and no stable unob-

servable modes (Zhou et al., 1996)) for all ,
then the corresponding closed-loop systems turns
out to be stable ( ( ) 0) and the integrals

in the right-hand side of (55) converge:

( ) := max
A

=
1

2
x| (0)P x (0)

+
1

2
max
=1

Z

0

|( ) ( )

X

=1

Z

0

|( ) ( )

(57)

Corollary 3. The minimax control problem, for-
mulated for the class of multi-linear stationary
models without exogenous input and with the
quadratic performance index (19) within the in-
Þnite horizon, in the case when algebraic Ric-
cati equation has a positive solution P for any

, is solving by the following robust optimal
control

= 1B|P x (58)

when ( ) is deÞned by (46)) with
minimizing (57).

7. HOW TO FIND OPTIMAL WEIGHTS:
NUMERICAL PROCEDURE

7.1 Some properties of the cost functional as a
function of weights

To study the numerical procedure dealing with
Þnding the optimal weights we need the
following results.

Lemma 4. Let be a minimum point, that is,
( ) ( ) for all . Then, for any

active indices 1 such that 1 0, the
functional ( ) satisÞes the following equality

( ) = ( ) (59)

and

( ) ( ) (60)

for all inactive indices such that = 0.

Proof. If for some 0 1 we have 0 ( )
( ), then

( ) = max
1

( ) 0 ( ) ( )

that leads to the contradiction. So, for all indices
it follows ( ) ( ). The result (59) for

active indices follows directly from the Comple-
mentary slackness condition.

Corollary 5. If the vector is a minimum point
then for any 0

= { + ( )} (61)

where {·} is the projector of an argument to the
simplex , that is,

{ } := arg min k k (62)

Proof. For any and the following
property holds: if = { } then ( )
0 and, inverse, if ( ) 0 for some

and then is the projector of
to , i.e., = { }. Let , = 1 be

the active components of ,i.e., they are di erent
to zero and = + 1 be the non-active
components of equal to zero. Then, taking into
account the Lemma (59) and by Assumption 1,
we obtain



([ + ( )] )

( ( ) ) = ( )
X

=1

³ ´

+
X

= +1

( )
¡ ¢

( )
X

=1

³ ´
+

X

= +1

( )
¡ ¢

=

( )
X

=1

³ ´
= 0

(63)
This means that = { + ( )}.

Since the control (x ) is a combination of the
optimal controls for each plant, then it seems to
be obvious that a bigger weight of the control,
optimizing -model, implies a better (smaller)
performance index ( ). This may be expressed
in the following manner: if p pp

¡
p pp

¢ £ ¡
p
¢ ¡

pp
¢¤

0 (64)

for any 0 00 . Summing (64) in 1
leads to the following condition which we consider
as an assumption.

Assumption 1. For any 0 6= 00 the
following inequality holds

¡
0 00

¡
0
¢ ¡

00
¢¢

0 (65)

where

( ) :=
¡
1 ( ) ( )

¢|
(66)

and the identity in (65) is possible if and only if
0 = 00.

Remark 3. Obviously, the Assumption 1 implies
the uniqueness of the optimal minimizing point

.

7.2 Numerical procedure

Assuming that ( ) 0 for all , deÞne

the series of the vectors
n o

as

+1 = + ³ ´
³ ´

0 = 1 2³ ´
=
h

1
³ ´

· · ·
³ ´ i|

³ ´
:= max

1

³ ´

(67)

Theorem 6. Let

(1) The sequence { } is generated by (67);
(2) Assumption 1 holds;

(3) There exists a constant such that

| ( ) ( )| ( ) | |

for all 1 and ;
(4) The gain-sequnce

© ª
satisÞes the following

conditions:

0
X

=0

=
X

=0

¡ ¢2

Then

lim = (68)

Proof. For := , in view of the properties
of the projection operator, we have

°° +1
°°2 =°°°°°°

+ ³ ´
³ ´

°°°°°°

2

°°°°°°
+ ³ ´

³ ´

+ ³ ´ ( )

°°°°°°

2

°°°°°°
+ ³ ´

h ³ ´
( )

i
°°°°°°

2

=

°° °°2 + 2 ³ ´
³ ³ ´

( )
´

+

¡ ¢2

2
³ ´

°°°
³ ´

( )
°°°
2

°° °°2
³
1 +

¡ ¢2 2
´
+

2 ³ ´
³ ³ ´

- ( )
´

°° °°2
³
1 +

¡ ¢2 2
´

(69)

For the new variable

:=
°° °°2

Y

=

h
1 + 2

¡ ¢2i
(70)

in view of (69), we have

+1 =
°° +1

°°2
Y

= +1

h
1 + 2

¡ ¢2i

°° °°2
³
1 +

¡ ¢2 2
´ Y

= +1

h
1 + 2

¡ ¢2i
=

that means (by the Weierstrass theorem) that
there exists

:= lim = lim
°° °°2

But, from (69), we also have the inequality



2 ³ ´
¯̄
¯
³ ³ ´

( )
´¯̄
¯

°° °°2
³
1 +

¡ ¢2 2
´ °° +1

°°2 =
+1

Q

= +1

h
1 + 2 ( )

2
i +1

Summation by from 0 up to implies

2
X

=0

¯̄
¯
³ ³ ´

( )
´¯̄
¯

³ ´

0

In view of the property
P

=0

= , it follows that

there exists a subsequence ( = 1 2 ) such
that

¯̄
¯
³ ³ ´

( )
´¯̄
¯

³ ´ 0

And, since
³ ´

0, this implies that

, or, equivalently,

lim = lim
°° °°2 = 0

But
© ª

converges to and, hence, all subse-

quences
© ª

converges to the same limit that
implies = 0 Theorem is proven.

7.3 Numerical example

Consider the case = 3 where the multi-model
is given by:

1=
2 0 5 1

0 5 1 2 2
1 2 1 5

1=
0 5
1
1

2=
0 3 1 5 0 15
1 0 12 2
1 2 3

2=
1 5
2
1

3=
0 4 1 0 3
0 5 0 4 0 3
0 5 0 6 1

3=
0 5
0 2
1

1 ( )= 2 2 ( )= 1 3 ( )= sin ( )

The table 1 shows the components of the vector
for each plant = 1 2 3.

Table1. Values of

1 2 3

1 0 5 0 4 0 1
2 0 20442 0 10032 0 69524
3 0 05893 0 35771 0 58245
4 0 09486 0 28973 0 61539
5 0 04972 0 31421 0 63605
6 0 08541 0 29270 0 62188
7 0 06333 0 30515 0 63151
8 0 06962 0 30079 0 62958
9 0 06744 0 30173 0 63082
10 0 06777 0 30134 0 63088
.
..

.

..
.
..

.

..

31 0 06770 0 30106 0 63122
32 0 06770 0 30106 0 63122
33 0 06770 0 30106 0 63122
34 0 06770 0 30106 0 63122
35 0 06770 0 30106 0 63122
36 0 06770 0 30106 0 63122
37 0 06770 0 30106 0 63122
38 0 06770 0 30106 0 63122
39 0 06770 0 30106 0 63122
40 0 06770 0 30106 0 63122

One can see the practical weights convergence in
10 iterations. The Table 2 shows the performance

indices
³ ´

at each iteration.

Table 2. Values
³ ´

.

1 2 3

1 119 361 114 875 1093 288 1093 28
2 251 698 1283 885 333 333 1283 88
3 562 026 388 354 558 513 562 026
4 374 660 419 256 511 321 511 321
5 667 014 476 239 500 736 667 014
6 409 412 516 387 507 633 516 387
7 534 273 494 481 503 540 534 273
8 490 292 502 854 504 118 504 118
9 504 600 501 292 503 313 504 600
10 502 326 502 108 503 166 503 166
...

...
...

...
...

31 502 793 502 799 502 802 502 802
32 502 794 502 764 502 802 502 802
33 502 793 502 802 502 800 502 802
34 502 795 502 802 502 800 502 802
35 502 796 502 801 502 800 502 801
36 502 798 502 802 502 800 502 802
37 502 798 502 801 502 800 502 801
38 502 799 502 801 502 800 502 801
39 502 799 502 801 502 800 502 801
40 502 799 502 800 502 800 502 800

One can see that, since all indices are active
( 0), practically after 40 iterations all cost
functionals ( ) turns out to be equal.



8. MULTIMODEL DIFFERENTIAL GAMES

8.1 Robust Nash equilibrium

Consider the next multi-model di erential game

ú =
¡

1
¢

0 ( ) = (
1
0 ( ) 0 ( ))

(71)

where < is the state vector of the game,
< ( = 1 ) are the control strategies

of each -player, A. Each player = 1
has his own terminal setM :

M :=
©

< | ( ) 0 = 1
ª

(72)

The worst-case cost functional
¡
1

¢
for

each player is as follows:
¡
1

¢
:= max

A

:= 0 ( ( )) +

Z

=0

+

¡
1

¢

(73)

DeÞnition 4. The control strategies
¡
1

¢

are said to be in a Robust Nash Equilibrium
if

� it realizes the terminal condition;
� for any admissible ( = 1 )

max ( 1 )

max ( 1 ( 1) ( +1) )

(74)

8.2 Mayer form representation

Introduce for each possible scenario the
next variables

¯ =
¡
1 +1 +

¢

where the components + ( = 1 ) are
given by

+ ( ) :=

Z

=0

+

¡
1

¢

or, in the di erential form

ú + ( ) = +

¡
1

¢
+ (0) = 0

(75)
Now the cost function can be represented as

= 0 ( ( )) + + (76)

where 0 ( ) does not depend on the last coordi-
nate, i.e.,

+
0 ( ) = 0

DeÞne the new state vector as:

¯ ( ) =
¡
1 ( ) ( ) +1 ( ) + ( )

¢|

(77)

and the new conjugate vectors as

:= ( 1 )
|

<
¯ :=

¡
|

+1 +

¢|
< + (78)

satisfying

ú ( ) =
+X

=1

¡
1

¢
( ) (79)

with the terminal condition

( ) =
A = 1 +

(80)

DeÞne also the "super-extended" vectors

¯ :=
¡
1
1

1
+ ; ; 1 +

¢|

¯ :=
³

1
1

1
+ ; ; 1 +

´|

¯ :=
¡

1̄| ¯ |
¢|
=¡

1
1

1
+ ; ; 1 +

¢|

¯ =
¡
1 +1 +

¢|
< +

and introduce the "generalized" Hamiltonian
function:

³
¯ ¯ 1

´
:=

D
¯ ¯

¡
¯ 1

¢E

=
X

¯ ¯
¡
¯ 1

¢®

=
X +X

=1

¡
¯ 1

¢

(81)

Notice that the conjugate equations (79) can be
shortly rewritten as

¯ =
H

³
¯ ¯ 1

´

¯
(82)

If (·) is a Nash-equilibrium point, then, evi-
dently,

min max ( 1 )

= max ( 1 )

and for each player we deal with standard optimal
control problem if any participants keep their op-
timal strategies (·) ( 6= ). So, using previous
results (the theorem 4 of (Poznyak et al., 2002b)),
we may conclude that if provides a robust
Nash-equilibrium (74), then

= arg max

H
³
¯ ¯ 1 1 +1

´

(83)

DeÞnition 5. We will call the collection :=¡
1

¢
of controls (83) an Open-Loop

Nash-Equilibrium (OLNE) strategy.

Remark 4. Note than any OLNE strategy
also a minimizer of the individual Hamiltonian
deÞne by



H
³
¯ ¯ 1 ( 1)

( +1)
´
:=

X

=1

X ³
¯ 1 ( 1)

( +1)
´
+

X
+ +

³
¯ 1 ( 1)

( +1)
´

(84)

since obviously that (see the similar formulation
in (Basar and Olsder, 1982), (Starr and Ho, 1969))

= arg max

H
³
¯ ¯ 1 1 +1

´

= arg max

H
³
¯ ¯ 1 ( 1) ( +1)

´

Theorem 7. If the collection

(·) ( [0 ]) ( = 1 )

is a robust Nash-equilibrium strategy then there
exist a vector <̄ and no-negative real values
( ) and ( ) ( = 1 ), deÞned on A such

the following conditions are fulÞlled:

� (the maximality condition) The control
strategies ( ) ( [0 ]) satisÞes

H
³
¯ ¯ 1

´

H
³
¯ ¯ 1

´

for all = 1 ;
� (the complementary slackness condi-
tion) For every A
-

( )
¡ ¢

= 0
( ) ( ( )) = 0

� (the transversality condition) For every
A

( ) + ( ) grad ( ( ))+
X

=1

( ) grad ( ( )) = 0

and

+ ( ) + ( ) = 0

� (the non-triviality condition) there exist

0 A such that

| 0 ( )|+ ( 0) +
X

=1

( 0) 0

8.3 LQ-di erential games

8.3.1. Game description Let us consider LQ
di erential game given by the linear deferential
equation

ú ( ) = ( ) ( )+
X

=1

( ) ( ) + ( ) (0) = 0
(85)

and the following quadratic cost function as an
individual performance index

( �) =
1

2
( ) ( )+

1

2

Z

=0

| +
X

=1

|
(86)

The individual cost functional is deÞned as

max ( )

8.3.2. Hamiltonian equations DeÞne the "gen-
eralized" Hamiltonian function for the LQ-game
as

H =
X

| +
X

=1

+ +

X

= +1

+

1

2
| +

X

=1

|

(87)
where is deÞned in (78) and the variables
satisÞes

ú ( ) = H = |( ) ( )

X

= +1

+ ( ) ( ) ú
+ ( ) = 0

(88)

and the transversality condition are:

( ) = ( ) grad =
( ) grad

£
| + + ( )

¤
=

( ) ( ) + ( ) = ( )
(89)

A Nash-equilibrium strategy (when other
players Þx their equilibrium strategies) satisÞes
"the individual maximality condition" that leads
to

X
|

Ã
X

( )

!

( ) = 0

(90)
Since at least one index is active we have thatX

( ) 0 And if ( ) = 0 then ú ( ) = 0

and, hence, ( ) = 0. In view we can introduce
the following normalized variable for = 1 +
:

� ( ) =

(
� ( )

¡ ¢ 1
( ) if ( ) 0

0 if ( ) = 0

satisfying



� ( ) = H =

|( )� ( )
X

= +1

�
+ ( ) ( )

�
+ ( ) = 0 ( = 1 )

and the transversality conditions:

� ( ) = ( ) �
+ ( ) = 1

Hence, the Nash-equilibrium strategies (90) be-
come

( ) =
¡ ¢ 1 X | �

where the vector :=
³

1

´|
belongs to

the simplex:

:=
n

=|A| :

=
( )

X
( )

0
X

=1

= 1
(91)

8.3.3. Open-loop Nash equilibrium Let us intro-
duce the following diagonal matrices:

A :=

1 0 · · · 0
...

. . .
...

0 · · ·

Q :=

0 · · · 0
...

. . .
..
.

0 · · ·

G :=

0 · · · 0
...

. . .
...

0 · · ·

B :=
£

1| · · · |
¤

:=

1
× 0 · · · 0

...
. . .

...

0 · · · ×

Using these deÞnitions we can represent the given
multi-model dynamic in the following extended
form:

úx = Ax+
X

=1

B + d

x| (0) =
¡
1| (0) | (0)

¢

ú = A
|

+Q x (0) =
= 1B

where:

x| :=
¡
1
1

1 ; ; 1

¢| 1×

| :=
³
�1
1

�1 �
1

�
´

1×

d:=
¡
1| |

¢

Finding the adjoint variable satisfying

= P x p

we can formulate the following result.

Theorem 8. The open-loop Nash-equilibrium strate-
gies are given by

=
¡ ¢ 1

B |
¡
P x+ p

¢

where the parametrized matrix P = P
|

< × is the solution of the following di eren-
tial Riccati equation:

úP +P A+A|P

P
X

=1

B 1B |P + Q = 0

P ( ) =

(92)

and the shifting vector

úp +A|p

P
X

=1

B 1B |p +P d = 0

p ( ) = 0

the matrix
¡ ¢

is the weight vector solv-
ing the following Þnite dimensional Nash-
equilibrium problem

= arg min
³

1 ( 1) ( +1)
´

where
³

1
´
:=

1

2

¡
x| (0)P x (0) x| ( )G x ( )

¢

+x| (0)p | (0)
1

2

Z

0

x|Q x +

1

2
max

Z

0

x|Q x +x| ( )G x ( )

1

2

Z

0

2d|p
X

=1

p
|

p +

1

2

Z

0

X

=1

³
x|P P x+

x|P p + p |
P x

´

2x|P
NX

j=1

p
|

x|P

NX

j=1

P x

Remark 5. How to solve the coupled di erential
Riccati equation see ((Abou-Kandil et al., 2003)).

9. CONCLUSION

In this paper the Robust Maximum Principle is
applied to the Minimax Bolza multi-model prob-
lem given in general form where the cost function
contains a terminal term as well as an integral
one and a Þxed horizon and a terminal set are
considered. The necessary conditions of the ro-
bust optimality (in min-max sense) are derived
for the class of multi-model systems given by



an ordinary di erential equation with parame-
ters from a given Þnite set. As the illustration
of the suggested approach, the Minimax Linear
Quadratic Multi-Model Control Problem is con-
sidered in the details. It is shown that the design
of the minimax optimal controller is reduced to a
Þnite-dimensional optimization problem given at
a simplex set containing the weight parameters
to be found. The corresponding weight optimiza-
tion procedure is proposed. On our opinion the
obtained robust control strategy, which turned out
to be a linear combination of the controls, optimal
for each Þxed model, may serve as a natural ex-
planation of, so called, �fuzzy (mixed) control�.
The same technique is shown to be e ective for
Þnding an open-loop Nash-equilibrium strategies
for multi-model di erential games. The next nat-
ural spreading of this approach can be found in
the following references:

� the parameters of system are from a com-
pact (not Þnite) convex set ((Boltyansky and
Poznyak, 2002));

� Stochastic version formulated for stochastic
di erential equations in Itô form ((Poznyak
et al., 2002c)), ((Poznyak et al., 2002b)),
((Poznyak, 2002a)), ((Poznyak, 2002b));

� Multi-model sliding mode control ((Poznyak
et al., 2003)), ((Poznyak et al., 2004));

� LQ-di erential game application ((Jimenez
and Poznyak, 2004)), ((Poznyak and Jimenez,
2003)).
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FLATNESS AND OPTIMAL CONTROL OF

OSCILLATORS
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Abstract:
The aim of this paper is to present some recent developments and hints for future
researches in control inspired of flatness-based ideas. We explain how explicit
trajectory parameterization, a property that is central for flat systems, can be
useful for the control of various oscillatory systems (linear, nonlinear, finite and/or
infinite dimension) of physical and engineering interests. Such parameterization
provide simple algorithms to generate optimal trajectories via exact discretization.
Three key examples are detailed: a linearized Schrödinger equation describing the
interaction of an electro-magnetic field (the control) with an n-levels quantum
system; the heavy chain described by a 1D wave equation; an Euler Bernoulli
flexion beam.
Copyright c©2006IFAC

Keywords: Flat systems, oscillators, motion planing, optimal control, wave
equation, Euler Bernoulli equation, Gevrey functions.

1. INTRODUCTION

The goal of this paper is to present, on three phys-
ical examples, a finite dimensional Schrödinger
equation, a 1D wave equation and a 1D Euler-
Bernoulli equation, a natural way, initiated in
(Nieuwstadt and Murray, 1998), to merge flatness
based control with optimal control. The notion of
flat-systems goes back to Monge (Monge, 1784):
for certain under-determined differential systems
appearing in differential geometry (Monge equa-
tions), he was able to describe explicitly their
general solutions in term of a finite number of ar-
bitrary functions of one variable and their deriva-
tives. Thus, for flat systems, it is easy to generate
sets of trajectories that satisfy both the initial
and final state constraints. For optimal control
problems where final state constraints are difficult
to satisfy numerically, such trajectory sets provide
an exact discretization depending on an arbitrary

numbers of real parameters that can be chosen to
minimize the cost functional.

Section 2 is devoted to a basic definition of flat-
ness for systems described by nonlinear ODE’s.
In section 4, we treated the linearized Schrödinger
equation that governs the dynamics of a ground
energy level coupled via an electro-magnetic field,
the control u, with a finite number of excited
levels. One recovers the fact that the smallest
control in L2 norm that steers from one state to
another one is the superposition of pulses with
fixed amplitudes, phases and Bohr frequencies.
Section 5 is devoted to the heavy chain: we pro-
pose a simple method to compute numerically
with finite P3 elements the control steering from
one steady-state to another one, that minimize
the L2 norm of the trolley acceleration. A similar
problem is addressed in section 6 for a flexion
beam described by an Euler Bernoulli system:



the P3 finite elements used for the heavy chain
are here transformed (convolution) into C∞ time
function of Gevrey order less than 1 to guaranty
the convergence of the series appearing in the
flatness-based exact discretization.

2. FLAT SYSTEMS

More than 10 years ago, Michel Fliess and cowork-
ers (Fliess et al., 1992; Fliess et al., 1995; Fliess et

al., 1999) introduced a special class of non-linear
control systems described by ordinary equations:
differential flat systems form a special class of
nonlinear control systems for which systematic
control methods are available once a flat-output is
explicitly known. We just sketch a tutorial defini-
tion of flatness for state-space control system. The
smooth system d

dt
x = f(x, u) with m scalar con-

trol u = (u1, . . . , um) is flat, if and only if, there
exist m real smooth functions h = (h1, ..., hm) de-
pending on x and a finite number of u derivatives,
says α, such that, generically, the solution (x, u) of
the square differential-algebraic system (t 7→ y(t)
is given)

ẋ = f(x, u), y(t) = h(x, u, u̇, ..., u(α))

does not involve any differential equation and thus
is of the form

x = Φ(y, ẏ, ..., y(β)), u = Ψ(y, ẏ, ..., y(β+1))

where Ψ and Φ are smooth functions and β is some
finite number. The quantity y is of fundamental
importance: it is called flat-output or linearizing-
output. In control language, the flat output y
is such that, the inverse of ẋ = f(x, u), y =
h(x, u, ..., u(α)) has no dynamics (Isidori et al.,
1986).

Flatness is related to state feedback linearization
and in fact has a long history. Such notion goes
back to Hilbert (Hilbert, 1912) with his work on
the general solution of Monge equations, work
that has been prolonged by Cartan (Cartan, 1914)
with a characterization via the derived flag of solv-
able (in the sense of Hilbert) Monge equations of
any-order. In general, the problem of flatness char-
acterization is fully open for multi-input systems
(dim(u) > 1). There is no algorithm to decide
once the equations ẋ = f(x, u) are given, if there
exists such map h, called flat-output map.

The situation is somehow comparable to inte-
grable Hamiltonian systems: there is no algorithm
to decide whether a given Hamiltonian H(q, p)
yields an integrable system; many examples of
physical interest are integrable and for these sys-
tems we have the form of their general solution
in terms of the initial conditions; only necessary
conditions are available (see, e.g. the Morales-
Ramis theorem (Morales-Ruiz and Ramis, 2001)).

For flat systems, the situation is very similar:
no algorithm to decide whether a system is flat
or not; many examples of engineering interest
are flat and their general solution reads in term
of the derivatives of a flat-output y that has a
clear physical interpretation (Martin et al., 2003);
few necessary conditions are available (see, e.g.,
the ruled-manifold criterion (Rouchon, 1995)). To
summarize: the role of flat-systems within the set
of under-determined ordinary differential systems
is very similar to the role of integrable systems
within the set of determined ordinary-differential
systems.

3. FLATNESS AND OPTIMAL CONTROL

Consider the standard optimal control problem

min
u

J(u) =

∫ T

0

L(x(t), u(t))dt

together with ẋ = f(x, u), x(0) = a and x(T ) = b,
for known a, b and T .

Assume that ẋ = f(x, u) is flat with y =
h(x, u, . . . , u(α)) as flat output,

x = Φ(y, . . . , y(β)), u = Ψ(y, . . . , y(β+1)).

A numerical resolution of minu J(u) a priori re-
quires discretization of the state space, i.e., a
finite dimensional approximation. A better way
is to discretize the flat output space. Set yi(t) =
∑N

1 zijϕj(t). The initial and final conditions on x
provide then initial and final constraints on y and
its derivatives up to order β+1. These constraints
define an affine sub-space V of the vector space
spanned by the zij ’s. We are thus left with the
nonlinear programming problem

min
∈V

J(z) =

∫ T

0

L
(

Φ(y, . . . , y(β)),Ψ(y, . . . , y(β+1))
)

dt,

where the y
(ν)
i ’s must be replaced by

∑N
1 zijϕ

(ν)
j (t).

This methodology has been first used in (Nieuwstadt
and Murray, 1998) for trajectory generation and
optimal control. It should also be very useful for
predictive control. The main expected benefit is
a dramatic improvement in computing time and
numerical stability. Indeed the exact quadrature
of the dynamics –corresponding here to exact dis-
cretization via well chosen input signals through
the mapping Ψ– avoids the usual numerical sen-
sitivity troubles during integration of ẋ = f(x, u)
and the problem of satisfying x(T ) = b.

Numerical experiments (Milam et al., 2001; Mur-
ray et al., 2003; Milam, 2003) indicate that sub-
stantial computing gains are obtained when flat-
ness based parameterizations are employed. A
systematic method exploiting flatness for predic-
tive control is proposed in (Fliess and Marquez,
2000) (see also (Findeisen and Allgöwer, 2002)
for nonlinear predictive control). See also (Petit



u

Fig. 1. A three levels system interacting with a
linearly polarized electric field u ∈ R, the
control.

et al., 2001) for an industrial application of
such methodology on a chemical reactor. See
also (Oldenburg and Marquardt, 2002) where lim-
itations of such techniques are presented. Exten-
sion to infinite dimensional systems has also been
proposed in (Petit et al., 2002).

4. LINEARIZED QUANTUM SYSTEMS

Take an atom with three energy levels coupled to
a linearized polarized electromagnetic flied u(t) ∈
R, the control. Assume that its probability am-
plitude wave function ψ obeys, under the dipolar
approximation, the following finite dimensional
Schrödinger equation (ı =

√
−1):

ı~
d

dt
ψ = (H0 + u(t)H1)ψ

where ψ ∈ C3 is the wave function belonging to
the Hilbert space C3 and where H0 and H1 are
Hermitian matrices

H0 =





0 0 0
0 ~ω1 0
0 0 ~ω2



 , H1 =





0 µ1 µ2

µ1 0 0
µ2 0 0



 .

The pulsations ω1 > 0, ω2 > 0 and the coupling
parameter (µ1, µ2) are real quantities. With the
standard notations,

|0〉 =





1
0
0



 , |1〉 =





0
1
0



 , |2〉 =





0
0
1



 ,

we see that |0〉 is the quantum state of energy
E0 = 0, |1〉 of energy E1 = ~ω1 and |2〉 and energy
E2 = ~ω2, ~ = h/(2π) being the Plank constant.

Thus ψ = ψ0 |0〉+ψ1 |1〉+ψ2 |2〉 where ψ0, ψ1 and
ψ2 are 3 complex numbers those square modulus
represent the probability for being states |0〉, |1〉 or
|2〉, respectively. Schrödinger equation reads thus:

ı
d

dt
ψ0 = u

µ1

~
ψ1 + u

µ1

~
ψ2

ı
d

dt
ψ1 = ω1ψ1 + u

µ1

~
ψ0

ı
d

dt
ψ2 = ω2ψ2 + u

µ2

~
ψ0.

The ground state ψ0 = 1, ψ1 = ψ2 = 0 with the
control u = 0 is a steady state. Let us linearize

the above equations around this equilibrium. De-
noting by δψk, k = 0, 1, 2, and δu the small
deviations, we get:

ı
d

dt
δψ0 = 0

ı
d

dt
δψ1 = ω1δψ1 +

µ1

~
δu

ı
d

dt
δψ2 = ω2δψ2 +

µ2

~
δu

Thus δψ0 remains constant. This non controllable
part corresponds to the conservation of probabil-
ity and will by ignored in the sequel (the length
of ψ is always equal to 1). We concentrate thus on
following linearized dynamics in C2, i.e. in R4:

ı
d

dt
δψ1 = ω1δψ1+

µ1

~
δu, ı

d

dt
δψ2 = ω2δψ2+

µ2

~
δu

Replace ψ1, ψ2 ∈ C and by (x1, v1, x2, v2) ∈ R
4

via

δψ1 = z1 +
ı v1

ω1
, δψ2 = z2 +

ı v2

ω2

to get the following dynamics:

d

dt
zk = vk,

d

dt
vk = −(ωk)

2zk−
µkωk

~
δu, k = 1, 2

Thus for k = 1, 2, δψk = zk +
ı d
dt

zk
ωk

and

d2

dt2
zk = −(ωk)

2zk −
µkωk

~
δu.

More generally, the linearized dynamics around
a ground state |0〉, of a quantum system with n
excited states |k〉, k = 1, ..., n, in interaction with
an electro-magnetic field u, read:

d2

dt2
zk = −(ωk)

2zk + bku, k = 1, . . . , n (1)

where for each k = 1, . . . , n, bk = −µkωk
~
and

δψk = zk +
ı d
dt
zk

ωk

represents the complex probability amplitude to
be in the excited state |k〉. This model is valid
only for ‖δψk‖ ¿ 1 and for small u. We as-
sume here that |0〉 is coupled to n > 0 excited
state (|k〉)1≤k≤n via first order transition of fre-
quencies (ωk)1≤k≤n and coupling real parameters
(µk)1≤k≤n. We assume in the sequel that ωk 6= ωl

when k 6= l and µk 6= 0. This means that the linear
tangent system (1) is controllable.

As explained in (Lévine and Nguyen, 2003;
Lévine, 2004; Rouchon, 2005), we have for any n,
the following explicit flatness based parameteriza-
tion: with s = d/dt, (1) reads formally:

(

s2 + (ωk)
2
)

zk = bku, k = 1, ..., n

that can be seen as a linear under-determined
system with n + 1 unknown variables (the zk
and the control u) and n equations. This system



admits an explicit formulation in the following
sense:

zk = Qk(s)y, u = Q(s)y with y =

n
∑

l=1

clzl

where

Qk(s) =
bk
(ωk)2

n
∏

l = 1
l 6= k

(

1 +

(

s

ωl

)2
)

Q(s) =

n
∏

l=1

(

1 +

(

s

ωl

)2
)

ck =
1

Qk(ıωk)
∈ R.

Take T > 0, the initial probability amplitudes

δψ0
k = z0

k + ı
ż0

k

ωk
and the final probability am-

plitudes δψT
k = zTk + ı

żT
k

ωk
. Let us compute with

the above polynomials Q et Qk, the control of
minimum energy (L2 norm) steering from the ini-
tial to final conditions fixed here above. Thus we
minimize

∫ T

0
u2(t)dt subject to these initial and

final constraints. Since u = Q( d
dt
)y, This problem

is equivalent to the following one

min
[0, T ] 3 t 7→ y(t)

s.t. for l = 0, ..., 2n− 1
y(l)(0) = yl0
y(l)(T ) = ylT

∫ T

0

[

Q

(

d

dt

)

y(t)

]2

dt.

The initial et final derivatives of y up to order 2n−
1 are related to the initial and final probability

amplitudes via zνk =
∑n−1

l=0 qkl y
(2l)
ν and żνk =

∑n−1
l=0 qkl y

(2l+1)
ν , ν = 0, T (Qk(s) =

∑

qlks
2l).

This problem can be solved by the Euler-Lagrange
differential equation of order 4n satisfied by y:
Q2( d

dt
)y = 0. Its general solution reads (c.c. means

’complex conjugate’)

y(t) =

n
∑

l=1

(al + tbl)e
ıωlt + c.c.

where al and bl are the complex integration con-
stants implicitly fixed by the initial and final con-
straints. We have for such y(t),

Qk(
d

dt
)y(t) =

n−1
∑

l=1

(Qk(ıωl)(al + tbl) +Q′k(ıωl)bl) e
ıωkt + c.c..

But Qk(ıωl) = 0 for l 6= k, Qk(ıωk) = pk ∈ R,
Q′k(ıωl) = ırlk, with rll ∈ R. With such notations
we have

zk(t) = pk(ak + tbk)e
ıωkt + ı

n
∑

k=1

rlkble
ıωlt + c.c..

x=0

x=L

X(x,t)

u(t)=X(L,t)

0


Fig. 2. The homogeneous chain without any load.

Similarly, we have

żk(t) = ıωkpk(ak+tbk)e
ıωkt−

n
∑

k=1

ωlr
l
kble

ıωlt+c.c..

It is thus simple to recover the al and the bl from
z0
k, ż

0
k, z

T
k and żTk by inverting a linear system.

The optimal control is then of the form

u(t) =

n
∑

k=1

Q′(ıωk)bke
ıωkt + c.c.

and thus is of the form

u(t) =

n
∑

k=1

uk cos(ωkt+ αk)

where uk and αk are amplitudes and phases pa-
rameters. We recover the usual fact that physicists
manipulate atoms with laser lights resonant with
the transition frequencies ωk. Such manipulations
are usually justified with the rotating wave ap-
proximation and averaging techniques. In such
context, the relative phase between two different
excited state |k〉 and |l〉 is not controlled, only
populations, the module of each ψk, is controlled
via the amplitude and time window of the pulse
with frequency ωk. Here, we can also controlled
the relative phase between ψk and ψl.

5. THE HEAVY CHAIN

Consider a heavy chain in stable position as de-
picted in figure 2. Under the small angle approxi-
mation it is ruled by the following dynamics







∂

∂x
(gx

∂X

∂x
)− ∂2X

∂t2
= 0

X(L, t) = u(t).
(2)



where x ∈ [0, L], t ∈ R, X(x, t) − X(L, t) is the
deviation profile, g is gravitational acceleration
and the control u is the trolley position. Let us
recall the explicit parameterization of this system
given in (Petit and Rouchon, 2001) and based on
symbolic computations in the Laplace domain:

X(x, t) =
1

2π

∫ π

−π

y(t+ 2
√

x/g sin θ) dθ, (3)

with y(t) = X(0, t). Relation (3) means that
there is a one to one correspondence between
the (smooth) solutions of (2) and the (smooth)
functions t 7→ y(t). For each solution of (2),
set y(t) = X(0, t). For each function t 7→ y(t),
set X by (3) and u as

u(t) =
1

2π

∫ π

−π

y(t+ 2
√

L/g sin θ) dθ, (4)

to obtain a solution of (2). Denote by ∆ =
2
√

L/g, the travelling time between x = 0 to
x = L.

For T > 2∆ and D ∈ R, let us consider the
following problem

min
[0, T ] 3 t 7→ u(t)

X(x, 0) = 0, x ∈ [0, L]
X(x, T ) = D, x ∈ [0, L]

∫ T

0

(ü)2(t) dt.

The initial and final state impose y(t) = 0 for
t ∈ [−∆,+∆] and y(t) = D for t ∈ [T − ∆, T +
∆]. This explains why we take T > 2∆. For
t ∈]∆, T − ∆[, y(t) is free and thus, the above
problem reduced

min
y

y(t ≤ ∆) = 0
y(t ≥ T −∆) = D

∫ T

0

[∫ π

−π

ÿ(t+∆sin θ) dθ,

]2

dt.

To get a numerical solution to this problem, we
can approximate y via finite elements P3 over a
time grid of step h = (T − 2∆)/N , N a large
integer. Denote by φ : R 7→ R the P3 generating
function:

φ(ρ) =















0, for ρ ≤ −1;
3(1 + ρ)2 − 2(1 + ρ)3, for −1 ≤ ρ ≤ 0;
3(1− ρ)2 − 2(1− ρ)3, for 0 ≤ ρ ≤ 1;
0, for 1 ≤ ρ;

Set

y(t) =

k=N−1
∑

k=1

ykh
2φ

(

t+∆− kh

h

)

+DH

(

t+∆− T

T − 2∆

)

where the yk’s are parameters and where

H(ρ) =







0, for ρ ≤ −1;
3(1 + ρ)2 − 2(1 + ρ)3, for −1 ≤ ρ ≤ 0;
1 for 0 ≤ ρ;

It is easy to seen that y is KC2, y(t ≤ ∆) = 0 and
y(t > T −∆) = D. Thus we have to minimize the
following quadratic function in (yk)k=1,N−1:

∫ T

0

[∫ 2π

0

(

D

(T − 2∆)2
Ḧ

(

t+∆(sin θ + 1)− T

T − 2∆

)

+

N−1
∑

k=0

ykφ̈

(

t+∆(sin θ + 1)− kh

h

)

)

dθ

]2

dt.

The coefficient of this quadratic function can be
computed explicitly via simple integrals.

6. FLEXION BEAM

Fig. 3. a flexible beam rotating around a control
axle

Consider the flexible beam of figure 3 that rotates
around a motorized axis of angle θ and equipped
with a punctual end load of mass M and inertia
moment J . Up to some scaling, it obeys the
following Euler Bernoulli dynamics:

∂ttX = −∂xxxxX

X(0, t) = 0, ∂xX(0, t) = θ(t)

θ̈(t) = u(t) + k∂xxX(0, t)

∂xxX(1, t) = −λ∂ttxX(1, t)
∂xxxX(1, t) = µ∂ttX(1, t)

where the control is the motor torque u, X(x, t)
is the deformation profile, k, λ and µ are physical
parameters (t and x are in reduced scales). Sym-
bolic computations provide, as shown in (Fliess et
al., 1996), the following parameterization:

X(x, t) =
∑

n≥0

(−1)n y(2n)(t)

(4n)!
Pn(x)+

(−1)n y(2n+2)(t)

(4n+ 4)!
Qn(x)

(5)

with ı =
√
−1,

Pn(x) =
(=− <)(1− x+ ı)4n+1

2(4n+ 1)
+ µ=(1− x+ ı)4n

+
x4n+1

2(4n+ 1)

and

Qn(x)

(4n+ 4)(4n+ 3)
= −λ<(1− x+ ı)4n+2

+
λµ(4n+ 2)

2

(

(=− <)(1− x+ ı)4n+1
− x4n+1

)

(< and = stand for real part and imaginary part).
The values of θ = ∂xX(0, t) and u = ∂xttX(0, t)−



k∂xxX(0, t) result from (5): it suffices to derive
term by term the above series. The series obtained
for u is

u(t) =

+∞
∑

n=1

cn
y(2n)(t)

(4n)!
(6)

where cn are real coefficients such that exists
R > 0 with |cn| ≤ Rn for all n.

To ensure converge of such series, the ”flat out-
put” y, a C∞ function, has to satisfy some condi-
tions. Roughly speaking, the growth of its deriva-
tive of order n must be comparable to (2n)!.
More precisely, if the C∞ function y is of Gevrey
order 1 less than 1, the above series are absolutely
convergent and for each t, x 7→ X(x, t) is an entire
function. A C∞ function y is of Gevrey order
α ≥ 0, iff exists K,A > 0 such that for all t and
n > 0

|y(n)| ≤ KAnΓ(1 + n(α+ 1)).

The sum and multiplication of two Gevrey func-
tion of order α is still of order α. Gevrey functions
of order 0 are analytic functions. A typical Gevrey
function $α of order α > 0 with the compact
support [−1, 1] is the following

$α(ρ) =















0, for ρ ≤ −1
exp

( −1
(1− ρ2)

1

α

)

, for − 1 ≤ ρ ≤ 1

0, for ρ ≥ 1
See (Guelfand and Chilov, 1964; Ramis, 1978) for
more details on Gevrey functions. For T > 0 and
Θ, let us consider the following problem

min
[0, T ] 3 t 7→ u(t)

X(x, 0) = 0, x ∈ [0, 1]
X(x, T ) = xΘ, x ∈ [0, 1]

∫ T

0

u2(t) dt

where the initial and final state are steady-state
at θ = 0 and Θ. Such constraints impose on y, the
following conditions:

y(0) = 0, y(T ) = Θ, y(k)(0, T ) = 0, for k > 0.

Take ∆ ∈]0, T2 [ (typically ∆ = T
10 ), and consider,

with the grid notations used for the heavy chain,
the KC2 function z : R 7→ R, depending of N − 1
real parameters (zk)1≤k<N , defined for t ∈ [∆, T−
∆] via

z(t) =

N−1
∑

k=1

zkφ

(

t+∆− kh

h

)

+ΘH

(

t+∆− T

T − 2∆

)

and z(t < ∆) = 0, z(t > T − ∆) = Θ. By
convolution with the positive Gevrey function χ,

χ(t) =
$ 1

2

(

t
∆

)

∆
∫ +∞

−∞
$ 1

2

(ρ) dρ
,

1 We use here the new convention suggested by B. Mal-
grange for the Gevrey order: it is just the old order minus
one.

one always obtains a C∞ function y = χ ∗ z that
satisfies the constraints on y for t = 0 and t = T .
Moreover since the convolution kernel χ is of order
1
2 , the function χ∗ z is also of Gevrey order 1

2 and

its derivatives of order n is just χ(n) ∗ z. Since $
satisfies the first order differential equation

(1− ρ2)3
d$ 1

2

dρ
(ρ) = 4ρ$(ρ)

it’s easy to compute χ(n)/(2n)! via a well con-
ditioned recurrence obtained from derivations of
this first order differential equation. We can thus
compute numerically without any difficulties the
N − 1 parameters (zk)1≤k<N , that make the fol-
lowing integral

∫ T

0

(

+∞
∑

n=1

cn
χ(2n) ∗ z (t)

(4n)!

)2

dt

minimum since it is non-degenerated quadratic
function.

It is known that divergent series could be also
very efficient numerically (see e.g. (Ramis, 1978).
Thus further extensions of these computations
consist in applying the above formula with a
function χ constructed with $α for α > 1 and re-
summation techniques (see (Laroche et al., 2000)
and (Meurer and Zeitz, 2004)).
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duction to nonlinear model predictive control.
21st Benelux Meeting on Systems and Con-
trol, Veldhoven.

Fliess, M. and R. Marquez (2000). Continuous
time linear predictive control and flatness: a
module theoretic setting with examples. Int.

Journal of Control 73, 606–623.
Fliess, M., H. Mounier, P. Rouchon and

J. Rudolph (1996). Systèmes linéaires sur les
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différentiellement plats. C.R. Acad. Sci. Paris

I–315, 619–624.
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d’intégrabilité ne sont pas satisfaites sont
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Abstract: This article deals with the optimal transfer of a satellite between Keplerian

orbits using low propulsion and is based on preliminary results of (Geffroy, 1997) where

the optimal trajectories are approximated using averaging techniques. The objective is

to introduce the geometric framework and to make an analysis of the averaged optimal

trajectories in the energy minimization problem, showing in particular the connection with

Riemannian problems, with integrable geodesics.

Keywords: Orbital transfer, optimal control, averaging

1. INTRODUCTION

An important problem in astronautics is to transfer

a satellite between elliptic orbits. Recent research

projects concern orbital transfer with electro-ionic

propulsion where the thrust is very low. For the sake

of simplicity, we restrict ourselves to the 2D-orbital

transfer, assuming the mass constant. If we decompose

the thrust in the tangential-normal frame, the system

is described by GAUSS equations :

de

dt
=

√
1− e2

3
√

µn

1√
1+2ecosv+ e2

[

2(e+ cosv)ut − sinv
1− e2

1+ ecosv
un

]

(1)

1 Work supported in part by the French Space Agency (contract

02/CNES/0257/00) and done in the framework of the HYCON

Network of Excellence, contract number FP6-IST-511368

dn

dt
= − 3n

2

3

√
1− e2 3

√
µ

[

√

1+2ecosv+ e2 ut

]

(2)

dω

dt
=

√
1− e2

e 3
√

µn

1√
1+2ecosv+ e2

[

(2sinv)ut +
2e+ cosv+ e2 cosv

1+ ecosv
un

]

(3)

dl

dt
= (1+ ecosv)2

n

(1− e2)
3

2

(4)

where the coordinates are given by the eccentricity e,

the mean motion n =

√

µ

a3
with a semi-major axis

and µ the gravitation constant, the argument of the

pericenter ω , the polar angle or longitude l, v = l−ω

is the true anomaly and u = (ut , un) representing the

control decomposed in the tangential-normal frame.

We observe that if the thrust |u| ≤ ε is low, the system

can be written after renormalization as a system :



ẋ = ε

2

∑
i=1

uiFi(x, l) (5)

l̇ = G(x, l) (6)

where x = (e, n, ω) are slowly varying variables, l is
the fast variable and u = (u1, u2) is the control vector,
|u| ≤ 1. Moreover Fi, G are 2π-periodic with respect

to the angular variable.

In orbital transfer, we must steer the system from an

initial position (x0, l0) to a terminal orbit represented
by x1, taking into account physical cost functions e.g.

the time, the energy
∫
T

0 ∑u2
i
dt or the final mass related

to
∫
T

0
|u|dt. Using the maximum principle the optimal

trajectories are to be found among a set of extremal

curves, solutions of an Hamiltonian system defined by

an Hamiltonian Hε . Such system is extremely com-

plicated and can be analyzed using only numerical

simulations. Moreover, for low propulsion we can ob-

serve on the numerical results only the averaged be-

haviour of the solutions. This was the starting point of

Geffroy’s work, making a preliminary analysis of the

averaged system in the energy minimization problem

(the constraint |u| ≤ 1 being relaxed, but is satisfied at

the end, adjusting the transfer time). As observed, this

led to an averaged system which :

(1) can be mathematically computed using standard

integrals computations,

(2) is integrable by quadrature, if we transfer the

system to a geostationary orbit.

The aim of this short article is to complete the compu-

tations and to derive properties of the optimal solution.

Moreover we show that the averaged system is equiv-

alent to a Riemannian problem in R
3 which can be

written :

dx

dt
=

3

∑
i=1

uiFi(x), Min

∫
T

0

3

∑
i=1

u2

i dt

the additional control being generated by averaging

the optimal control with respect to the fast variable and

producing displacement in the directions generated by

the Lie brackets.

2. COMPUTATIONS OF THE AVERAGED

SYSTEM AND DEFINITION OF THE

ASSOCIATED RIEMANNIAN PROBLEM

2.1 Averaged system

We can assume µ = 1, setting ut = εvt , un = εvn,

where |u| ≤ ε and parameterizing the trajectories

by the cumulated longitude, the energy minimization

problem takes the form :

de

dl
= εD

[

2(e+ cosv)vt − sinv
1− e2

W
vn

]

(7)

dn

dl
= −3ε

1− e2

3
√

µ

[√
1+2ecosv+ e2

W 2
vt

]

(8)

dω

dl
= ε

D

e

[

(2sinv)vt +
2e+ cosv+ e2 cosv

W
vn

]

(9)

and the cost is∫
l1

l0

ε
2(v2

t + v2

n)
(1− e2)

3

2

nW 2
dl

where

W = 1+ ecosv, D =
(1− e2)2

n
4

3W 2
√
1+2ecosv+ e2

and the control has to satisfy the constraint v2
t +v2

n≤ 1.

The problem is of the form

dx

dl
=

2

∑
i=1

uiFi(x, l), Min
u2
1
+u2

2
≤1

∫
l1

l0

ε
2(u2

1 +u2

2)g(x, l)dt.

From the maximum principle, the associated Hamilto-

nian is :

Hε = p0ε
2(u2

1 +u2

2)g(x, l)+ ε

2

∑
i=1

ui〈p, Fi(x, l)〉

where p0 can be normalized to− 1

ε
and p is the adjoint

vector dual to x. Relaxing the constraint u2

1
+ u2

2
≤ 1,

leads to compute the extremals solving ∂Hε

∂u
= 0.

Plugging the corresponding solutions inHε defines the

true Hamiltonian function :

ε
−1Hε(x, p, l) =

nW 2

4(1− e2)
3

2

[(

2p1D(e+ cosv)−3p2

1− e2

3
√
n

√
1+2ecosv+ e2

W 2

+2p3

Dsinv

e

)2

+

(

−p1Dsinv
1− e2

W
+ p3

D(2e+ cosv+ e2 cosv)

eW

)2
]

.

(10)

By construction Hε is 2π-periodic with respect to the

angular variable l and the mean Hamiltonian is :

H =
1

2π

∫
2π

0

ε
−1Hε(x, p, l)dl

and the averaged can be computed with respect to true

anomaly v = l−ω .

A key observation is that the computation amounts

to evaluate integrals of the form 1

2π

∫
2π

0
F(cosv, sinv)

where F is a rational function. Therefore a tedious but

straightforward computation using the residu theorem

gives the following result :

Proposition 1. The averaged Hamiltonian is :

H =
1

8N5/3

[

5(1−E2)Q2

1 +18N2Q2

2 +
5−4E2

E2
Q2

3

]

(11)



where (E, N,Ω) is the notation for the variables

(e, n, ω) of the averaged system and (Q1, Q2, Q3) are

the corresponding dual variables.

2.2 Associated Riemannian problem

We observe that H can be written as the sum of three

squares : H = 1

2
(P2

1
+P2

2
+P2

3
) where P1, P2 and P3

are the Hamiltonian lifts Pi = 〈Q, Fi〉 associated to the

following vector fields :

F1 =

√

5

4
(1−E2)

1

N5/6

∂

∂E
(12)

F2 =

√

9

2
N1/6

∂

∂N
(13)

F3 =
1

2

√
5−4E2

E

∂

∂Ω
(14)

where from the definition N > 0 and E > 0, the singu-

larity E = 0 corresponding to a circular orbit. There-

fore H is the Hamiltonian associated to the Rieman-

nian problem :

dx

dt
=

3

∑
i=1

uiFi(x), x = (E, N,Ω),

Min

∫
T

0

√

3

∑
i=1

u2

i
dt (15)

and according to Maupertuis principle, the length min-

imization is equivalent to the energy minimization :

Min

∫
T

0

3

∑
i=1

u2

i
dt (16)

where T > 0 is fixed.

The existence of such a Riemannian equivalent prob-

lem is generalizable to the class of problems normal-

izable to :

dx

dl
= ε

m

∑
i=1

uiFi(x, l), x ∈ R
n
,

Minε
2

∫
T

0
∑u2

i
dt (17)

where the Hamiltonian is Hε =
1

2

m

∑
i=1

〈p, Fi(x, l)〉2 with

Hε ≥ 0 and hence H ≥ 0. Moreover if H > 0, we

can write H =
1

2

n

∑
i=1

P2

i
, n being the dimension of the

space, Pi = 〈p, Fi〉. This is in particular the case for

the 3D-orbital transfer problem, see (BONNARD et

al., 2005b).

3. ANALYSIS OF THE AVERAGED SYSTEM

The equations associated to H are :

dE

dt
=

∂H

∂Q1

=
5

4
Q1

1−E2

N5/3
(18)

dN

dt
=

∂H

∂Q2

=
9

2
Q2N

1/3 (19)

dΩ

dt
=

∂H

∂Q3

=
1

4
Q3

5−4E2

E2

1

N5/3
(20)

dQ1

dt
= −∂H

∂E
=

5

4

(

Q2

1E +
Q2

3

E3

)

1

N5/3
(21)

dQ2

dt
= −∂H

∂N
=

25

24
Q2

1

1−E2

N8/3
− 3

4

Q2

2

N2/3

+
5

24
Q2

3

5−4E2

E2

1

N8/3
(22)

dQ3

dt
= −∂H

∂Ω
= 0. (23)

Hence Ω is a cyclic coordinate and therefore Q3(t) =
C1 : constant. The case Q3 = 0 corresponds formally

to the transversality condition associated to an optimal

transfer to a circular orbit. Next, it will be analyzed in

details.

3.1 Averaged transfer to a circular orbit

We note Geo the 4-dimensional symplectic space

{E, N, Q1, Q2} defined by Ω = Q3 = 0 which is in-

variant for the trajectories, hence we can restrict H to

this space and the restriction of H is analytic and is as-

sociated to a 2D-Riemannian metric g corresponding

to the system :

dx

dt
=

2

∑
i=1

uiFi(x), Min

∫
T

0
∑u2

i
dt

where F1, F2 are orthonormal vectors fields defined

by :

F1 =

√

5

4

√
1−E2

N5/6

∂

∂E
, F2 =

√

9

2
N1/6

∂

∂N

and the metric is defined by g = g11(dE)2 +g22(dN)2

where

g11 =
4

5

N5/3

1−E2
, g22 =

2

9

1

N1/3
.

In particular g is a sum of squares and E, N are

orthogonal coordinates. We can write g in standard

coordinates.

3.1.1. Geodesic coordinates

By setting W =
√

4

5
arcsinE and V = 2

√

2

5
N5/6, the

metric can be reduced to :

g = dV 2 +G(V )dW 2
, G(V ) =

25

8
V 2

and the Gauss curvature is given by Gauss formula :

K = − 1√
G

∂ 2
√
G

∂V 2
= 0.



Hence the GAUSS curvature of the metric is zero and

the metric is locally isomorphic to the flat matrix

dx2 +dy2.

To get a global result in the domain, we observe that if

we set

R =V =
2
√

2

5
N

5

6 , θ =

√

5

2
arcsinE

where R > 0, θ ∈
[

0,
√

5

2
√

2
π

]

the metric g takes the

polar form g= dR2 +R2dθ 2 and g is globally isomor-

phic to dX2 +dY 2 if we set : X = Rcosθ , Y = Rsinθ .

Therefore we deduce the following important result :

Lemma 2. The GAUSS curvature of the metric is zero

and in the metric is globally isomorphic to the flat

metric dX2 + dY 2. Hence the geodesics are straight-

lines, in suitable coordinates.

3.1.2. Liouville coordinates In order to integrate

the geodesic flow, we can also observe that g is iso-

morphic to a Liouville metric of the form λ (u, v)(du2+
dv2) where λ (u, v) = f (u) + g(v). Indeed, from the

previous computations g is isomorphic to :

dx2 + x2dy2 = x2

[

(

dx

x

)2

+dy2

]

(24)

and setting z = lnx, we get g = e2z(dz2 + dy2) hence

λ = e2z.

In those coordinates, orthonormal vector fields are

defined by :

F1 =
1√
λ

∂

∂ z
= e−z

∂

∂ z
, F2 =

1√
λ

∂

∂y
= e−z

∂

∂y

and the Hamiltonian takes the form :

H =
1

2

(

p2
z

λ
+

p2
y

λ

)

, λ = e2z
.

In particular, y is a cyclic coordinate, py is a first

integral defined by 〈p, F〉, where F = ∂

∂y
and from

Noether theorem the metric is invariant by F i.e.

LFg = 0 where L is the Lie derivative.

The integration is straightforward :

dz

dt
=

pz

λ
= e−2zpz ,

dy

dt
=

py

λ
= e−2zpy

pz

dt
=

1

2
(p2

z + p2

y)
1

λ 2

dλ

dt
= (p2

z + p2

y)e
−2z

py

dt
= 0

and Euler-Lagrange equation is z̈=−2e−2zpz+e−2z ṗz =
−2e−2zpz+ e−4z(p2

z + p2
y).

Hence z̈ = −2ż+(ż2 + ẏ2). Similarly ÿ = −2ẏ.

We deduce also p̈z = 0, therefore y(t) = C1 +C2e
−2t

and z(t) can be easily computed from e2zdz = pzdt,

since pz(t) is affine.

Hence we have proved the following :

Lemma 3. The metric g is a Liouville metric with

a linear first integral and the geodesic flow can be

integrated using elementary functions.

The integrability property of the extremal flow re-

stricted to Geo was already observed in (Geffroy,

1997) and we shall make the integration in the original

geometric coordinates (E, N), which will be extended

to the full extremal system.

Indeed, restricting our equations to Geo gives us :

dE

dt
=

∂H

∂Q1

=
5

4
Q1

1−E2

N5/3
(25)

dN

dt
=

∂H

∂Q2

=
9

2
Q2N

1/3 (26)

dQ1

dt
= −∂H

∂E
=

5

4
Q2

1E
1

N5/3
(27)

dQ2

dt
= −∂H

∂N
=

25

24
Q2

1

1−E2

N8/3
− 3

4

Q2

2

N2/3
(28)

and the Hamiltonian H restricted to Geo is constant :

1

8N5/3

[

5(1−E2)Q2

1 + 18N2Q2

2

]

= K2. (29)

The first integral linear in Q is obtained by consider-

ing :

dE

dt
=

5

4
Q1

1−E2

N5/3
,

dQ1

dt
=

5

4
Q2

1

E

N5/3
(30)

hence
dE

dQ1

=
1−E2

Q1E
(31)

and separating the variables, we get

d(1−E2)

(1−E2)
= −2

dQ1

Q1

(32)

Therefore we deduce Q2

1
(1−E2) = K′

1
and the corre-

sponding linear first integral :

Q1

√

1−E2 = K1 (33)

associated to the isometry induced by
√

1−E2 ∂

∂E
.

Now, letU =NQ2, differentiating and using H |Geo
= K2,

we obtain :

U̇ =
5

3
K2 (34)

and setting V = N5/3, we get :

V̇ =
5

3
N2/3Ṅ =

15

2
U (35)

Therefore

V̈ =
25

2
K2. (36)

Hence V (t) is a second-order polynomial given by :

V (t) =
25

4
K2t

2 +V̇ (0)t+V (0) (37)

and computing the discriminant, we get :

∆ = −125

8
(1−E(0)2)Q1(0)2 (38)



which is strictly negative ifQ1(0) 6= 0. The integration

for Q1(0) = 0 is straightforward. Otherwise we have

√

|∆| =
(

5

2

)3/2√

1−E(0)2|Q1(0)|> 0. (39)

To compute E(t) we proceed as follows. We have :

dE

dt
=

5

4

1−E2

N5/3
Q1 (40)

and using Q1

√
1−E2 = K1, we obtain :

dE√
1−E2

=
5

4
K1

dt

V (t)
. (41)

Therefore, introducingW = arcsinE, we get :

W (t)−W (0) =
5

4
K1

∫
t

0

dτ

V (τ)
. (42)

Denoting V (t) = at2 + bt + c and using ∆ < 0,

we can write V (t) = |∆|
4a

[

1+

(

2at+b√
|∆|

)2
]

and setting

T = 2at+b√
|∆|
, we obtain :

W (t)−W (0) =
√

2

5
signQ1(0)[arctanT (t)− arctanT (0)]. (43)

This gives the parameterization of the geodesic curves

of the 2D-Riemannian problem underlying the transfer

towards the geostationary orbit.

3.2 Integrability in the general case

We proceed as previously : Ω is a cyclic coordinate

and we set Q3 = C1 constant. Introducing U = NQ2,

we deduce from the equations :

U̇ =
1

N5/3

[

25

24
(1−E2)Q2

1

+
15

4
N2Q2

2 +
5

24

5−4E2

E2
Q2

3

]

(44)

and since H =C2 constant, we have :

8C2 =
1

N
5

3

[

5(1−E2)Q2

1

+18N2Q2

2 +
5−4E2

E2
Q2

3

]

(45)

which implies

U̇ =
5

3
C2. (46)

If we set V = N5/3, we obtain :

V̇ =
5

3
N

2

3 Ṅ =
15

2
U (47)

therefore

V̈ =
25

2
C2 (48)

and V (t) is a polynomial of degree 2. This gives N(t)
and Q2(t) is deduced from the second equation.

In order to compute the remaining, we introduce :

H
′
= 5(1−E2)Q2

1 +
5−4E2

E2
Q2

3 (49)

and the corresponding Hamiltonian system in the sym-

plectic space (E, Ω, Q1, Q3) will be integrated using
the parameterization dT = dt

8N5/3 .

We have :

dE

dT
= 10(1−E2)Q1 (50)

dΩ

dT
= 2

(5−4E2)

E2
Q3 (51)

dQ1

dT
= 10

(

EQ2

1 +
Q2

3

E3

)

(52)

dQ3

dT
= 0. (53)

The method of integration is standard. Indeed Ω is

a cyclic variable and Q3 = C1 constant, H
′
is an

Hamiltonian function from the two symplectic vari-

ables (E,Q1) depending upon the parameter C1. The

associated planar system is completely integrable and

Ω can be computed by quadrature. More precisely the

detailed computations are the following. We have :

H
′
= 5(1−E2)Q2

1 +
5−4E2

E2
C2

1 (54)

Setting H
′
=C2

3
and using Q1 = Ė

10(1−E2)
, we obtain :

(Ė)2 = 20
1−E2

E2

[

C3E
2− (5−4E2)C2

1

]

.

Hence separating the variables, we have :

EdE√
1−E2

√

P(E)
= ±dT (55)

where P(E) = 20[(C2

3
+4C2

1
)E2−5C2

1
].

We setW = 1−E2 and we get :

dW
√

Q(W )
= ±dT (56)

where Q is the polynomial of degree 2 :

Q(W ) = 80W [(C2

3 −C2

1)− (C2

3 +4C2

1)W ]. (57)

Therefore the integration is straightforward.

Hence in conclusion, we get the following result :

Theorem 4. The averaged system corresponding to

the 2D-transfer problem is completely integrable by

quadratures. Therefore the value function S solution

of Hamilton-Jacobi equation can be computed and

corresponds to the energy function of the associated

Riemannian problem.

4. REPRESENTATION OF THE RIEMANNIAN

SPHERE ASSOCIATED TO THE COPLANAR

TRANSFER

Let x = (N, E, Ω), p = (Q1, Q2, Q3). We denote by

z(t, z0) = (x(t, x0, p0), p(t, x0, p0)) the extremal curve
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Fig. 1. Extremal curves restricted to Geo up to length

1. The concentric curves are for lengths 0.1, 0.2

and 0.3

corresponding to H, solution of the equations (18)-

(23) with initial condition z0 = (x0, p0). We param-

eterize by arc-length H = 1

2
and if we fix x0 the

exponential mapping is the map exp
x0

: (p0, t) 7→
x(t, x0, p0). Let (p0, t1), t1 > 0 be a point where the

exponential mapping is not an immersion. Then t1
is called a conjugate time and the image is called a

conjugate point. The conjugate locus C(x0) is the set

of first conjugate points. For a given extremal curve,

the cut point is the first point where the curve ceases

to be optimal and when we consider all the extremals

starting from x0, the set of such points will form the

cut locus L(x0).

The Riemannian sphere with radius r > 0 is the set

S(x0, r) of points which are at (Riemannian) distance

r from x0 and the Riemannian ball is the set B(x0, r) of

points of distance less or equal than r from x0. If r> 0

is small enough, the sphere is formed by extremities

of extremal curves. Moreover the Riemannian sphere

is sub-analytic if the metric is analytic and the singu-

larities correspond to cut points which can be either

a conjugate point or a point where two minimizing

extremal curves with same length are intersecting. In

the Riemannian case, the sphere is always smooth

for r small enough, contrarily to the SR-case where

conjugate points accumulate at x0.

On figure 1, we represent extremals curves restricted

to Geo starting from x0 = (E(0), N(0)) = (0.75, 0.5).
The line {E = 1} corresponds to a singularity where

the curves are leaving the domain of elliptic orbits.

The line {E = 0} corresponds to circular orbits and

the extremal curves are prolongated by analyticity,

which corresponds to a Π-singularity where the ar-

gument of the pericenter Ω rotates of π . On figure

2, we represent the sphere of radius 0.2, with x0 =
(E(0), N(0),Ω(0)) = (0.75, 0.5, 0). The inspection

of figure 2 shows that the sphere is smooth, proving

the global optimality of the extremal curves.
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Fig. 2. Sphere of radius 0.2

5. CONCLUSION

In this short article we have investigated the copla-

nar transfer between Keplerian orbits, using averag-

ing technique introduced in (Geffroy, 1997). We have

proved that the extremal flow is integrable and is a

geodesic flow associated to a 3D-Riemannian prob-

lem. This allows a complete solution to the averaged

optimal control problem corresponding to the energy

minimization problem. The complete analysis will be

given in a forthcoming article. Moreover the averaged

system corresponding to non coplanar transfer can be

computed similarly, with no more complexity in the

calculations.
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Abstract: This article deals with the time minimal transfer of a satellite between Keplerian

orbits with control along the tangential direction. The study is motivated by cone

constraints on the thrust. The time optimal control law has switchings and homotopies

are applied to smooth the discontinuities. The optimal solutions are computed using a

shooting method, taking into account second-order optimality conditions.
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1. INTRODUCTION

The orbital transfer is described by the controlled

Kepler equation

q̈ = −µ
q

|q|3
+
u

m
(1)

where the mass variation is

ṁ = −
|u|

Ve
(2)

and where q in R3 is the position of the satellite

measured in a fixed frame whose origin is the Earth

center, µ > 0 is the gravitation constant, m in R∗+
is the mass of the satellite, u in R3 is the thrust of

the satellite bounded in norm, |u| = (u2
1 + u2

2 +
u2

3)
1/2 ≤ ε, maximal thrust.

The system can be written

1 Work supported in part by the French Space Agency (contract

02/CNES/0257/00) and done in the framework of the HYCON

Network of Excellence, contract number FP6-IST-511368

ẋ = F0(x) +
ε

m

3∑

i=1

uiFi(x) (3)

u = (u1, u2, u3), |u| ≤ 1, with the mass variation

given by (2).

According to (Caillau, 2000), the time optimal control

is with maximum thrust |u| = 1 and then m(t)
can be computed by (2). Moreover, except isolated

singularities which can be handled numerically, an

optimal control is smooth and is given by

u =
(H1, H2, H3)

|(H1, H2, H3)|
(4)

where Hi = 〈p, Fi〉, i = 1, 2, 3, and p is the adjoint
vector.

Hence time optimal controls are essentially solu-

tions of a smooth time-dependent Hamiltonian sys-

tem
−→
H (t, x, p). The same result holds for the copla-

nar transfer. A shooting method, taking into account

second-order optimality conditions can be applied to

compute numerically the optimal solution to transfer



the satellite to the geostationary orbit (Bonnard et

al., 2005).

The thrust can be decomposed in the tangential-

normal frame:

u = utFt + unFn + ucFc (5)

where Ft is the unit vector colinear to q̇:

Ft =
q̇

|q̇|

∂

∂q̇
· (6)

The vector field Fc is perpendicular to the osculating
plane (q, q̇),

Fc =
q ∧ q̇

|q ∧ q̇|

∂

∂q̇
(7)

and Fn = Fc ∧ Ft.

In practice, the control may be cone-constrained (see

figure 1).

Fn

Fc

Ft

Fig. 1. Cone constraint along Ft.

Moreover, to understand the controllability properties

of the system, it is important to study the effect of each

control component ut, un or uc.

The objective of this article is to analyze numerically

the time optimal control problem for the single-input

case

ẋ = F0(x) + utFt(x), |u| ≤ ε (8)

corresponding to a transfer towards a coplanar orbit.

According to (Bonnard et al., 2005), the problem

restricted to the so-called elliptic domain

X = {(q, q̇) | q ∧ q̇ 6= 0, H(q, q̇) < 0}

with H(q, q̇) = (1/2)|q̇|2 − µ/|q| is controllable.

Besides, in the so-called normal case (Bonnard et

al., 2005), every time optimal trajectory is bang-bang

i.e. u∗ = ε sign〈p, Ft〉, where p is the adjoint vector,
with finite number of switchings.

2. DESCRIPTION OF THE CONTINUATION

METHODS

We will present continuation methods (Allgower and

Georg, 1990) used at two levels. First, we make a

continuation on the maximal thrust ε for the problem
with multiple inputs (Caillau, 2000). Then, for a fixed

ε, we set up homotopies from the multiple-input case

to the single-input case. These homotopies are used

to smooth the switchings which otherwise result in

numerical instability.

2.1 Continuation on the maximum thrust

We consider the time optimal problem with fixed ex-

tremities for an autonomous system (everything being

the same after obvious changes in the time-dependent

case)

ẋ = f(x, u), u ∈ U.

The associated Hamiltonian is

H(x, p, u) = 〈p, F (x, u)〉.

2.1.1. Shooting method. From Pontryagin maxi-

mum principle, every optimal trajectory is solution of

the following boundary value problem:

ẋ =
∂H

∂p
(x, p, u), ṗ = −

∂H

∂x
(x, p, u)

x(0) = x0, x(tf ) = xf

(9)

where u is computed using the maximization condi-

tion

H(x, p, u) = Max
v∈U

H(x, p, v).

In the minimum time case, we define the exponential

mapping on the (n− 1)-dimensional projective space
P
n−1 as

expx0,tf
(p0) = x(tf , x0, p0) (10)

that is as the value at tf of the state component of

the solution of the initial value problem associated

with (9) and the initial condition (x0, p0). Solving (9)
then reduces to find a zero of the shooting function

S : R×P
n−1 → R

n,

S(tf , p0) = expx0,tf
(p0)− xf . (11)

2.1.2. Continuation on the maximal thrust. The

continuation on the maximal thrust (Caillau, 2000) is

the generation of a sequence (εn)n defined as follows :

(1) We start from ε0 = 60 Newtons.
(2) If εn is a value where the shooting method has

converged i.e. if we have found a root of the

shooting function, tfn and zn = (xn, pn) are

used as initial guesses for the shooting method

on an arbitrary εn+1 < εn.
(3) If the shooting method has failed, we go back to

step (2), with a new value of εn greater and closer
to εn−1.

(4) We continue the process until we reach the de-

sired ε.

Repeating the argument of (Caillau et al., 2003), we

have

Proposition 1. Assuming the admissible trajectories

stay in a fix compact, the minimum time is a right-

continuous function of the bound on the thrust.

It is thus relevant to use a decreasing sequence of

thrusts to get an approximation of the limit value

function.



Remark 2. In Kepler case, the compactness assump-

tion of Proposition 1 means that there is no minimiz-

ing sequence of trajectories coming arbitrarily close

to the boundary of the elliptic domain, that is arbi-

trarily close to a collision, parabolic trajectories, or

|q| = +∞.

2.2 Smooth homotopies

The idea of smoothing switchings has already been

developed for the minimum consumption problem

using differential homotopy methods (Gergaud and

Haberkorn, 2006, to appear).

2.2.1. General algorithm. The main argument is

to build an homotopy (Pλ)λ∈[0, 1] from (P0) to the

single-input orbital transfer (P1) such that (Pλ) is

smooth for λ ∈ [0, 1[. We require that the starting

problem (P0) can be solved for every ε using the

continuation described above.

With this assumption, we proceed as follows. Given

an initial step λ0
step and a target λ

∗,

(1) We start from λ1 = 0 and λstep = λ0
step.

(2) If λn is such that the shooting method on (Pλ)
converges, then λn+1 = λn + λstep.

(3) Otherwise, λn is changed into λn−1+αλstep with

0 < α < 1 and λstep is changed into αλstep.

(4) We stop either if λ∗ is reached or if λstep becomes

smaller than a given λmin
step (that is if the pro-

gression on the homotopy path is not significant

enough).

The values used in the simulations are the following:

λ0
step = 1e − 1, 1e − 2, 1e − 3, λ∗ = 9.99e − 1,

α = 1e − 1, λmin
step = 1e − 7.

We consider two different initial smooth problems

(P0), hence two different kinds of homotopy. We

recall that these homotopies are performed for a given

value of the maximal thrust ε.

2.2.2. Continuation on the control domain. We

consider (P0) as the transfer to a coplanar orbit by

setting uc = 0, i.e. u = utFt + unFn.

The only difference between (P0) and (P1) is the

set of admissible controls: for (P0), U0 is the disc

of centre 0R2 and radius ε, whereas for (P1), U1 is

the segment line [−ε, ε] directed along the tangential
direction. The homotopy can therefore be defined as

follows. The problem (Pλ) is the orbital transfer with
control domain Uλ where Uλ is the ellipse of centre

0R2 , semi-major axis ε along the tangential direction,
and semi-minor axis (1 − λ)ε along the normal direc-
tion. Except at isolated singularities (Caillau, 2000),

the problem (Pλ) is smooth for λ ∈ [0, 1[, and asso-
ciated with the true Hamiltonian function

Hλ(t, x, p) = H0 +
ε

m(t)

[

H2
1 + (1 − λ)H2

2

]1/2

(12)

with, as before, Hi = 〈p, Fi〉, i = 0, 3, and Hλ →
H = H0 + (ε/m)|H1| when λ → 1.

If we define on [0, 1] the value function λ 7→ tf (λ),
the same argument as in Proposition 1 results in

Proposition 3. If the admissible trajectories remain

in a fix compact independent of λ, then the value

function is continuous at λ = 1.

Sketch of the proof. The result proceeds from the fact

that the sequence of control sets (Uλ)λ is decreasing.

Let (λk)k converge to 1 in [0, 1]. The compactness

assumption and the convexity of the dynamics en-

sure existence of a solution (tf k, xk, uk) for every

k, and the sequence (tf k)k is bounded over by the

value of (P1), tf (1). Taking a subsequence, we can

assume it converges towards some T ≤ tf (1). We can

also assume that the equicontinuous bounded family

(xk)k converges uniformly to some x. Now, ẋk ∈
f(t, xk, Uλk) ⊂ f(t, xk, U0) almost everywhere for
all k, f(t, x, u) being the dynamics, and f(t, x, U0)
is convex so that ẋ ∈ f(t, x, U0) [see, e.g., (Lee and
Markus, 1986), theorem 4 of chap. 4]. Since U0 is

compact, we can select a measurable control u such

that ẋ = f(t, x, u). Clearly, the uk must converge to

u for the weak dual space topology of L∞, and the

uniform boundedness principle tells us that

‖u‖∞ ≤ lim inf
k

‖uk‖.

In particular, the same holds for each component

of the control and, since the normal controls verify

‖un,k‖∞ ≤ (1−λk)ε, we get un = 0 and ‖ut‖∞ ≤ ε
on the limit. Then (T, x, u) is admissible and necessar-
ily optimal since T ≤ tf (1) implies T = tf (1). We

have showed that (tf (λk))k converges to tf (1). 2

Remark 4. Compactness results on the adjoint vari-

able similar to those on the state and the control in the

above proof can also be obtained in the normal case.

2.2.3. Continuation on the inclination. We impose

that, in contrast with the final one, the initial orbit does

not belong to the equatorial plane, and we make a

convex homotopy on the initial inclination (that is on

the initial condition):

hx,0(λ) = (1 − λ)η (13)

with η 6= 0. Indeed, the single-input transfer is a

coplanar transfer and we use the following result

(Caillau, 2000).

Lemma 5. Every extremal trajectory for the coplanar

orbit transfer problem is also extremal for the general

orbit transfer problem, provided the initial and final

inclinations are the same.



We define (P0) by setting un = 0, i.e. u = utFt +
ucFc, and connect so the single-input transfer to a

problem with two controls, including a non-coplanar

thrust.

Remark 6. Though the initial state stays in a fix com-

pact, no such result as Proposition 3 is available for

this new homotopy since there is no obvious mono-

tonicity property on the associated value function.

3. CONJUGATE POINTS

We present briefly the concept of conjugate point

in the minimum time case. We refer the reader to

(Bonnard et al., to appear) for details.

3.1 Definitions and properties

We consider from a smooth Hamiltonian system de-

noted ż =
−→

H (z) with z = (x, p), and define the

Jacobi equation which is the variational equation δż =

d
−→

H (z)δz. The non-trivial solutions of this equation

are called Jacobi fields.

Definition 7. Let J = (δx, δp) be a Jacobi field, J is

said to be vertical at time t if δx(t) = 0.

Definition 8. A time tc > 0 is said to be conjugate if

there exists a Jacobi field vertical at time t = 0 and

t = tc. Then x(tc) is called a conjugate point.

According to the definition (10) of exponential func-

tion in the minimum time case, we have

Proposition 9. A time tc is conjugate if and only if the

exponential mapping at tc is not an immersion.

The key result of this theory is the following:

Theorem 10. Every extremal is locally C 1-optimal up

to the first conjugate time.

In particular, the two smoothing homotopies of the

previous section are obviously such that the result

hereafter holds.

Proposition 11. Provided there is no conjugate point,

the mapping λ 7→ p0(λ) associated with the homotopy

2.2.2 (resp. 2.2.3) where p0(λ) is the zero of the

corresponding shooting function, is smooth for λ < 1.

Proof. Let us consider for instance the first homotopy.

For λ in [0, 1[, the initial adjoint state value p0(λ) is a

zero of the shooting function

Variable Value

ε 6 Newtons

µ 5165.8620912 Mm
3.h−2

V −1
e

0.0142 Mm
−1.h

Table 1. Physical values.

S(tf , p0, λ) = expx0,tf ,λ(p0) − xf

= x(tf , x0, p0, λ) − xf

associated with the smooth Hamiltonian (12). The

assumption of non-conjugacy along the extremal en-

sures that the implicit function λ 7→ p0(λ) is well

defined and smooth (see Proposition 9, adding the fact

that the derivative of the exponential mapping is the

dynamics which defines a direction not included in

the span of ∂S/∂p). The same holds for the second

homotopy since, according to (13), λ 7→ x0(λ) is

smooth. 2

3.2 Computation of conjugate points

Let Ji = (δxi, δpi), i = 1, . . . , n be a basis of the

space of Jacobi fields which are vertical at time t = 0.
There exists a non-trivial Jacobi field which is vertical

at t = 0 and t = tc if and only if the rank of the matrix

C(t) whose columns are (δxj(t))1≤j≤n is strictly less

than n− 1 at t = tc.

Our test about the rank is provided by a singular value

decomposition on the matrix C(t). If σn−1(t) is the

smallest singular value, the test is σn−1(tc) = 0.

4. NUMERICAL COMPUTATIONS

For numerical reasons, we choose equinoctial coordi-

nates (Caillau, 2000) (P, ex, ey, hx, hy, L) where P is

the semi-latus rectum, e = (ex, ey) the eccentricity

vector, h = (hx, hy) the inclination vector, and L the

longitude. The first five coordinates are slow variables

corresponding to the first integrals of the free motion,

whileL is the fast variable. The numerical values used

for the computation are summarized in tables 1 and 2.

Remark 12. The final longitude is actually free and

the shooting function definition (11) has to be readily

modified in order to take into account the transversal-

ity condition pL(tf ) = 0. Practically, having obtained

the relevant extremal, we compute another extremal,

close to the previous one but with fixed Lf so as to be

in the standard framework of conjugate point of curves

with fixed extremities.

4.1 Evolution of the optimal control along homotopies

We present in figures 2 and 3 the evolution of the

optimal thrust along the homotopy path respectively



Initial conditions Final conditions

P 11.625 Mm 42.165 Mm

ex 0.75 0

ey 0 0

hx 0.0612 rad 0 rad

hy 0 rad 0 rad

L π rad free

m 1500 kg free

Table 2. Boundary conditions.

for the homotopy on the control domain and the ho-

motopy on the inclination.

We can see that switchings are localized at the very be-

ginning of the homotopy path. The remaining part of

the homotopy path confirms this localization and tends

to give the final shape of the optimal control. This

phenomenon has already been observed in (Gergaud

and Haberkorn, 2006, to appear) for the minimum

consumption problem where the homotopy consists in

deforming an L2-cost into an L1-cost.

As a first comparison, we can also remark that the

localization is far more efficient in the case of the

homotopy on the inclination.

4.2 Computation of conjugate times

Using the cotcot algorithm sketched above and the

underlying software (Bonnard et al., to appear), we

can apply the conjugate points test on the intermediate

problems (Pλ) for λ ∈ [0, 1[, since they give smooth
controls.

Once we have obtained an extremal by the shooting

method, we extend this extremal up to several times

the minimum time. Then we apply our test to the ex-

tended extremal. We shall notice that it is a condition

of optimality in the case of fixed extremities.

We present in the figures 4 and 5 the evolution of

the smallest singular value along the homotopy path

respectively for the homotopy on the control domain

and the homotopy on the inclination.

We can notice that we have conjugate times at roughly

three times the final time obtained by the previous

shooting method, which confirms previous results

(Bonnard et al., 2005).

4.3 Analysis of the extremal trajectories

We observe that the zone where u = ε (acceleration

phase) is located around the apocenter. In contrast, the

zone where u = −ε (deceleration phase) is located

around the pericenter. The apocenter is indeed the

point where the gravitation is the weakest. Therefore,

it is the place where the acceleration is the most effi-

cient. Conversely, the deceleration is the most efficient

when the gravitation is the strongest, that is at the peri-

center. Finally, a preliminary interesting constatation

on single-input transfers is that, compared to copla-

nar transfers with two thrusters, the minimum time is

only increased of approximatively twenty percent. As

illustrated by the second homotopy, a similar approach

with two thrusters instead of three can be considered

for non-coplanar transfers.
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Abstract: Euler (Euler, 1767) and Lagrange (Lagrange, 1772) proved the existence
of five equilibrium points in the restricted three-body problem, that is the
movement of a body in the gravitational field of two masses, where the body
has a negligible mass with respect to the other two. These equilibrium points are
known as the Lagrange points, or libration points, denoted L1, . . . , L5. Around
these points, one can prove the existence of periodic orbits, called halo orbits,
which offer really interesting properties for space exploration or observation (the
Sun observation probe SOHO is located on a halo orbit around L1) or can be
really good sites to relay transmissions (a satellite orbiting around L2 could allow a
permanent communication with the hidden face of the Moon). Invariant manifolds,
sort of tubes, propagate from halo orbits and create a web between different space
capture regions in which trajectories have negligible cost. This permits to design
interplanetary exploration at low cost (see (Ross et al., 2004)). This paper presents
all elements necessary to the generation of spacecraft trajectories which use specific
dynamic properties around the Lagrange points. Copyright c© 2006 IFAC

Keywords: Lagrange points, Restricted three-body problem, Halo orbit, Invariant
manifolds.

1. THE RESTRICTED THREE-BODY
PROBLEM

1.1 Definition

The restricted three-body problem concerns the
movement of a body P in the gravitational field
of two masses m1 and m2, where the mass of P is
negligible with respect to m1 and m2. The masses
m1 etm2 (withm1 ≥ m2) are called the primaries
and are assumed to have circular orbits with the
same period around their center of mass. For ex-
ample, m1 and m2 can respectively represent the
Sun and the Earth while the third body P can be

1 This work is financially supported by a contract with

EADS SPACE Transportation - 66, route de Verneuil - BP

3002 - 78133 Les Mureaux Cedex

a satellite or a probe. In this problem, the influ-
ence of any other body (such as the gravitational
forces exerced by other planets) is neglicted. Two
different problems are distinguished:

• the PCR3BP (Planar Circular Restricted
Three-Body Problem): the particule P is free
to move in the orbital plane of the primaries.

• the CR3BP (Spatial Circular Restricted Three-
Body Problem): the particule P is free to
move in the three dimensional space.

1.2 Equations of motion

In an inertial frame, the primaries positions and
the equations of motion of P are time-dependent.
It is thus standard to derive the equations of mo-
tion of P in a rotating frame whose rotation speed



is equal to the rotation speed of the primaries
around their center of mass, and whose origin is in
the orbital plane of the massesm1 andm2. In such
a frame, the positions of m1 and m2 are fixed. We
consider the rotating frame with the x axis on the
m1-m2 line and with origin at the center of mass
of the two primaries. The massesm1 andm2 move
in the xy plane and the z axis is orthogonal to this
plane. In addition, we adopt a dimensionless unit
system as follows:
- the distance between m1 and m2 is 1;
- the sum of the masses m1 and m2 is 1;
- the angular velocity of the primaries is 1.

In this new unit system, denoting

µ = m2/(m1 +m2),

- the abscisses of m1 and m2 are respectively

x0
1
= −µ and x0

2
= 1− µ;

- the masses of m1 and m2 are respectively

µ1 = 1− µ and µ2 = µ.

The body is submitted to the gravitational attrac-
tion forces exerced by the primaries, the Coriolis
force and the centrifuge force. Denote by

X = (x, y, z, ẋ, ẏ, ż)T = (x1, x2, x3, x4, x5, x6)
T

the position and velocity vector of P in the
rotating frame. The equations of motion write







































































ẋ1 = x4,

ẋ2 = x5,

ẋ3 = x6,

ẋ4 = 2x5 − x1 + µ1
x1 − x0

1

r13
+ µ2

x1 − x0
2

r23
,

ẋ5 = −2x4 − x2 + µ1
x2
r13

+ µ2
x2
r23

,

ẋ6 = µ1
x3
r13

+ µ2
x3
r23

,

(1)
where

r1 =
√

(x1 − x0
1
)2 + x2

2
+ x2

3

and

r2 =
√

(x1 − x0
2
)2 + x2

2
+ x2

3

are respectively the distances between P and the
masses m1 and m2.

The system can also be written as:







































































ẋ1 = x4 = f1(X),

ẋ2 = x5 = f2(X),

ẋ3 = x6 = f3(X),

ẋ4 = 2x5 +
∂U

∂x1
= f4(X),

ẋ5 = −2x4 +
∂U

∂x2
= f5(X),

ẋ6 =
∂U

∂x3
= f6(X)

(2)

where

U(x1, x2, x3) =
1

2
(x2
1
+ x2

2
) +

1− µ

r1
+

µ

r2
+
1

2
µ(1− µ)

is the potential of the system and

f = (f1, f2, f3, f4, f5, f6)

is the vector field of the system.

1.3 Lagrange points

Definition. The Lagrange points are the equilib-
rium points of the restricted three-body problem,
i.e., the zeros of f . They also coincide with the
extrema of the potential U .
Euler (Euler, 1767) and Lagrange (Lagrange,
1772) proved the existence of five equilibrium
points:

• three collinear points on the axis joining the
center of the two primaries. One generally
notes L1 the equilibrium point between m1

and m2, L2 the equilibrium point opposite
to the smaller mass (m2 in our case) and L3
the one opposite to the bigger mass.

• two points in the orbital plane of the pri-
maries making equilateral triangles with the
center of the primaries, and denoted L4 and
L5.

L1

S T
x

y

0

L3

L5

L4

L2

Fig. 1. Location of the Lagrange points.

For the precise computation of the coordinates of
Lagrange points, we refer the reader to (Szebehely,
1967).



Stability of the Lagrange points. Here are pre-
sented the results in the planar case. To study
the stability of the Lagrange points, we linearize
the equations of motion around each one of them.
The linearized equations of motion around the
Lagrange point Li, of coordinates Xi, write









δẋ
δẏ
δẍ
δÿ
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0 0 1 0
0 0 0 1

∂2U
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When evaluated at the Lagrange points L1, L2
and L3, the linearized matrix has two real eigen-
values, among which one is positive, and one pair
of pure imaginary eigenvalues. Therefore, these
points are unstable.
When evaluated at the Lagrange points L4 and
L5, the linearized matrix has pure imaginary
eigenvalues if µ < µ1, where

µ1 = 1/2(1−
√
69/9).

If µ = µ1, the linearized matrix has multi-
ple eigenvalues ±i

√
2/2, with non-trivial Jor-

dan blocks. For, µ > µ1, the eigenvalues are
λ,−λ, λ̄,−λ̄, where λ is a non-pure imaginary
complex number. In the last case, L4 and L5
are unstable. Using results of dynamical systems
theory (see (Meyer-Hall, 1992)), one can prove
that the Lagrange points L4 and L5 are stable
when µ < µ1. See (Bonnard et al., 2005) for a
detailed study in the planar problem and (Gómez
et al., 2004) in the spatial case.

1.4 Hill’s region

Since the equations of motion of the three-body
problem are hamiltonian and autonomous, there
exists an integral energy of motion,

E(x, y, z) =
1

2
(ẋ2 + ẏ2 + ż2)− U(x, y, z).

Along the trajectories of the system, the integral
energy is constant. For a fixed energy value e, we
get an energy surface (a 5-dimensional manifold
in the 6-dimensional phase space)

M(µ, e) = {(x, y, z, ẋ, ẏ, ż) | E(x, y, z, ẋ, ẏ, ż) = e}.
The Hill’s region is defined as the projection of
the energy surface on the positions space

H(µ, e) = {(x, y, z) | U(x, y, z) ≥ −e}.
For a fixed value of µ, there are five possible
configurations for the Hill’s region. Let Ei denote
the integral energy value at Li. We have

E1 < E2 < E3 < E4 = E5.

According to its energy value E, then, P will only
be able to move in some region of the space, the
corresponding Hill’s region:

• if E < E1, P can only move around m1 and
m2;

• if E1 < E < E2, a neck between the region
around m1 and m2 opens up and P can move
between the two regions;

• if E2 < E < E3, P can move in the vicinity
of m1 and m2 and get to the exterior region
via a neck around L2;

• if E3 < E < E4 = E5, P can pass directly
from the region around m1 to the exterior
region via a neck around L3;

• if E > E5, P is free to move in every region
of space.

2. HALO ORBITS

2.1 Definition and existence

There are periodic orbits around Lagrange points
whose existence is proved by the Liapunov-
Poincaré’s Theorem in the Hamiltonian case (see
for instance (Meyer-Hall, 1992)). They are called
halo orbits.

Theorem 2.1. (Liapunov-Poincaré’s Theorem) Let
ẋ = H(x) an Hamiltonian system in R

2n, x0
an equilibrium of the system supposed to be 0,

A =
∂H

∂x
(0) the matrix of the linearized sys-

tem. We assume that the spectrum of A has the
form σ(A) = {±iω, λ3, . . . , λ2n}, where ω > 0. If
λj/iω /∈ Z for j = 3, . . . , 2n, then there exists a
one-parameter family of periodic orbits resulting
from 0.

Applying this theorem at the Lagrange points in
the planar case leads to the following results.

• At the Lagrange points L1, L2 and L3, the
linearized system has one pair of pure imag-
inary eigenvalues and two real nonzero eigen-
values. Therefore, the Liapunov-Poincaré The-
orem implies the existence of a one-parameter
family of periodic trajectories resulting from
each point.

• At the Lagrange points L4 and L5, the lin-
earized system has two pairs of conjugated
pure imaginery eigenvalues if µ < µ1. The
Liapunov-Poincaré Theorem applied twice at
these points yields the existence of a two-
parameter family of trajectories resulting
from each of these equilibrium points (one
can also see this two-parameter family as two
one-parameter families of periodic orbits).

2.2 Local study of halo orbits

To study the behavior of the spatial restricted
three-body problem orbits around the halo orbits,



we linearize the equations of motion. Let t 7→ x̄(t)
be a nominal trajectory corresponding to a halo
orbit. The linearized equations of motion along
this nominal trajectory write

δ ˙̄x(t) = Df(x̄)δx̄ = A(t)δx̄,

where A(t) is the periodic Jacobian matrix of f

evaluated along the periodic orbit x̄(t).
A qualitative study of the behavior of the non lin-
earized system trajectories around the halo orbit
can be obtained using the monodromy matrix M ,
defined as the transition state matrix evaluated
after one period T of the halo orbit. Thus,

Φ(T, x0) = R(T )x0 =Mx0.

where Φ(t, x0) is the flow of the system, i.e., the
value at time t of the solution of (1) with the initial
condition x0.
The eigenvalues (λi) of M permit to characterize
the stability of the periodic orbit. One has:

λ1 > 1, λ2 < 1, λ3 = λ4 = 1,

λ5 = λ̄6 avec |λ5| = |λ6| = 1.

where λ1 and λ2 are real, and λ5 and λ6 are
conjugate complex (see (Koon et al., 2005)).
The eigenvalues λ1 and λ2 generate respectively
stable and unstable subspaces Es and Ei; Es(x̄)
and Ei(x̄) respectively give, at the point x̄ of the
halo orbit, the attractive and repulsive direction
of the field. When the point x̄ moves on the halo
orbit, the lines Es and Ei describe stable and
unstable tubes, noted W s and W i.
The double eigenvalue 1 is associated to the non-
unstable modes. There is only one eigenvector
associated to the eigenvalue 1. This vector is ob-
viously the tangent vector to the halo orbit at
the point x̄. The other eigenvalue, λ4 = 1, is
associated to the energy variation.
The pair of conjugate eigenvalues with modulus 1
is associated to the rotation movement of trajec-
tories near the halo orbit.

2.3 Numerical construction of halo orbits

Principle. The equations of the motion verify a
symmetry property: if (x(t), y(t), z(t)) is a solu-
tion of the system, then (x(−t),−y(−t), z(−t))
is also solution. This means that, for every tra-
jectory located on one side of the plane y = 0,
there exists a mirror trajectory, located on the
other side of the plane y = 0, which propagates in
reversal-time (see Figure 2).
This property will be useful to construct periodic
orbits. Indeed, if a trajectory which starts on the
plane y = 0 with a velocity vector perpendicular
to the plane, intersects again the plane y = 0
orthogonally, then the trajectory and its mirror
image will fit in position and in speed in the plane
y = 0 and therefore, will make a unique periodic

plane y=0

(x(t),y(t),z(t))(x(−t),−y(−t),z(−t))

Fig. 2. Symmetry of the restricted three-body
problem.

orbit, the halo orbit.
Consider an initial condition X0 on the plane
y = 0 and with a velocity vector orthogonal to the
plane y = 0,

X0 =
(

x0, 0, z0, 0, ẏ0, 0
)

·

The orbit starting from X0 is then periodic if
and only if, at the time t1 when the trajectory
intersects the plane y = 0, we have a point whose
coordinates are

X(t1) =
(

x, 0, z, 0, ẏ, 0
)

(velocity vector orthogonal to the plane). If this
condition is fulfilled, the constructed orbit will be
periodic of period T = 2t1. To construct such an
orbit, we consider an initial condition X0 with
the previous form. We integrate the equations of
motion from X0, and correct this initial condition
until the components x and z of the velocity
are zero when the trajectory crosses the plane
y = 0. Numerically, the implementation relies on
a Newton’s method.

Matching the initial conditions with a Newton’s

method. We look for X0 = (x0, 0, z0, 0, ẏ0, 0) and
t1 such that





y(t1)
ẋ(t1)
ż(t1)



 =





φ2(X0, t1)
φ4(X0, t1)
φ6(X0, t1)



 =





0
0
0



 ·

Halo orbits around the collinear Lagrange points
form two one-parameter families of periodic orbits
in the spatial case. In general, the z-excursion (i.e.
the orbit amplitude in the z direction) is chosen as
a parameter, which means that z0 = z0f is fixed.
Our goal is then to find a zero of

Gz0f
: (x0, ẏ0, t1) 7−→





Φ2(X0, t1)
Φ4(X0, t1)
Φ6(X0, t1)



 ,

where X0 = (x0, 0, z0f , 0, ẏ0, 0).
In this purpose, we use a Newton’s type method



(Y n+1 = Y n
− DG(Y n)−1

· G(Y n)), for which
the main difficulty is the computation of the
differential of G.
In order to compute DG, we just have to compute
the differential of the flow Φ,

DΦ(X0, t1) =
(

R(t1) f(Φ(X0, t1))
)

·

By definition of G,

DG =















∂Φ2

∂x0

∂Φ2

∂ẏ0

∂Φ2

∂t
∂Φ4

∂x0

∂Φ4

∂ẏ0

∂Φ4

∂t
∂Φ6

∂x0

∂Φ6

∂ẏ0

∂Φ6

∂t















·

Therefore, we get the differential of G by inter-
secting the second, fourth and sixth lines with the
first, fifth and seventh columns of the differential
of the flow. And, denoting Ri,j(·) the coefficients
of the resolvant R(·), we obtain the algorithm

Yn+1 = Yn −DG(Xn
0 , tn)−1

·





Φ2(X
n
0 , tn)

Φ4(X
n
0 , tn)

Φ6(X
n
0 , tn)





where
Yn = (x0,n, ẏ0,n, tn),

Xn
0 = (x0,n, 0, z0f , 0, ẏ0,n, 0),

and

DG(X0, t
n) =

(

R2,1(tn) R2,6(tn) f2(Φ(Xn

0
, tn))

R4,1(tn) R4,6(tn) f4(Φ(Xn

0
, tn))

R6,1(tn) R6,6(tn) f6(Φ(Xn

0
, tn))

)

·

Note that the convergence of the method requires
an initial guess close enough to the exact initial
condition and half period of the periodic orbit.
To deal with this problem, (Richardson, 1980)
found analytical approximations of periodic or-
bits. Thus, these approximations are used as a
guess for the algorithm.

3. STABLE AND UNSTABLE MANIFOLDS

3.1 Definition

Consider a halo orbit around one of the collinear
points. The stable (resp., unstable) manifold of
this halo orbit is the submanifolds of the phase
space which is formed by all points whose future
(resp., past) semi-orbits converge to the halo or-
bit.

3.2 Numerical computation of the manifolds

The tubes of the linearized field, W s and W i, are
local approximations of the stable and unstable
manifolds. To compute the tubes W s and W i, we
just have to compute, at each point a of the halo

Fig. 3. Invariant manifolds around a halo orbit
around L1 in the Sun-Earth problem.

orbit Σ, the eigenvectors V s(a) and V i(a) asso-
ciated to the real eigenvalues of the monodromy
matrix at a, that are lower and greater to 1. Then,

W s =
⋃

a∈Σ

Es(a), and W i =
⋃

a∈Σ

Ei(a),

where

Es(a) = Span(V s(a)), and Ei(a) = Span(V i(a))·

One gets a good approximation of the stable and
unstable manifolds by propagating the solutions
of the equations of motion starting from initial
conditions

X0 = a + εV (a),

where a belongs to the halo orbit, V (a) is a
normalized stable or unstable eigenvector of the
monodromy matrix at a and ε is a real, small
enough so that the linear approximation is correct
but also big enough to avoid too long integration
time (indeed, the orbits which belong to the
manifolds rotate strongly when tending to the
halo orbit).

3.3 Heteroclinic trajectories

A heteroclinic trajectory is a trajectory joining
asymptotically two distinct equilibrium points. By
extension, we call heteroclinic a trajectory joining
asymptotically two distinct halo orbits. We next
explain how to construct such a trajectory, joining
asymtotically a halo orbit around L2 to a halo
orbit around L1. In the planar case, one has to find
the intersection of an unstable manifold of a halo
orbit around L2 with a stable manifold of a halo
orbit around L1, and then to propagate a point
of this intersection “backward” and “forward” to
generate the desired trajectory.

In our example, such intersections can be found
at the Poincaré surface



U3 = {(x, y, ẋ, ẏ) | x = 1− µ, y > 0, ẋ < 0}

(see (Koon et al., 2005)).
The procedure to construct such a heteroclinic
orbit is as follows.

(1) Construct numerically two halo orbits around
L1 and L2 corresponding to the same integral
energy E0, with E0 large enough to allow
trajectories between L1 and L2 regions.

(2) Contruct the approximations of the unstable
manifold of the halo orbit around L2 and of
the stable manifold of the halo orbit around
L1 (using the unstable and stable eigenvec-
tors of the monodromy matrices) propagated
up to the Poincaré surface U3.

(3) Compute the intersection C+21 of the unsta-
ble manifold of the halo orbit around L2 with
U3 and the intersection of the stable manifold
of the halo orbit around of L1 with U3.

(4) Choose a point X0 = (x0, y0, ẋ0, ẏ0) in the
set C+11 ∩ C+21 .

- By definition of C+11 , C+21 , and of U3, if
X0 ∈ C+1 ∩C+21 then, necessarily, x0 = 1−µ.

- To find (y0, ẏ0), we project C+11 and C+21
in the plane (y, ẏ) and take (y0, ẏ0) in the
intersection ot these projections.

- We deduce ẋ0 using the integral energy of
the motion

E(x, y, ẋ, ẏ) = 1/2(ẋ2 + ẏ2)− U(x, y) = E0,

which is constant along the trajectories.
Then,

ẋ0 = −
√

−ẏ20 + 2(E0 + U(x0, y0)),

because ẋ0 must be negative according to the
definition of the Poincaré surface U3.

(5) We integrate numerically the equations of
motion backward and forward from the ini-
tial condition X0 found to generate the het-
eroclinic trajectory.

For the construction of a heteroclinic trajectory
in the spatial case, we refer the reader to (Gómez
et al., 2004) .

CONCLUSION

This article is a preliminary to a deeper study
of the dynamics around the Lagrange points. It
recalls properties and numerical methods rather
well known (see (Koon et al., 2005)). The next
step of this work will be the construction of
trajectories from the Earth to different places
of the space (the Moon, a halo orbit around a
Lagrange point,...) using invariant manifolds to
minimize the consumption of fuel.
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1. INTRODUCTION

Finite time optimal control problems (Bemporad
et al., 2002b) imply the resolution of multipara-
metric optimization problems, the vector of pa-
rameters being the system state. In the case of
linear systems with polytopic constraints and lin-
ear cost functions the problem to be solved can be
reformulated as:

J∗(x) = min
z

{

cT z
∣

∣Ainz 6 bin + Binx, x ∈ X
}

(1)

This class of problems was already addressed by
the operational research community (Gal and Ne-
doma, 1972) with the goal to observe the varia-
tions of the simplex method for different ranges
of parameters. From a similar point of view, the
sensitivity analyses (Gal, 1995) investigated the
loss of optimality for a LP solution due to the
changes in the data.

1 The present work was supported by the Directorate for

Research of the European Commission.

A geometrical approach (Borelli et al., 2003) for
this framework opened the way for studies on the
multiparametric linear, quadratic (Bemporad et

al., 2002a) and mixed-integer linear programs, es-
pecially in relation with optimal control problems.
Indeed, the description of the optimal solution,
for the entire range of feasible states, avoids the
expensive on-line optimization and thus can be
used for systems with high sampling rates.

A special attention has to be paid to the structure
of the resulting control laws as long as they will
inherit the properties of the optimal solutions for
the associated optimizations. In the case of mp-
LPs, the explicit solutions lead to piecewise linear
control laws over polyhedral critical regions in the
parameters space (Bemporad et al., 2002a) and
efficient construction algorithms exist to this end
(Borelli et al., 2003).

An explicit solution leading to a continuous con-
trol law will represent an advantage for practical
applications since the presence of perturbations
for states situated on the border of the critical re-



gions will not induce discontinuous changes of the
control action. On the other hand necessary and
sufficient conditions for continuity are related to
the uniqueness of the optimal solutions (Spjotvold
et al., 2005).

In the case of multiparametric linear programs,
these conditions are not fulfilled and the present
paper proposes a method for the description of
the entire family of solutions starting from the
expression of the parameterized vertices of the
feasible domain as in (Olaru and Dumur, 2004).
A simple condition for preserving the continuity
will thus be linked to the adjacency of these
parameterized vertices.

In the following, section 2 introduces the problem,
section 3 proposes the complete solution of a mp-
LP, section 4 analyzes practical aspects of explicit
solutions, and section 5 presents examples.

2. PROBLEM DESCRIPTION

2.1 Moving horizon optimal control

The constrained predictive control strategy is
based on the repetitive construction of an open-
loop optimal control sequence over a finite hori-
zon. The problem to be solved is:

min
ut,...ut+N−1

‖Pxt+N‖p +

+

N−1
∑

k=0

{

‖Qxt+k‖p + ‖Rut+k‖p

}







xt+k+1 = Axt+k +But+k,

xt+k ∈ X ;ut+k ∈ U ; k = 0, . . . , N − 1
xt+N ∈ XN

(2)

with ||.||p, the p-norm of the respective vectors.

The current state xt is supposed to be known as
well as the polyhedral sets X ⊂ R

n,U ⊂ R
m.

The tuning knobs are the prediction horizon N ,
the terminal set XN ⊂ R

n, the weights R,Q and
the terminal penalty described by the matrix P .
These are to be chosen in order to guarantee the
feasibility and stability of the control policy which
applies the optimal control sequence according to
the receding horizon strategy (Mayne et al., 2000).

Once the optimal solution {u∗

t , . . . u
∗

t+N−1
} found,

the first component, u∗

t is effectively applied
as control action and the optimization will be
restarted by receding the prediction horizon. The
control law can be expressed in the form of a state-
feedback law:

u∗

t+k = ft+k(xt), k = 0, . . . , N − 1 (3)

as this is the only parameter in (2).

2.2 The multiparametric linear program

Several practical advantages (structural informa-
tion on the control law, feasibility, simple and
efficient implementation, etc.) can be obtained if
the explicit solution (3) is constructed for all the
possible feasible states. In other words one has to
look for the mappings from parameters’ space to
optimal control action ft+k : Rn → R

m.

Since the sets X ,U are polyhedral and the ”p-
norm” in (2) is the ”2-norm” the problem can
be translated into a multiparametric quadratic
program (Olaru and Dumur, 2005). Several meth-
ods exist to construct the explicit solution, us-
ing the active constraints enumeration (Seron et

al., 2003), based on KKT conditions (Tondel et
al., 2003) or through a parameterized polyhedra
approach (Olaru and Dumur, 2004).

In the case the sets X ,U are polyhedral and the
”p-norm” in (2) is the ”1-norm” or the ”∞-norm”
the problem can be translated (Bemporad et al.,
2002a) into a multiparametric linear program:

min
z
cT z

s.t.

{

Aeqz = beq +Beqxt
Ainz 6 bin +Binxt

(4)

with z = [ξ1, . . . , ξNξ , ut, . . . , ut+N−1], where
ξi, i = 1, . . . , Nξ are slack variables and Nξ de-
pends on the norm used, the model used for the
prediction as well as the prediction horizon N .

An efficient algorithm for the construction of the
explicit solution for the general case is given in
(Borelli et al., 2003) (based on KKT optimality
conditions). The idea is to explore the parameters’
space and to identify a piecewise affine function:

f∗

k (xt) = Ki ∗ xt + κi, for x ∈ Di (5)

where Di are critical (polyhedral) regions for
which a certain basis remains optimal.

An important aspect is related to the non-
uniqueness of the optimal solution as long as by
arbitrarily choosing one of the optimal bases, the
continuity of the explicit solution might be lost at
the frontier of critical regions. A contribution was
presented in (Spjotvold et al., 2005), where for
each critical region the optimal solution is found
from a multiparametric quadratic program con-
structed to maintain the initial mp-LP optimality.

The idea of the present paper is to investigate
the problem of continuity using geometrical ar-
guments. One of the first goals is to describe the
whole family of continuous optimal solutions. Us-
ing this result, the trivial (vertex located) contin-
uous candidates can be identified and those with
a reduced number of critical regions retained.



3. GEOMETRICAL CONSTRUCTION OF
THE FAMILY OF SOLUTIONS

3.1 Feasible domain - parameterized polyhedra

The feasible domain for the mp-LP (4) is defined
by a finite number of inequalities and equalities
with a right hand side linearly dependent on the
vector of parameters, describing in fact a param-
eterized polyhedron (Olaru and Dumur, 2005):

P (x) =
{

z |Aeq z = Beqx+ beq;
Ainz 6 Binx+ bin}

(6)

Equivalently, in a dual Minkowski representation
based on generators, one can write:

P (x) =

{

z| z =

nv
∑

i=1

νivi(x) +

nr
∑

i=1

ρiri +

nl
∑

i=1

λili

0 6 νi(x) 6 1,

nv
∑

i=1

νi(x) = 1 , ρi > 0 , ∀λi

} (7)

with vi the parameterized vertices, ri the uni-
directional rays, li the bidirectional rays, νi the
coefficients identifying a convex combination of
vertices, ρi the coefficients of the positive com-
binations of unidirectional rays.

Remark: Only the vertices are concerned by the
parametrization of the polyhedron (parameterized
vertices - vi(x), the rays and the lines do not
change with the parameters’ variation.

Each parameterized vertex in (7) is characterized
by an associated set of constraints satisfied by
equality. Once this set of active constraints is iden-
tified one can write the linear dependence of the
parameterized vertex in the vector of parameters:

vi(x) =

[

Aeq

Āini

]

−1 [

B′eq

B̄′ini

]

x+

[

Aeq

Āini

]

−1 [

beq

b̄ini

]

(8)

where Āini , B̄
′

ini
, b̄ini are corresponding to the

subset of the inequalities, satisfied by saturation
for the i-th parameterized vertex.

As a first conclusion, the construction of the dual
description (6-7) for a parameterized polyhedron
requires the identification of the set of parame-
terized vertices. Efficient algorithms exist in this
direction (Lochner and Wilde, 1997), the basic
idea being the analogy with a nonparameterized
polyhedron in a higher dimension.

When the vector of parameters x varies inside
the parameters space, the vertices of the feasible
domain (6) may split, slope or merge. This means
that each parameterized vertex vi(x) is defined
only over a specific region in the parameters space.
These regions V Di are called validity domains
and can be described using simple projection
mechanisms (Lochner and Wilde, 1997).

3.2 Complete explicit solution for a mp-LP

Recalling the problem to be solved (4), one can
use the double description of the feasible domain
in terms of a parameterized polyhedron in order
to construct the explicit solution. Indeed, the fact
that the parameterized vertices have a piecewise
linear dependence on the parameters offers a first
insight on the evolution of the extremal points.
This is an important aspect for the mp-LP as long
as the optimal solution if it exists and is bounded
will correspond to a point on the frontier of the
feasible domain. The next result resumes this idea:

Proposition: The solution of a MPLP optimiza-
tion problem is characterized by:

a) If there exists a bidirectional ray l such that
cT l 6= 0 or a unidirectional ray r such that cT r 6
0, then the minimum is unbounded;

b) For all the regions of the parameter space where
the dual representation of the feasible domain
does not contain any valid parameterized vertex,
the problem is infeasible;

c) If all bidirectional rays l are such that cT l = 0
and all unidirectional rays r are such that cT r > 0
then the space of feasible parameters D can be
partitioned in critical regions D =

⋃

Rk such that
the minimum:

min
{

cT vi(x)|vi(x) vertex of P (x) valid overRk

}

is attained by a constant subset of vertices of
P (x). The complete solution over Rk is:

Sk(x) = conv.hull
{

v∗
1k(x), . . . , v∗skk(x)

}

+
+ cone

{

r∗
1
, . . . , r∗p

}

+ lin.spaceP (x)
(9)

where conv.hull{.} denotes the set of convex com-
binations of vertices v∗i (x) corresponding to the
minimum, cone denotes nonnegative combina-
tions of unidirectional rays r∗i satisfying cT r∗i = 0
and lin.spaceP (x) represents the linear combina-
tion of bidirectional rays if they exist. �

It can be observed that the complete optimal
solution takes into account the eventual non-
uniqueness of the optimum, and it defines the
entire family of optimal solutions using the pa-
rameterized vertices and their validity domains.

4. ANALYSIS OF THE COMPLETE
EXPLICIT SOLUTION

4.1 A representation of the complete solution

Consider now the case of mpLP with bounded fea-
sible domains (no uni or bidirectional rays in the
generators representation). The complete explicit



solution will be given as a union of polyhedral
domains D =

⋃

Rk and for each Rk:

Sk(x) = conv.hull
{

v∗

1k
(x), . . . , v∗

skk
(x)
}

(10)

Formally, each parameterized vertex v∗k(x) ap-
pearing in the complete explicit solution can be
represented as a node of a graph (Fig. 1). Then,
by regrouping the nodes which characterize the
same region Rk one can obtain clusters of nodes
which form by their convex combinations the en-
tire family of optimal solution.
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Fig. 1. mpLP solution as a graph of parameterized
vertices. Nodes, edges, clusters.

As mentioned previously, the vertices of the fea-
sible domain split, slope and merge, but when
these changes occur the continuity is preserved.
In order to emphasis this aspect, the adjacent
parameterized vertices will be linked by edges.

Remark: The sets of parameterized vertices for Rk

are not disjoint and thus the same parameterized
vertex can be found in several clusters (its validity
domain covers several critical regions Rk). The
different nodes originated by the same parame-
terized vertex will be also linked by edges.

4.2 Continuous optimal solutions

After defining the entire family of explicit solu-
tions for a mpLP as in (9), a undirected graph can
be constructed. In the case of a non-uniqueness of
the optimal solutions there is at least one cluster
with more than one node. The family of optimal
solutions in this case is infinite but a finite number
of continuous candidates can be identified by trav-
eling along edges and covering all the clusters. The
next result assures the non-blocking property and
the existence of solution from every initial node.

Proposition: Each parameterized vertex in a clus-
ter corresponding to the region Rk has at least
one adjacent node in the clusters associated to
the regions neighboring Rk.

Proof: If the parameterized vertex is valid in the
neighboring region then the existence of an adja-
cent node is obvious. A parameterized vertex can
loose its optimality beyond its validity domain but
this phenomenon is associated with a change on
the set of nonredundant constraints. Each neigh-
boring region will contain a node corresponding
to parameterized vertex which reflects the change
in the set of saturated constraints, and by conse-
quence the continuity is assured.

4.3 Reducing the complexity

Even if a set of continuous piecewise linear so-
lutions was identified, the number of piecewise
components might not be the overall best.

In order to diminish the number of partitions of
critical regions in the parameters space, the idea
is to cover the maximal number of clusters with a
minimal number of parameterized vertices.

Remark: The fact that the family of explicit so-
lution is infinite gives the freedom to connect the
nodes in the same cluster and even to create new
nodes. Such methods may alleviate the complexity
of partition but the construction passes by opti-
mizations over the family of point to set mappings.
Constructing low complexity solutions in terms of
piecewise nonlinear functions for mp-LP with non-
unique solution is subject to ongoing research.

5. EXAMPLES

To illustrate the theoretical concepts, two mp-LP
with non-unique solution will be presented.

5.1 Problem 1

Consider a mpLP as in (Spjotvold et al., 2005):

J∗(x) = min
z∈R3

{

cT z
∣

∣Ainz 6 bin +Binx, x ∈ X
}

c = −
[

1 1 1
]T

; bin =
[

10 4 3 3 3 3 3 3 3
]T

;

AT

in
=





1 1 −1 1 −1 0 0 0 0
1 −2 0 0 0 1 −1 0 0
1 0 −2 0 0 0 0 1 −1



 ;

BT

in
=

[

−1 −1 −1 0 0 0 0 0 0
−1 −2 −2 0 0 0 0 0 0

]

;

X =
{

x ∈ R2
∣

∣ 0 6 x1 6 2.5; 0 6 x2 6 3
}

.

The generators description of the feasible domain
(6) is given by the convex hull of 23 parameterized
vertices. No uni or bidirectional rays exist. The
complete solution for the multiparametric linear
problem will by constructed by comparing the
parameterized vertices and their validity domains
(as in section 3.2). Between the 23 parameterized



(a) z∗
1
(x1, x2) (b) z∗

2
(x1, x2) (c) z∗

3
(x1, x2)

Fig. 2. The parameterized vertices attaining the optimum of the mpLP.

vertices, only 10 can be retrieved in the optimal
combinations (Fig. 2(a)-2(c)).

The feasible region can be observed in (Fig. 3(a))
as well as the 6 regions with specific families
of optimal solutions. Figure 3(b) presents the
distribution of the parameterized vertices in each
region R1 . . . R6.

(a) Partitions for different
families of solutions.
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(b) The parameterized ver-
tices describing the optimum.

Fig. 3. The regions and the optimal solutions.

If the choice of explicit solution is restrained at
the combinations of parameterized vertices, one
can dispose of a total of 720 possibilities to cover
the feasible domain. All these combinations assure
the optimality but only 5 of them correspond to
continuous solutions, identified by the possible
paths from R1 to R6 in Fig. 3(b). The edges
in the graph are corresponding to continuous
connections between the parameterized vertices
due to adjacency properties.

The algorithm of (Borelli et al., 2003) chooses
arbitrarily the optimal basis and thus the solution:

v10(R1) → v8(R2) → v7(R3) → v3(R4 ∪R5 ∪R6)

is not continuous due to discontinuities between
v8, v7, v3. The algorithm in (Spjotvold et al., 2005)
can find one of the 5 continuous solutions, namely:

v10(R1) → v7(R2 ∪R3) → v5(R4 ∪R5) → v6(R6)

but it appears that solutions with lowest number
of partitions exist:

v10(R1) → v9(R2 ∪R4 ∪R5) → v6(R6)

or v10(R1) → v8(R2) → v3(R3 ∪R4 ∪R5 ∪R6)

5.2 Problem 2

Consider a mp-LP as in (Borelli et al., 2003):

J∗(x) = min
z∈R2

{

cT z
∣

∣Ainz 6 bin +Binx, x ∈ X
}

c = −
[

2 1
]T

; bin =
[

9 8 4 0 0
]T

;

AT

in
=

[

1 2 1 −1 0
3 1 0 0 −1

]

;

BT

in
=

[

−2 1 1 0 0
1 −2 1 0 0

]

;

X =
{

x ∈ R2
∣

∣− 10 6 x1 6 10;−10 6 x2 6 10
}

.

In this case the dual description of the feasible
domain identifies the existence of 9 parameterized
vertices. The optimum is not unique and for the
description of the complete optimal solution only
6 vertices will be retained. The partition in regions
with specific families of optimal solutions is given
in Fig. 4(a), whereas 4(b) presents the graph
of parameterized vertices and their continuous
connections.

(a) Partitions for different
families of solutions.
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(b) The parameterized ver-
tices describing the optimum.

Fig. 4. The regions and the optimal solution.

There are two paths for covering the domain:

S1 = {v2(R5); v4(R6); v1(R3 ∪R4); v6(R1 ∪R2)}

S2 = {v2(R5); v4(R6); v5(R1 ∪R3); v6(R2 ∪R4)}

represented graphically in figure 5(a)-5(b) and
5(c)-5(d). The geometry of the family of optimal
solutions assures that the number of partitions
cannot be further reduced.



(a) S1 : z∗
1
(x1, x2) (b) S1 : z∗

2
(x1, x2)

(c) S2 : z∗
1
(x1, x2) (d) S2 : z∗

2
(x1, x2)

Fig. 5. The explicit optimal solution S1;S2;.

6. CONCLUSIONS

The complete solution for the multiparametric
linear programs has been presented based on the
double description of the feasible domain. The
family of solutions being bounded by the parame-
terized vertices, one can use their validity domains
and the way they are splitting, sloping or merging
in order to identify a set of continuous optimal
solutions. The proposed mechanism searches a
path in the graph of parameterized vertices such
that all the feasible domain is covered. Each such
path corresponds to a continuous, piecewise linear
optimal solution.

The optimal control policies based on multipara-
metric linear dispose of a choice of explicit so-
lutions in the case the optimal solution is not
unique. The piecewise function with a reduced
number of parameter space partitions is to be
preferred in order to reduce the complexity of
the on-line evaluation. It cames out that convex
combinations (possible nonlinear) of parameter-
ized vertices may lead to further reductions of the
number of partitions in the explicit solution.
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Abstract: This paper aims at providing a procedure and the proof of its effective-
ness introducing an optimal control formulation into the bond graph language.
The class of optimal control problems presented concerns linear time invariant
MIMO systems where the integral performance index corresponds to minimising
the input and dissipative energy. The procedure enables the formulation to be
set up exclusively at a graphical (namely bond graph) level. The proof uses the
Pontryagin principle applied to the port-Hamiltonian formulation of the system.

Keywords: Optimal control, bond graph, Pontryagin Maximum Principle,
port-hamiltonian system, bicausality.

1. INTRODUCTION

Dynamic optimisation involves systems where the vari-
ables are functions of time and where the models are
governed by Differential- (either Ordinary or Algebraic)
Equations (Pun, 1969),(Naidu, 2003). Also in many
optimisation problems, the performance index is energy
and/or state based. Thus it is justified to raise the
question:“to what extent bond graph language, that
straightforwardly displays both the dynamics and the
energy topology of a system model, can be used to rep-
resent the formulation of an optimisation problem?”.
In the bond graph language context(Karnopp, 2000),
work handling optimisation has principally a sensitivity
approach (Cabanellas, 1999),(Roe, 2000),(Gawthrop,
2000b). Introducing optimisation into bond graph lan-
guage brings a new vision on optimisation as can be
experienced through this paper. Moreover coupling op-
timisation and bond graph has also System Engineer-
ing arguments. In fact a perspective is to extend a
methodology for mechatronic system sizing on dynamic
and energy criteria (Fotsu-Ngwompo, 2001),(Fotsu-
Ngwompo, 1999). With this in view, the integration of
actuating line component specifications, optimal con-
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scope of the RNTL-METISSE project and authorised by the

French Ministry of National Education and Research

trol, multivariable control, energy minimization in the
context of sustainable development, design specifica-
tions not precisely defined, structure synthesis is ex-
pected. Optimal control is the first step in this per-
spective of introducing a more general optimisation
into bond graph language and a conjectural procedure
has been recently proposed (Marquis-Favre, 2005). The
proposed procedure concerns the optimal control of
linear time invariant MIMO systems dealing with the
Pontryagin Maximum Principle where the integral per-
formance index is based on inputs and dissipation en-
ergy. Several approaches exist to deal with this category
of optimisation problem and to furnish the analytical
system with equations giving the optimal control solu-
tion. So the main contribution of this present work is
to provide a new way based on the bond graph tool to
formulate this analytical system. Boundary conditions
are considered as fixed, in particular for both final
time and final state and finally no constraint exists on
inputs or states. This voluntary restricted hypothesis
framework is the first step in coupling optimisation
and bond graph which has been clearly investigated.
It offers encouraging perspectives for future work.

The next section proposes a procedure for building
the bond graph representation corresponding to the
given optimal control problem. Section 3 demonstrates
former procedure and prove its effectiveness. The key



[GJS]

IICI

IR:RR

IM ISe

u

Fig. 1. Model bond graph

idea of the proof is to apply the Pontryagin Maximum
Principle to a generic port-Hamiltonian system. Then
the proposed procedure is shown in section 4 using the
example of the DC motor example. Finally a conclusion
and some perspectives are given in section 5.

2. PROCEDURE FOR THE BOND GRAPH
FORMULATION OF AN OPTIMAL CONTROL

PROBLEM

Proposition: Given a linear time invariant model of
a MIMO system with its bond graph representation
(Fig. 1) and subject to an optimal control problem with
input and dissipation-based integral performance index
of the form (1) and with given boundary conditions;
a bond graph representation furnishing, by bicausal
exploitation, the set of differential-algebraic equations
that analytically give the solution to the optimal control
problem is shown in Fig. 2 where the junction structure
and the multiport IC-element are identical.

V =

∫ tf

t0

1

2

(

uT
·R−1

u · u + Pdiss

)

dt (1)

where Ru is the control weighted matrix, I is the
identity matrix, Pdiss is the dissipation power expressed
as the inner product of the power conjugate vectors of
the R-elements (Pdiss = eT

R
· fR). Also a multibond

graph notation has been adopted (Breedveld, 1986).
In this notation GJS stands for Generalized Junction
Structure.

Procedure:

(1) For each control to be optimally determined, add
to the model bond graph a R-element character-
ized by the factor of the square input term in the
performance index. This R-element is connected
to a junction inserted onto the control source
bond and corresponding to the control variable
nature i.e. a 0(resp. 1)-junction for an effort (resp.
flow). The added R-element may find its physical
interpretation in some dissipative phenomenon of
a non-ideal energy supply.

(2) Duplicate the model bond graph with its parame-
ters except for the R-elements. For the R-elements
corresponding to the model dissipation phenom-
ena, the characteristic matrices are transposed and

[GJS]

[GJS]

IICI

IICI

IR:

(

RR 0

1

2

[

RR + R
T

R

]

−R
T

R

)(

Ru 0

I −I

)

:IR

IDeIDf

ISe ISf 0

0

∂H

∂xI
ẋI

∂H

∂xC
ẋC

eR fR

y

λIẋλI λC ẋλC

0

0

u

gT
· λ

Fig. 2. Generic bond graph representation of an
optimal control problem

sign reversed. For the R-elements added at step 1,
the characteristic matrices are the negative iden-
tity matrices. In the case of 1-port R-elements, this
simply corresponds to reversing the characteristic
parameter sign or setting the parameter to 1. The
duplicated representation is hereafter called opti-
mizing bond graph.

(3) For each dissipative phenomenon involved in the
given integral performance index, couple the cor-
responding R-elements respectively in the model
and the optimizing bond graphs by adding the
matrix 1

2

[

RR + RT

R

]

as the lower extra diagonal
submatrix. In the case of 1-port R-elements, the
lower extra diagonal matrix coefficient is simply
the model R-element parameter.

(4) For each control to be optimally determined, cou-
ple the corresponding R-elements respectively in
the model and optimizing bond graphs by adding
the identity matrix as the lower extra diagonal
submatrix. In the case of 1-port R-elements, this
simply corresponds to adding 1.

(5) Replace in the model bond graph the source ele-
ments involved in the optimal controls by double
detectors and mirror them by double sources at
the same place on the optimizing bond graph. The
double sources impose both null efforts and flows.

(6) Assign bicausality to the obtained bond graph.
Bicausality propagates from the double sources to
the double detectors and through the R-elements
added at step 1. The analytical exploitation of
the bicausal bond graph representation obtained
provides the system equations and the optimal
control solutions to the initial given problem.



3. PROOF OF THE EFFECTIVENESS OF THE
PROCEDURE

This section proves that the bond graph representation
obtained by the above procedure corresponds well to
the given optimal control problem. The proof is based
on the port-Hamiltonian system concept (Maschke,
1992),(Van der Schaft, 2001) that has been proven to be
the geometric counterpart of the graphical bond graph
representation.

Port-Hamiltonian system

Consider a system with the total stored energy repre-
sented by its Hamiltonian H (x) expressed in this case
as a quadratic form of x (equation 2):

H (x) =
1

2
xT

· H · x (2)

where the Hessian matrix H is symmetric and definite
positive. The port-Hamiltonian model with the hypoth-
esis framework of a linear time-invariant system is given
by (3) (Van der Schaft, 2001).











ẋ = [J − S] ·
∂H (x)

∂x
+ g · u

y = gT
·

∂H (x)

∂x

(3)

where J and g are constant matrices associated to junc-
tion structure transformations in the bond graph, S is
a constant matrix related to the dissipation phenomena
and introduced hereafter, u and y are respectively the
system input and output vectors. A canonical bond
graph representation of equation (3) is given on Fig.
1 where x = [xC xI](Karnopp, 2000). Also, by intro-
ducing the power conjugate variables eR and fR on the
R-element ports (equations 4 and 5), the matrix S may
be decomposed as the equation (6) shows :

eR = RR · fR (4)

fR = gT
R ·

∂H (x)

∂x
= gT

R · H · x (5)

S = gR · RR · gT
R (6)

Where gR is a matrix associated to the junction struc-
ture transformation between the storage and the R-
elements.

Application of the Pontryagin Maximum Prin-

ciple on the port-Hamiltonian system

We consider the integral performance index in the form
of some energy dissipation and input minimization:

V =

∫ tf

t0

1

2

(

uT
· R−1

u · u + Pdiss

)

dt (7)

The bond graph implementation of the control weighted
matrix is displayed in Fig. 3. The Pontryagin function
applied to the port-Hamiltonian system (3) with the
equation (4) and the integral performance index (7)
gives:

Hp =
1

2
uT

·R−1
u ·u+

1

2
fT

R ·RR·fR+λT
·

[

[J − S]·H·x+g·u
]

(8)
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IR:RRIR:Ru
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∂xI
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ẋC

eR fR

Fig. 3. Canonical bond graph representation for a
port-Hamiltonian system

where λ is the vector of co-state variables usually called
Lagrange multipliers of the associated constrained vari-
ational problem. The set of differential-algebraic equa-
tions (9) provides the optimal solution for x, λ and
u























ẋ =
∂Hp (x, λ, u)

∂λ

λ̇ = −

∂Hp (x, λ, u)

∂x
∂Hp (x, λ, u)

∂u
= 0

(9)

We obtain:

ẋ = [J − S] · H · x + g · u (10)

λ̇ = −H·gR·
1

2

[

RR + RT
R

]

·fR+H·

[

J + gR · RT
R · gT

R

]

·λ

(11)

R−1
u · u +

[

λT
· g
]T

= 0 (12)

While equation (10) can be derived from the Fig. 3
bond graph representation, the key issue of the bond
graph formulation of an optimal control problem resides
in the translation of equations (11) and (12) into this
language.

Before introducing the bond graph translation of this
equation, the variable mapping xλ = H−1

·λ is carried
out. This gives :

ẋλ = Λx + Λλ (13)

with Λx = −gR ·
1
2

[

RR + RT
R

]

· fR and Λλ =
[

J + gR · RT
R · gT

R

]

· H · xλ.

The reason for this variable mapping is that the co-
state vector λ is analog to co-energy variables in bond
graph language while the vector xλ is analog to the
energy variables. It is not difficult to see that Λλ is
closely analog to the expression of the state equations
as the equation (14) shows.

x :
[

J − gR · RR · gT
R

]

·H −→ xλ :
[

J − gR ·

(

−RT
R

)

· gT
R

]

·H

(14)
In consequence the Fig. 3 bond graph structure con-
cerning the multiport storage element, the multiport
R-element, and the junction structure between those
two can be reproduced to represent the term Λλ con-
tributing for ẋλ (Fig. 4). Inspection of the term Λx in
equation (13) shows that its contribution stems from
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Fig. 4. Bond graph translation of the term Λλ

contribution in equation (13)
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ẋC

eR fR
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Fig. 5. Bond graph translation of both state and
optimizing-state equations (10) and (13)

the previously introduced multiport R-element through
the junction structure transformation characterized by
gR. It results in the figure 5 bond graph translation
that is a concatenation of the Fig. 3 and 4 bond graphs
where the multiport R-elements have been replaced
by a global multiport R-element characterized by the
two matrices RR and −RT

R arranged in block diagonal
submatrices, and by the complementary lower extra
diagonal submatrix 1

2

[

RR + RT
R

]

. This multiport R-
element represents the coupling between the state and
optimizing-state equations. It has been proposed to call
optimizing-bond graph the added bond graph repre-
sentation mirroring to some extent the initial one. It
remains now to treat equation (12) which corresponds
to the Euler equation with respect to the control vector
u. First it is re-written as follows:

R−1
u · u + gT

· λ = 0 (15)

This equation can be interpreted as an effort vector
balance between a vector stemming from the control
vector u in the original system and a vector coming
from the vector λ through the junction structure char-

u

0

e f

eopt fopt

gT
· λ

(

Ru 0

I −I

)

:IR

0

0

Fig. 6. Bond graph translation of Euler equation with
respect to u (12)

acterized by g. This balance is translated by mirroring
in the optimizing bond graph the part of the model
bond graph located between the 0-junction array and
the energy supply source (figure 6) and likewise by a
concatenation of the multiport R-elements into a global
multiport R-element characterized by the matrix (16).

(

Ru 0

I −I

)

(16)

Now by imposing simultaneously the null 2-flow vector
balance and a null effort vector on the optimizing bond

graph 0-junction array (figure 6), the Euler equations
with respect to the u components (12) are verified,
as the following development proves, using the vector
notations of figure 6:

from the second vector characteristic of the R-element:
eopt = f − fopt

from the null effort vector balance:

fopt = −gT
· λ

from the first vector characteristic of the R-element:
f = R−1

u · e = R−1
u · u

then:

R−1
u · u + gT

· λ = 0

It is thus justified not to have calculated the optimal
controls a priori from the Euler equations in terms
of the vector u components. Finally the bond graph
element that enables both a null effort vector and a 2-
flow vector balance to be imposed on a 0-junction array
is a multiport double source null effort vector and null
flow vector. It is connected to the 0-junction array of
the figure 6 bond graph. Such an element initializes a
bicausality (Gawthrop, 2000a) propagation in the bond
graph and thus requires the presence likewise of a mul-
tiport double detector (Fotsu-Ngwompo, 2001),(Fotsu-
Ngwompo, 1999). In the mathematical formulation of
the optimal control design problem, the role of the
control vector u is changed into an output vector and
the power conjugate vector y keeps its output vector
role. In this way the multiport double detector replaces
the original multiport MSe element in the figure 3 bond
graph.

The final generic bond graph representation of the
given optimal control problem is thus obtained (fig. 2).
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4. ILLUSTRATIVE EXAMPLE: THE DC MOTOR

This example illustrates a case where not all the dis-
sipation energy is included in the integral performance
index. The DC motor model is presented on Fig. 7. It
consists of the armature electrical circuit composed of
a voltage source u, a resistance R and an inductance
L. The electromechanical coupling is characterized by
the torque constant k. On the mechanical side the
following items are considered: the rotor inertia Jm, a
viscous friction on rotor (parameter bm), a reduction
gear (parameter 1/N) with stiffness 1

k
, the load inertia

Jc and a viscous friction on load shaft (parameter bc).
The model is linear and in the optimal control context,
with the given initial conditions at t0 and the final
conditions at tf , we aim at determining u with the
integral performance index (17) that corresponds to the
input and some dissipative energy minimization.

V =

∫ tf

t0

1

2

(

u2

Ru
+ PR + Pbc

)

dt (17)

where Ru is a control weighted factor, PR is the electri-
cal power dissipation and Pbc

is the power dissipation
on the load shaft.

The bond graph representation of this DC motor model
is given on Fig. 8. It shows the MSe element for the volt-
age source, three I-elements for the three energy storage
phenomena respectively associated to the magnetic en-
ergy, and kinetic energies of the rotor and of the load
shaft, a C-element for the energy storage associated to
the reduction gear stiffness, and three R-elements for
the dissipation phenomena respectively in the electrical
circuit, on the rotor and on the load shaft. The GY-
element represents the electro-mechanical coupling and
the TF-element is associated to the power conserving
coupling in the ideal reduction gear.

The equation (17) performance index involves the left-
hand and right-hand side R-elements.

The section 2 procedure application for the five first
steps provides the Fig. 9 bond graph representation.
The bicausality assignment as shown on Fig. 9 bond
graph, enables the optimal control system (18) to be
obtained. This constitutes the final step of the section
2 procedure.
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pλ1
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p2 −
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p1 +
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1
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=
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pλ4

ṗλ4
= −

bc

Jc

p4 +
1

k
qλ3

+
bc

Jc

pλ4

u = −
Ru

L
pλ1

y =
1

L
p1 −

1

L
pλ1

(18)

The application of the Pontryagin Maximum Principle
leads to the same result compared to the bond graph
graphical approach for deriving the equations.

Remark: The procedure proposed remains valid when
the canonical bond graph contains multiport flow
sources thus the add R-element on the flow control
variable will be connected to a 1-junction. Also for the
case where there are some R-elements with resistance
causality and others with conductance causality, a par-
tial dualisation can be used (Breedveld, 1985) with the
help of symplectic gyrators that inverse the effort and

flow roles. Thus we can replace

[

RR 0

1

2

[

RR + R
T

R

]

−R
T

R

]

in optimal control bond graph with

[

R 0

1

2
[R + T] −R

T

]

where R (with R =

[

Rrr Rrc

Rcr Rcc

]

, r (resp. c) correspond-

ing to a R-element port in resistance (resp. conduc-
tance) causality when bond graph is in integral causal-
ity) is the characteristic matrix of the corresponding

model bond graph R-element and T =

[

R
T

rr −R
T

cr

−R
T

rc R
T

cc

]

.

5. CONCLUSION

The main contribution of this paper is to provide a
alternative way for deriving an optimal control system
for the kind of optimisation problem specified. Here
the result is purely analytical and no method has
been given for solving the equations of the system
obtained. The corresponding approach is thus indirect
and further investigation is required for exploiting
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Fig. 9. Bond graph representation of the DC motor optimal control problem

the bond graph stemming from the procedure at a
numerical simulation level. Thus the key issue is now
to couple numerical methods designed for two point
boundary value problems. One of those methods is the
shooting or the multiple shooting method (Stoer, 1992).

A set of perspectives concerns the extension of the pro-
cedure to time variant and then non-linear problems,
to other boundary conditions and to performance index
other than those based on energy dissipation. Practical
problems always involved inequality constraints. Work
has to be carried out to introduce these constraints
and the discontinuities that are involved in the bond
graph representation. Finally, though the work in this
paper has been presented in the context of an optimal
control problem formulation in bond graph language,
it must be viewed rather as the input determination
corresponding to a dynamic optimization problem. It
is completely equivalent from the mathematical point
of view but the authors objective is to couple this
procedure to a sizing methodology based on an inverse
model approach. In this context the aim is to specify
technological components that are parts of an actuating
line to determine in a design problem for instance
(Fotsu-Ngwompo, 2001).
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1. INTRODUCTION

A special feature of the considered optimal con-
trol problem is the geometric restriction on con-
trols (Krasovskii,1968; Pervosvanski and Gaits-
gory,1988). The restriction implies that opti-
mal controls are continuous hybrids of constants
and harmonics. It is known (Miricha,1985; Sub-
botina,1989) that extremals and coextremals of
Pontryagin’s maximum principle (Pontryagin et
al.,1961) coincide with classical characteristics
for the dynamic programming equation (Bell-
man,1957). In the paper, the fact of coincidence
is extended to the case of hybrid characteristic
system arising in the problem. It is known that
solutions of optimal control problems can often

1 Supported by the Russian Fund of Fundamental Re-

searches, grant 05-01-00609 and grant of the President

of Russian Federation for the Scientific School No.-

8512.2006.1

be obtained with the help of classical character-
istics intersecting in the given initial point (Sub-
botina,1991; Subbotin,1995). The suggested be-
low numerical method for constructing the non-
smooth value function is based on a backword pro-
cedure which uses a generalization of the Cauchy
characteristics method.

The paper is organized as follows. Section 2 con-
tains statement of the optimal control problem.
The hybrid characteristic system for the Bellman
equation is defined and described in Section 3.
Section 4 and Section 5 contains the algorithms
for constructing the characteristics and solving
the optimal control problem. Estimates for con-
vergence of the algorithms are given in Section 6.
Results of simulation are exposed in Section 7.



2. STATEMENT OF OPTIMAL CONTROL
PROBLEM

Let us consider an oscillator described by the
equation

y′1 = y2, y′2 = −ω2y1 − ky2 − u, (1)

where time t ∈ [0, T ], y = (y1, y2) is a phase
vector, u is a control restricted by the condition:

u ∈ P = {u : |u| ≤ 1}. (2)

It is assumed that the relations

ω > 1, ωk < 1, (3)

are satisfied. The set U of admissible controls
contains measurable functions:

U = {u(·) : [0, T ] → P}. (4)

Let the cost functional to be the following one:

I(t0, y
0, u(·)) =

T
∫

t0

(−y2
1(t) + u2(t))dt, (5)

where u(t) is an admissible control and y1(t) is the
first component of the trajectory of oscillator (1)
under the control started at a given initial state
(t0, y

0) = (t0, y
0
1 , y

0
2) ∈ [0, T ] ×R2.

Problem. For any initial state t0 ∈ [0, T ], y0 ∈ R2,
find the minimal value of the cost functional over
the set of all admissible controls, i.e. find the value

V (t0, y
0) = inf

u(·)∈U
I(t0, y

0, u(·). (6)

3. BELLMAN EQUATION AND HYBRID
CHARACTERISTIC SYSTEM

The problem can be solved with the help of solu-
tions of the characteristic system for the Bellman
equation arising in the problem. The equation is
the following one:

∂V (t, y)

∂t
+ H

(

t, y,
∂V (t, y)

∂y1
,
∂V (t, y)

∂y2

)

= 0, (7)

y ∈ R2, q ∈ R2, where the Hamiltonian H(t, y, q)
has the form:

H(t, y, q) = q1y2 + q2(−ω2y1 − ky2) − y2
1 + h;

h = min
|u|≤1

[−q2u + u2]. (8)

Consider the sets:

G1 = {(y, q) ∈ R4 : q2 ≥ 2},

G2 = {(y, q) ∈ R4 : q2 ≤ −2},

G0 = {(y, q) ∈ R4 : |q2| ≤ 2} (9)

It is obvious that the values of optimal control
u0 provided minimum in the expression of Hamil-
tonian are defined as the following ones:

u0 = +1, if (y, q) ∈ G1,

u0 = −1, if (y, q) ∈ G2,

u0 =
q2

2
, if (y, q) ∈ G0. (10)

The relations imply the following expressions for
the term h (8) in the Hamiltonian:

h =











−q2 + 1, (y, q) ∈ G1,

q2 + 1, (y, q) ∈ G2,

−
q2
2

4
, (y, q) ∈ G0,

(11)

Hence, the characteristic system corresponding to
the Bellman equation is described by the equa-
tions:

y′1 = y2, y′2 = −ω2y1 − ky2 + ϕ; (12)

q′1 = ω2q2 + 2y1, q′2 = −q1 + kq2, (13)

z′ = −y2
1 + ψ. (14)

The terms ϕ in (12) and ψ in (14) have the forms:

ϕ =











1, (y, q) ∈ G1,

−1, (y, q) ∈ G2,

−
q2

2
, (y, q) ∈ G0;

(15)

ψ =







1, (y, q) ∈ G1

⋃

G2,

q2
2

4
, (y, q) ∈ G0,

(16)

Definition 1. The dynamical system of dimension
m is called hybrid if the phase space Rm can be
represented as follows:

Rm =
⋃

i∈0,M

Gi, Gi

⋂

Gj = ∂Gi

⋂

∂Gj ,

where ∂Gi is the border of Gi and interiors of
Gi are nonempty. The dynamics of the system
described by different forms of ODE’s in any Gi.

Note 1. It is clear that the characteristic system
(12) − (16) satisfies definition 1. Solutions of the
hybrid system are called hybrid characteristics.

As follows from (6), the boundary condition at
t = T for the hybrid characteristics has the form

y1(T ) = η1, y2(T ) = η2,

q1(T ) = 0, q2(T ) = 0, z(T ) = 0, (17)

where (η1, η2) ∈ R2 are parameters.

It is easy to check that the hybrid characteristic
system can not evaluate along boundaries between
the domains G0 and G1 or between the domains
G0 and G2.

Contrary, let us assume, that, for example, the
equivalence

q2 ≡ 2

is true. Then, equations of dynamics (12),(13)
imply validity of the following relations

q′2 ≡ 0, q1 ≡ 0,



y1 ≡ −ω
2, y′1 ≡ 0, y2 ≡ 0,

y′2 ≡ 0 = ω4 + u.

The last relations contradict to conditions (2),(3).

The consequence of the fact is coincidence of
the set of solutions of the hybrid characteristic
system (12),(13) intersecting in a state (t0, y

0
1 , y

0
2)

and the set of all extremals and coextremals
of Pontryagin’s maximum principle started from
the initial state. (See, for the case of classical
characteristics, (Subbotina,91)).

So, the optimal result V (t0, y
0) (6) can be ob-

tained with the help of minimization of the cost
functional (4) over the set of all solutions of the
hybrid characteristic system intersecting in the
state (t0, y

0) and corresponding controls u0(·) =
ϕ(·) defined in (11), i.e.:

V (t0, y
0) = min

η∈Σ(t0,y0)

∫ T

t0

−y1(t)2 +ϕ(t)2dt, (18)

where (y(·), q(·)) = (y(·, T, η, 0, 0), q(·, T, η, 0, 0))
are hybrid characteristics satisfied boundary con-
dition (17), η = (η1, η2) ∈ R2 and

Σ(t0, y
0) = {η ∈ R2 : y(t0;T, η, 0, 0) = y0}. (19)

The equivalence and relations (18)−(19) are basic
for the numerical method suggested below.

4. ALGORITHMS OF NUMERICAL
INTEGRATION OF THE HYBRID SYSTEM

Fix an initial state (t0, y
0) ∈ [0, T ]×R2.

The algorithm of calculating V (t0, y
0) (6) consists

of two parts. The first one is numerical integration
of hybrid characteristics crossing at the initial
state and generating by controls ϕ(·) (15). The
second one is calculation of minimum in (22).

Let us describe the first algorithm.

Remind that, according to (12)-(16), the subspace
R of q2 is union of 3 domains.

In domain Q0:

Q0 = {q2 ∈ R : |q2| ≤ 2} ⇒ ϕ = −
q2

2
. (20)

In domain Q1:

Q1 = {q2 ∈ R : q2 ≥ 2} ⇒ ϕ = 1. (21)

In domain Q2:

Q2 = {q2 ∈ R : q2 ≤ −2} ⇒ ϕ = −1. (22)

Note that difficulty of numerical integrating the
hybrid characteristic system in back time is: how
to find moments of crossing the borders of do-
mains Qi exactly.

So, introduce two parameters: r0 > 0 and γ > 0.

The parameter r0 denotes width of the narrow
stripes S1, S2:

S1 = {q2 ∈ R : 2− r0 ≤ q2 ≤ 2},

S2 = {q2 ∈ R : −2 ≤ q2 ≤ −2 + r0}.

The parameter γ means length of time intervals
satisfied the following conditions :

|q2(t− γ)− q2(t)− q′2(t)γ| ≤ γ2; (23)

{(y(t∗ ± γ), q(t∗ ± γ))}
⋂

Gi 6= ∅, (24)

q2(t∗) ∈ Si, i = 1, 2.

The hybrid characteristic system is switching in-
side the intervals [t− γ, t].

Choose the step ∆t = T
N

> γ of division of time
interval [0, T ] and defined points

ti = T − i∆t, i = 0, 1, . . . N.

Fix a point η = (η1, η2) = y(T, t0, y
0, u(·)), u(·) ∈

U in the set of attainability at the moment T for
oscillator (1), started at the initial state (t0, y

0),
and construct the hybrid characteristics in back
time in the following way.

STEP 1.

According to the boundary condition (17) at the
moment t = T the hybrid characteristic system
satisfies the condition

(y(T ), q(T )) ∈ G0. (25)

It means that the system will evaluate with pa-
rameter ϕ = − q2

2 in back time up to the first
switching time moment.

For explicitly, let us assume that, at first, the
hybrid characteristic will come to domain G1 in
back time.

Calculate the variables q1, q2, y1, y2 step-by-step
at points ti, i = 1, 2, . . . analitically.

Fixed the point ti1 , where (y(ti1), q(ti1)) ∈ S1 i.e.

2 ≥ q2(ti1) ≥ 2− r0

and

q2(ti1+1) > 2, i.e. (y(ti1+1), q(ti1+1)) ∈ G1.

Use the parameter γ (23)(24) to choose the mo-
ment t∗1 such that

ti1+1 < t∗1 ≤ ti1 ,

q2(t∗1) < 2, q2(t∗1 − γ) ≥ 2.

The parameter ϕ is switched at the moment t = t∗1
and further ϕ = 1.

Consider the moment t = t∗1 as the corrected mo-
ment ti1 in step-by-step procedure of integrating
the hybrid characteristic system in back time with
the fixed step ∆t.



STEP 2.

Analogously to the first step, integrate the hybrid
system analitically in the following way.

At the moment t∗1 all values of variables q, y

are defined. So, this point y(t∗1), q(t∗1) can be
considered as the boundary condition for the
system (12)-(13) with value ϕ ≡ 1.

According to definition of the moment ti1 =
t∗1, the hybrid characteristic system satisfies the
condition

(y(t∗1 − γ), q(t∗1 − γ)) ∈ G1. (26)

Calculate the variables q1, q2, y1, y2 step-by-step
at points ti, i = i1 + 1, i1 + 2, . . . analitically.

Fixed the point ti = ti2 , where (y(ti2), q(ti2)) ∈ S0

i.e.

2− r0 ≤ q2(ti2) ≤ 2

and

q2(ti2−1) > 2, or ti2−1 ≤ t∗1.

Use the parameter γ (23)(24) to choose the mo-
ment t∗2 such that

ti2 ≤ t∗2 < ti2−1,

2− r0 ≤ q2(t∗2) ≤ 2,

q2(t∗2 + γ) ≥ 2, or t∗2 + γ ≤ ti1 .

It means that

(y(t∗2), q(t∗2)) ∈ G0,

The parameter ϕ is switched at the moment t = t∗2
and further in back time the parameter ϕ = − q2

2

will act.

Consider the moment t = t∗2 as the corrected mo-
ment ti2 in step-by-step procedure of integrating
the hybrid characteristic system in back time with
the fixed step ∆t.

STEP 3.

Consider calculated values (y(ti2), q(ti2) as the
boundary condition for the system (12)-(13) eval-
uating with parametr ϕ = − q2

2
in back time.

Analogously to step 1, calculate the variables
q1, q2, y1, y2 step-by-step at points ti, i = i2 + 1,
i2 + 2, . . . analitically.

Fixed the point ti3 , where (y(ti3), q(ti3)) ∈ S2 i.e.

−2 ≤ q2(ti3) ≤ −2 + r0 and q2(ti3+1) < −2.

Use the parameter γ (23)(24) to choose the mo-
ment t∗3 such that

ti3+1 < t∗3 ≤ ti3 ,

q2(t∗1) > −2, q2(t∗1 − γ) ≤ −2.

The parameter ϕ is switched at the moment t = t∗3
and further the value ϕ ≡ −1 will act in back time.

Consider the moment t = t∗3 as the corrected mo-
ment ti3 in step-by-step procedure of integrating
the hybrid characteristic system in back time with
the fixed step ∆t.

STEP 4.

Consider calculated values (y(ti3), q(ti3) as the
boundary condition for the system (12)-(13) eval-
uating with parameter ϕ ≡ −1 in back time.

According to definition of the moment ti3 =
t∗3, the hybrid characteristic system satisfies the
condition

(y(t∗3 − γ), q(t∗3 − γ)) ∈ G2. (27)

Analogously to step 2, calculate the variables
q1, q2, y1, y2 step-by-step at points ti, i = i3 + 1,
i3 + 2, . . . analitically.

Fixed the point ti = ti4 , where (y(ti4), q(ti4)) ∈ S0

i.e.

−2 ≤ q2(ti4) ≤ −2 + r0

and

q2(ti4−1) < −2, or ti4−1 ≤ t∗3.

Use the parameter γ (23)(24) to choose the mo-
ment t∗4 such that

ti4 ≤ t∗4 < ti4−1,

−2 ≤ q2(t∗4) ≤ −2 + r0,

q2(t∗4 + γ) ≤ −2, or t∗4 + γ ≥ ti3 .

It means that (y(t∗4), q(t∗4)) ∈ G0.

The value ϕ is switched at the moment t = t∗4 and
further in back time ϕ = − q2

2
will act. Consider

the moment t = t∗4 as the corrected moment ti4 in
step-by-step procedure of integrating the hybrid
characteristic system in back time with the fixed
step ∆t.

So the procedure is repeated up to t = t0.

5. ALGORITHMS OF NUMERICAL
CALCULATION OF THE OPTIMAL RESULT.

Let us describe the second algorithm.

Construct the attainability set Y (T, t0, y
0) at the

moment T :

Y (T, t0, y
0) = {y ∈ R2 :

y = y(T, t0, y
0, u(·)), u(·) ∈ U}

for the oscillator (1) started at the state (t0, y
0).

Define a uniform grid on the set Y (T, t0, y
0).

The steps of the grid Q = {yij = (η1i, η2j)} in
directions y1 or in y2 are equal and denoted by
the symbol ∆y.

Let us introduce parameter ρ > 0.



The parameter ρ denotes radius of the ball:

B(y0, ρ) = {y ∈ R2 : ‖y − y0‖ ≤ ρ}. (28)

Construct pairs: hybrid characteristics y(·;T, yij)
with the boundary conditions at the time moment
T in nodes yij of the grid Q, and controls ϕ(·) =
−u0(·) generated them.

Construct the set Hρ(t0, y
0) of hybrid character-

istics satisfied the inclusion:

Hρ(t0, y
0) = {y(·) : y(t0;T, yij) ∈ B(y0, ρ)}

Calculate the cost functional I(t0, y(t0), ϕ(·)) on
this characteristics y(·) and corresponding para-
meters ϕ(·).

Define the approximation Ṽ (t0, y
0) of optimal

result V (t0, y
0) as follows:

Ṽ (t0, y
0) = min

y(·)∈Hρ(t0,y0)
I(t0, y(t0), ϕ(·)). (29)

6. ESTIMATIONS

The difference ∆V = |Ṽ (t0, y
0) − V (t0, y

0)| is
estimated by the following values.

The first estimate ∆1y is the error of numerical
calculation of the hybrid characteristics. It de-
pends on errors of defining moments of switching
of parameter ϕ in the hybrid system. The estimate
is obtained with the help of a recurrent procedure
using the Cauchy formula (Krasovskii, 1968) and
has the form

∆1y = γeT (26n−1 + const),

n =
T

min(a, a1, a2)
(30)

where a is the fundamental frequency of the 2-
dimensional system (1), a1, a2 are the fundamen-
tal frequencies of the 5-dimensional characteristic
system (12)-(14).

The expression ∆1I below estimates error of cal-
culation of the cost functional I(t0, y(t0), ϕ(·))
as a consequence of numerical calculated hybrid
characteristics

|∆1I| ≤ γ
(
−e

kT
2

(
16e

kT
4 (K3 + e

kT
2 )γ

+(K1 − e
kT
2 K2)4γ

)2

+
r2
0

22

)
(31)

where K1,K2,K3 are constants depending on
(t0, y

0).

The estimation ∆2y(t) of difference between two
solutions y(t; t0, y

0
i , u(·)) of (1) started at t = t0

from different initial points y0i = (y0i
1 , y

0i
2 ) ∈ R2

under the same control u(·) ∈ U . Denote

∆2y(t) ≤ e−
kt
2 A cos(

√
w2 − k2/4t), (32)

where A has the form

A =
(

(y01
1 − y

01
2 − y

02
1 + y02

2 )2+

+
(y01

2 − y
02
2 + k

y01
1

−y01
2

−y02
1

+y02
2

2 )2

w2 − k2/4

) 1

2

Difference between values of the cost functional
∆2I calculated for the solutions y(·; t0, y

0i, u(·))
of (1) is estimated as follows

|∆2I| ≤ −
2

k
(e
−kT
2 − e

−kt0
2 )(A+B + 2M)

where A is defined in (6),

B =
(

(y01
1 − y

01
2 + y02

1 − y
02
2 )2+

+
(y01

2 + y02
2 + k

y01
1

−y01
2

+y02
1

−y02
2

2 )2

w2 − k2/4

) 1

2

,

a partial solution defined y(·; t0, y
0i, u(·)) is re-

stricted, that is

|yp| ≤M,

because all controls are restricted.

So the main estimation ∆V has the following
form:

∆V ≤ max
y01,y02∈B(y0,ρ)

|V (t0, y
01)− V (t0, y

02)| ≤

≤ ∆2I + ∆1I ≤

≤ −
2

k
(e
−kT
2 −e

−kt0
2 )
(

2

√
4w2 − 2k + 1

w2 − k2/4
ρ+2M

)
ρ+

+γ
(
−e

kT
2

(
16e

kT
4 (K3 + e

kT
2 )γ+

+(K1 − e
kT
2 K2)4γ

)2

+
r2
0

22

)
(33)

7. ILLUSTRATIONS

In this section results of simulation of hybrid
characteristics and controls generating them are
exposed in accordance with the method described
in Section 3.

Suppose that data of the problem: w = 2, k = 1
4 .

Let parameters be: t0 = 0, T = 10, ρ = 0.1,
∆t = T

10000 , y
0 = (0, 0).

Fig.1 shows the hybrid characteristic y(.) con-
structed with the help of the method suggested
in Section 3 with the boundary conditions

y(T ) = (η1, η2) = (1,−1), q(T ) = (0, 0).

The control u0(.) = ϕ(·) generated this charac-
teristic is shown on Fig.2. The variable q2 defined
moments of switching for parameter ϕ(·) and do-
mains Gi, i = 0, 1, 2, are shown on the Fig. 3.

The value of cost functional:

I(t0, y(t0), ϕ(.)) = −0.309



Fig. 1

Fig. 2

Fig. 3

The optimal result (6) Ṽ (0, 0, 0) = −0.449.

8. CONCLUSION

In the paper the method of numerical integration
of hybrid characteristic system is suggested. This
method is applied to the Pervosvansi’s example.

As follows from (33) one can obtain the optimal
result (6) with an desired accuracy using this
method.

Further the method will be expand to a class
of singularly perturbed optimal control problems
with fast oscillators, nonlinear slow dynamics and
cost functionals of Mayer’s type.
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Abstract: We state a simplified model of thin elastic plate including in the one side an

embedded periodic distribution of piezoelectric sensors and actuators and in the other

side a periodic distribution of rods clamped in one face of the plate and playing the

role of actuators. The model is derived thanks to a version of the two-scale convergence

theory introduced by one of the authors and rediscovered in (Cioranescu et al., 2002). The

mechanical structure under study may be encountered in the active mirrors used in new

generations of telescopes. Copyright c
�
2006 IFAC.

1. INTRODUCTION

This work is motivated by the design of active mirrors

encountered in new telescopes generations. The real-

ization of a regulation law requires a simplified but

precise model.

Some authors have already derived thin elastic plates

models taking into account a periodic distribution of

embedded piezoelectric patches that may be used as

sensors or as actuators, see (Canon and Lenczner,

1998; Canon and Lenczner, 1999) for such static thin

plate models. They have been derived thanks to the

two-scale convergence analysed in (Allaire, 1988).

The model presented here brings two contributions. In

the one side it takes into account the transient effects in

the plate and in the other side it includes the modelling

of a periodic distributionof clamped piezoelectric rods

on one of the plate faces. Let us note that in practical

implantations of active mirrors, only one of the two

kinds of actuators, namely the embedded patches or

the rods, are used.

The derivation of the model is based on a version of

the two-scale convergence developed by one of the

authors, see (Lenczner and Mercier, 2004) and the

reference therein, and also by (Cioranescu et al., 2002)

well known as the unfolding method.

The paper is organized as follows. We start by stating

the thin plate model derived thanks to the asymptotic

method already used in (Canon and Lenczner, 1997)

but taking into account the transient effect and the

clamped rods. Then, existence, uniqueness and bound-

ness of the solution are stated. Furthermore, the ho-

mogenized model is detailed and we observe that

their unknowns are only the mechanical displacements

when all the other fields have been eliminated. All of

them are determined in a post-processing step from the

macroscopic mechanical displacements. Finally, the

two-scale convergences of each field are formulated

precisely.

2. STATEMENT OF THE RESULT

2.1 Statement of the problem

We consider three layers. One is purely elastic, the

second one is equipped with piezoelectric inclusions

which are used as actuators, the third one is equipped

with piezoelectric inclusions which are used as sen-

sors. Each cell is linked at their center with a piezo-

electric rod which creates a punctual surfacic force

at their center. The heterogeneities are periodically



distributed. The period is denoted ε. In this paper we
derive our model by making ε � 0.
For the sake of simplicity, we assume that every cell

contains only one piezoelectric patch per each sensor

and actuator layer. Moreover we assume that every

piezoelectric patch is metallized. In all the paper, the

Einstein convention of summation on repeated indexes

is used, with summation from one to two for Greek

indexes.

Let us introduce the following notations� ω, Xε ��� xε
i �
	 i � , Ωε � Xε ���� L � 0 � are respec-

tively the domain of the thin plate, the set of

the centers of the i-th cell, and the union of the

piezoelectric rods;� ω1ε is the union of the sensor and the actuator
patches, which are assumed to be collocated;� γ, γ0 are respectively the boundary of ω and the
part of the boundary with a strictly positive mea-

sure meas  γ0 ��� 0, where the plate is clamped.
We also define γ1

� γ � γ0.� Y is the periodicity cell. It is the union of a unit

cell of the two-dimensional plate and a rod:

Y � Y P � YR������ 1
2 � 12 � 2 ��� 0 ��� � ���� 0 � 0 ��� ���� L � 0 ��� ;� � ε ��� Sε � is the set of the surfaces of the metal-

lized piezoelectric patches;� ρε is the surfacic density of the plate;� hε is the current source per cell-surface of the

sensor layer;� Lε
3 is the voltage distribution for the sensor layer

which is constant on the metallized patch and

vanishing outside;� ϕε
c is the voltage applied to the inclusions of the

actuator layer;� φε
d
is the voltage applied to the top of the piezo-

electric rods;� gε is the surface mechanical force applied to the

layers gε �! gε
i � i "$# 1 % 2 % 3 &('  L2  ω �)� 3. gε

3 takes

into account the effect of the piezoelectric rods

(see (7) below), and  gε
i � i "$# 1 % 2 & � are eventual

other surfacic forces;� the stiffness tensor  Qi jε �+* i % j ,-"$# 1 % 3 & 2 , the piezo-
electric tensors Qi jε � * i % j ,-"$# * 1 % 2 ,.% * 2 % 3 ,-% * 2 % 1 ,-% * 3 % 2 ,.& and  Giε � i "$# 1 % 2 & ,
and the permittivity coefficient Q22ε satisfy	  i � j � ' � 1 � 3 � 2,

Q
jiε
αβγδ

� Q
i jε
αβγδ

� Q
i jε
γδαβ

� Q
i jε
βαδγ �

Q12εαβ
�/� Q21εαβ � Q23εαβ

�0� Q32εαβ �
G1εαβ

� G1εβα � G2εαβ
� G2εβα 1

Note moreover that the piezoelectric and permittivity

coefficients vanish outside of the sensors inclusions.

The two-dimensional model of thin clamped compos-

ite plate is

� ∂β
 Q11εαβγδsγδ

 ūε ��2 Q12εαβ L
ε
3 2 Q13εαβγδ∂2γδu

ε
3 �� gε

α
� ∂β

 G1εαβϕε
c � �  1 �

1
ε2 3 Sε 4 Q21εγδ sγδ

 ūε ��2 Q22εLε
3 2 Q23εγδ ∂2γδu

ε
3 5 dx1dx2� hε �  2 �

ρε∂2ttu
ε
3 2 ∂2αβ

 Q31εαβγδsγδ
 ūε ��2 Q32εαβ L

ε
3 2 Q33εαβγδ∂2γδu

ε
3 �� gε

3 2 ∂2αβ
 G2εαβϕε

c � �  3 �
where sαβ

 ūε � � 1
2
 ∂xα ū

ε
β
2 ∂xβ

ūε
α � , with boundary

conditions

ūε
α
� uε
3
� ∂nu

ε
3
� 0 on γ0 � Q11εαβγδsγδ

 ūε ��2 Q12εαβ L
ε
3 2 Q13εαβγδ∂2γδu

ε
3 �76 nβ

� 0 � Q31εαβγδsγδ
 ūε ��2 Q32εαβ L

ε
3 2 Q33εαβγδ∂2γδu

ε
3 �76 nβ

� 0 on γ1 1
We assume that all coefficients and imposed forces

are uniformly bounded with respect to ε. The coeffi-
cients ρε, Qε and Gε are also assumed to be periodic.

Their two-scale transforms are denoted by ρ, Q and G
respectively. Moreover we assume Q22ε � 0 and that
there exists C � 0, satisfying, for all real symmetric
matrices κ1αβ and κ3αβ

∑* i % j ,-"$# 1 % 3 & 2Qi jε
αβγδκi

αβκ
j

γδ 8 C ∑
i "$# 1 % 3 & ∑αβ

 κi
αβ � 2 1

For the sake of simplicity, we assume that the rods are

so thin that they can be considered as one-dimensional

piezoelectric bodies, and we neglect the inertial terms.

Thus we consider the following system of equations

posed in each rod,� ∂3
 Rε∂3u

ε
3 2 dε∂3ϕ

ε � � 0 � (4)� ∂3
�� dε∂3u

ε
3 2 cε∂3ϕ

ε � � 0 � (5)

where Rε � 0, dε and cε � 0 denote respectively
the lineic stiffness coefficient, the lineic piezoelectric

coefficient and the lineic permittivity coefficient of

the rods. We assume that their two-scale transforms

satisfy  Rε � dε � cε � � ε2  R � d � c � where R, d, and c

are three constant coefficients. The basis of the rods

are assumed to be clamped with vanishing electrical

potential

uε
3
 x3 ��� L � � 0 and ϕε  x3 �0� L � � 0 1 (6)

The surfacic forces gε
3 on the plate results of the nor-

mal stresses at the top of the rods plus some even-

tual other surfacic forces g̃ε
3, and their upper sides

are clamped in the plate, so the displacement u3 is

continuous at the junctions, i.e.

gε
3
�9�: Rε∂3u

ε
3 2 dε∂3ϕ

ε � δ 2 g̃ε
3 �

uε
3 ;ω  xε

i � � uε
3 ;Ωε
 xε
i � 0 � � (7)

where δ refers to the Dirac distribution at the attach
point of each rod. Finally, an electric potential is

applied on the top of the rods



ϕε < φε
d where x3

< 0 = (8)

Let us introduce H1> L ? 0 @ Ωε A and H1
0 ? φε
d
@ Ωε A the sets of

all functions uε
3 and ϕε both in H1 @ Ωε A satisfying (6)

and (8). Let us define H2γ0 @ ω A the set of all functions
u3 in H

2 @ ω A satisfying u3 < ∂nu3
< 0 on γ0.

Let uε
3 B H2γ0 @ ω A and uε1

3 B L2 @ ω A . Let us consider the
following initial conditions

uε
3 @ t < 0 A < uε

3 C ∂tuε
3 @ t < 0 A < uε1

3 = (9)

Given T D 0, we assume that the following data are
uniformly bounded with respect to ε:E

gε
α

E
L2 F.F 0 ? T G�H ω G C E g̃ε

3

E
L2 F-F 0 ? T GIH ω G CE

ϕε
c

E
H1 F-F 0 ? T G ;L2 F ω1ε G-G+C ε E φε

d

E
H1 F-F 0 ? T G ;Xε G+C

hε E
H1 F.F 0 ? T G ;L2 F ω1ε G.G)CE

uε3
E
H2 F ω G)C E uε13 E L2 F ω G =

Theorem 1. There exists ūε B C0 @)J 0 C T K ;H1γ0 @ ω A+A 2,
uε
3 Lω B C1 @)J 0 C T K ;L2 @ ω A)A�M C0 @+J 0 C T K ;H2γ0 @ ω A)A ,
Lε
3 B C0 @)J 0 C T K ;L2 @ ω1ε A)A , uε

3 LΩε B C0 @+J 0 C T K ;H1> L ? 0 @ Ωε A+A ,
and ϕε B C0 @)J 0 C T K ;H10 ? φε

d
@ Ωε A+A solution of (1)-(5), (7),

(9).

Moreover, the followingnorms are uniformly bounded

with respect to ε,E
ūε E
L∞ F-F 0 ? T G ;H1 F ω G-G 2 C E uε

3 Lω E L∞ F.F 0 ? T G ;H2 F ω G-G CE
∂tu

ε
3 Lω E L∞ F-F 0 ? T G ;L2 F ω G-G C ε E uε

3 LΩε

E
L∞ F-F 0 ? T G ;H1 F Ωε G-G CE

Lε
3

E
L∞ F-F 0 ? T G ;L2 F ω1ε G-G C ε E ϕε E

L∞ F-F 0 ? T G ;H1 F Ωε G-G =
2.1.1. Definition of the microscopic problem For

given real symmetric matrices κ1γδ, κ
2
γδ and real num-

bers ϕNc C φNd , ζ C let us consider the microscopic prob-
lem:

Find @ w̄ C K3 C w03 C w23 C χ A B V 1ad @ ζ C φNd A solution of
a1P @)@ w̄ C K3 C w23 A C @ v̄1 C L̃03 C v23 A)A < b1 @ v̄1 C L̃03 C v23 A C

a1R @+@ w03 C χ A C @ v03 C ψ A)A < 0 C
for all @ v̄1 C L̃03 C v03 C v23 C ψ A B V 1ad @ 0 C 0 A with
a1P @+@ w̄ C K3 C w23 A C @ v̄1 C L̃03 C v23 A)A<�O

Y P @ S @ v̄1 A C L̃03 C ∇ŷ∇ŷv23 A Q PQ S @ w̄ A CK3
∇ŷ∇ŷw

2
3

RS
dŷ C

where S @ v̄1 A < @ Sαβ @ v̄1 A+A αβ
< @ 12 @ ∂yαuβ T ∂yβuα

A+A
αβ,

a1R @+@ w03 C χ A C @ v03 C ψ A+A< O
YR @ ∂3v03 C ∂3ψ AVU R dW d c X U ∂3w

0
3

∂3χ X dy3 C
b1 @ v̄1 C L̃03 C v23 A

< W O
Y P @ S @ v̄1 A C L̃03 C ∇ŷ∇ŷv23 A Q PQ κ1

0

κ2

RS
dŷ

T ϕNc O YP @ S @ v̄1 A C ∇ŷ∇ŷv23 A U G1G2 X dŷ C
andV1ad @ ζ C φNd A <ZY @ v̄1 C L̃03 C v03 C v23 C ψ A B H1[ @ YP A]\_^ 0 @ Y P A\ H1 @ YR A7\ H2[ @ YP A7\ H1 @ Y R A s.t. v03 < ψ < 0 on x3 <W L C @ v03 C ψ A < @ ζ C φNd A on x3 < 0 ` . Here H1[ @ YP A de-
notes the space of all functions in H1 @-a 2 A which are
periodic with period Y P, ^ 0 @ YP A is the space of all
functions which are constant on the metallized patch

in Y P and vanishing otherwise, and H2# @ YP A denotes
the space of u B H1# @ Y P A and ∇yu B H1# @ YP A . Note that
Q12, Q22, Q32 vanish outside of YP.

The following linear operators b are elaborated from
the microscopic problem:

PQ S @ w̄ AK3
∇ŷ∇ŷw

2
3

RS < b P1 U κ1

κ2 X CPQ S @ w̄ AK3
∇ŷ∇ŷw

2
3

RS < b P2ϕNc CU ∂3w
0
3

∂3χ X < b R1ζ C U ∂3w
0
3

∂3χ X < b R2φNd =
Remark 1. The variables @ ζ C w03 C w̄ C w23 C χ C K3 C ϕNc C φNd A re-
fer to the variables@ u03 LYP C u03 LYR C ū1 C u23 C ϕ0 C L03 C ϕc C φd A in Theorem 2 be-
low.

2.1.2. Definition of the homogenized coefficients

The homogenized coefficients are defined as follows:

QPH </c
YP
@ I0 d T b P1 d A Q @ I0 T b P1 A dŷ C

QRH </c
YR
b R1 d U R dW d c X b R1 dy3 C

FPH1 < W c
YP
@ I0 d T b P1 d A Q b P2ϕc dŷ C

FPH2 </c
YP
@ Id T I1 b P1 d A PQ G1ϕc0

G2ϕc

RS
dŷ C

FRH < W c
YR
b R1 d U R dW d c X b R2φd dy3 C

ρH < c
Y P

ρ dŷ,

where @ ϕc C φd A denote the two-scale limit of @ ϕε
c C φε
d
A

(see Theorem 2 below), I0 < PQ Id 00 0
0 Id

RS
, and I1 <U Id 0

0 0 X .



2.1.3. The homogenized model The macroscopic

behaviour of the plate is governed by the so-called

homogenized model. The mechanical plate displace-

ments are solutions of the homogenized problem:

Find e ū0 f u03 gih C0 e)j 0 f T k ;H1γ0 e ω g+g 2l
C1 e)j 0 f T k ;L2 e ω g)g�m C0 e+j 0 f T k ;H2γ0 e ω g+g solution ofn ∂β e QPH11

αβγδ sγδ e ū0 g�o QPH12
αβγδ ∂2γδu

0
3 gp gα

n ∂βF
PH1

αβ o ∂2γδF
PH2

αγδ
f�q α f

ρH∂2ttu
0
3 o ∂2αβ e QPH21

αβγδ sγδ e ū0 g�o QPH22
αβγδ ∂2γδu

0
3 go QRHu03

p g̃3 o FRH o ∂2αβF
PH2
3αβ
f

ū0 p u3
p 0 f ∂nu03 p 0 on γ0

fe QPH11
αβγδ sγδ e ū0 g�o QPH12

αβγδ ∂2γδu
0
3 g nβ

p 0 fe QPH21
αβγδ sγδ e ū0 g�o QPH22

αβγδ ∂2γδu
0
3 g nβ

p 0 on γ1
frq α f

u03 e t p 0 g p u3
f ∂tu03 e t p 0 g p u13 on ω

The distributed current field per cell, measured through

the layers equipped with sensor piezoelectric patches,

is equal to ∂th
0 when L03

p 0, where L03 and h0 are the
two-scale limit of Lε

3 and h
ε (see Theorem 2 below),

and is given by

I0 e x g p ∂t s SY e Q21 f Q22 g e I0 out P1 g dy1dy2v
s e ū0 g

∇x∇xu
0
3 w on ω f (10)

where SY is the surface of the sensor patch included in

Y .

Theorem 2. Let us assume the following two-scale

weak convergences:e ϕε
c
f gε

α
f g̃ε
3 gyx e ϕc

f gα
f g̃3 g
in L∞ e)e 0 f T g ;L2 e ω l Y P g+g 4 w z fe uε

3
f uε1
3 g{x e u3 f u13 g in L2 e ω l YP g 2 w f

φε
d x φd in L

∞ e+e 0 f T g ;L2 e ω l�| 0 } g)g w z
and

hε x h0 in L∞ e+e 0 f T g ;L2 e ω l SY g)g w z�~
Moreover we assume that e u3 f u13 g does not depend on
ŷ h YP.

Then there exists e ū0 f u03 f ū1 f u23 f ϕ0 f L03 g such that, up to
an extraction of a subsequence, we have� ūε, uε

3 �ω, s e ūε g and ∇x∇xu
ε
3 two-scale converge

weakly* respectively to ū0, u0
3 �ω � YP , s e ū0 g�o

S e ū1 g and
∇x∇xu

0
3 �ω � YP o ∇ŷ∇ŷu

2
3 in L

∞ e+e 0 f T g ;L2 e ω l Y P g)g ;

� uε
3 �Ωε, ϕ

ε, ∂y3u
ε
3 �Ωε and ∂y3ϕ

ε two-scale converge

weakly* respectively to u0
3 �ω � YR , ϕ

0, ∂y3u
0
3 �ω � YR

and ∂y3ϕ
0 in L∞ e+e 0 f T g ;L2 e ω l YR g)g ;� Lε

3 two-scale converges weakly* to L
0
3 in

L∞ e+e 0 f T g ;L2 e ω l SY g+g .
Moreover e ū0 f u0

3 �ω g is the solution of the homogenized
problem. The current given by the sensor layer of the

homogenized model is given by (10).

Finally e u0
3 �YP
f u0
3 �YR
f ū1 f u23 f ϕ0 f L03 g is the solution of

the microscopic problem using the correspondence

stated in Remark 1.

3. CONCLUSION

In this paper, we consider a model of a multi-layered

plate with a layer which is a dielectric layer used as

an actuator, an other one is used as a sensor of the

vibrations, whereas the last one is a purely elastic

layer. This plate is also in junction with a distribu-

tion of stacks piezoelectric actuators. We compute the

asymptotic model by computing the limit of the model

as the dimension of the heterogeneities tend to zero.

The stabilization problem, namely the problem of the

computation of the voltage applied to the actuators

such that the state tends to the equilibrium, is studied

in (Le Gall et al., 2006) for the bimorph mirror case.

The following tracking problem should also be inves-

tigated: compute the voltage applied to the actuators

in function of the output such that the state of the plate

follows a prescribed trajectory.

Note finally that a preliminary work (Baudouin et

al., 2006) studies the design of a H∞ controller for an

adaptive optics system. The model used in (Baudouin

et al., 2006) is a particularization of the asymptotic

model computed in the present paper.
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the solution of a matrix Riccati differential equation. Thanks to the reachability
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1. INTRODUCTION

Tubular reactors play a very important role
in chemical and biochemical engineering (see
e.g. (Ray, 1981), (Dochain, 1994)). Typically
in such reactors the medium is not homoge-
neous (e.g fixed-bed reactors, packed-bed reactors,
fluidized-bed reactors,...) and different phases
(liquid/solid/gas) may be involved. Such sys-
tems are sometimes called ”Diffusion-Convection-
Reaction” systems since their dynamical model
includes these three terms. In particular the dy-
namics of tubular reactors are described by PDE’s
derived from mass and energy balances (see e.g
(Laabissi et al., 2001)).
In this paper the Linear-Quadratic (LQ) optimal
temperature and reactant concentration regula-

tion problem is studied for a PDE model of a non-
isothermal plug flow tubular reactor, by using an
infinite dimensional Hilbert state space descrip-
tion (Aksikas et al., 2004a). First the exponential
stability and the (approximate) reachability of the
linearized model around a constant temperature
equilibrium profile are reported. Next the general
concept of LQ-feedback is introduced as a solution
of a partial realization problem for the standard
spectral factor of the Popov function associated
with the LQ-optimal control problem. It turns
out that any LQ-feedback is optimal from the
input-output viewpoint and stabilizing. For the
plug flow reactor linearized model, a state LQ-
feedback operator is computed via the positive
semi-definite solution of a related matrix Riccati



differential equation in the space variable. Thanks
to the reachability property, the computed LQ-
feedback is actually the optimal one.

2. MODEL DESCRIPTION

2.1 Nonlinear PDE’s Model

Let us consider a nonisothermal plug flow reactor
with the following chemical reaction A −→ bB,
where b > 0 denotes the stoichiometric coefficient
of the reaction. If the kinetics of the above reac-
tion are characterized by first order kinetics with
respect to the reactant concentration CA (mol/l)
and by an Arrhenius-type dependence with re-
spect to the temperature T (K), the dynamics
of the process in such a reactor are described by
the following energy and mass balance PDE’s :

∂T

∂τ
= −v

∂T

∂ζ
− k1CAexp(

−E

RT
)− β0(T − Tc)

∂CA

∂τ
= −v

∂CA

∂ζ
− k0CAexp(

−E

RT
)

(1)

where β0 :=
4h

ρCpd
, k1 :=

∆H

ρCp

k0 and with the

boundary conditions given, for τ ≥ 0, by:

T (0, τ) = Tin , CA(0, τ) = CA,in. (2)

The initial conditions are given, for 0 ≤ ζ ≤ L, by

T (ζ, 0) = T0(ζ) , CA(ζ, 0) = CA,0(ζ). (3)

In the equations above, v, ∆H, ρ, Cp, k0, E, R,
h, d, Tc, Tin and CA,in hold for the superficial
fluid velocity, the heat of reaction, the density,
the specific heat, the kinetic constant, the acti-
vation energy, the ideal gas constant, the wall
heat transfer coefficient, the reactor diameter, the
coolant temperature, the inlet temperature, and
the inlet reactant concentration, respectively. In
addition τ, ζ and L denote the time and space
independent variables, and the length of the re-
actor, respectively. Finally T0 and CA,0 denote
the initial temperature and reactant concentra-
tion profiles respectively, such that T0(0) = Tin

and CA,0(0) = CA,in.

In this paper we are interested in equilibrium
profiles for the model (1)-(3), of the form

Xe =
[

Te(.) CA,e(.)
]T

, (4)

in the state-spaceH := L2(0, L)×L2(0, L) where
the temperature equilibrium profile is constant, i.e

Te(ζ) = Tin =: Te > 0 a.e. in [0, L] . (5)

Comment 2.1. In (Smets et al., 2002) temper-
ature equilibrium profiles are studied, that mini-
mize different kinds of performance criteria. The
specific equilibrium profile (4)-(5) corresponds to
the minimum for the energy consumption along
the reactor.

By integrating the equilibrium ordinary differen-
tial equations corresponding to (1), it can easily be
shown that the reactant concentration equilibrium
profile is given by

CA,e(ζ) = CA,inexp(−αeζ), 0 ≤ ζ ≤ L (6)

where the positive constant αe is given by αe =
k0

v
exp(− E

RTe

). Then the corresponding coolant
temperature equilibrium profile reads as follows

Tc,e(ζ) = Te +
∆Hdv

4h
αeCA,inexp(−αeζ). (7)

The latter can be interpreted as an open-loop
infinite-dimensional control along the reactor.

2.2 Infinite-Dimensional Model

Let us consider the following dimensionless state
variables θ1(t) and θ2(t) , t ≥ 0, defined as follows:

θ1 =
T − Tin

Tin

, θ2 =
CA,in − CA

CA,in

. (8)

Let us consider also dimensionless time t and
space z variables defined as follows :

t = τvL−1, z = ζL−1.

The equivalent state space description of the
model (1)-(3) is given by the following semi-linear
differential equation on the Hilbert space H :

{

θ̇(t) = A0θ(t) +N(θ(t)) +Bθc

θ(0) = θ0 ∈ D(A0) ∩ F
(9)

where A0 is the linear operator defined on

D(A0) := {θ : θ is a.c. ,
dθ

dz
∈ H and θ(0) = 0}(10)

(where a.c means θ is absolutely continuous) by

A0 θ :=







−
d.

dz
− βI 0

0 −
d.

dz







[

θ1

θ2

]

(11)

and the nonlinear operator N is defined on

F := {(θ1, θ2)
T ∈ H : θ1(z) ≥ −1, 0 ≤ θ2(z) ≤ 1}

(where the inequalities hold almost everywhere on
[0, 1]) by

N(θ) :=







αδ(1 − θ2)exp(
µθ1

θ1 + 1
)

α(1 − θ2)exp(
µθ1

θ1 + 1
)






. (12)



The operator B ∈ L(L2(0, 1), H) is the linear
bounded operator given by

B = β
[

I 0
]T

. (13)

In the equations above θc is the dimensionless
coolant temperature

θc =
Tc − Tin

Tin

(14)

and the parameters α, β, δ, and µ are given by

µ =
E

RTin

, α =
k0L

v
exp(−µ)

β =
4hL

ρCpdv
, δ = −

∆H

ρCp

CA,in

Tin

.

2.3 Linearized Model

Let us denote by (θe, θc,e) the equilibrium profile
of the model (9), which can be easily determined
via equations (8) and (14), by replacing T , CA

and Tc by their equilibrium values (6)-(7). Let us
consider the state transformation

x(t) :=
[

x1(t) x2(t)
]T
:= θ(t)− θe (15)

and the new input vector u(t) := θc(t)− θc,e.
The linearization of the model (9) around the
chosen equilibrium leads to the following linear
infinite-dimensional system on H :

{

ẋ(t) = Ax(t) +Bu(t)
x(0) = x0 ∈ H .

(16)

Here A is the linear operator defined on its domain
D(A) = D(A0) by

Ax =







−
d.

dz
− α1I −α2I

−α3I −
d.

dz
− α4I







[

x1

x2

]

, (17)

where the functions αi are given respectively by

α1(z) = β − αδµ exp(−αez), α2(z) = αδ

α3(z) = −αµ exp(−αez) and α4(z) = α.

In order to put the operator A into a triangular
form let us consider the state similarity transfor-
mation of the form

J :=

[

I γI

0 I

]

∈ L(H) (18)

where the function γ is a bounded solution of
the following Riccati differential equation, whose
existence is reported in (Aksikas et al., 2004b,
Theorem 4.1) and proved in (Aksikas et al., 2005):

−
dγ

dz
= α3γ

2 + (α1 − α4)γ − α2 . (19)

Applying the similarity transformation defined by
J to the operator A yields the operator Ã :=
JAJ−1 given on its domain D(Ã) = D(A) by

Ã =







−
d.

dz
− (α1 + α3γ)I 0

−α3I −
d.

dz
− (α4 − α3γ)I






(20)

Theorem 1. (Aksikas et al., 2004b, Theorem
5.1) The operator A defined by (17) is the infin-
itesimal generator of an exponentially stable C0-
semigroup on the Hilbert state space H .

Because of the lack of space, all the results re-
ported in the following sections are given without
proof : see (Aksikas et al., 2005) for more details.

First, we are interested in the reachability of the
linearized plug flow reactor model, i.e the operator
pair (A,B), where A and B are given by (17)
and (13), respectively. The following theorem is
reported:

Theorem 2. Let A be the operator defined by
(17) and B the operator defined by (13). Then
the operator pair (A,B) is reachable.

Comment 2.2. The proof of Theorem 2 (see
(Aksikas et al., 2005)) is based on Theorem 1 and
the fact that (A,B) is reachable if and only if the
Gramian LB, which is the unique solution of the
following operator Lyapunov algebraic equation

[ALB + LBA∗ +BB∗]x = 0, for x ∈ D(A∗) (21)

with LBD(A∗) ⊂ D(A), is positive definite. See
(Curtain and Zwart, 1995, Theorems 4.1.22(a)
and 4.1.23, p. 160).

3. LQ-CONTROL AND SPECTRAL

FACTORIZATION

In this part we are interested in the standard
linear quadratic optimal (LQ-) problem (see e.g.
(Curtain and Zwart, 1995)), with a view to syn-
thesize a state LQ-feedback operator for the lin-
earized plug flow reactor model described in Sub-
section 2.3.
It is known that the LQ-problem can be solved
by spectral factorization: see (Callier and Winkin,
1992) for the case of finite rank bounded ob-
servation and control operators, and (Weiss and
Weiss, 1997) for the general case of stable weakly
regular linear systems with admissible unbounded
observation and control operators. Here we con-
sider the spectral factorization approach for the
more specific case of exponentially stable linear
systems with bounded observation and control op-
erators and infinite-dimensional output and input



spaces. This is motivated in particular by Theo-
rem 1 and the structure of the control operator B
of the plug flow reactor model (see (13)).

The following concepts and notations will be
needed. First let us consider the following class
of infinite-dimensional state space system:
{

ẋ(t) = Ax(t) +Bu(t), x(0) = x0 ∈ D(A)
y(t) = Cx(t)

(22)

where the following assumptions hold : (A1) the
state x(t) ∈ H , a real separable Hilbert space with
inner product 〈·, ·〉 , the input u(t) ∈ U and the
output y(t) ∈ Y , where U and Y are real sepa-
rable Hilbert spaces, (A2) A : D(A) ⊂ H → H

is the infinitesimal generator of a C0-semigroup
(eAt)t≥0 of bounded linear operators inH , whence
eAt ∈ L(H) for all t ≥ 0 and (A3) B and C

are bounded linear operators, i.e. B ∈ L(U,H)
and C ∈ L(H,Y ) . Moreover assume that (A4)
(eAt)t≥0 is an exponentially stable C0-semigroup.

The transfer function of such system is given by

Ĝ(s) = C(sI −A)−1B ∈ H∞(L(U, Y ))

as a bounded and analytic L(U, Y )−valued func-
tion on the open right-half plane IC o

+ in IC , where
I is the identity operator, (sI −A)−1 denotes the
resolvent of A and H∞(B) denotes the space of
bounded analytic B-valued functions on IC o

+ (see
(Weiss and Weiss, 1997, p. 291)), for any Banach
space B.

For any system given by (22) let us consider the
LQ-(optimal) control problem: for any initial state
x0 ∈ H , find a square integrable control uopt ∈
L2[0,∞;U ] which minimizes the cost functional

J(x0, u) =

∞
∫

0

(‖y(t)‖2 + ‖u(t)‖2) dt . (23)

Theorem 3 in (Callier and Winkin, 1992, p. 761)
relates the solution of the LQ-control problem to
a spectral factorization problem when (A, B) is
exponentially stabilizable and (C, A) is exponen-
tially detectable and when U and Y are finite-
dimensional spaces. This result is extended, in
Theorem 3 below, to the more general case of (pos-
sibly) infinite-dimensional separable Hilbert input
and output spaces U and Y , when A generates an
exponentially stable C0-semigroup.

Theorem 3. Consider a system (22) and as-
sume that conditions (A1)–(A4) hold. Let Ĝ ∈
H∞(L(U, Y )) denote its transfer function. Let Ko

denote the LQ-optimal state feedback operator

for the LQ-control problem associated with the
cost (23). Under these conditions, the LQ-optimal
state feedback operator Ko is solution of the fol-
lowing equation:

Ko(sI −A)−1B = I − R̂(s) , (24)

where the invertible standard spectral factor
R̂(s) ∈ H∞(L(U)) (such that R̂(s)−1 ∈ H∞(L(U))
and R̂(∞) = I where the (strong) limit is to be
taken along the positive axis) is solution of the
following spectral factorization problem

Ĝ∗(s)Ĝ(s) + I = R̂∗(s)R̂(s), (25)

where Ĝ∗(s) := Ĝ(−s)∗ (= Ĝ(−s)T in the real
case).

Comment 3.1. Since the operators A and B are
known, equation (24) can be seen as a partial
realization problem for the strictly proper transfer
function I − R̂(s). This equation corresponds to
the Diophantine equation (19) in (Callier and
Winkin, 1992), where the stabilizing feedback K
has been chosen equal to zero.

By Theorem 3, Ko is a solution of equation (24).
However it turns out that, in general, it is not the
only one. This motivates the following definition.

Definition 3.1. Consider a system (22) satisfy-
ing conditions (A1)–(A4). Let Ĝ ∈ H∞(L(U, Y ))
denote its transfer function. A state feedback op-
erator K ∈ L(H,U) is called an LQ-feedback if it
is a solution to the equation

K(sI −A)−1B = I − R̂(s) , (26)

where R̂(s) ∈ H∞(L(U)) is the unique invertible
standard spectral factor of the Popov function
Ĝ∗Ĝ+ I .

Theorem 4. Consider a system (22) satisfying
conditions (A1)–(A4). Let KoΠ denote the reach-
able restriction of the optimal feedback Ko, where
Π ∈ L(H) denotes the orthogonal projection onto
the reachable subspace R(A, B). Then any LQ-
feedback K is given by

K = KoΠ+ V (27)

where V ∈ L(H,U) is any solution of the equation

V(sI −A)−1B = 0 . (28)

Moreover there exists a unique LQ-feedback, viz.
Ko , whenever the pair (A,B) is reachable, i.e.
R(A, B) = H .

In (Callier and Winkin, 1992, Theorem 4), it is
shown: that, for any exponentially stabilizable and



detectable system of the form (22) with finite
dimensional input and output spaces, the reach-
able restriction KoΠ of the optimal feedback Ko

is stabilizing and optimal from the input-output
viewpoint. It turns out that these properties still
hold for any LQ-feedback associated with any
system (22) satisfying conditions (A1)–(A4).

Theorem 5. Consider any system (22) such that
conditions (A1)–(A4) hold. Let K ∈ L(H,U)
be any LQ-feedback associated with this system,
i.e. such that (26) holds, or equivalently (27)–
(28) hold. Then (a) the feedback K is optimal
from the input/output viewpoint. More precisely,
the closed-loop transfer function due to K, i.e
Ĝcl(s) = C(sI − A − BK)−1B ∈ H∞(L(U, Y )) ,
is the LQ-optimal one, i.e.

Ĝcl(s) = C(sI −A−BKo)
−1B ;

and (b) the feedback C0-semigroup (e
(A+BK)t)t≥0

generated by the closed-loop operator A+BK is
exponentially stable.

4. OPTIMAL FEEDBACK CONTROL

This section deals with the computation of an LQ-
optimal feedback operator for the linearized plug
flow reactor model (16)-(17) and (13) by using
the spectral factorization method described in the
previous section. First let us define an output
function y(.) by

y(t) = Cx(t), t ≥ 0. (29)

The observation operator C : H → L2(0, 1) is
chosen here to be a bounded linear operator of
the form

C =
[

w1I w2I
]

(30)

where w1, w2 : [0, 1] → IR are piecewise contin-
uous functions in L∞(0, 1). In view of the defini-
tions of the corresponding quadratic cost (23) and
of the linearized model state (15), these functions
can be interpreted as weighting factors for esti-
mates of the distance between the initial model
state and the chosen equilibrium profile.

In order to compute an LQ-feedback in the sense
of Definition 3.1, the standard spectral factor
R̂(s) ∈ H∞(L(L2(0, 1))) of the Popov function
Ĝ∗(s)Ĝ(s) + I is needed. The idea is to observe
that, by equation (26), this spectral factor has the
form

R̂(s) = I − K(sI −A)−1B. (31)

In other words, (A,B,K) is a realization of R̂,
where the operator K plays the role of an ob-
servation operator. In view of the structure of

the observation operator C, given by (30), in the
open-loop transfer function Ĝ, it seems natural to
look for an operator K of the same form, i.e

K =
[

ψ1I ψ2I
]

, (32)

where ψ1 and ψ2 are functions to be determined.

The implementation of this idea leads to Theo-
rem 6. We first consider the open-loop transfer
function, i.e the linearized model transfer function
Ĝ(s). By a straightforward computation based on
the formulas

Ĝ(s) = C(sI −A)−1B = CJ−1(sI − Ã)−1JB ,

where the operator J is defined by (18), it can be
shown that this transfer function can be expressed
as follows:

Ĝ = β
(

w1I + [w1γ − w2] R̃2α3I
)

R̃1 (33)

where R̃1 and R̃2 are the resolvent operators
of the diagonal entries of the operator Ã. See
(Aksikas et al., 2005) for the explicit form of such
operators.

The computation of a spectral factor of the form
(31)-(32) is based on the solution of a matrix
Riccati differential equation. The need for such an
equation appears when plugging the expression of
R̂ in the spectral factorization identity (25). The
following lemma is an immediate consequence of
(Abou-Kandil et al., 2003, Theorem 4.1.6, p. 186).

Lemma 4.1. Let us consider the following ma-
trix functions on [0, 1]

F :=

[

α1 α2

α3 α4

]

, Q :=

[

w2
1 w1w2

w1w2 w2
2

]

,

and S := diag(1, 0), and let us consider the follow-
ing matrix Riccati differential equation (RDE):

dΦ

dz
= F ∗Φ+ ΦF −Q+ΦSΦ, Φ(1) = 0. (34)

Then the latter has a unique positive semi-definite
solution Φ on [0, 1].

Theorem 6. Let us consider the linearized plug
flow reactor model, with transfer function Ĝ(s)
given by (33). Let R̂(s) ∈ H∞(L(L2(0, 1))) be the
unique invertible standard spectral factor of the
Popov function Ĝ∗Ĝ+ I. Let

Φ(z) =: −β

[

ψ1(z) ψ2(z)
ψ2(z) ψ3(z)

]

= Φ∗(z) ≥ 0 (35)

be the solution of the matrix Riccati differential
equation (34). Then R̂(s) is given by

R̂ = I − β
(

ψ1I + [ψ1γ − ψ2] R̃2α3I
)

R̃1 . (36)



Hence the operator K given for all x := (x1, x2) ∈
H by

Kx = ψ1x1 + ψ2x2 (37)

is an LQ-feedback (in the sense of Definition 3.1).

Comment 4.1. The proof of Theorem 6 is based
on several auxiliary results. The fundamental one
is to prove that the fact that Φ is the solution
of the MRDE (34) implies that R̂ given by (36)
satisfies the spectral factorization identity.

By the fact that the pair (A,B) is reachable (see
Theorem 2), the following corollary is immediate
in view of Theorem 4:

Corollary 7. The LQ-feedback operator K given
by (37) is unique, whence it is the LQ-optimal
state feedback operatorK0. Moreover the optimal
control is given on t ≥ 0 by

uopt(t) = K0x(t) = ψ1x1(t) + ψ2x2(t), (38)

where the functions ψ1 and ψ2 can be computed
by finding the matrix Φ, given by (35), that is the
solution of the matrix RDE (34).

5. PERSPECTIVES

The asymptotic stability of the resulting non-
linear closed-loop system is has been analyzed
by the authors, using the results in (Aksikas et
al., 2004a), (Aksikas et al., 2004c): it can be shown
that this system is actually asymptotically stable
under some conditions on the system parameters
(Aksikas et al., 2005). Some numerical simulations
have been performed which illustrate the stability
of the plug flow reactor state trajectories under
the designed feedback control law : See e.g. Figure
1.
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Fig. 1. Temperature at several points of the
plug flow reactor for Tin = 340K, CA,in =
0.02mol/l, w1(z) = 10 and w2(z) = 0.

Another perspective is the analysis of the optimal-
ity property with respect to the nonlinear closed-
loop plug flow reactor model. The stability ro-
bustness of this closed-loop system is also another
important issue.
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Paris, 60 boulevard Saint-Michel, 75272 Paris Cedex,

France

Abstract: We study the boundary controllability properties of a wave equation
with structural damping ytt − yxx − εytxx = 0, y(0, t) = 0, y(1, t) = h(t) where ε is
a strictly positive parameter depending on the damping strength. We prove that
this equation is not spectrally controllable and that the approximate controllability
depends on the functional space in which the initial value Cauchy problem is
studied. Copyright c©2006IFAC
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1. INTRODUCTION

In this paper we consider the following perturbed
wave equation

ytt − yxx − εytxx = 0 (1)

where ε is a small positive parameter correspond-
ing to the strength of some structural damp-

ing (also called internal damping). This equa-
tion has been proposed in (Pellicer and Solà-
Morales, 2004) as an alternative model for the
classical spring-mass-damper ODE.

We stress that the structural damping term
−εytxx acts in a much stronger way than the
classical viscous damping term −εyt, and that the
principal symbol of (1) differs from the one for
the wave equation. With such structural damping,
the spectrum of (1) (supplemented with Dirichlet
boundary conditions on the domain I = (0, 1))
admits two accumulation real points: −∞ and −ε.
As illustrated on Figure 1, the eigenvalues split up
into two sequences of complex numbers: the first
one is composed of negative real numbers which
accumulate at −∞ in the same way as for the
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Fig. 1. Spectrum with structural damping.

heat equation, and the second one is constituted of
negative real numbers (except for the first values)
which accumulate at −ε. Therefore, the control
properties of (1) are expected to deeply differ from
the ones for the wave equation. The purpose of
this paper is to discuss the impact on control-



lability of such unusual spectrum. Let us point
out that the exact controllability of (1) with an
internal control function supported in the whole

domain has been investigated in (Leugering, 1986)
and (Lasiecka and Triggiani, 1998).

The first issue of interest is the exact boundary
controllability of the structurally damped wave
equation (1) posed on a finite interval. More
precisely, given T > 0 and some functions (y0, y1),
(y0,T , y1,T ) in an appropriate space B, we wonder
whether it is possible to find a control input h =
h(t) such that the solution of the initial boundary
value problem (IBVP)

ytt − yxx − εytxx = 0, (2)

y(0, t) = 0, y(1, t) = h(t), (3)

y(x, 0) = y0(x), yt(x, 0) = y1(x) (4)

satisfies y(x, T ) = y0,T (x), yt(x, T ) = y1,T (x).
We will show that (1) is not spectrally control-

lable, which means that no nontrivial finite linear
combination of eigenvectors can be driven to zero
in finite time. In particular, this equation is not
exactly controllable in any reasonable functional
space. On the other hand, we will see that (1)
is approximately controllable in Hα × Hα−2 if
α < 1/2, and not in Eα for α < 4 (see below
for the definition of these spaces). As far as we
know, this system is the first known system with
a physical meaning having such strange behavior
versus the approximate controllability.

Throughout the paper we will take ε = 1 for the
sake of simplicity. All the results can be extended
without difficulty to ε > 0 arbitrary.

The authors thank Sergio Guerrero and Philippe
Martin for interesting discussions.

2. BASIC PROPERTIES OF (1)

2.1 Well-posedness

Let us first investigate the well-posedness of the
homogeneous IBVP

ytt − yxx − ytxx = 0, (5)

y(0, t) = 0, y(1, t) = 0, (6)

y(x, 0) = y0(x), yt(x, 0) = y1(x). (7)

A straightforward computation shows that any
smooth solution of (5)-(7) fulfills

[

1

2

∫ 1

0

(|yt(x, t)|2 + |yx(x, t)|2) dx
]t

0

=

−
∫ t

0

∫ 1

0

|ytx(x, s)|2 dxds. (8)

This suggests to investigate the well-posedness of
(1) in the energy space H = H1

0 (0, 1) × L2(0, 1).

Let A : D(A) ⊂ H → H denote the operator with
domain

D(A) = {(y, z) ∈ H1
0 (0, 1)

2; y + z ∈ H2(0, 1)}
and which is defined by

A

(

y
z

)

=

(

z
yxx + zxx

)

.

Notice that (1) is equivalent to

(

y
yt

)

t

= A

(

y
yt

)

.

Then the following result holds true.

Proposition 1. A generates a strongly semigroup
of contractions in the energy space H .

Proof: The easy proof is left to the reader.

2.2 Spectral properties

The nth Fourier coefficient (with respect to the
orthonormal basis (

√
2 sin(nπx))n≥1 of L2(0, 1))

of any integrable function y : (0, 1) → R is defined
as

ŷn =

∫ 1

0

y(x)
√
2 sin(nπx) dx.

For any α ∈ R, let

Hα := {y : (0, 1) → R;
∑

n≥1

n2α|ŷn|2 < ∞}.

Endowed with the scalar product

(y, z)α =
∑

n≥1

n2αŷnẑn

Hα is a Hilbert space. Moreover, H1 = H1
0 (0, 1),

H2 = H2(0, 1) ∩ H1
0 (0, 1), and H−α = Hα

′ (the
dual space of Hα with respect to the pivot space
H0 = L2(0, 1)) for any α ≥ 0. Finally, for any
f =

∑

n≥1
cn

√
2 sin(nπx) ∈ H−α and any g =

∑

n≥1
dn

√
2 sin(nπx) ∈ Hα , we have that

〈f, g〉H
−α,Hα =

∑

n≥1

cndn, (9)

where 〈., .〉H
−α,Hα stands for the duality pairing

between H−α and Hα. To obtain a representation
formula for the solutions of (5)-(7) we have to
solve the eigenvalue/eigenvector equation

A

(

y
z

)

=

(

z
yxx + zxx

)

= λ

(

y
z

)

.

We obtain that z = λy and yxx = µy with µ =

λ2

1+λ
, hence µ = −(nπ)2,

(

y
z

)

∈ Span(f±n ), where

f±n =

(
√
2 sin(nπx)

λ±n
√
2 sin(nπx)

)

and λ±n = (−n2π2 ±

nπ
√

n2π2 − 4)/2. Notice that

λ+
n ∼ −1 and λ−n ∼ −n2π2 (10)



as n→∞. Any solution y = y(x, t) of (1) may be
written as
(

y(x, t)
yt(x, t)

)

=
∑

n≥1

(a+n eλ
+
n
tf+

n + a−n eλ
−

n
tf−n ). (11)

More precisely, if the initial condition (y0, y1) ∈ H
is given by

y0 =
∑

n≥1

cn
√
2 sin(nπx), (12)

y1 =
∑

n≥1

dn
√
2 sin(nπx), (13)

we have that

cn = a+n + a−n , (14)

dn = λ+n a+n + λ−n a−n , (15)

hence

a+n =
cnλ

−
n − dn

λ−n − λ+n
, (16)

a−n =
dn − λ+n cn

λ−n − λ+n
· (17)

As an easy consequence of the above representa-
tion formula, we may prove the following result.

Proposition 2. Let α ∈ R. If (y0, y1) ∈ Hα ×
Hα−2, then (y, yt) ∈ C(R+;Hα × Hα−2). If in
addition α > 3/2, then

∑

n≥1 n(|a+n |+ |a−n |) <∞
and yx(1, .) ∈ C(R+).

Proof: Using (10) and (16)-(17), it is easy to see
that

n2α(|a+n |2 + |a−n |2) ≤ Cn2α(|cn|2 + |dn|2/n4)

n2(α−2)(|λ+n a+n |2 + |λ−n a−n |2)
≤ Cn2α(|cn|2 + |dn|2/n4),

hence (y, yt) ∈ C(R+;Hα ×Hα−2). On the other
hand, taking the derivative w.r.t. x in (11) we
obtain that

yx(1, t) =
∑

n≥1

(a+n eλ
+
n
t + a−n eλ

−

n
t)
√
2(nπ)(−1)n.

As Re λ±n < 0 for each n and

∑

n≥1

n|a±n |

≤





∑

n≥1

n−2(α−1)





1/2

·





∑

n≥1

n2α|a±n |2




1/2

we see that
∑

n≥1 n(|a+n | + |a−n |) < ∞ and that

yx(1, .) ∈ C(R+) provided that α > 3/2.

2.3 Initial boundary value problem

We aim to define a solution of the IBVP (2)-(4)
by transposition when (y0, y1) = (0, 0). Let z be
a solution of the (backward) adjoint problem

ztt − zxx + ztxx = f, (18)

z(0, t) = 0, z(1, t) = 0, (19)

z(x, T ) = 0, zt(x, T ) = 0, (20)

where f ∈ L2(0, T ;L2(0, 1)). Multiplying in (2)
by z and integrating by parts we obtain that
∫ T

0

∫ 1

0

yf dx dt = −
∫ T

0

h(t)(zx(1, t)−ztx(1, t)) dt.

It may be seen that zx ∈ L∞(0, T ;H1(0, 1)) and
that zxt ∈ H1(0, 1;H−1(0, T )), which yields that
zx(1, .)−zxt(1, .) ∈ H−1(0, T ). We are led to adopt
the following

Definition 1. For any h ∈ H1
0 (0, T ), the solution

by transposition of (2)-(4) issuing from (y0, y1) =
(0, 0) is defined as the unique function y ∈
L2(0, T ;L2(0, 1)) fulfilling

∫ T

0

∫ 1

0

yf dx dt = −〈zx(1, .)− ztx(1, .), h〉 (21)

for any f ∈ L2(0, T ;L2(0, 1)), where 〈·, ·〉 denotes
the duality pairing 〈·, ·〉H−1(0,T ),H1

0
(0,T ).

2.4 Moment problem

The adjoint system to (2)-(4) reads

ztt − zxx + ztxx = 0, (22)

z(0, t) = 0, z(1, t) = 0, (23)

z(x, T ) = z0,T (x), zt(x, T ) = z1,T (x). (24)

If z0,T and z1,T are decomposed as

z0,T =
∑

n≥1

c̃n
√
2 sin(nπx) (25)

z1,T =−
∑

n≥1

d̃n
√
2 sin(nπx) (26)

and if ã+n and ã−n are given by (16)-(17) (with cn,
dn replaced by c̃n, d̃n), then the solution to (22)-
(24) is given by

z(x, t) =
∑

n≥1

(ã+n eλ
+
n
(T−t)+ã−n eλ

−

n
(T−t))

√
2 sin(nπx),

which yields

zx(1, t) =
∑

n≥1

(ã+n eλ
+
n
(T−t)+ã−n eλ

−

n
(T−t))

√
2(nπ)(−1)n.

(27)
Let y = y(x, t) and z = z(x, t) be smooth solutions
of (2)-(4) and (22)-(24), respectively. Scaling in



(2)-(4) by z, we obtain after some integrations by
parts that

∫ 1

0

[−ytz + yzt + yzxx]
T
0 dx

=

∫ T

0

(y + yt)(1, t)zx(1, t) dt. (28)

Notice that (28) may be rewritten as

[

〈−yt, z〉Hα−2,H2−α
+ 〈zt + zxx, y〉H

−α,Hα

]T

0

=

∫ T

0

(h(t) + h′(t))zx(1, t) dt (29)

where α is chosen so that the terms in the l.h.s.
of (29) are meaningful.

Definition 2. Let α ∈ R and B := Hα × Hα−2.
The system (2)-(4) is said to be

• exactly controllable in B if for any (y0, y1) ∈
B and any (y0,T , y1,T ) ∈ B, there exists a
control input h = h(t) such that the solution
of (2)-(4) satisfies y(., T ) = y0,T , yt(., T ) =
y1,T ;

• null controllable in B if for any (y0, y1) ∈ B,
there exists a control input h = h(t) steering
the solution of (2)-(4) to (y0,T , y1,T ) = (0, 0);

• approximately controllable in B if for any
(y0, y1) ∈ B, any (y0,T , y1,T ) ∈ B and any
ε > 0, there exists a control input h =
h(t) such that the solution of (2)-(4) issued
from (y0, y1) satisfies ||y(T, .) − y0,T ||Hα +
||yt(T, .) − y1,T ||Hα−2 < ε;

• spectrally controllable if any finite linear com-
bination of eigenvectors (i.e., (y0, y1) =
∑N

n=1
(a+

n f+
n + a−n f−n ) =

∑N

n=1

(

cn
dn

)√
2

sin(nπx), N ≥ 1 arbitrary) can be steered to
zero by a control input h = h(t).

Noticing that the application (z0,T , z1,T ) ∈ H2−α×
H−α 7→ (z0,T , z1,T + z0,T

xx ) ∈ H2−α × H−α is in-
vertible, and that for the exact or the approximate
controllability (y0, y1) may be given the value
(0, 0) without loss of generality, we obtain the
following criterion for the various controllability
notions.

Proposition 3. The system (2)-(4) is

• exactly controllable in B if and only if for
each target function (y0,T , y1,T ) ∈ B there
exists some control input h = h(t) such that
the solution z(x, t) of (22)-(24) satisfies

〈−y1,T , z0,T 〉Hα−2,H2−α

+ 〈z1,T + z0,T
xx , y0,T 〉H

−α,Hα

=

∫ T

0

(h(t) + h′(t))zx(1, t) dt (30)

for each pair (z0,T , z1,T ) ∈ H2−α × H−α;

• null controllable in B if and only if for each
initial state (y0, y1) ∈ B, there exists some
control input h = h(t) such that the solution
z(x, t) of (22)-(24) satisfies

〈−y1, z(., 0)〉Hα−2,H2−α

+ 〈zt(., 0) + zxx(., 0), y
0〉H

−α,Hα

= −
∫ T

0

(h(t) + h′(t))zx(1, t) dt (31)

for each pair (z0,T , z1,T ) ∈ H2−α × H−α;
• approximately controllable in B if and only if
(0, 0) is the only pair (z0,T , z1.T ) ∈ H2−α ×
H−α for which the solution z(x, t) of (22)-

(24) fulfills
∫ T

0
(h(t) + h′(t))zx(1, t) dt = 0 for

any function h = h(t).

Using (9) and (27), we may express the above
conditions as moment problems. For instance, the
null controllability is equivalent to the existence
of a function h = h(t) such that

∫ T

0

(h(t) + h′(t))e−λ
+
n
t
√
2(nπ)(−1)n dt

= dn + cn(λ
+
n + (nπ)2) (32)

and

∫ T

0

(h(t) + h′(t))e−λ−
n
t
√
2(nπ)(−1)n dt

= dn + cn(λ
−
n + (nπ)2) (33)

for each n ≥ 1. We are now in a position to state
the first main result in the paper. Its proof is
inspired by the one of a similar result for the BBM
equation (Micu, 2001, Thm 3.2).

Theorem 1. The system (2)-(4) is not spectrally
controllable. Consequently, it is not exactly con-
trollable nor null controllable in any space B =
Hα × Hα−2.

Proof. As each eigenvector of A belongs to B for
each α, we only have to prove the first assertion.
Actually, we prove that no nontrivial finite linear
combination of eigenvectors can be driven to zero
in finite time. To this end, consider any pair of
sequences (cn)n≥1, (dn)n≥1 with cn = dn = 0
for n > N , for which there exists a function
h ∈ H1

0 (0, T ) such that (32)-(33) holds true. Let

F (z) :=
∫ T

0
(h(t) + h′(t))eizt dt. Then F is an

entire function (according to Paley-Wiener the-
orem), which satisfies F (iλ±n ) = 0 for n > N . As
iλ+

n → −i as n → ∞, we infer that F is zero on a
set with a finite accumulation point, hence F ≡ 0.
It follows that cn = dn = 0 for each n ≥ 1.



3. APPROXIMATE CONTROLLABILITY

Theorem 2. For any α < 1/2, the system (2)-(4)
is approximately controllable in B = Hα × Hα−2.

Proof. Pick any α < 1/2 and any pair (z0,T , z1,T ) ∈
H2−α×H−α, decomposed as in (25)-(26). Assume
that

∫ T

0

(h(t) + h′(t))zx(1, t) dt = 0

for any h ∈ H1
0 (0, T ). We aim to prove that

c̃n = d̃n = 0 for each n, or equivalently that
ã+n = ã+n = 0 for each n. Set f = h+ h′. When h
ranges over H1

0 (0, T ), f ranges over the subspace
of L2(0, T ) constituted by the functions satisfying

the condition
∫ T

0
etf(t) dt = 0. It follows that

for any f ∈ Span(et)⊥, (f, zx(1, .))L2(0,T ) = 0,

so zx(1, .) ∈ Span(et)⊥⊥ = Span(et). Therefore,
there exists a constant C ∈ R such that
∑

n≥1

(ã+n eλ
+
n
(T−t)+ã−n eλ

−

n
(T−t))

√
2(nπ)(−1)n = Cet

for a.e. t ∈ (0, T ). In other words,
∑

n≥1

(

c+n eλ
+
n
t + c−n eλ

−

n
t
)

+ c0e
−t = 0

for a.e. t ∈ (0, T ), where c±n := ã±n
√
2(nπ)(−1)n

for each n ≥ 1 and c0 := −CeT . The conclusion
is then a direct consequence of Proposition 2 and
of the next result.

Lemma 1. Let (cn)n≥1 be a sequence of com-
plex numbers such that

∑

n≥1 |cn| < ∞ and let
(λn)n≥1 be a sequence of negative real numbers.
Assume that the λn’s are pairwise distinct, and
that

∑

n≥1 cne
λnt = 0 for a.e. t ∈ (0, T ). Then

cn = 0 for all n ≥ 1.

Proof. Let F (z) =
∑

n≥1 cne
λnz. Then F is

an analytic function on the half plane C+ =
{z ∈ C; Re z > 0}. By the analytic continuation
property, we obtain that F (1 + it) = 0 for every
t ∈ R. Let us set c′n := cne

λn for each n. (Notice
that

∑

n≥1 |c′n| < ∞.) Pick any N ≥ 1. We have
that

c′N = −
∑

n6=N

c′ne
(λn−λN )it ∀t ∈ R.

Integrating w.r.t. time in both sides of the above
equation, we obtain that

c′N = − 1

2T

∑

n6=N

c′n

∫ T

−T

e(λn−λN )itdt =: I(T ).

We claim that I(T ) → 0 as T → ∞. Indeed, for
each given ε > 0, we may pick an integer N ′ > N
such that

∑

n≥N ′ |c′n| < ε/2. Then

|I(T )| ≤ ε

2
+

∣

∣

∣

∣

∣

∣

∑

n<N ′,n6=N

c′n
[e(λn−λN )it]T−T

2T i(λn − λN )

∣

∣

∣

∣

∣

∣

< ε

for T large enough. We conclude that cN = c′N =
0. This completes the proof of Lemma 1 and of
Theorem 2.

Finally, we show that the approximate controlla-
bility does no hold in another family of spaces. For
any α ∈ R, let Eα := {(y0, y1); ||(y0, y1)||Eα

=
supn≥1(n

α|cn|+nα−2|dn|) < ∞}. Then it is easily
seen that Eα is a Banach space in which the IBVP
(5)-(7) is well-posed. Furthermore, we have the
continuous embeddings

Hα × Hα−2 ⊂ Eα ⊂ Hα−1 × Hα−3.

Notice that the first embedding is not dense,
hence Theorem 2 does not imply the approximate
controllability of (2)-(4) in Eα for α < 1/2.

Theorem 3. For any α < 4, the system (2)-(4) is
not approximately controllable in Eα.

Proof. In what follows, C will denote an absolute
constant (i.e., independent of any variable) which
may vary from line to line. Pick any number
α < 4, and assume that (2)-(4) is approximately
controllable in Eα. Consider the sequence (xn)n≥1

defined by

xn = (−1)nn3−α ∀n ≥ 1.

Next, set

a+n =
√
2(−1)n(nπ)−2(n2π2 − 4)−1/2xn

and a−n = 0 for each n ≥ 1, and define y0 and
y1 by (12)-(13), where cn and dn are defined by
(14)-(15). Clearly, (y0, y1) ∈ Eα. According to the
approximate controllability in Eα, for any given
ε > 0 we may find a function h ∈ H2

0 (0, T ) such
that the solution of (2)-(4) fulfills

||(y(T ), yt(T ))||Eα
< ε. (34)

Setting y(x, t) = z(x, t) + xh(t), we note that
(z(., 0), zt(., 0)) = (y0, y1), (z(., T ), zt(., T )) =
(y(., T ), yt(., T )) and that z fulfills ztt − zxx −
ztxx = −xh′′(t), z(0, t) = z(1, t) = 0. Therefore,
we infer from Duhamel formula that

(

z
zt

)

=:
∑

n≥1

(a+n (t)f
+
n + a−n (t)f

−
n )

=
∑

n≥1

(a+n eλ
+
n
tf+

n + a−n eλ
−

n
tf−n )

+

∫ t

0

(
∑

n≥1

b+n (s)e
λ+

n
(t−s)f+

n

+b−n (s)e
λ−

n
(t−s)f−n )ds

where the coefficients b±n are given by
(

0
−xh′′(s)

)

=
∑

n≥1

(b+n (s)f
+
n + b−n (s)f

−
n ).

A straightforward computation leads to



b+n (s) =
√
2(−1)n(nπ)−2((nπ)2 − 4)−1/2h′′(s)

=−b−n (s).

Using the fact that the vectors f±n and f±m are
orthogonal in Hα−1 × Hα−3 if n 6= m, and that
the vectors f+

n and f−n are linearly independent,
we readily conclude that

a±n (t) = a±n eλ±
n

t +

∫ t

0

b±n (s)e
λ±
n
(t−s)ds,

hence
d

dt
a±n = λ±n a±n + b±n .

Setting

xn(t) := 2−
1

2 (−1)n(nπ)2(n2π2 − 4)1/2a+n (t)

(hence xn(0) = xn), we arrive to

d

dt
xn = −(1 + ηn)xn + u(s)

where u(s) := h′′(s) and ηn := −1 − λ+
n =

(nπ)−2 + o(n−2). Since

xn(t) = xn(0)e
−(1+ηn)t +

∫ t

0

e(s−t)(1+ηn)u(s)ds,

we have that

|xn(t)| ≤ |xn(0)|e−(1+ηn)t +

∫ t

0

|u(s)|ds.

For any integer N , consider the function

ξN (t) =

2N
∑

n=1

(−1)nxn(t).

Notice that

ξN (0) =

2N
∑

n=1

n3−α ≥ KαN
4−α

for some constant Kα > 0, and that

d

dt
ξN (t) = −ξN (t) −

2N
∑

n=1

(−1)nηnxn(t).

Setting

hN (t) := −
2N
∑

n=1

(−1)nηnxn(t),

we have that

|hN (t)| ≤ C

(

2N
∑

n=1

n−2(|xn| + ||u||L1(0,T ))

)

≤ C

(

2N
∑

n=1

n1−α + ||u||L1(0,T )

)

≤ C(1 +
N2−α

2− α
+ ||u||L1(0,T )) =: AN .

(In AN the term N2−α/(2−α) has to be replaced
by lnN when α = 2.) With

ξN (t) = ξN (0)e
−t +

∫ t

0

es−thN (s)ds

we have
∣

∣ξN (t) − ξN (0)e
−t
∣

∣ ≤ AN .

Thus

|ξN (T )| ≥ ξN (0)e
−T − AN ≥ KαN

4−αe−T − AN .

On the other hand, using (34) we obtain that

|ξN (T )| ≤ C

2N
∑

n=1

n3|a+n (T )|

≤ C

(

2N
∑

n=1

n3−α

)

sup
n≥1

(nα|a+n (T )|)

≤ C

(

2N
∑

n=1

n3−α

)

||(y(T ), yt(T ))||Eα

≤ K ′
αN

4−αε

for some positive constant K ′
α. Thus we have for

any N > 0

KαN
4−αe−T − AN ≤ K ′

αN
4−αε.

Dividing in both sides by N4−α and letting N →
∞, we arrive to ε ≥ (Kα/K

′
α)e

−T , contradicting
the fact that ε may be chosen arbitrarily small.
Thus the system (2)-(4) is not approximately con-
trollable in Eα.

4. CONCLUSION

The paper was devoted to the analysis of the
control properties of the structurally damped 1D
wave equation on the interval I = (0, 1), the
control acting at the point x = 1. It has been
proved that the spectral controllability does not
hold, and that the approximate controllability
holds in Hα × Hα−2 for α < 1/2. The question
whether the approximate controllability still holds
for α ≥ 1/2 remains open.
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Abstract:
We study the boundary controllability of the nonlinear KdV equation with the
Dirichlet boundary conditions on an interval of length 2kπ. (It has been shown by
Rosier that the linearized control system around the origin is not controllable).
We prove that the nonlinear term gives the local controllability around the origin.

Keywords: Controllability, nonlinearity, Korteweg-de Vries.

1. INTRODUCTION

We consider the following control problem intro-
duced in Rosier (1997)

(KdV )

{

yt + yyx + yx + yxxx = 0,
y(t, 0) = y(t, L) = 0.

This equation models various physical phenomena
(see e.g. Whitham (1974)), in particular the prop-
agation of small amplitude long water waves in a
uniform channel. We are interested in the local
controllability of (KdV) around 0. It has been
proved in Rosier (1997) that the control system
(KdV) is locally controllable around 0 provided
that the length L of the spatial domain is not

critical, that is L /∈ {2π
√

j2+l2+jl

3 ; j, l ∈ N∗}. We

propose to study the exact controllability of the
nonlinear system around 0 for L = 2kπ, when
there exist one and only one solution (j, l) in N∗2

such that
√

j2+l2+jl

3 = k, namely, j = l = k.

Our main theorem is the following one.

Theorem 1. Let T > 0, there exists r1 > 0
such that, for every (y0, yT ) ∈ L2(0, 2kπ)2 with
‖y0‖L2(0,2kπ) < r1 and ‖yT ‖L2(0,2kπ) < r1, there

exists

y ∈ C([0, T ], L2(0, 2kπ)) ∩ L2(0, T,H1(0, 2kπ))

satisfying (KdV) with L = 2kπ such that

y(0, .) = y0 and y(T, .) = yT .

When L = 2kπ the linearized control system of
(KdV) around 0 is

(KdV L)

{

yt + yx + yxxx = 0,
y(t, 0) = y(t, 2kπ) = 0.

In our case, Rosier has proved in Rosier (1997)
that the linear system is not controllable. To
prove that the nonlinear term yyx gives the local
controllability, a first approach could be to use
the exact controllability of the nonlinear equation
around nontrivial stationary solutions proved in
Crépeau (2001) and to apply the method intro-
duced in Coron (2002) (that is, use the return
method Coron (1993, 1996) together with quasi-
static deformations; see also Coron and Trélat
(2004) for this last point). But, with this method,
it seems that one can only obtain the local exact
controllability for large time. To prove Theorem
1 we use a strategy that we briefly describe now.



We first point out that in this theorem we may
assume that y0 = 0: this follows easily from the
invariance of the control system (KdV) by the
change of variables τ = T − t, ξ = 2kπ − x. Then
we use the following result, due to Rosier, for the
linearized control system (KdVL).

Theorem 2. (Rosier, 1997, Remark 3.6). Let T >

0,H =
{

y ∈ L2(0, 2kπ);
∫ 2kπ

0
(1− cos(x))ydx = 0

}

.

For every (y0, yT ) ∈ H × H, there exists y ∈
C([0, T ], L2(0, 2kπ)) ∩ L2(0, T,H1(0, 2kπ)) satis-
fying (KdVL) such that y(0, .) = y0 and y(T, .) =
yT .

Then, as we shall prove in section 2, the nonlinear
term yyx allows us to “go” in the two directions
±(1 − cos(x)) which are missed by the linearized
control system (KdVL). Finally in section 3 we
derive Theorem 1 from section 2 by means of a
fixed point theorem.

2. MOTION IN THE ±(1− COS(X))
DIRECTIONS.

Let L > 0. We first recall some properties proved
in Rosier (1997) for the following linear KdV
Cauchy problem

yt + yx + yxxx = f, (2.1)

y(t, 0) = y(t, L) = 0, (2.2)

yx(t, L) = h(t), (2.3)

y(T0, x) = y0(x). (2.4)

We adopt the notations of Rosier (1997). Let A

denote the operator Aw = −w′′′ − w′ defined on
D(A) := {w ∈ H3(0, L); w(0) = w(L) = wx(L) =
0} and let (S(t)t≥0) denote the semi-group of
contractions associated with A (see (Rosier, 1997,
Proposition 3.1)). For T0 < T1, let

BT0,T1
:=

C([T0, T1], L
2(0, L))

⋂

L2(T0, T1,H
1(0, L))

endowed with the norm

‖y‖BT0,T1
= Max

{

‖y(t, .)‖L2(0,L); t ∈ [T0, T1]
}

+
(

∫ T1

T0

‖y(t, .)‖2H1(0,L)dt

)
1

2

.

(2.5)

Rosier has proved the following proposition.

Proposition 3. (Rosier, 1997, (Proofs of) Proposi-
tions 3.2 and 3.7). Let T0 < T1. There exist two
unique continuous linear maps ΨT0,T1

and δT0,T1

ΨT0,T1
:

L2(0, L)× L2(T0, T1)× L1(T0, T1, L
2(0, L))

−→ BT0,T1

(y0, h, f) 7−→ ΨT0,T1
(y0, h, f),

δT0,T1
:

L2(0, L)× L2(T0, T1)× L1(T0, T1, L
2(0, L))

−→ L2(T0, T1)
(y0, h, f) 7−→ δT0,T1

(y0, h, f),

such that, for y0 ∈ D(A), h ∈ C2([T0, T1]) with
h(T0) = 0 and f ∈ C1([T0, T1], L

2(0, L)),

ΨT0,T1
(y0, h, f) is the unique classical solution of

(2.1)-(2.2)-(2.3)-(2.4), and

δT0,T1
(y0, h, f)(t) = (ΨT0,T1

(y0, h, f))x(t, 0).

The function ΨT0,T1
(y0, h, f) is called the mild so-

lution of (2.1) to (2.4). For simplicity, we write B

forBT0,T1
and Ψ for ΨT0,T1

when (T0, T1) = (0, T ).
Note that the existence of the continuous linear
map δT0,T1

shows that, with y := ΨT0,T1
(y0, h, f),

“yx(t, 0)” makes sense in L2(T0, T1). For simplicity
we shall write yx(t, 0) instead of δT0,T1

(y0, h, f)(t).
Let f ∈ L2(T0, T1, L

2(0, L)). We say that y :
[T0, T1]× [0, L] → R is a mild solution of

yt + yx + yxxx = f,

y(t, 0) = y(t, L) = 0,

if there exists h ∈ L2(T0, T1) such that y is the
mild solution of (2.1) to (2.4) with y0(x) :=
y(T0, x). Note that it follows from the proof of
Theorem 2 given in Rosier (1997) that this theo-
rem holds for mild solutions of (KdVL).

Until the end of this section we assume that

L ∈ {2kπ; k ∈ N
∗} (2.6)

with k such that there exists one and only one

solution (j, l) in N
∗2 such that

√

j2+l2+jl

3 = k,

namely, j = l = k. The aim of this section is to
prove the following result.

Proposition 4. Let T > 0. There exists (u+, v+, w+)
in L2(0, T )3 and (u−, v−, w−) in L2(0, T )3 such
that, if α±, β±, γ± are the mild solutions of

α±t + α±x + α±xxx = 0, (2.7)

α±(t, 0) = α±(t, L) = 0, (2.8)

α±x(t, L) = u±(t), (2.9)

α±(0, x) = 0, (2.10)

(2.11)

of

β±t + β±x + β±xxx = −α±α±x, (2.12)

β±(t, 0) = β±(t, L) = 0, (2.13)

β±x(t, L) = v±(t), (2.14)

β±(0, x) = 0, (2.15)

and of

γ±t + γ±x + γ±xxx = −(α±β±)x, (2.16)

γ±(t, 0) = γ±(t, L) = 0, (2.17)

γ±x(t, L) = w±(t), (2.18)

γ±(0, x) = 0, (2.19)



then

α±(T, x) = 0, β±(T, x) = 0

and γ±(T, x) = ±(1− cos(x)).
(2.20)

Remark 5. It would have been quite natural to
look for the existence of (u+, v+) in L2(0, T )2 and
of (u−, v−) in L2(0, T )2 such that, if α±, β± are
the mild solutions of (2.7) to (2.15), then

α±(T, x) = 0 and β±(T, x) = ±(1− cos(x)).

The existence of such (u±, v±) would have also
implied Theorem 1. Unfortunately, such (u±, v±)
do not exist. Roughly speaking, an expansion to
the 2nd order is not sufficient. We must go to the
3rd order to get local controllability.

In order to prove Proposition 4, let us first remark
that (u+, v+, w+) satisfies the required properties
if and only if (u−, v−, w−) := (−u+, v+,−w+) sat-
isfies the required properties. Moreover, in order
to prove the existence of (u+, v+, w+) it suffices
to prove the existence of (u+, v+, w̃+) in L2(0, T )3

such that, if α+, β+ and γ̃+ are the mild solution
of (2.7) to (2.19) with γ+ := γ̃+ and w+ := w̃+,
then

α+(T, .) = 0, β+(T, .) = 0 and∫ L

0

γ̃+(T, x)(1− cos(x))dx = ‖1− cos(x)‖2L2(0,L).

Indeed, by Theorem 2 (for mild solutions), there
exists w∗+ in L2(0, T ) such that the mild solution
γ∗+ of

γ∗+t + γ∗+x + γ∗+xxx = 0,

γ∗+(t, 0) = γ∗+(t, L) = 0,

γ∗+x(t, L) = w∗+(t),

γ∗+(0, x) = 0,

satisfies

γ∗+(T, .) = −PH (γ̃+(T, .)) ,

where PH denotes the orthogonal projection on
H for the L2-scalar product. Then u+, v+ and
w+ := w̃++w∗+ satisfy the properties required by
Proposition 4 (with γ+ := γ̃+ + γ∗+). Similarly,
in order to prove the existence of (u−, v−, w−)
it suffices to prove the existence of (u−, v−, w̃−)
in L2(0, T )3 such that, if α−, β− and γ̃− are the
mild solution of (2.7) to (2.19) with γ− := γ̃− and
w− := w̃−, then

α−(T, .) = 0, β−(T, .) = 0 and
∫ L

0

γ−(T, x)(1−cos(x))dx = −‖1−cos(x)‖2L2(0,L).

From (2.16), (2.17) and (2.19), one gets, using
integration by parts (which can be easily justified
by density arguments),

∫ L

0

γ±(T, x)(1− cos(x))dx

=

∫ T

0

∫ L

0

γ±t(t, x)(1− cos(x))dxdt

=

∫ T

0

∫ L

0

(−γ±x − γ±xxx − (α±β±)x)

(1− cos(x))dxdt

=

∫ T

0

∫ L

0

α±β± sin(x)dxdt.

Hence Proposition 4 is a consequence of the fol-
lowing proposition.

Proposition 6. Let T > 0. There exists (u, v) in
L2(0, T )2 such that, if α, β are the mild solutions
of

αt + αx + αxxx = 0, (2.21)

α(t, 0) = α(t, L) = 0, (2.22)

αx(t, L) = u(t), (2.23)

α(0, x) = 0, (2.24)

(2.25)

and of

βt + βx + βxxx = −ααx, (2.26)

β(t, 0) = β(t, L) = 0, (2.27)

βx(t, L) = v(t), (2.28)

β(0, x) = 0, (2.29)

then

α(T, .) = 0, β(T, .) = 0, (2.30)∫ T

0

∫ L

0

αβ sin(x)dxdt 6= 0. (2.31)

We prove this proposition by absurd with the
construction of some special solutions of (2.21)-
(2.29). The proof is rather long and technical and
we omit it here, but it can be found in the detailed
article of this work, Coron and Crépeau (2004).

3. LOCAL EXACT CONTROLLABILITY.

In this section we still assume that (2.6) holds and
we end the proof of Theorem 1. As pointed out
in section 1, the invariance of the control system
(KdV) by the change of variables τ = T − t,
ξ = L − x allows us to prove only that, for every
T > 0, there exists r′1 > 0 such that, for every
yT ∈ L2(0, L) with ‖yT ‖L2(0,L) ≤ r′1, there exists
u ∈ L2(0, T ) such that the mild solution y of

yt + yx + yxxx + yyx = 0, (3.1)

y(t, 0) = y(t, L) = 0, (3.2)

yx(t, L) = u(t), (3.3)

y(0, x) = 0, (3.4)



satisfies y(T, .) = yT . Of course, by “y is a mild
solution of (3.1) to (3.4)”, we mean that y is in B
and is the mild solution of

yt + yx + yxxx = f,

y(t, 0) = y(t, L) = 0,

yx(t, L) = u(t),

y(0, x) = 0,

with f := −yyx (note that, if y is in B, then
yyx ∈ L1(0, T, L2(0, L)). We use similar natural
conventions until the end of this paper. It follows
from Proposition 7 and Proposition 8 below that,
for a given u ∈ L2(0, T ), there exists at most one
mild solution of (3.1) to (3.4) and that such a
solution exists if ‖u‖L2(0,T ) is small enough (the
smallness depending on T and L).

First, we give the result of existence of solutions to
the Cauchy problem for nonlinear KdV equation
(with small data).

Proposition 7. Let L > 0 and T > 0. There
exists ε > 0 and C > 0 such that, for every
f ∈ L1(0, T, L2(0, L)), every u ∈ L2(0, T ) and
every y0 ∈ L2(0, L) such that

‖f‖L1(L2) + ‖u‖L2(0,T ) + ‖y0‖L2(0,L) ≤ ε,

there exist at least a mild solution y of














yt + yx + yxxx + yyx = f,

y(t, 0) = y(t, L) = 0,
yx(t, L) = u(t),
y(0, x) = y0(x).

(3.5)

which satisfies

‖y‖B ≤ C(‖f‖L1(L2) + ‖u‖L2(0,T ) + ‖y0‖L2(0,L)).

We have also a result of uniqueness of the mild
solution of the Cauchy problem for our nonlinear
KdV equation, together with estimates of this
solution.

Proposition 8. Let T > 0 and let L > 0. There
exists C1 = C1(T,L) > 0 such that for every
(y0, z0) ∈ L2(0, L)2, for every (u, v) ∈ L2(0, T )2

and for every (f, g) ∈ L1(0, T, L2(0, L))2 for which
there exist mild solutions y and z of

yt + yx + yxxx + yyx = f, (3.6)

y(t, 0) = y(t, L) = 0, (3.7)

yx(t, L) = u(t), (3.8)

y(0, x) = y0(x), (3.9)

and of

zt + zx + zxxx + zzx = g, (3.10)

z(t, 0) = z(t, L) = 0, (3.11)

zx(t, L) = v(t), (3.12)

z(0, x) = z0(x), (3.13)

one has the following inequalities

∫ T

0

∫ L

0

(zx(t, x)− yx(t, x))
2dxdt ≤

(

∫ L

0

(z0 − y0)
2dx+ ‖u− v‖2L2(0,T )

+‖f − g‖2L1(L2)

)

e
C1(1+‖y‖

2

L2(H1)
+‖z‖2

L2(H1)
)
,

(3.14)

∫ L

0

(z(t, x)− y(t, x))2dx ≤

(

∫ L

0

(z0 − y0)
2dx+ ‖u− v‖2L2(0,T )

+‖f − g‖2L1(L2)

)

e
C1(1+‖y‖

2

L2(H1)
+‖z‖2

L2(H1)
)
,

∀t ∈ [0, T ]. (3.15)

By (the proof of) Theorem 2, there exists a
continuous linear map Γ

Γ : h ∈ H ⊂ L2(0, L) 7−→ Γ(h) ∈ L2(0, T ) (3.16)

such that the mild solution of

yt + yx + yxxx = 0,

y(t, 0) = y(t, L) = 0,

yx(t, L) = Γ(h)(t),

y(0, x) = 0,

satisfies y(T, x) = h(x). (One can take for Γ the
control obtained by means of HUM; see (Rosier,
1997, Remark 3.10).)

Let yT ∈ L2(0, L) be such that ‖yT ‖L2(0,L) ≤ r,
r > 0 to be chosen later, small enough so that
the maps introduced below are well defined in a
neighborhood of 0. Let TyT

denote the map,

TyT
: L2(0, L) −→ L2(0, L)

z 7−→ z + yT − F (G(z)),

with
F : L2(0, T ) −→ L2(0, L)

u 7−→ y(T, .),

where y is the mild solution of (3.1) to (3.4) and
G : L2(0, L) −→ L2(0, T ) is defined as follows. We
decompose z = PH(z) + ρ(z)(1− cos(x)). Then

(1) If ρ(z) ≥ 0, G(z) = Γ(PH(z)) + ρ1/3(z)u+ +
ρ2/3(z)v+ + ρ(z)w+,

(2) If ρ(z) < 0, G(z) = Γ(PH(z))+ |ρ(z)|1/3u−+
|ρ(z)|2/3v− + |ρ(z)|w−.

(The functions u±, v± and w± are fixed as in
Proposition 4.)

Clearly, each fixed point z∗ of TyT
satisfies

F (G(z∗)) = yT , and the control u = G(z∗) is a
solution to our problem.

Until the end of this paper, we adopt the following
notations:



• For z ∈ L2(0, T,H1(0, L)),

‖z‖L2(H1) = ‖z‖L2(0,T,H1(0,L)),

• For z ∈ L1(0, T, L2(0, L)),

‖z‖L1(L2) = ‖z‖L1(0,T,L2(0,L)),

• BR = {z ∈ L
2(0, L); ‖z‖L2(0,L) ≤ R}.

First of all we prove a lemma about the map T0.

Lemma 9. There exist C2 = C2(T,L) > 0 and
ε1 = ε1(T,L) > 0 such that, for every z ∈ Bε1 ,

‖T0z‖L2(0,L) ≤ C2‖z‖
4/3
L2(0,L). (3.17)

We now study PH ◦ TyT
on the space H. Let, for

ω ∈ R and yT ∈ L
2(0, L),

Π : H −→ H
g 7−→ g + PH(yT )− PH(F (G(g + ωe))),

where e(x) := 1 − cos(x) and ω ∈ R. (In fact
we should write, for example, ΠyT ,ω, but, for
simplicity we omit the indices yT and ω.) To prove
the existence of a fixed point for Π, we apply the
Banach fixed-point theorem to the restriction of
Π to the closed ball BR ∩ H, with ‖yT ‖L2(0,L) +
|ω| ≤ R/3 and where R > 0 small enough. Let
(yT , ω) ∈ L

2(0, L)×R be such that ‖yT ‖L2(0,L)+
|ω| ≤ R/3. Let g, h ∈ H ∩ BR. With (3.17), we
have, for R > 0 small enough,

‖Π(g)‖L2(0,L) ≤ ‖yT ‖L2(0,L)

+ ‖g + ωe− F (G(g + ωe))‖L2(0,L)

≤
R

3
+
2R

3
= R.

(3.18)

Hence, for R > 0 small enough,

Π (BR ∩H) ⊂ BR ∩H. (3.19)

Let us now look at the contracting property of Π.
Let ω ∈ R, g ∈ H and h ∈ H. Let (ũ, ṽ, w̃) =
(u+, v+, w+) if ω ≥ 0 and (ũ, ṽ, w̃) = (u−, v−, w−

)
if ω < 0. Let y, z, ỹ, z̃ be the mild solutions of the
following problems

yt + yx + yxxx + yyx = 0, (3.20)

y(t, 0) = y(t, L) = 0, (3.21)

yx(t, L) = Γ(g)(t) + |ω|
1/3ũ(t)

+ |ω|2/3ṽ(t) + |ω|w̃(t), (3.22)

y(0, x) = 0, (3.23)

zt + zx + zxxx + zzx = 0, (3.24)

z(t, 0) = z(t, L) = 0, (3.25)

zx(t, L) = Γ(h)(t) + ω
1/3ũ(t)

+ ω2/3ṽ(t) + ωw̃(t), (3.26)

z(0, x) = 0, (3.27)

ỹt + ỹx + ỹxxx = 0, (3.28)

ỹ(t, 0) = ỹ(t, L) = 0, (3.29)

ỹx(t, L) = Γ(g)(t), (3.30)

ỹ(0, x) = 0, (3.31)

z̃t + z̃x + z̃xxx = 0, (3.32)

z̃(t, 0) = z̃(t, L) = 0, (3.33)

z̃x(t, L) = Γ(h)(t), (3.34)

z̃(0, x) = 0. (3.35)

Let φ = y − ỹ and ψ = z − z̃. Let γ = φ− ψ. By
(3.20) to (3.35), γ is a mild solution of

γt + γx + γxxx + γγx = −(γa)x − b,

γ(t, 0) = γ(t, L) = 0,

γx(t, L) = 0,

γ(0, x) = 0,

with

a = ψ + ỹ,

b = (ψ(ỹ − z̃))x + ỹỹx − z̃z̃x.

Let us notice that there exists C3 = C3(T ) > 0
such that

‖b‖L1(L2) ≤ C3(‖z‖B + ‖ỹ‖B + ‖z̃‖B)‖ỹ − z̃‖B ,

‖(γa)x‖L1(L2) ≤ C3(‖z‖B + ‖z̃‖B + ‖ỹ‖B)‖γ‖B .

Then, using Proposition 7 and Proposition 8, we
get the existence of ε2 = ε2(T,L) > 0 such that,
for every (g, h, ω) ∈ H ×H × R with

‖g‖L2(0,L) ≤ ε2, ‖h‖L2(0,L) ≤ ε2, and |ω| ≤ ε2,

one has

‖γ‖B ≤
1

2
‖g − h‖L2(0,L). (3.36)

Note that (3.36) implies that

‖Π(g)−Π(h)‖L2(0,L) = ‖γ(T, ·)‖L2(0,L) (3.37)

≤ ‖γ‖B ≤
1

2
‖g − h‖L2(0,L). (3.38)

Therefore, by (3.19) and (3.38), there exists ε3 =
ε3(T,L) > 0 such that, for R ≤ ε3, for every
(yT , ω) ∈ L2(0, L) × R such that ‖yT ‖L2(0,L) +
|ω| ≤ R/3, Π has a unique fixed point h(yT , ω) in
BR ∩ H. Note that the map h is continuous in a
neighborhood of (0, 0) ∈ H × R.

We now apply the intermediate value theorem to
the application

τ : R −→ R

ω 7−→ ρ (ωe+ h(yT , ω) + yT
−F

(

G(h(yT , ω) + ωe))
)

.

By (3.17), there exists ε4 = ε4(T,L) > 0
such that, if ‖yT ‖L2(0,L) ≤ ε4

√

3L/8, then
τ([−ε4, ε4]) ⊂ [−ε4, ε4]. Hence, if ‖yT ‖L2(0,L) ≤

ε4
√

3L/8, we deduce, by the intermediate value
theorem, that τ has at least a fixed point ω0. We
have

F (G(h(yT , ω0) + ω0e)) = yT ,

which ends the proof of Theorem 1.



Let us remark that it follows from our proof of
Theorem 1 that the following theorem, slightly
more precise than Theorem 1, also holds.

Theorem 10. Let k be a positive integer and let
T > 0. There exist r1 > 0 and C > 0 such that, for
every (y0, yT ) ∈ L2(0, 2kπ)2 with ‖y0‖L2(0,2kπ) <

r1 and ‖yT ‖L2(0,2kπ) < r1, there exist y ∈
C([0, T ], L2(0, 2kπ))∩L2(0, T,H1(0, 2kπ)) satisfy-
ing, in the mild sense, (KdV) with L = 2kπ such
that

y(0, .) = y0, y(T, .) = yT ,

‖y‖B ≤

C
(

‖PH(y0)‖L2(0,2kπ)+

|

∫ 2kπ

0

(1− cos(x))y0dx|1/3

+ ‖PH(y1)‖L2(0,2kπ)+

|

∫ 2kπ

0

(1− cos(x))y1dx|1/3

)

.
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Abstract: This paper deals with the regulation problem of irrigation channels with
a multi-objective control. The control problem is stated as a boundary control of
hyperbolic Saint-Venant Partial Differential Equations (pde). Regulation is done
around an equilibrium state and spatial dependency of the operator parameters is
taken into account in the linearized model. In this paper previous stability results
are generalized using perturbation theory in infinite dimensional Hilbert space,
including more general hyperbolic systems. The Internal Model Boundary Control
(IMBC) used in a direct approach allows to make a control parameters synthesis
by semigroup conservation properties, like the exponential stability. Simulation
and experimental results from Valence experimental micro-channel show that this
approach shoud be suitable for more realistic situations.

Keywords: Shallow water equations, infinite dimensional perturbation theory,
stabilization, multivariable internal model boundary control, hyperbolic PDE.

1. INTRODUCTION

Open surface hydraulic systems were studied by
different approaches (Georges, 2002; Malaterre,
2003) in modelling or control for mono and mul-
tireaches. The usual model is the Saint-Venant
equations with regard to the control. In this area,
two approaches are currently used: indirect ap-
proach in finite dimension (the pde’s are approx-
imated) and the direct one in infinite dimension
(methods and tools directly relate to pde’s).

1 Thanks to the GDR-MACS for the financial assistance
granted to this research project.
2 This paper presents research results of the Belgian
Programme on Interuniversity Attraction Poles, initiated
by the Belgian Federal Science Policy Office. The scientific
responsibility rests with its author(s).

This paper belongs to the second approach, using
directly partial differential equations for control
synthesis (Pohjolainen, 1982; Pohjolainen, 1985;
Touré, 2002). The internal model boundary con-
trol is investigated for control synthesis for multi-
reach regulation. The spatial dependency of vari-
ables is taken into account. Conservation proper-
ties of semigroup stability give the control syn-
thesis, using some previous perturbations theory
results (Kato, 1966; Pohjolainen, 1982; Pohjo-
lainen, 1985).
In the first section, the non linear model for a
rectangular channel is given in order to define
a linear regulation model around an equilibrium
state. The equations include lateral flow pertur-
bations. The regulation problem is then defined
for a channel composed of reaches in cascade.



Then, the control synthesis is studied. In the third
section, the boundary control model is well posed
to set up the essential properties of the open loop
system to be conserved. Previous stability results
are developed in order to consider a more general
class of hyperbolic operators. In the fourth part,
the closed loop system, considered as a structural
perturbation of the open loop one, is associated
to a particular form of the internal model control
structure (Touré, 2002). The internal control law
is taken as a multivariable integral controller or
a proportional integral one. Then, synthesis para-
meters obtained by a direct application of some
previous results (Kato, 1966; Pohjolainen, 1982)
are recalled. In the last part, lateral flow simula-
tions and manual perturbation experimentations
are given in mono and multireaches case for water
level control.

2. THE CANNAL REGULATION PROBLEM:
A BOUNDARY CONTROL SYSTEM

2.1 Non Linear Multireach Model

The hydraulic system considered in this paper is a
cascade of p reaches separated by underflow gates
and ended with an overflow as represented in Fig.
1. Considering a reach, e.g. ith one, the following
notations are used:

• Li is the reach length,
• Qi(x, t) denotes the water-flow, x ∈]0i, Li[,
t > 0, Qi ∈ L2,

• Zi(x, t) is the water level, x ∈]0i, Li[, t > 0,
Zi ∈ L2,

• Ui(t) is the opening of the (i)
th gate.

Fig. 1. Channel scheme: multireaches in cascade

The shallow water non linear pde for a rectangular
channel can be written as follows for a given reach
(Georges, 2002; Malaterre, 2003):

∂tZi = −∂x
Qi
b
+ ql,i(t) (1)

∂tQi = −∂x(
Q2
i

bZi
+
1

2
gbZ2i ) + fi(x, t) (2)

Zi(x, 0) = Z0,i(x), Qi(x, 0) = Q0,i(x), (3)

where b is the channel width, g the gravity con-
stant. The function

fi(x, t) = gbZi(Ii − Ji) + kql,i
Qi
bZi

stands for friction perturbations, where Ii is the
bottom slope, Ji the slope’s friction expressed
with the Manning-Strickler expression and Ri the
hydraulic radius:

Ji =
n2Q2

i

(bZi)2R
4/3
i

, Ri =
bZi

b+ 2Zi
. (4)

The function ql,i(t) represents a lateral flow by
unit length (m2.s−1), ql,i > 0 for supply (rain),
negative for loss (evaporation), k = 0 if ql,i > 0
and k = 1 if ql,i < 0.
Each underflow gates imposes a boundary condi-
tion of the form:

Qi(0i, t) = Ui(t)Ψ1,i(Zi(0i, t)), (5)

with Ψ1,i(Z(x, t)) = Ki

√

2g(zup − Z(x, t)), Z <
zup and zup is the water level before the upstream
gate. Ki is the product of (i)

th gate (or overflow)
width and water-flow coefficient of the gate.
In addition for the last reach, the downstream
boundary condition is:

Z(Lp, t) = Ψ2,p(Q(Lp, t)), (6)

with Ψ2,p(Q(x, t)) = (Q(x,t)
2

2gK2
p

)1/3 + hs, hs is the

overflow height.

The control problem is the stabilization of the
height and/or the water-flow, around an equi-
librium behavior for each considered reach. The
output to be controlled in this paper is the water
level at each downstream.

2.2 A Regulation Model

Let (ze(x), qe(x)) be an equilibrium state for a
given reach. A linearized model with variable coef-
ficients can be involved to describe the variations
around this equilibrium behavior.
This equilibrium state of the system satisfies the
following equations, when ql = 0:

∂xze =
gbze(I + Je +

4
3Je

1
1+2ze/b

)

gbze − q2e/bz
2
e

∂xqe = 0 (7)

Considering one equilibrium state for the ith

reach, the linearized system around an equilib-

rium state (ze,i(x), qe,i) is, ξi =
(

zi qi
)t

∈ Xi =
L2(0i, Li)× L2(0i, Li):

∂tξi(t) = (∂tzi(t) ∂tqi(t))
t

=A1,i(x)∂xξi(x) +A2,i(x)ξi(x) (8)

ξi(x, 0) = ξ0,i(x) (9)

Boundary limits for an upstream gate are:

qi(0i, t)− ui−1,e∂zΨ1(ze,i(0i))zi(0i, t)

= ui−1(t)Ψ1(ze,i(0i)) (10)



- for a downstream overflow:

zp(Lp, t)− ∂qΨ2(qe)qp(Lp, t) = 0 (11)

where ui−1,e, ui,e are respectively the ith gate up-
stream and downstream equilibrium state open-
ing. ui−1, ui are the opening variations at up-
stream and downstream. Moreover

A1,i(x) =

(

0 −a1,i(x)
−a2,i(x) −a3,i(x)

)

, (12)

A2,i(x) =

(

0 0
a4,i(x) a5,i(x)

)

, (13)

with a1,i(x) =
1
b , a2,i(x) = gbze,i(x)−

q2e
bz2

e,i
(x)

,

a5,i(x) = −
2gbJe,i(x)ze,i(x)

qe
,a3,i(x) =

2qe

bze,i(x)
,

a4,i(x) = gb(I + Je,i(x) +
4

3
Je,i(x)

1+2ze,i(x)/b
).

The overall linearized system around an equilib-
rium state is then written as:

∂tξ(t) =Ae(x)∂xξ(x) +Be(x)ξ(x) (14)

ξ(x, 0) = ξ0(x) (15)

F (ξ, ue) =G(u(t)), (16)

where ξ = (z1 q1 z2 q2 . . . zp qp)
t ∈ X and

X =
[
∏p
i=1 L

2(0i, Li)× L2(0i, Li)
]

. Equation
(16) represents the boundary conditions (10)-(11).
Operators Ae(x) and Be(x) are the generalization
of operators A1,i(x) and A2,i(x) respectively:

Ae = diag(A1,i)1≤i≤p, Be = diag(A2,i)1≤i≤p.(17)

Output variable y is the water levels variation
around the equilibrium behaviour at each xj =
Lj, 1 ≤ j ≤ p,

y(t) = Cξ(t) ∈ Y = R
p, t ≥ 0

where C is a bounded operator (representation of
the measurement):

Cξ = (diag(Ci))1≤i≤pξdx, µ > 0,

andCiξ =
(

1
2µ

∫ xi+µ

xi−µ
1xi±µ 0

)

ξdx, µ > 0,

with 1xi±µ(x) = 1[xi−µ,xi+µ](x) the function that
equals 1 if x ∈ [xi − µ, xi + µ], else 0, and µ > 0.

The control is given by u(t) ∈ U = R
p, u ∈

Cα([0,∞], U) (Regularity coefficient is generally
taken as α = 2.). The control problem is to find
the variations of the control action u(t) such that
the water levels at each downstream reach x = Li
(i.e. the output variables) track reference signals
ri(t), different for each reach.
The reference signal ri(t) is chosen, for all cases,
constant or no persistent (a step stable response
of a non oscillatory system).

3. OPEN LOOP CHARACTERIZATION

The system is first written as a classical boundary
control system. Associated to the internal model
structure, the closed loop system is described as
an open loop perturbation.

The control problem can be expressed as a sta-
bilization problem around an equilibrium state,
defined e.g. as ∂tξ = 0. The linearized boundary
control model can be formulated as follows:

∂tξ(t) =Ad(x)ξ(t), x ∈ Ω, t > 0 (18)

Fbξ(t) =Bbu(t), on Γ = ∂Ω, t > 0 (19)

ξ(x, 0) = ξ0(x) (20)

where Ad(x) = Ae(x)∂x +Be(x) is an hyperbolic
operator.

3.1 The Abstract Boundary Control System

The abstract boundary control system is obtained
by a change of variables and operators (Fattorini,
1968) and the system (18)-(20) becomes:

.
ϕ (t) =Aϕ(t)−D

.
u (t), ϕ(t) ∈ D(A), t > 0

ϕ(0) = ξ(0)−Du(0) (21)

where: ϕ(t) = ξ(t)−Du(t) ∀t ≥ 0. (22)

D is a bounded operator from U → X , such that:

Du ∈ D(Ad) and Fb(Du(t)) = Bbu(t) ∀u(t) ∈ U

and Im(D) ⊂ Ker(Ad)), without lost of general-
ity. SoD(A) = {ϕ ∈ D(Ad) : Fbϕ = 0} = D(Ad)∩
Ker(Fb) and Aϕ = Adϕ, ∀ϕ ∈ D(A) on X .

The classical solution of system (21) is:

ϕ(t) = TA(t)ϕ0 −

∫ t

0

TA(t− s)D
.
u (s)ds

where
.
u is assumed to be a continuous time

function and A is an infinitesimal generator of a
C0-semigroup TA(t) such that the solution ϕ(t) =
TA(t)ϕ0 exists and belongs to D(A).

In this order, A has to be a closed, densely
defined operator, generator of a C0-semigroup.
Previous results have been given to characterize
those properties and the stability of the system,
for ql = 0 in (1)-(3) and (14)-(16). The aim is
to generalize those results to a larger class of
operators.

3.2 Open Loop Properties

The system is well defined i.e. it is a densely

defined and closed operator (Dos Santos, 2005a;
Dos Santos, 2004).



3.2.1. Well defined operator

Previous results give:

Proposition 1. (Dos Santos, 2004) Open loop sys-
tem is well posed, i.e. generator of a C0-semigroup
if Ae(x) and Be(x) are bounded and Ae(x) in-
versible, ∀x ∈ (0, L).

This proposition can be generelized under hypoth-
esis:

(H)

- Be(x) is Ae(x)∂x-bounded
with b < 1 in Hilbert spaces,

and with b < 1/2 in Banach spaces,
- Ae is inversible and densely defined,

and A−1
e is bounded.

Recall that A is T -bounded if it exits two constant
a and b such that:

‖ Au ‖≤ a ‖ u ‖ +b ‖ Tu ‖, u ∈ D(T ).

The second hypothesis allows to get that Ae(x)∂x
is a closed and densely defined operator within the
same proof (Dos Santos, 2004). Its inverse is still
an integral operator, e.g. for ξ(0) = 0:

(Ae(x)∂x)
−1y =

∫ x

0

A−1
e (s)y(s)ds.

For all cases, it is proved that under hypothesis
(H): ‖(Ae(x)∂x)

−1y − z‖L2(0,L) ≤ ε→ 0.

Then, Ae(x)∂x +Be(x) is a closed operator using
the following theorem:

Theorem 2. Let A and T two operators in X such
that A is T -bounded with b < 1, then:
S = T +A is closed if and even if T is closed.

Thus, Ae(x)∂x + Be(x) is a generator of a C0-
semigroup as it is still a bounded and inversible
transformation of the operator ∂x.

3.2.2. Open Loop Stability

Recall that the open loop system, without control
is:

ϕ̇(t) = Aϕ(t) t > 0, x ∈ Ω

ϕ(0) = ϕ0 ∈ D(A(x))

and ϕ(t) = TA(t)ϕ0 is the open loop state, where
TA(t) is the C0-semigroup generated by A(x) =
Ae(x)∂x +Be(x).
Its stability demonstration uses both following
propositions:

Proposition 3. (Dos Santos, 2005a) Let assume
that <e(σ(Ae(x)∂x)) < 0, ∀x ∈ Ω.
Then, operator Ae(x)∂x is generator of a C0-
semigroup exponentially stable.
Moreover, 〈Ae(x)∂xϕ,ϕ〉 ≤ 0, ∀ϕ ∈ D(Ae(x)∂x).

Proposition 4. (Dos Santos, 2005a) Let consider
A(x) = Ae(x)∂x +Be(x), x ∈ Ω such thatAe(x)∂x

verifies <e(σ(Ae(x)∂x)) < 0 and Be(x) bounded,
i.e. Be(x) ∈ L(X), ∀x ∈ Ω. Assume that:

i) Be(x) is semi-definite negative,
ii) 0 ∈ ρ(A(x)) = ρ(Ae(x)∂x +Be(x)).

Then, A(x) is generator of a C0-semigroup expo-
nentially stable.

The operator of the open loop system, A(x) =
Ae(x)∂x + Be(x) in (14)-(16), is generator of a
C0-semigroup exponentially stable. This operator
verifies propositions 3 and 4 using fluvial condition

ze(x) >
3

√

q2e/(gb
2) = zc, ∀x ∈ Ω. (23)

In the same way, proposition 4 can be generalized
under hypothesis (H) if proposition 3 is verified.
Proof uses definition 5 and proposition 6.

Definition 5. (Kato, 1966) The set of all operators
T satisfying the conditions:

i) T is a closed operator with domain D(T ) dense
in X ,

ii) Let the semi-infinite interval ξ > β belongs to
the resolvent set of −T and let:

‖ (T+ξ)−k ‖≤M(ξ−β)−k, ξ > β, k = 1, 2, 3, ...

will be denoted by G(M,β).
−T is the infinitesimal generator of a contraction
semigroup if and only if T ∈ G(1, 0).

Proposition 6. (Kato, 1966) Let T and A belong
to G(1, 0) and let A be relatively bounded with
respect to T with T − bound < 1/2 (b < 1 for a
Hilbert space). Then T +A ∈ G(1, 0) too.

The control objective can be now achieved by a
simple control law employed in the IMBC control
structure.

4. THE IMBC STRUCTURE: CLOSED LOOP

The Internal Model Boundary Control (IMBC)
structure is an extension of the classical IMC
structure with an additional internal feedback on
the model (Fig. 2).

ql(t)

Fig. 2. IMBC structure

The tracking model Mr and the low pass filter
model Mf are stable systems of finite dimension



(states xr(t) and xf (t) are associated to matrices
Ar, Af resp.).

A multivariable proportional-integral feedback
control is chosen for the control law:

u(t) = αiκi

∫

ε(s)ds+ αpκpε(t)

= αiκiζ(t) + αpκp
.

ζ (t), (24)

with
.

ζ (t) = ε(t).

Moreover, ε(t) = yd(t)−y(t) acts like an integrator
compared to the ”real” measured output, indeed:

ε(t) = r(t)− y(t)− yf (t).

The exogeneous signals r(t) and ql(t) are supposed
to be no persistent, i.e.: ∀ε > 0, ∃ t0 > 0 :
||r(t) − r(t0)|| < ε, ∀t > t0, idem for ql(t).

4.1 Closed Loop State Space

Let xa(t) = (ϕ(t) ζ(t))t the new state space then,

{ .
xa (t) = A(α)xa(t) +Bv(t)
xa(0) = xa0

(25)

As the extended IMBC state space Xa(t) =
(

xr(t) xf (t) xa(t)
)t
does not improved the com-

prehension and has yet been discussed (Dos San-
tos, 2005a), we only focus on (25).

A(α) can be viewed as a bounded perturbation of
A:

A(α) = Ae(α) + αiA
(1)
e (α) + α2iA

(2)
e (α), (26)

and where Ae(α) =

(

(I +Dκ̃pC)A 0
−(I − CDWκ̃p)C 0

)

contains open loop operator A.
W is the left pseudo inverse of (I + αpκpCD),
such that W (I + αpκpCD) = I and κ̃p = αpκp,

κ̃i = αiκi, α = (αi, αp). A
(1)
e and A

(2)
e are

bounded operators as C, D, CD.
Following the stability of both tracking and filter
models (Mr and Mf), matrices Ar and Af can be
choosen as stable Hurwitz ones. So the stability of
the global system depends on the stability study
of A(α) in (26).

4.2 Closed Loop Stability Results

Now the perturbation theory, from Kato’s works
(Kato, 1966), for control problem of infinite
dimensional system (Pohjolainen, 1982; Pohjo-
lainen, 1985) can be used.
For the multireach operator, assumptions needed
to preserve the open loop stability for the closed
loop one are (Dos Santos, 2005b):

- rank(CD) = p, rank(CDW ) = p,
- κp = [CD]‡ (‡ is the right pseudo inverse),
- κi = −θ[CD]

‡, 0 < θ < 1, Re(σ(CDWκi)) < 0,
- 0 ≤ αi < αi,max = minλ∈Γ(a‖R(λ;Ae)‖ + 1)−1,
- (I + αpκpCD) is inversible and its inverse is
W = k(I − αpκpCD), with k = (1 − α2p)

−1 and
a = ‖DκpC‖, such that:
0 ≤ αp < αp,max = (supλ∈Γ a‖R(λ;A)‖)

−1.

5. SIMULATION AND EXPERIMENTAL
RESULTS

Simulations gave satisfactory results for a single
reach (cf. (Dos Santos, 2004)) and for the multi-
reach cases, too. Then, the proposed control law
was implemented on the Valence (France) exper-
imental channel. This pilot channel is an experi-
mental process (length=8 m, width=0.1 m) with a
rectangular basis, a variable slope and with three
gates (three reaches and an overflow). Frictions
are weak and the fluvial hypothesis (23) is ensured
thanks to the variable slope.

5.1 Simulation: Rain and Infiltrations

Mono and multireach cases are treated for infil-
trations and rain effects respectively.

Infiltrations: Initials conditions are:
- flow: Qe = 2dm3.s−1,
- gates opening: u1 = 0.2045, u2 = 0.1983,
- reference to track: r1 = 1.2918dm.
The aim is to compare the behaviour of the sys-
tem, accounting for lateral flows (as infiltrations
here, ql = 2.10−3dm2.s−1 by unit length e.g.), and
of the linearized model with ql = 0 (Fig. 3).
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Fig. 3. Simulation results with infiltration

Despite perturbations, the system tracks the de-
sired reference.

Rain: Initials conditions are:
- flow: Qe = 2dm3.s−1, - gates opening: u1 =
0.29, u2 = 0.23, u3 = 0.24dm.

The reference is to stay at equilibrium in both
reaches: r1 = 1.44dm and r2 = 0.87dm. Rain flow
is given in Fig. 4, it is equivalent to +3.4mm.h−1

in the first reach and +2.6mm.h−1 in the second
one (it represents real quantities). The closed loop
system is clearly robust, and efficiently tracks the
level references despite rain perturbations.
Like those simulations, all simulations results ob-
tained have shown the suitability of this approach,
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Fig. 4. Simulation results with rain: water levels,
gate controls & rain profiles

so experimentations have been realized on the
experimental micro-channel.

5.2 Experimentation: two reaches

In this experimentation, a multireach case is real-
ized, and for which manual perturbations are done
in the first reach at t = 440 (repercussions can also
be seen in the second reach). Initials conditions for
the second experimentation (two reaches) are:

qe = 1dm3.s−1, ze1(0) = 1.02dm, ze2(0) = 0.82dm.

Tracking reference is for the first reach r0 =
1.32dm: r(t) = 0.88 ∗ r0 for 0s ≤ t ≤ 50s

r(t) = r0 for t ≥ 72s.
Second reach, length equals 3.5dm and rL =
0.88dm: r(t) = rLdm for 0s ≤ t ≤ 75 and t ≥ 265

r(t) = 1.125 ∗ rL for 85s ≤ t ≤ 190
r(t) = 0.88 ∗ rL for 215s ≤ t ≤ 245 .
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Fig. 5. Water levels & gate opening

All the experimental results show the suitability of
this approach. Indeed, given an interval of ±20%
around a given equilibrium state, results are still
very satisfactory. However, if the desired variation
is higher than ±20%, the error between the model
and the system increases dramatically.

6. CONCLUSION

The direct approach, which has been developped
in this work, seems to be suitable for the regu-
lation of channel irrigation. In addition the main
previous theorical results on open loop stability
have been generalized to more general hyperbolic
systems (18)-(20). They are applied to multireach
systems with lateral flow phenomena, with succes
as shown by simulation results. They are actually
developped with a view to irrigation channel net-
works. Simulation and experimentation results are
encouraging for network applications.
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239, 54506 Vandœuvre-lès-Nancy Cedex, France��� LAAS-CNRS, 7 avenue du colonel Roche,
31077 Toulouse, France

Abstract: We consider a large bimorph mirror which is composed of three layers:

a purely elastic layer, a layer equipped with a distribution of sensor piezoelectric

inclusions, and a layer equipped with a distribution of actuator piezoelectric inclusions.

Such a device is modelized by a system of two coupled PDE, the first one involving

a second-order operator without time derivative, and the second one being a plate

equation. The controllability properties are investigated for both the 1D model and the

2D model, and an output feedback law is proposed for the stabilization of the 1D model.

Copyright c
�

2006IFAC

Keywords: Bimorph mirror, beam equation, plate equation, controllability, output

feedback stabilization.

1. INTRODUCTION

The general problem under study in this paper is the

control and the stabilization of a bimorph mirror. Such

a structure is an active multi-layered flexible plate (see

Figure 1):� a layer is assumed to be a purely flexible plate

(this is the mirror);� another layer is equipped with a distribution of

piezoelectric inclusions, which are used as actu-
ators;� the last layer is also equipped with a distribution

of piezoelectric inclusions, which are used as

sensors.

Such a device is used in Adaptive Optics with large

ground-based telescopes. Recall that the main goal

of Adaptive Optics is to compensate in real time for

random wavefront disturbances.

This kind of flexible structure has been investigated in

(Lenczner and Prieur, 2006). A PDE-type model has

been obtained by making the characteristic dimension

of the heterogeneities tend to zero in elastic plates

including small inclusions. Two-scale convergence for

homogenization as in (Allaire, 1992) was used. The

goal of the present paper is to investigate the control-

lability and the stabilization properties of that model.

There exists a wide literature for the controllability

and the stabilization of flexible plates equipped with

piezoelectric inclusions. See e.g. (Tucsnak, 1996; Cré-

peau and Prieur, to appear) where controllability re-

sults for the Bernoulli Euler equation are obtained by

using the Hilbert Uniqueness Method and Diophan-

tine approximations. Stabilization results for the beam

equation are given in (Ammari and Tucsnak, 2000;

elastic layer with 
sensor inclusions

elastic layer with
actuator inclusions

purely elastic layer

Fig. 1. An active bimorph mirror



Ammari et al., 2001), (Liu and Zheng, 1999) and

(Le Gall et al., 2006).

An important feature of the model considered here

is that there are two coupled PDE of very different

nature: the first one is defined by a second-order

operator without any time derivative, and the second

one is a Euler-Bernoulli equation.

The model under consideration will be investigated in

1D and in 2D.

1D MODEL (BEAM)���������� ���������
� ∂2

xu � � s∂xϕ � a∂2
xϕ �

∂2
t w � ∂4

xw � w � ∂2
xϕ �

w � 0 � t ��� w � L � t ��� ∂xw � 0 � t �]� ∂xw � L � t ��� 0 �
u � 0 � t ��� u � L � t �7� 0 �

In above system, x ��� 0 � L � is the spatial coordinate

and t is time, w stands for the transverse deflection

of the beam, u is the scalar longitudinal displacement,

and ϕ is the voltage applied to the inclusions of the

actuator layer. We shall assume that a � 0 and that s is

any real number.

2D MODEL (PLATE)

� � λ � µ � ∂1div U � µ∆u1� � sβ∂βϕ � aγδ∂2
γδϕ � (1)� � λ � µ � ∂2div U � µ∆u2� � tβ∂βϕ � bγδ∂2
γδϕ � (2)

∂2
t w � ∆2w � w � gαβ∂2

αβϕ � (3)

w � ∂w
∂n � 0 on ∂Ω � (4)

u1 � u2 � 0 on Ω � (5)

In above system, x ��� x1 � x2 �i� Ω, where Ω ��� 2 is a

Lipschitzian bounded open set, ∂1ϕ � ∂ϕ � ∂x1, ∂2ϕ �
∂ϕ � ∂x2, U ��� u1 � u2 � stands for the 2D-longitudinal

displacement, div U � ∂1u1 � ∂2u2, and Einstein’s

convention of summation for repeated indices has

been adopted. As usual, λ � 0 and µ � 0 stand for

the Lame coefficients. We shall assume that the 2 �
2 matrices A ��� aγδ � , B ��� bγδ � , and G ��� gαβ � are

positive definite.

The paper is organized as follows. In Section 2, we

prove the controllability of our model by treating

separately the 1D model and the 2D model. In Section

3 we investigate the stabilization of the 1D model by

identifying a compatibility condition.

2. CONTROLLABILITY PROPERTIES

2.1 Toy problem

We first investigate the possibility of achieving the

exact controllability in finite time. The main feature

of the control problem under study is the fact that we

have to control the solution u (resp U ��� u1 � u2 � ) of

an elliptic equation, in addition of the solution w of

the beam (resp. plate) equation. In a certain sense, u
or U may be viewed as an “output” depending only

on the input ϕ. The consideration of the following

“toy problem” is quite illuminating. Consider three

matrices A ��� n   n, B ��� n   m and C ��� k   m and the

following controlled linear system in finite dimension:¡
ẋ � Ax � Bu �
y � Cu � (6)

We shall say that � x � y � is controllable in time T if

for all pairs � x0 � y0 � , � xT � yT � in � n �¢� k one may

find a control input u � C �+£ 0 � T ¤ ; � m � and a solution� x � t �¥� y � t �+� of (6) connecting � x0 � y0 � to � xT � yT � . Then

the following result holds.

Proposition 1. � x � y � is controllable in time T for any

T � 0 if and only if the pair of matrices � A � B � is

controllable and the matrix C is onto.

Proof. The sense ¦ is obvious. Conversely, assume

that the pair � A � B � is controllable and that the matrix

C is onto (i.e., the map u �§� m ¨© Cu �§� k is onto). Let

two pairs � x0 � y0 � and � xT � yT � be given in � n �§� k. In

a first step we construct a trajectory � x̄ � ȳ � associated

with a control ū such that ȳ � 0 �7� y0 and ȳ � T �{� yT . To

do this we pick some vectors u0 and uT such that y0 �
Cu0 and yT � CuT , and we set ū � t � : �ª� 1 � t � T � u0 �� t � T � uT . Let x̄ denote the solution of ˙̄x � Ax̄ � Bū,

x̄ � 0 �{� 0, and let ȳ � t �{� Cū � t � . Performing the change

of variables x̂ � x � x̄, û � u � ū, and ŷ � y � ȳ, we

notice that the pair � x̂ � ŷ � has to satisfy the system¡
˙̂x � Ax̂ � Bû �
ŷ � Cû �

the constraints being now Cû � 0 �{� Cû � T ��� 0, x̂ � 0 �{�
x0
� x̄ � 0 � , and x̂ � T ��� xT � x̄ � T � . The pair � A � B � be-

ing controllable, it is well known that we may find a

control input u � C∞
0 � 0 � T � steering x̂ from x0

� x̄ � 0 � to

xT � x̄ � T � .
Roughly speaking, to design the control we first con-

struct a “static” control allowing to connect y0 to yT ,

and next we add to it a dynamical correction allowing

to connect x0 to xT . The point is that this correction

may be chosen with the additional constraint that it

vanishes at both extremities of £ 0 � T ¤ . We shall see in

the next section that this method works as well for the

control of the bimorph mirror.



2.2 Controllability of the 1D system.

Let us introduce the spaces V « H2 ¬ 0  L ®]¯ H1
0
¬ 0  L ® ,

Ṽ « H2
0
¬ 0  L ® , H « L2 ¬ 0  L ® and the operator ° ¬ w  v ®�«¬ v )± w ² 4 ³ ± w ® with domain ´ ¬ °µ®:« ¬ H4 ¬ 0  L ®¶¯

H2
0
¬ 0  L ®+®i· H2

0
¬ 0  L ®i¸ Ṽ · H. Then we have the fol-

lowing result.

Theorem 1. Each pair ¬)¬ w0  w1 ®¥ u0 ® , ¬+¬ w0 ¹ T  w1 ¹ T ®¥
uT ® of triplets of functions in ´ ¬ °µ®i· V may be con-

nected by a trajectory associated with a control func-

tion ϕ º C ¬)» 0  T ¼ ; H2 ¬ 0  L ®+® .
Proof: As the system is time-reversible, we may

assume without loss of generality that w0 ¹ T « w1 ¹ T «
uT « 0. Pick any triplet ¬)¬ w0  w1 ®½ u0 ® in ´ ¬ °µ®i· V .

As a ¾« 0, there exists a unique solution ϕ0 º V to the

elliptic problem¿
a∂2

xϕ0 ± s∂xϕ0 «/± ∂2
xu0 

ϕ0 ¬ 0 ®{« ϕ0 ¬ L ®y« 0 À
Let us set ϕ̄ ¬ t ®V« ¬ 1 ± t Á T ® ϕ0 and let ¬ w̄  ū ® be the

corresponding solution of the systemÂÃÃÃÃÃÃÃÃÃÃÃÃÄ ÃÃÃÃÃÃÃÃÃÃÃÃÅ
± ∂2

x ū «0± s∂xϕ̄ Æ a∂2
xϕ̄ 

∂2
t w̄ Æ ∂4

xw̄ Æ w̄ « ∂2
xϕ̄ 

w̄ ¬ 0  t ®�« w̄ ¬ L  t ®�« ∂xw̄ ¬ 0  t ®7« ∂xw̄ ¬ L  t ®7« 0 
ū ¬ 0  t ®�« ū ¬ L  t ®7« 0 
w̄ ¬ x  0 ®{« ∂t w̄ ¬ x  0 ®{« 0 À

Notice that ū ¬ x  0 ®]« u0 ¬ x ® and ū ¬ x  T ®�« 0, for ϕ̄ ¬ 0 ®7«
ϕ0 and ϕ̄ ¬ T ®Ç« 0. As ∂2

xϕ̄ º C1 ¬+» 0  T ¼ ; H ® , we in-

fer from a classical result in semigroup theory (see

e.g. (Cazenave and Haraux, 1998)) that ¬ w̄  ∂tw̄ ®Èº
C ¬+» 0  T ¼ ; ´ ¬ °µ®)®�¯ C1 ¬+» 0  T ¼+ Ṽ · H ® . Next, we perform

a change of unknown functions. We set ŵ « w ± w̄,

û « u ± ū, and ϕ̂ « ϕ ± ϕ̄. Then the pair ¬ ŵ  û ® solvesÂÃÃÃÃÃÃÃÃÃÃÃÃÄ ÃÃÃÃÃÃÃÃÃÃÃÃÅ
± ∂2

x û «0± s∂xϕ̂ Æ a∂2
xϕ̂ 

∂2
t ŵ Æ ∂4

xŵ Æ ŵ « ∂2
xϕ̂ 

ŵ ¬ 0  t ®�« ŵ ¬ L  t ®�« ∂xŵ ¬ 0  t ®7« ∂xŵ ¬ L  t ®7« 0 
û ¬ 0  t ®�« û ¬ L  t ®7« 0 
ŵ ¬ x  0 ®{« w0 ¬ x ®½ ∂tŵ ¬ x  0 ®{« w1 ¬ x ®¥À

and ϕ̂ has to be designed in such a way that û ¬ À. 0 ®]« 0

and ¬ ŵ ¬ À- T ®½ ∂tŵ ¬ À- T ®¥ û ¬ À- T ®)®]« ¬ ± w̄ ¬ À- T ®½)± ∂tw̄ ¬ À- T ®¥ 0 ® .
In particular, the condition ϕ̂ ¬ À- 0 ®V« ϕ̂ ¬ À. T ®_« 0 is

required. A classical result (Lions, 1988) on the con-

trollability of the plate equation gives the existence of

some control input ϕ̂, which is compactly supported in

time, and such that the corresponding trajectory fulfills

all the above conditions. Alternatively, using the fact

that the control is applied on the whole domain, we

may design an explicit control input by specifying

some trajectory ¬ ŵ  ŵt ® in the class C ¬)» 0  H ¼ ; ´ ¬ °µ®+®�¯
C1 ¬)» 0  T ¼ ;Ṽ · H ® and fulfilling the above conditions.

Next, ϕ̂ ¬ t ® may be defined for each t º » 0  T ¼ as the

solution of the elliptic problem¿
∂2

xϕ̂ « ∂2
t ŵ Æ ∂4

xŵ Æ ŵ 
ϕ̂ ¬ 0  t ®7« ϕ̂ ¬ L  t ®7« 0 À

To complete the proof of Theorem 1, we need the

following result:

Proposition 2. Let v0  v1  v2 be three functions in

H4 ¬ 0  L ®{¯ H2
0
¬ 0  L ® , H2

0
¬ 0  L ® and L2 ¬ 0  L ® , respec-

tively. There there exists a function v º C ¬+» 0  T ¼ ; H4 ¬ 0  L ®+®É¯
C1 ¬)» 0  T ¼ ; H2

0
¬ 0  L ®)®�¯ C2 ¬+» 0  T ¼ ;

L2 ¬ 0  L ®+® fulfilling v ¬ 0 ®�« v0, v Ê ¬ 0 ®V« v1, v Ê Ê ¬ 0 ®V« v2

and v ¬ T ®y« v Ê ¬ T ®y« v Ê Ê ¬ T ®{« 0.

Proof of Proposition 2. Let ¬ ψk ® k Ë 1 denote an or-

thonormal basis of L2 ¬ 0  L ® constituted of eigenfunc-

tions for the operator Aw « w ² 4 ³ with the boundary

conditions w ¬ 0 ®�« w ¬ L ®_« w Ê ¬ 0 ®_« w Ê ¬ L ®Ç« 0. The

eigenvalue associated with the function ψk is denoted

by λk. Pick any function h º C4 ¬-ÌÎÍ ® such that h ¬ 0 ®{«
h ² 3 ³+¬ 0 ®È« 1, h Ê ¬ 0 ®_« h Ê Ê ¬ 0 ®_« h ² 4 ³+¬ 0 ®Ç« 0, and any

function g º C4 ¬-ÌÎÍ ® such that g ¬ t ®�« 1 for t Ï T Á 4
and g ¬ t ®�« 0 for t Ð T Á 2. If the functions v0, v1 and v2

are decomposed along the ψk’s as

v0 « ∑
k Ë 1

akψk  v1 « ∑
k Ë 1

bkψk  v2 « ∑
k Ë 1

ckψk

then ∑k Ë 1 Ñ k8 Ò ak
Ò 2 Æ k4 Ò bk

Ò 2 Æ Ò ck
Ò 2 ÓµÔ ∞ À The func-

tion v is then defined as

v ¬ x  t ® : « g ¬ t ® ∑
k Ë 1 Õ akh ¬)Ö λkt ®Æ bkÖ λk
h Ê Ê ¬ Ö λkt ®{Æ ck

λk
h Ê ¬ Ö λkt ®�× ψk

¬ x ®¥À
As λk Ø C k4 as k Ù ∞ , one readily obtains that

v º C ¬)» 0  T ¼ ; H4 ¬ 0  L ®)®�¯ C1 ¬+» 0  T ¼ ; H2
0
¬ 0  L ®+®¯ C2 ¬)» 0  T ¼ ; L2 ¬ 0  L ®+® . The properties v ¬ 0 ®y« v0,

v Ê ¬ 0 ®{« v1  v Ê Ê ¬ 0 ®{« v2 and v ¬ T ®{« v Ê ¬ T ®i« v Ê Ê ¬ T ®y« 0

are obvious.

The proof of Theorem 1 is completed by applying

Proposition 2 to v0 « w0, v1 « w1, and v2 «9± ∂4
xw0 ±

w0 on the interval » 0  T Á 2 ¼ , and next to v0 «�± w̄ ¬ T ® ,
v1 « w̄t ¬ T ® and v2 «/± ∂4

xw̄ ¬ T ®�± w̄ ¬ T ® on the interval» T Á 2  T ¼ by reversing the time.

Remark 1. To simplify the exposition, we have im-

posed Dirichlet boundary conditions (ϕ ¬ 0  t ®]« ϕ ¬ L  t ®]«
0) to the control input ϕ, but Neumann boundary con-

ditions (i.e. ∂xϕ ¬ 0  t ®Ú« ∂xϕ ¬ L  t ®]« 0 together with e.g.Û L
0 ϕ ¬ x  t ® dx « 0) may be taken instead.

2.3 Controllability of the 2D system.

Notice first that for any trajectory ¬ w ¬ t ®¥ U ¬ t ®)® of (1)-

(5) associated with the control input ϕ ¬ t ® , t º » 0  T ¼ ,



the control ϕ has to be at each instant t a solution of

the following system of elliptic PDEÜ sβ∂βϕ Ý aγδ∂2
γδϕ Þ f1 ß (7)Ü tβ∂βϕ Ý bγδ∂2
γδϕ Þ f2 ß (8)

where fi : Þ Ü:à λ Ý µ á ∂idiv U Ü µ∆ui for i Þ 1 ß 2. Ob-

viously, for ϕ to exist the functions f1 and f2 have to

satisfy a compatibility condition, namelyà�Ü tβ∂β Ý bγδ∂2
γδ á f1 Þ à�Ü sβ∂β Ý aγδ∂2

γδ á f2 â (9)

If, moreover, Ü tβ∂β Ý bγδ∂2
γδ Þ λ à�Ü sβ∂β Ý aγδ∂2

γδ á ,
then f2 Þ λ f1.

It is not clear, however, that these conditions are

sufficient to guarantee the existence of a solution of

(7)-(8). We shall adopt the following

Definition 1. A quadruplet à w0 ß w1 ß u1 ß u2 áiãà H4 à Ω á�ä H2
0
à Ω á)áyå H2

0
à Ω áiå à H2 à Ω á�ä H1

0
à Ω á+á 2 will

be said to be compatible if the system (7)-(8) pos-

sesses a solution ϕ ã H2 à Ω á , the functions f1, f2 be-

ing defined as fi : Þ Ü:à λ Ý µ á ∂idiv à u1 ß u2 á Ü µ∆ui for

i Þ 1 ß 2.

Then the following result holds true.

Theorem 2. Each pair à w0 ß w1 ß u1 ß u2 á , à w0 æ T ß w1 æ T ß uT
1 ß uT

2 á
of compatible quadruplets may be connected by a

trajectory associated with a control function ϕ ã
C à+ç 0 ß T è ; H2 à Ω á+á .
Proof. The proof follows the same pattern as for The-

orem 1. Once again, we may assume that the terminal

quadruplet is à 0 ß 0 ß 0 ß 0 á .
Step 1: Control of the static equations.

As the quadruplet à w0 ß w1 ß u1 ß u2 á is assumed to be

compatible, there exists a function ϕ0 ã H2 à Ω á solv-

ing (7)-(8). We set ϕ̄ à t á : Þ à 1 Ü t é T á ϕ0. Next, w̄ is

defined as the solution of the plate equation (3) (with ϕ̄
substituted to ϕ) with the boundary conditions (4) and

issuing from à 0 ß 0 á , and Ū Þ à ū1 ß ū2 á is the solution of

the elliptic problem (1), (2) and (5).

Step 2: Control of the plate equation.

We perform the change of unknown functions ŵ Þ w Ü
w̄, ûi Þ ui Ü ūi (i Þ 1 ß 2), and ϕ̂ Þ ϕ Ü ϕ̄. Then û1 ß û2 ß ŵ
and ϕ̂ have to fulfill (1)-(5). The constraints at time

0 and T are respectively à ŵ à 0 á ß ŵt à 0 á ß û1
à 0 á ß û2

à 0 á+áiÞà w0 ß w1 ß 0 ß 0 á andà ŵ à T á ß ŵt à T á ß û1
à T á ß û2

à T á+á]Þ à�Ü w̄ à T á ß Ü w̄t à T á ß 0 ß 0 á .
To conclude, we apply the following result whose

proof is virtually the same as for Proposition 2.

Proposition 3. Let v0 ß v1 ß v2 be three functions in

H4 à Ω á�ä H2
0
à Ω á , H2

0
à Ω á , and L2 à Ω á , respectively.

Then there exists a function v ã C à)ç 0 ß T è ; H4 à Ω á+á7ä
C1 à)ç 0 ß T è ; H2

0
à Ω á+á�ä C2 à+ç 0 ß T è ; L2 à Ω á)á fulfilling

v à 0 á{Þ v0 ß v ê à 0 á�Þ v1 ß v ê ê à 0 á{Þ v2 and v à T á{Þ v ê à T á{Þ
v ê ê à T á{Þ 0.

The proof of Theorem 2 is complete.

3. OUTPUT STABILIZATION OF AN ADAPTIVE

MIRROR

We consider the systemÜ ∂2
xu Þ Ü s∂xϕ Ý a∂2

xϕ (10)

∂2
t w Ý ∂4

xw Ý w Þ ∂2
xϕ (11)

I Þ ∂t à ∂2
xw Ý c∂xu á (12)

I is the distributed current field measured through the

layer equipped with sensor piezoelectric patches.

We are interested in the output stabilization of above

system, the control ϕ being expressed as a function of

the output I. In Adaptive Optics, this corresponds to

the problem of the stabilization at the rest position of

a large mirror equipped with piezoelectric sensors and

actuators. This problem should be seen as a first step

towards the tracking problem, for which a control in-

put is designed so that the state of the mirror converges

to a given trajectory.

We consider the following initial conditions:

w à x ß 0 á{Þ w0 à x á ß ∂tw à x ß 0 á{Þ w1 à x á â (13)

We will prescribe the boundary conditions later.

To stabilize (10)-(12), it is natural to try to impose the

following additional feedback condition

∂2
xϕ Þ k∂tw Ý k ê ∂t∂

2
xw ß (14)

k and k ê being two real numbers whose range will be

specified later.

The feedback condition (14) is consistent with the

output feedback condition (namely ϕ Þ Λ à I á for some

operator Λ) provided that some “compatibility condi-

tion” is fulfilled by any solution of (10)-(12) and (14).

3.1 The compatibility condition

To state this compatibility condition in a simple way,

we consider first periodic boundary conditions on u, w
and ϕ and we assume that L Þ π. Then we may rewrite

(10)-(12) and (14) in using Fourier series. Indeed, we

have



u ë x ì t í7î ∑
n ïÉð αn ë t í einx ì

w ë x ì t í7î ∑
n ïÉð βn ë t í einx ì

I ë x ì t í7î ∑
n ïÉð γn ë t í einx ì

where ë αn í , ë βn í and ë γn í are three sequences of

functions of time which are of class C2. To express

that ϕ depends only on I, we introduce also a sequenceë λn í of complex numbers such that

ϕ ë x ì t í{î ∑
n ïÉð λnγn ë t í einx ñ

Let us rewrite (10)-(12) and (14) in terms of these

sequences. Easily computations yields

αn î9ò isλnγn
n ò aλnγn (15)

β̈n ó βn ë n4 ó 1 í{î�ë k ò n2k ôõí β̇n (16)

γn î/ò n2β̇n ó incα̇n (17)ò n2λnγn î�ë k ò n2k ôõí β̇n (18)

The expression of βn ë t í may be deduced from (16).

Equations (15) and (18) allow us to compute αn. The

condition (17) can be restated as follows (with (15)):

cγ̇nλn ë s ò ian í]ò n2β̇n ò γn î 0 ñ (19)

Note that (18) implies that

β̇n
γn
ë t í7ö β̇n

γn
ë t î 0 í ñ (20)

This is a compatibility condition which has to be

fulfilled for (14) to hold.

However, we note that when c î 0, (19) implies

γn î0ò n2β̇n
ñ

In this case, the compatibility condition (20) is always

satisfied. Thus we will assume thereafter that c î 0, so

that the compatibility condition holds.

3.2 Stability when c î 0

Assuming c î 0, (19) implies

γn î9ò n2β̇n

and (18) yields

λn î k ò n2k ô
n4

ì
which corresponds to the following output feedback

law

∂2
xϕ î k∂tw ó k ô ∂t∂

2
xwî kΛ ë I í ó k ô I ì

where Λ îªë ∂2
x í+÷ 1 with periodic boundary conditions.

Let us go back to the framework of the clamped

beam, and let Λ denote now the operator ë ∂2
x í ÷ 1 with

Dirichlet boundary conditions. The control input ϕ,

which has to fulfill (14), is defined by

ϕ î Λ ë kΛ ë I í ó k ô I í{î Λ ë k∂tw ó k ô ∂t∂
2
xw í ñ

Then the model under study becomesò ∂2
xu î/ò s∂xϕ ó a∂2

xϕ (21)

∂2
t w ó ∂4

xw ó w î k∂tw ó k ô ∂t∂
2
xw ì (22)

I î ∂t∂
2
xw (23)

ϕ î Λ ë kΛ ë I í ó k ô I í½ì (24)

with the initial conditions

w ë x ì 0 í{î w0 ë x í½ì ∂tw ë x ì 0 í{î w1 ë x í½ì (25)

and the boundary conditions

w ë 0 ì t í]î ∂xw ë 0 ì t í]î w ë L ì t í7î ∂xw ë L ì t í�î 0 ì (26)

u ë 0 ì t í]î u ë L ì t í�î 0 ñ (27)

These boundary conditions mean physically that the

beam is clamped at both extremities.

Let us introduce the following energy functional

E ë w íiî 1

2 ø L

0
ëúù ∂2

xw ù 2 ó ù ∂tw ù 2 ó ùw ù 2 í dx ñ
Formal computations along the solutions of (22) yield

d
dt E ë w íyî ø L

0
k ù ∂tw ù 2 ò k ô�ù ∂t∂xw ù 2dx ñ

Let the spaces V and H be as in Section 2.2. Using

Fourier series in the sin ë kπx û L í ’s, we may extend Λ
as a continuous operator from H ÷ 2 ë 0 ì L í into H. (21)

and (27) may then be written as

u î sΛ ë ∂xϕ í]ò aϕ ñ
The following result is the last main result of the paper.

Theorem 3. Assume that k ü 0 and k ô�ý 0. Then for

any ë w0 ì w1 íÿþ V � H, there exists a unique solutionë u ì w í of (21)-(27) such that u þ C0 ë ��� ; H í and w þ
C0 ë � � ;V í�� C1 ë � � ; H í .
Moreover we have that�

u
�

L2 � 0 � L 	 ó E ë w í�
 0

as t 
 ó ∞.

Proof. Let us introduce the operator Ã ë w ì v í]î�ë v ì)ò w � 4 	 ò
w ó kv ó k ô v ô ô í with domain ��ë Ã íµî ë H4 ë 0 ì L í�
H2

0 ë 0 ì L í)í�� H2
0 ë 0 ì L í�� V � H. The space V � H is

endowed with the following scalar product��� w
v � ì � w̃

ṽ ��� î ø L

0
ë w ô ô w̃ ô ô ó ww̃ í dx ó ø L

0
vṽ dx ñ

(28)

We have, for all ë w ì v íiþ���ë Ã í ,�
Ã
� w

v � ì � w
v � � î k ø L

0
v2 dx ò k ô ø L

0
ë v ô.í 2 dx (29)



and thus Ã is a dissipative operator as soon as k �
0 and k ��� 0. It may be seen that Ã generates a

continuous semigroup � S̃ � t ��� t � 0 of contractions in V  
H.

Let us now turn to the strong stability. To prove the

strong stability, it is clearly sufficient to show that

lim
t ! ∞

S̃ � t ��" w0

w1 #%$ 0 &'" w0

w1 #)(+* � Ã �-,
Since the imbedding * � Ã �/. V  H is compact, the

set

orb " w0

w1 #0$21
t � 0

S̃ � t ��" w0

w1 #
is precompact in V  H for any " w0

w1 # in * � Ã � . In

this case the ω-limit set of " w0

w1 # defined by

ω " w0

w1 # $43 W ( V  H 576�� tn �-5 tn 8:9 ∞ 5
S � tn ��" w0

w1 # 8 W as n 8 ∞ ;
is nonempty for any " w0

w1 # in * � Ã � . Moreover, ac-

cording to LaSalle’s invariance principle, if

W ( ω " w0

w1 #
then, for all t < 0, =

W
= $ =

S � t � W =
where

=?>-=
is the norm associated with (28). Pick any

W $ � w̄0 5 w̄1 � T ( ω � w0 5 w1 � T , and set � w̄ � t �-5 v̄ � t ��� T $
S � t �@� w̄0 5 w̄1 � T . Using (29), we obtain that v̄ � t � $ 0 for

all t < 0. The function w̄ then solves ∂4
xw̄ 9 w̄ $ 0

together with the boundary conditions (26), hence

w̄ A 0. Therefore w̄0 $ w̄1 $ 0. Thus, when t 8 ∞,� w 5 ∂tw � 8 � 0 5 0 � in V  H, hence I 8 0 in H B 2 � 0 5 L �
and ϕ 8 0 and u 8 0 in L2 � 0 5 L � .
Remark 2. When c $ 0, k � 0 and k �C� 0, the result

in Theorem 3 still holds for the 2D model with V $
H2

0 � Ω � and H $ L2 � Ω � .
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DISCRETE TIME
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Abstract: Set-up cost is an indispensable factor that must be taken into the
consideration in many situations when implementing control. This paper considers
a discrete-time linear-quadratic control problem with a limited number of control
implementation, which is termed as the cardinality constrained linear-quadratic
control problem (CCLQ) in discrete time. Derivation of a powerful solution method
for (CCLQ) plays an essential rule in developing an efficient solution scheme for
discrete-time linear-quadratic control problems with set-up costs. We demonstrate
in the paper that dynamic programming is only practically useful for (CCLQ)
with a scalar state space. We propose to convert (CCLQ) with a multi-dimensional
state space into a cardinality constrained quadratic convex optimization problem.
Efficient branch and bound rules are then developed in this paper to solve
cardinality constrained quadratic convex optimization problems.

Keywords: linear-quadratic control, quadratic convex programming, cardinality
constraint.

1. INTRODUCTION

Without a doubt, linear-quadratic control (Li,
1990) (Li, 1993) (Anderson, 1990) is one of the
most successful developments of control theory,
because of its wide applications and mathemat-
ical elegance in tractability. This paper considers
an extension of the conventional linear-quadratic
control theory.

Although investors have the freedom to adjust
their portfolios at all time periods, they do not
perform such adjustments in every period due to
the transaction cost. Similarly, set-up costs, in
many situations, prevent control actions from be-
ing implemented at all time periods. Set-up cost,
however, has not been taken into the consideration
in the traditional control theory.

1 This research is partially supported by Research Grants
Council of Hong Kong under Grant CUHK4180/03E.

Consider the following discrete-time linear-quadratic
control problem with a set-up cost which is at-
tached to nonzero control actions,

(P ) min w

T−1∑

t=0

Supp(ut) + x′
T

QT xT

+

T−1∑

t=0

[x′
t
Qtxt + u′

t
Rtut],

subject to : xt+1 = Atxt + Btut

x0 is given,

where xt ∈ Rn is the state, ut ∈ Rm is the control,
At ∈ Rn×n, Bt ∈ Rn×m, matrices Qt ∈ Rn×n and
Rt ∈ Rm×m are positive semi-definite and positive
definite, respectively, Supp(ut) = 0 if ut is a zero
vector and Supp(ut) = 1 otherwise, and w is the
set-up cost of implementing a control action.



When w is zero, problem (P ) reduces to the con-
ventional linear-quadratic optimal control prob-
lem, whereas a very large w forces all ut, t = 0,
1 . . ., T − 1, to be zero vectors. In general, the
incorporation of a set-up cost into the formula-
tion of linear-quadratic control is equivalent to
placing an upper limit on the number of times for
control implementation on the system. Consider
the following cardinality constrained discrete-time
linear-quadratic control problem with a given in-
teger s ∈ {1, 2, . . . , T},

(Ps) J(s) = minx′TQTxT +

T−1∑

t=0

[x′tQtxt + u′tRtut]

Subject to : xt+1 = Atxt + Btut

x0 is given
T−1∑

t=0

Supp(ut) ≤ s.

Let v(·) denote the minimum value of problem (·).

Lemma 1. Monotonicity. For any s1 and s2 that
satisfy 1 ≤ s1 < s2 ≤ T , v(Ps1) ≥ v(Ps2).

Proof . The lemma is obvious from the fact that
the feasible region of {ut} |

T−1

t=0 in problem (Ps1)
is a subset of the feasible region of {ut} |

T−1

t=0 in
problem (Ps2).

The optimal solution for the primary problem (P )
can be found by first solving problem (Ps) for
1 ≤ s ≤ T , and then identifying the optimal
cardinality s∗ such that,

s∗ = arg min
0≤s≤T

{ws + v(Ps)}.

It is evident that the solution to (Ps∗) is the
optimal control of (P ).

Although no literature has addressed the car-
dinality constrained control problem directly, a
cardinality constrained control problem does have
certain relationship with the optimal control prob-
lem of switched systems. Problem (Ps) can be
viewed as a problem to find out optimal switching
between two sub-control models, one with control
and one without. The special feature of (CCLQ) is
that there is an upper limit of the time periods to
position the system in the sub-control model with
a control. Optimal control for switching systems
has been studied in (Xu, 2000) and (Xu, 2004)).

2. SOLUTION FRAMEWORK USING
DYNAMIC PROGRAMMING

Problem (Ps) becomes separable when the state
space is expanded by adding an integer-valued

variable rt, which represents the remaining num-
ber of control implementation at stage t. Obvi-
ously, rt satisfies the following recursive equation,

r0 = s (1)

rt+1 = rt − Supp(ut).

Define the cost-to-go at stage t for a given state
xt and rt as

Jt(xt, rt) = min
ut,···,uT−1

{

T∑

k=t

x′kQkxk

+

T−1∑

k=t

u′kRkuk | xt, rt}.

The following is evident from Lemma 1,

Jt(xt, r1) ≤ Jt(xt, r2), if r1 > r2.

Thus, in general, the feasible sets of rt, t =
0, 1, ..., T , can be confined to

{rt ∈ Z+ | max(0, s− t) ≤ rt ≤ min(s, T − t)}.

Dynamic programming starts the solution process
at stage T − 1. The feasible set of rT−1 is {0, 1}.
For rT−1 = 0,

JT−1(xT−1, 0) = x′T−1P
0
T−1xT−1,

where

P 0
T−1 = QT−1 + A′T−1QTAT−1.

For rT−1 = 1,

JT−1(xT−1, 1) = x′T−1P
1
T−1xT−1,

where

P 1
T−1 = A′T−1[QT −QTBT−1(B′T−1QTBT−1

+ RT−1)−1B′T−1QT ]AT−1 + QT−1.

At stage T −2, the feasible set of rT−2 is {0, 1, 2}.
Check the situation for rT−2 = 1.

JT−2(xT−2, 1)

= min{x′T−2QT−2xT−2 + JT−1(AT−2xT−2, 1),

min
uT−2

[x′T−2QT−2xT−2 + u′T−2RT−2uT−2

+JT−1(AT−2xT−2 + BT−2uT−2, 0)]}

= min{x′T−2P
1
T−2

xT−2 , x′T−2P̃
1
T−2

xT−2},

where

P̃ 1
T−2

= A′T−2[P 0
T−1 − P 0

T−1BT−2(B′T−2P
0
T−1BT−2

+RT−2)−1B′T−2P
0
T−1]AT−2 + QT−2,

P 1
T−2

= A′T−2P
1
T−1AT−2 + QT−2.

Whether x′T−2
(P 1

T−2
− P̃ 1

T−2
)xT−2 ≥ 0 or not

depends on the value of xT−2 when the dimension



of the state space, n, is greater than one. Thus,
dynamic programming is not a suitable solution
scheme for (Ps) when n > 1. However, if n = 1,
solving dynamic programming yields an analytical
solution for (Ps). The following results are from
(Gao, 2005).

Theorem 2. The following control law is optimal
for (Ps) with n = 1:

Supp(ut) =

{
1 if P rt

t = P̃ rt
t

0 if P rt
t = P rt

t ,

t = T − 1, T − 2.., 1, 0, where

P r
t =





min{P̃ rt
t , P rt

t } if t+ rt < T

P̃ rt
t if t+ rt = T

P rt
t if rt = 0

P̃ rt
t =

a2tP
rt−1
t+1

1 + P rt−1
t+1 (BtR

−1
t B′t)

+Qt

P rt
t = a2tP

rt
t+1 +Qt,

with the initial condition P 0
T = QT . Furthermore,

ut = −atP
rt−1
t+1 (B′tP

rt−1
t+1 Bt +Rt)

−1B′txt

when Supp(ut) = 1, t = T − 1, T − 2.., 1, 0,
and the corresponding optimal objective value is
v(Ps) = P s

0x
2
0.

Applying theorem 2 to time-invariant (Ps) with n
= 1 further leads to the following corollary.

Corollary 3. For time-invariant (Ps) with n =
1, the optimal control strategy must satisfy
Supp(u0) = 1, Supp(u1) = 1, . . ., Supp(us−1) =
0, Supp(us) = 0, . . ., Supp(uT ) = 0.

The state vector xt, t = 1, 2, . . . , T − 1 can be
expressed as a linear function of controls,

xt =

t−1∏

i=0

Aix0 +

t−1∑

τ=0

[

t−1∏

j=τ+1

AjBτuτ ],

where
∏t−1

i=t Ai is defined to be 1. Thus, problem
(Ps) can be transformed into the following math-
ematical programming problem:

(CPs) J(k) = minU ′DU + d′U + Constant

Subject to :

T−1∑

t=0

Supp(u(t)) ≤ s,

where U = (u′0, u
′

1, . . . , u
′

T−1)′, D is a Tm × Tm
matrix and d is a Tm-dimensional vector. It can
be verified that matrix D is positive definite. We
will derive efficient solution schemes for (CPs) in
the next section in order to solve (Ps) with n > 1.

3. CARDINALITY CONSTRAINED
QUADRATIC OPTIMIZATION

3.1 Branch and bound algorithm

We consider in this section an exact solution
algorithm for the following cardinality constrained
convex quadratic optimization problem:

(Qs) v(y) = min
1

2
y′Gy + g′y

Subject to : Supp(y) ≤ s,

where y ∈ RS , G is an S × S positive definite
matrix, g is an S-dimensional vector, Supp(y) is
the cardinality of y that is equal to the number
of nonzero components of y, and s ≤ S is a given
positive integer number.

When s = S, the analytical solution and the cor-
respondent optimal value of problem (Qs) are well
known to be y∗ = −G−1g and v∗ = − 1

2g
′G−1g,

respectively. When s < S, problem (Qs) becomes
non-convex, mainly because of its non-convex fea-
sible region. Thus, it is very difficult to develop
an optimality condition for the global minimum.
Furthermore, problem (Qs) is of a combinatorial
nature. Solving problem (Qs) can be accomplished
by comparing the optimal values of the Cs

S s-
dimensional unconstrained convex quadratic op-
timization problems, where Cs

S = S!
s!(S−s)! is the

number of choosing s unordered outcomes from S
possibilities.

Problem (Qs) is closely related to the problem
studied in (Bienstock, 1996), in which there exist
bounds for components of y and a linear side con-
straint Ay ≤ b. (Bienstock, 1996) proposed to use
a surrogate constraint,

∑
i(yi/upperbound of yi)

≤ s, to replace the cardinality constraint.

Define the index set for problem (Qs) as follows,
where 1 ≤ s ≤ S.

I [j]s = {j1, j2, . . . , js | {j1, j2, . . . , js} ⊆ IS},

where IS = {1, 2, . . . , S}. This index set can be
interpreted as the selection of s indices from total
S indices. Denote

I
[j]
s = IS \ I

[j]
s

as the complementary set of I
[j]
s . Consider the

following reduced convex quadratic optimization
problem,

(Q[j]
s ) min

y

1

2
y′Gy + g′y

subject to yi = 0, ∀i ∈ I
[j]
s .

It is clear that the solution value of yi, i ∈ I
[j]
s ,

in problem (Q
[j]
s ) can be obtained by solving the

following reduced problem,



min
y

[j]
s

1

2
(y[j]

s )′G[j]
s y[j]

s + (g[j]
s )′y[j]

s ,

where y
[j]
s = [yj1

, yj2
, . . . , yjs ]

′, g
[j]
s = [gj1

, gj2
, . . . , gjs ]

′,

and G
[j]
s is formed by taking rows j1, j2, . . ., js

and columns j1, j2, . . ., js from G. It is well known
that any principle sub-matrix of a positive definite

matrix is positive definite, which makes (Q
[j]
s ) a

well-posed problem.

The following is obvious,

v(Qs) = min
I

[j]
s

v(Q[j]
s ).

The index set I
[j]
s is said to be an optimal index

set of Qs if v(Qs) = v(Q
[j]
s ). When I

[j]
s is an

optimal index set of (Qs), any solution to (Q
[j]
s )

is an optimal solution to (Qs).

Theorem 4. Assume that s < k. If there are one

index set I
[jk]
k for problem (Qk) and one index

set I
[js]
s for problem (Qs) such that v(Q

[jk]
k ) >

v(Q
[js]
s ), then no subset I

[j]
s ⊂ I

[jk]
k will be an

optimal index set for problem Qs.

Proof . Since for any I
[j]
s ⊂ I

[jk]
k , v(Q

[j]
s )) ≥

v(Q
[jk]
k ), we have

v(Q[j]
s ) ≥ v(Q

[jk]
k ) > v(Q[js]

s )

for any I
[j]
s ⊂ I

[jk]
k . The conclusion of the theorem

follows from the definition of the optimal index
set.

Let I
[j∗]
s be the incumbent index set for problem

(Qs) and v∗s be the value of v(Q
[j∗]
s ). The following

two corollaries can be easily obtained from Theo-
rem 4.

Corollary 5. Assume that k > s. If for an index

set I
[j̃]
k , v(Q

[j̃]
k ) > v∗s , then at least one element

from I
[j̃]
k must be in the optimal index set for

problem (Qs).

Corollary 6. If for an index set I
[j̃]
S−1, v(Q

[j̃]
S−1) >

v∗s , then the element of I
[j̃]
S−1 must be in the

optimal index set for problem (Qs).

We now illustrate the proposed solution concept
by considering the following example of size S =
7 and s = 4, with parameters given as G =















11.58 −0.08 0.24 −0.02 −0.13 −0.00 −0.05

−0.08 17.38 −3.04 0.26 1.58 0.23 0.26

0.24 −3.04 28.29 0.18 −8.73 0.20 −2.64

−0.02 0.26 0.18 15.97 1.85 −1.02 1.21

−0.13 1.58 −8.73 1.85 17.62 −0.36 −0.02

−0.00 0.23 0.20 −1.02 −0.36 16.89 4.65

−0.05 0.26 −2.64 1.21 −0.02 4.65 18.09















,

g
′

=

(

175.50 141.63 195.05 183.66 189.59 125.53 152.11

)

.

The following can be verified

I
[1]
6 = {2, 3, 4, 5, 6, 7}, v(Q

[1]
6 ) = −5236.14;

I
[2]
6 = {1, 3, 4, 5, 6, 7}, v(Q

[2]
6 ) = −5914.73;

I
[3]
6 = {1, 2, 4, 5, 6, 7}, v(Q

[3]
6 ) = −4537.07;

I
[4]
6 = {1, 2, 3, 5, 6, 7}, v(Q

[4]
6 ) = −5920.66;

I
[5]
6 = {1, 2, 3, 4, 6, 7}, v(Q

[5]
6 ) = −4740.22;

I
[6]
6 = {1, 2, 3, 4, 5, 7}, v(Q

[6]
6 ) = −6307.91;

I
[7]
6 = {1, 2, 3, 4, 5, 6}, v(Q

[7]
6 ) = −6021.86.

A natural conjecture from Corollary 6 is that the

larger the value of v(Q
[j]
6 ), the more important

the variable I
[j]
6 . Thus, the variables in y can

be ranked in the following way according to the
decreasing order of their corresponding values of

v(Q
[j]
6 ),

{3, 5, 1, 2, 4, 7, 6}.

The first four members in this ranking order are
selected as a candidate for an optimal index set.
Let

I
[j1]
4 = {3, 5, 1, 2}.

Solving Q
[j1]
4 yields an incumbent (y1, y2, y3, y5)′

= (−15.1,−9.0,−12.8,−16.4)′ and its correspond-

ing objective v∗4 = v(Q
[j1]
4 ) = −4766.16.

As v(Q
[3]
6 ) = −4537.07 > v∗4 and v(Q

[5]
6 ) =

−4740.22 > v∗4 , {3, 5} = {I
[3]
6 , I

[5]
5 } must be in the

optimal index set of (Q4) according to Corollary
6.

Let

I
[j1]
5 = {3, 4, 5, 6, 7}.

Solving Q
[j1]
5 gives v(Q

[j1]
5 ) = −4589.44, which is

larger than v∗4 = −4766.16. Thus, at least one of

{1, 2} = I
[j1]
5 must be in the optimal index set

according to Corollary 5. Let

I
[j2]
5 = {2, 3, 5, 6, 7},

I
[j3]
5 = {2, 3, 4, 5, 6}.

Both v(Q
[j2]
5 ) =−4589.46 and v(Q

[j3]
5 ) =−4692.93

are greater than v∗4 = −4766.16, and thus at least

one of {1, 4} = I
[j2]
5 and at least one of {1, 7}

= I
[j3]
5 must be in the optimal index set of (Q4)

according to Corollary 5.

Notice that two members in the optimal index set,
{3, 5}, have been determined, and therefore not all
of {2, 4, 7} can be members of the optimal index
set at the same time. This implies that {1} must
be in the optimal index set. Three members in the
optimal index set, {1, 3, 5}, have now been con-
firmed. The remaining single member in the opti-

mal index set can be found out by checking Q
[j]
4

for I
[j]
4 = {1, 3, 4, 5}, {1, 3, 5, 6}, and {1, 3, 5, 7},



which identifies the optimal index set {1, 3, 5, 7}
and an optimal solution to (Q4),

(y1, y3, y5, y7) = (−15.1,−13.1,−17.4,−10.4)

with v(Q4) = −5040.68. Note that the total enu-
meration requires the evaluation of C4

7 = 35 possi-
ble index sets by solving the corresponding uncon-
strained convex quadratic optimization problems
of (Q4). Using the optimality conditions that are
given in Theorem 1, Corollary 1, and Corollary 2,
only 13 unconstrained convex quadratic optimiza-
tion problems need to be solved.

In the following, we describe a branch and bound
algorithm, as an exact solution methodology,
in which the depth-first searching strategy is
adopted. A branching order table It is used to
store the branching order of the index, where
notation It(i) denotes the i-th element of It, i =
1, 2, . . . , s. The following information is stored at
every node in the enumeration tree.

• The pointer pard: The address of the parent
node.
• The index set U : To record which decision
variables have been set to take non-zero value.
• The index set D: To record which decision
variables have been set to take zero value.
• The indicator next: To indicate which variable
will be processed in the right child node.
• The indicator tp: To indicate the position of the
branching variable in the branch order table It.
• The indicator flag: To indicate whether this
node produces the left child (flag = 0), right child
(flag = 1), or no child (flag = 2).

In the following, the notation [X.x] is used to
denote a member x at node X.

Suppose that all v(Q
[j]
S−1) have been calculated

and all of the indices have been ranked accord-
ing to their importance. Our computational ex-
periences show that the optimal solution is often
identified quickly if we choose the first s indices as
the initial branching up variables and store them
in It. We now give the algorithm in details.

Initial step: Construct the root node of the
enumeration tree. Let [root.f lag] = 0, [root.tp] =
0, and all of the other elements be ∅. Pointer
cp points to root: cp = root. Let the incumbent
optimal value CV = +∞ and set the current
solution Cy = null. Go to step 1.

Step 1: If cp = root and [cp.flag] = 2, then CV is
the optimal value and Cy is the optimal solution.
Otherwise go to step 2.

Step 2: If [cp.flag] = 1, then go to step 4, other-
wise, produce a node new and mark [cp.flag] = 1.
Then, let [new.flag] = 0, [new.D] = [cp.D],
[new.tp] = [cp.tp]+1 and [new.pard] = cp. Choose
Is([new.tp]) to branch up. Thus, [new.U ] =
[cp.U ] ∪ Is(new.tp). Mark [cp.next] = Is(new.tp).

Check [new.U ]. If the number of the indices in
[new.U ] is equal to s, then go to step 3, otherwise,
let cp = new, and repeat this step.

Step 3: Calculate the optimal value V and op-
timal solution y based on index set [new.U ]. If
V < CV , replace CV by V and cy by y. Go to
step 4.

Step 4: If [cp.flag] = 2, then go to step 5,
otherwise, let [cp.flag] = 2 and produce a new
node as new. Copy [cp.U ] to [new.U ] and let
[new.flag] = 0, [new.padr] = cp, [new.tp] =
[cp.tp]. Let [new.D] = [cp.z] ∪ [cp.next]. Denote
[new.D] as the complementary set of [new.D].
Calculate the optimal value BV and the optimal
solution by based on index set [new.D]. If [BV >

CV ], then go to step 5, otherwise, check the
number of indices in [new.D]. If it is equal to S−s,
then let CV = BV , y = by, and go to step 5. If
it is not, then update the branching order table
It. Let n = s − |new.U |, which is the number of
indices that must be updated in It. Suppose that

{i1, i2, . . . , in} ⊂ new.D \ new.U,

which satisfies

|Byi1 | ≥ |Byi2 | ≥ . . . ≥ |Byin | ≥ Others.

It can then be updated as It(new.tp + 1) = i1,
It(new.tp + 2) = i2, . . .,It(s) = in. Add new to
the Tree and let cp = new. Go to step 1.

Step 5: Let cp = [cp.padr] and go to step 1.

3.2 Computational results

To evaluate the computational performance of the
proposed solution scheme, this method is com-
pared with the CPLEX 9.1 solver in solving (Qs).
All of the testing problems are randomly gener-
ated using the following procedure. For matrix
G, a diagonal matrix Λ is first generated with its
elements being uniformly distributed in a range of
(0, 50]; an orthogonal matrix Γ is then generated
with its elements being normally distributed with
a 0 mean and a standard deviation of 50; the
matrix G is finally formed by Γ′ΛΓ. The elements
of vector b are uniformly distributed in a range of
[−400, 400].

For facilitating the implementation by using
CPLEX 9.1, problem (Qs) is rewritten in the
following formula,

(cplex−Qs) v(s) = min
1

2
y′Gy + g′y

|yi| ≤ Kzi i = 1, 2...S
S∑

i

zi ≤ s

zi ∈ {0, 1} i = 1, 2...S



Table 1. Result of our method

[S, s] Time Node Speed Success Rate

[30, 15] 0.15 1195 4878 20/20
[40, 20] 2.3 5729 2506 20/20
[50, 25] 48.8 87845 1801 20/20
[60, 20] 1861 3014532 1612 18/20

Table 2. Result of CPLEX solver

[S, s] Time Node Speed Success Rate

[30, 15] 1.44 2111 1466 20/20
[40, 20] 10.2 11032 1076 20/20
[50, 25] 213.8 166610 779 20/20
[60, 20] 3272 1975900 604 2/20

Table 3. Result of our mehod and
CPLEX solver

Our Method CPLEX

[S, s] Speed OptV Speed OptV
[100, 20] 1466 −8036 316 −7215
[100, 30] 1203 −3220 278 −1340

where K is a large positive number. In the Table 1,
2 and 3, [S, s] refers to the size of G and cardinality
size s, the column ‘Time’ refers to the execu-
tion time of computation in seconds, the column
‘Node’ refers to the number of nodes visited in
the enumeration tree, and the column ‘Speed’ is
calculated by ‘Node’/‘time’. We pre-set an upper
limit of 3600 CPU seconds for the calculation, i.e.,
the program will be terminated after 3600 seconds
if the optimal solution is not found. 20 cases
are examined for each type of testing problems.
The column ‘Success Rate’ refers to the ratio of
the number of cases whose solutions have been
successfully identified over 20.

As witnessed from Tables 1 and 2, most of the
testing problems up to size [60, 20] can be solved
by both our method and CPLEX 9.1. The columns
‘time’ and ‘node’ clearly demonstrate that our
proposed method uses less time and checks less
nodes than CPLEX 9.1 solver. Moreover, our
method possesses a higher transition ‘speed’ when
compared to CPLEX 9.1. For the type of problem
with size ‘[60, 20]’, we solved 18 out 20 cases, but
CPLEX 9.1 only solved 2 within the given time
limit. It is evident that our proposed solution
algorithm is more efficient than CPLEX 9.1.

For testing problems with large ‘size’ in Table
3, both our method and CPLEX 9.1 solver are
not able to completely solve them in a given time
limit. However, it can be observed from Table 3
that our proposed solution method achieves better
incumbent and possesses higher transition speed
than CPLEX 9.1.

4. CONCLUSION

Recognizing the need to incorporate set-up costs
into the framework of optimal control, this paper
represents some initial results of an investigation

on cardinality constrained linear-quadratic con-
trol problems. Dynamic programming provides
an elegant solution scheme for such a problem
with a scalar state space. For cardinality con-
strained linear-quadratic control problems with
a multi-dimensional state space, we have been
tackling, instead, an equivalent cardinality con-
strained quadratic convex optimization problem
and we have revealed some of its basic properties.
Based on such properties, an branch and bound
algorithm is introduced. Although our computa-
tional results seem to be promising, the derived
results are still very preliminary. Many open ques-
tions remain to be answered in order to develop a
more efficient exact solution scheme for cardinal-
ity constrained linear quadratic control problems.
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Abstract: We extend Noether’s theorem to dynamical optimal control systems
being under the action of nonconservative forces. A systematic way of calculating
conservation laws for nonconservative optimal control problems is given. As
a corollary, the conserved quantities previously obtained in the literature for
nonconservative problems of mechanics and the calculus of variations are derived.
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1. INTRODUCTION

The concept of symmetry plays an important role
both in Physics and Mathematics. Symmetries are
described by transformations of the system, which
result in the same object after the transformation
is carried out. They are described mathematically
by parameter groups of transformations. Their im-
portance ranges from fundamental and theoretical
aspects to concrete applications, having profound
implications in the dynamical behavior of the sys-
tems, and in their basic qualitative properties.

Another fundamental notion in Physics and Math-
ematics is the one of conservation law. Typical
application of conservation laws in the calculus
of variations and optimal control is to reduce the
number of degrees of freedom, and thus reducing
the problems to a lower dimension, facilitating the
integration of the differential equations given by
the necessary optimality conditions.

1 Supported by IPAD.
2 Supported by the Control Theory Group (cotg) of the
Centre for Research in Optimization and Control (CEOC).

Emmy Noether was the first who proved, in 1918,
that the notions of symmetry and conservation
law are connected: when a system exhibits a
symmetry, then a conservation law can be ob-
tained. One of the most important and well known
illustrations of this deep and rich relation, is
given by the conservation of energy in Mechan-
ics: the autonomous Lagrangian L(q, q̇), corre-
spondent to a mechanical system of conservative
points, is invariant under time-translations (time-
homogeneity symmetry), and

−L (q(t), q̇(t)) +
∂L

∂q̇
(q(t), q̇(t)) · q̇(t) ≡ constant

(1)
follows from Noether’s theorem, i.e., the total
energy of a conservative closed system always
remain constant in time, “it cannot be created
or destroyed, but only transferred from one form
into another”. Expression (1) is valid along all the
Euler-Lagrange extremals q(·) of an autonomous
problem of the calculus of variations. The conser-
vation law (1) is known in the calculus of vari-
ations as the 2nd Erdmann necessary condition;
in concrete applications, it gains different inter-
pretations: conservation of energy in Mechanics;



income-wealth law in Economics; first law of Ther-
modynamics; etc. The literature on Noether’s the-
orem is vast, and many extensions of the classical
results of Emmy Noether are now available for
the more general setting of optimal control (see
e.g. (Djukić, 1973; Torres, 2002; Torres, 2004b),
and references therein). Here we remark that in
all those results conservation laws always refer to
closed systems.

It turns out that in practical terms closed systems
do not exist: forces that do not store energy, so-
called nonconservative or dissipative forces, are al-
ways present in real systems. Friction is a noncon-
servative force, but others do exist. Any friction-
type force, like air resistance, is a nonconservative
force. Nonconservative forces remove energy from
the systems and, as a consequence, the conser-
vation law (1) is broken. This explains, for in-
stance, why the innumerable “perpetual motion
machines” that have been proposed fail. In pres-
ence of external nonconservative forces, Noether’s
theorem and respective conservation laws cease to
be valid. However, it is still possible to obtain a
Noether-type theorem which covers both conser-
vative (closed system) and nonconservative cases
(Djukić and Strauss, 1980; Fu and Chen, 2003).
Roughly speaking, one can prove that Noether’s
conservation laws are still valid if a new term,
involving the nonconservative forces, is added to
the standard conservation laws.

Here we extend previous nonconservative results
(Djukić and Strauss, 1980; Fu and Chen, 2003)
to the wider context of optimal control. For that,
and differently from (Djukić and Strauss, 1980; Fu
and Chen, 2003), where the Lagrangian formalism
is considered, we adopt an Hamiltonian point of
view.

2. PRELIMINARIES

Let us consider the optimal control problem in
Lagrange form:

I[q(·), u(·)] =

∫ b

a

L (t, q(t), u(t)) dt −→ min ,

(P)

q̇(t) = ϕ (t, q(t), u(t)) ,

together with some boundary conditions on q(·).
In problem (P) q̇ = dq

dt
, and the Lagrangian

L : [a, b] × R
n × R

m → R and the velocity
vector ϕ : [a, b] × R

n × R
m → R

n are assumed
to be C1 functions with respect to all the argu-
ments. In agreement with the calculus of varia-
tions, we assume the admissible state trajectories
to be piecewise smooth, and the admissible con-
trol functions to be piecewise constant with no
restrictions on their values: q(·) ∈ PC1([a, b];Rn),
u(·) ∈ PC([a, b];Rm).

Remark 1. There is no classical Hamiltonian the-
ory for constrained variational problems. For an
ongoing attempt to develop it, we refer the reader
to (Clarke, 2005, Ch. 6).

Remark 2. The fundamental problem of the cal-
culus of variations,

I[q(·)] =

∫ b

a

L (t, q(t), q̇(t)) −→ min , (2)

is a particular case of problem (P): in that case
ϕ(t, q, u) = u. The problems of the calculus of
variations with higher-order derivatives are also
easily written in the optimal control form (P). For
example, the problem of the calculus of variations
with derivatives of second order,

I[q(·)] =

∫ b

a

L (t, q(t), q̇(t), q̈(t)) −→ min , (3)

is equivalent to problem
∫ b

a

L
(

t, q0(t), q1(t), u(t)
)

−→ min ,

{

q̇0(t) = q1(t) ,

q̇1(t) = u(t) .

In the fifties of the twentieth century, L.S. Pon-
tryagin and his collaborators proved the main
necessary optimality condition for optimal control
problems: the famous Pontryagin Maximum Prin-
ciple (Pontryagin et al., 1962).

Definition 3. An admissible pair (q(·), u(·)) satis-
fying the control system q̇(t) = ϕ (t, q(t), u(t)) of
(P), t ∈ [a, b], is called a process.

Theorem 4. (Pontryagin Maximum Principle). If
(q(·), u(·)) is an optimal process for problem (P),
then there exists a co-vector function p(·) ∈

PC1([a, b];Rn) such that the following conditions
hold:

• the Hamiltonian system










q̇(t) =
∂H

∂p
(t, q(t), u(t), p(t)) ,

ṗ(t) = −
∂H

∂q
(t, q(t), u(t), p(t)) ;

(4)

• the stationary condition

∂H

∂u
(t, q(t), u(t), p(t)) = 0 ; (5)

with the Hamiltonian H defined by

H (t, q, u, p) = −L (t, q, u) + p · ϕ (t, q, u) . (6)

Remark 5. In mechanics, p corresponds to the
generalized momentum. In the language of optimal
control p is called the adjoint variable.

Definition 6. Any triplet (q(·), u(·), p(·)) satisfy-
ing the conditions of Theorem 4 is called a Pon-

tryagin extremal.



Remark 7. The Pontryagin Maximum Principle is
more general than we state it here. Written as in
Theorem 4, the Pontryagin Maximum Principle
is also known as Hestenes Theorem. In particu-
lar, we are only considering normal Pontryagin
extremals.

From the Hamiltonian system (4) and the station-
ary condition (5), it follows that

dH

dt
(t, q(t), u(t), p(t)) =

∂H

∂t
(t, q(t), u(t), p(t)) .

(7)
When the optimal control problem (P) is au-
tonomous (when the Hamiltonian (6) does not
depend explicitly on time t) one obtains from (7)
the conservation law

H(t, q(t), u(t), p(t)) = const . (8)

For the fundamental problem of the calculus of
variations (2) (ϕ = u ⇒ H = −L + p · u) one
obtains from the Pontryagin Maximum Principle:

q̇ =
∂H

∂p
= u ,

ṗ = −
∂H

∂q
=
∂L

∂q
,

∂H

∂u
= 0⇔ p =

∂L

∂u
⇒ ṗ =

d

dt

∂L

∂u
.

Comparing the two expressions for ṗ, one arrives
to the Euler-Lagrange differential equations:

d

dt

∂L

∂u
=
∂L

∂q
. (9)

When the fundamental problem of the calculus of
variations is autonomous, equality (8) reduces to
(1).

In the presence of nonconservative forces Q, i.e.
forces which are not equivalent to the gradient
of a potential, like friction and drag, the Euler-
Lagrange equations (9) are no longer valid, and it
is well-known that they must be substituted by

d

dt

∂L

∂u
=
∂L

∂q
+Q (10)

(see e.g. (Fu and Chen, 2003)). In Physics the
Hamiltonian formalism is not common for the
nonconservative case. However, it is clear that
Theorem 4 and property (7) must be also changed
when considering the influence of external dissipa-
tive forces Q. This will be addressed in §3.

Following (Djukić, 1973), the notion of invariance
for problem (P) is defined in terms of the Hamil-
tonian, by introducing the augmented functional

J [q(·), u(·), p(·)] =
∫

b

a

[H (t, q(t), u(t), p(t))− p(t) · q̇(t)] dt ,

where H is given by (6).

Definition 8. (Invariance up to a gauge term). An
optimal control problem (P) is said to be invariant
under the ε-parameter local group of transforma-
tions


















t̄(t) = t+ ετ(t, q(t), u(t), p(t)) + o(ε) ,

q̄(t) = q(t) + εξ(t, q(t), u(t), p(t)) + o(ε) ,

ū(t) = u(t) + εσ(t, q(t), u(t), p(t)) + o(ε) ,

p̄(t) = p(t) + εα(t, q(t), u(t), p(t)) + o(ε) ,

(11)
if, and only if, there exists a function Λ such that

[H(t̄, q̄, ū, p̄)− p̄ · ˙̄q]
dt̄

dt

= [H(t, q, u, p)− p · q̇] + ε
dΛ

dt
. (12)

Remark 9. Function Λ of Definition 8 is called
a gauge term in the Physics literature. In the
particular case Λ = 0, one obtains the concept
of absolute invariance.

Functions τ , ξ, σ, and α are known as the infinites-

imal generators of the invariance-transformations
(11). Next theorem asserts that generators are
sufficient to define invariance.

Theorem 10. Problem (P) is said to be invariant
up to the gauge term Λ if, and only if,

τ
∂H

∂t
+ξ·

∂H

∂q
+σ·

∂H

∂u
+α·(

∂H

∂p
−q̇)−ξ̇·p+τ̇H =

dΛ

dt
.

(13)

PROOF. Having in mind that for ε = 0 one has
t̄ = t, q̄ = q, ū = u, p̄ = p, we differentiate (12)
with respect to ε and then put ε = 0.

Definition 11. A quadruple (τ, ξ, σ, α) is said to
be a symmetry of the optimal control problem (P)
if it satisfies condition (13) for a certain Λ. We talk
about exact symmetries if Λ = 0.

Remark 12. It is possible to use a modern com-
puter algebra system to compute the symmetries
of an optimal control problem (P) in an automatic
way – see (Gouveia and Torres, 2005).

Remark 13. For the fundamental problem of the
calculus of variations (2), the necessary and suffi-
cient condition of invariance (13) takes the well-
known form (cf. e.g. (Logan, 1987, pp. 429))

τ
∂L

∂t
+ ξ ·

∂L

∂q
+
∂L

∂q̇
·
(

ξ̇ − q̇τ̇
)

+ τ̇L =
dΛ

dt
.

Remark 14. For the problem of the calculus of
variations with derivatives of second order (3), the
necessary and sufficient condition of invariance
(13) takes the following form (cf. (Torres, 2004a,
Lemma 5.5)):



τ
∂L

∂t
+ ξ0 ·

∂L

∂q
+ ξ1 ·

∂L

∂q̇

+

(

∂L

∂q̇
−

d

dt

∂L

∂q̈

)

·

(

ξ̇0 − τ̇ q̇
)

+
∂L

∂q̈
·

(

ξ̇1 − τ̇ q̈
)

+ τ̇L =
dΛ

dt
.

3. MAIN RESULT

We begin by introducing the notion of noncon-
servative Hamiltonian system. Such concept must
lead us to equations (10) in the particular case of
the fundamental problem of the calculus of varia-
tions under presence of nonconservative forces Q.

Definition 15. The nonconservative Hamiltonian

system is defined by














q̇(t) =
∂H

∂p
(t, q(t), u(t), p(t)) ,

ṗ(t) = −
∂H

∂q
(t, q(t), u(t), p(t)) +Q(t, q(t), u(t)) ,

(14)
where H is given as in (6).

Remark 16. For the particular case of the fun-
damental problem of the calculus of variations
(ϕ = u), the nonconservative Hamiltonian system
(14), together with the stationary condition (5),
lead us to the nonconservative Euler-Lagrange
equations (10):

q̇ =
∂H

∂p
= u ,

ṗ = −
∂H

∂q
+Q =

∂L

∂q
+Q ,

∂H

∂u
= 0⇔ p =

∂L

∂u
⇒ ṗ =

d

dt

∂L

∂u
,

and comparing the two expressions for ṗ we obtain
equation (10).

Similarly to Definition 6, we introduce now the
notion of nonconservative extremal.

Definition 17. Any triplet (q(·), u(·), p(·)), satisfy-
ing the stationary condition (5) and the noncon-
servative Hamiltonian system (14), will be called
a nonconservative extremal.

Proposition 18. The following property holds along
the nonconservative extremals:

dH

dt
(t, q(t), u(t), p(t)) =

∂H

∂t
(t, q(t), u(t), p(t))

+Q(t, q(t), u(t)) ·
∂H

∂p
(t, q(t), u(t), p(t)) . (15)

PROOF. Equality (15) is a simple consequence
of the the stationary condition (5) and the non-
conservative Hamiltonian system (14).

Remark 19. In the particular case Q = 0 (con-
servative case), the nonconservative Hamiltonian
system (14) takes the form (4), and the set of
nonconservative extremals coincide with the set of
Pontryagin extremals. In that situation, property
(15) equals (7).

Definition 20. We say that a function C(t, q, u, p)
is a nonconservative constant of motion if it
is preserved along any nonconservative extremal
(q(·), u(·), p(·)):

C(t, q(t), u(t), p(t)) = c , (16)

c constant, ∀ t ∈ [a, b]. Equation (16) is then said
to be a nonconservative conservation law.

Generalizations of the classical Noether’s theorem
of the calculus of variations include: (i) (conserva-
tive) Noether-type theorems for the more general
framework of optimal control, asserting the exis-
tence of a preserved quantity along the Pontryagin
extremals, whenever a symmetry occurs – see e.g.
(Djukić, 1973; Torres, 2002; Torres, 2004b); (ii)
Noether-type theorems for the nonconservative
calculus of variations, asserting that existence of
a symmetry implies the existence of a preserved
quantity along the solutions of the nonconserva-
tive Euler-Lagrange equations (10) – see (Djukić
and Strauss, 1980; Fu and Chen, 2003). Next the-
orem extends the mentioned Noether-type results:
to each symmetry of the optimal control problem
(P) there exists a nonconservative conservation
law in the sense of Definition 20. Essentially,
for Q = 0 one gets from Theorem 21 the re-
sults obtained in (Djukić, 1973; Torres, 2002; Tor-
res, 2004b); restricting ourselves to the problems
of the calculus of variations, one gets the re-
sults found in (Djukić and Strauss, 1980; Fu and
Chen, 2003).

Theorem 21. If (τ, ξ, σ, α) is a symmetry of the
optimal control problem (P), and there exists a
function f = f(t, q, u) such that

df

dt
= Q · (ξ − τ q̇) , (17)

where Q denotes the external nonconservative
forces acting on the system, then

C(t, q, u, p) = H(t, q, u, p)τ − p · ξ

+ f(t, q, u)− Λ(t, q, u, p) (18)

is a nonconservative constant of motion.

Remark 22. Similarly to (Djukić, 1973; Torres,
2002; Torres, 2004b), only the generators τ and
ξ, corresponding to the transformations of the
time and state variables, appear in Noether’s
conservation laws (cf. expression (18)).



PROOF. Substituting (cf. Proposition 18)

τ
∂H

∂t
+ τ̇H−p · ξ̇ =

d

dt
(Hτ −p ·ξ)−τQ ·

∂H

∂p
+ ṗ ·ξ

into (13), and using conditions (5), (14), and (17),
we obtain successively:

0 =
d

dt
(Hτ − p · ξ − Λ)−τQ·

∂H

∂p
+

(

∂H

∂q
+ ṗ

)

·ξ ,

0 =
d

dt
(Hτ − p · ξ−Λ)+ ξ · (−ṗ+Q+ ṗ)− τ q̇ ·Q ,

0 =
d

dt
(Hτ − p · ξ − Λ) +Q · (ξ − τ q̇)

=
d

dt
(Hτ − p · ξ + f − Λ) .

Remark 23. Proof of Theorem 21 is very simple.
This shows, in the opinion of the authors, that the
Hamiltonian formalism provides the natural lan-
guage to Noether’s theory. It is strange, from the
mathematical point of view, why the Hamiltonian
approach is not used in Physics with respect to
nonconservative systems.

As corollaries, we obtain the previous results
known in the literature.

Corollary 24. (cf. (Djukić, 1973; Torres, 2002)).
In the absence of nonconservative forces (i.e. in the
conservative case Q = 0), if the optimal control
problem (P) is invariant under the one-parameter
transformations (11), then function

C(t, q, u, p) = Hτ − p · ξ − Λ (19)

is preserved along any Pontryagin extremal.

PROOF. When Q = 0, (17) implies that f is
a constant, and the conservation law associated
with the constant of motion (18) is equivalent to
the one associated with (19).

Corollary 25. (cf. (Fu and Chen, 2003)). For the
fundamental problem of the calculus of variations
(2) the constant of motion (18) is equivalent to

C(t, q, q̇) = τ

(

L− q̇ ·
∂L

∂q̇

)

+
∂L

∂q̇
·ξ−f+Λ , (20)

that is, under the invariance hypotheses of The-
orem 21, expression (20) is preserved along all
the solutions q(·) of the nonconservative Euler-
Lagrange equations (10).

PROOF. For the fundamental problem of the
calculus of variations, ϕ = u and p = ∂L

∂q̇
, so that

the Hamiltonian takes the form H = −L+ ∂L
∂q̇
· q̇.

Substituting this expression in (18), we obtain the
desired conclusion.

Corollary 26. (cf. (Djukić and Strauss, 1980)).
For the higher-order problem of the calculus of

variations (3), the constant of motion (18) is
equivalent to

Lτ +

(

∂L

∂q̇
−

d

dt

∂L

∂q̈

)

· (ξ0 − q̇τ)

+
∂L

∂q̈
· (ξ1 − q̈τ)− f + Λ . (21)

PROOF. For the problem of the calculus of
variations with second-order derivatives, one has
H

(

t, q0, q1, u, p0, p1
)

= −L(t, q0, q1, u) + p0q1 +
p1u, q0(t) = q(t), q1(t) = q̇(t), u(t) = q̈(t). Using
these equalities, it follows from the Pontryagin
Maximum Principle that

∂H

∂u
= 0⇔ p1 =

∂L

∂q̈
,

ṗ0 = −
∂H

∂q0
=
∂L

∂q
,

ṗ1 = −
∂H

∂q1
⇔ p0 =

∂L

∂q̇
−

d

dt

∂L

∂q̈
.

In this case, the constant of motion (18) takes the
form

C = Hτ − p0
· ξ0 − p1

· ξ1 + f − Λ ,

and substituting H, p0 and p1 by its expressions,
the intended result is obtained.

4. EXAMPLES

We now illustrate the application of our result
to some concrete problems of nonconservative
classical mechanics. In all the examples, one can
use the computational tools (Gouveia and Torres,
2005) to determine the symmetries.

Example 27. (cf. (Fu and Chen, 2003)). We apply
our results to the example studied in (Fu and
Chen, 2003): a dynamical system with Lagrangian
L(t, q, q̇) = q̇2/2, subjected to the nonconservative
force Q = q̇2. The associated variational problem
is given by

I[q(·), u(·)] =
1

2

∫ T

0

u2dt −→ min ,

q̇(t) = u ,

and from Theorem 10 we get the exact symmetries

(τ, ξ, σ, α) = (2c1t+ c2, c1q + c3,−c1u,−c1p) ,

where ci, i = 1, 2, 3, are constants. From Theo-
rem 21, we obtain the nonconservative conserva-
tion law

(c1q(t) + c3) p(t)

+

(

1

2
u(t)2 − p(t)u(t)

)

(2c1t+ c2)

+

∫

((2c1t+ c2)q̇(t)− c1q(t)− c3)u(t)
2dt

= const . (22)



The equation of motion is defined by u(t) = q̇(t),
ṗ(t) = u(t)2, p(t) = u(t) (which is equivalent
to the nonconservative Euler-Lagrange equation
(10): q̈(t) = q̇2), and we obtain the nonconserva-
tive conservation law (22) in terms of the calculus
of variations (20):

c1
[

q(t)q̇(t)− tq̇(t)2
]

−
1

2
c2q̇(t)

2 + c3q̇(t)

+

∫

[2c1tq̇(t)− c1q(t) + c2q̇(t)− c3] q̇(t)
2dt

= const .

In this example, it is possible to verify the va-
lidity of (22) by definition: the nonconservative
extremals (q(·), u(·), p(·)) are given by q(t) = k1−

ln(t− k2), u(t) =
1

k2−t
, p(t) = 1

k2−t
, where k1 and

k2 are constants to be determined from the bound-
ary conditions, and substituting the extremals in
(22), we obtain the tautology 0 = const.

To finish the illustration of our methods, we
consider a generalized mechanical system with
one degree of freedom, whose Lagrangian and
nonconservative force depends on higher-order
derivatives.

Example 28. (cf. (Djukić and Strauss, 1980)). The
following problem is borrowed from (Djukić and
Strauss, 1980, §4):

L =
1

2

(

q̈2 + aq̇2 + bq2
)

,

Q = µq̇ +
(µ

a

)2

q̈ − 2
(µ

a

) ...
q ,

where a, b, and µ are constants. Replacing ex-
pression of L and Q into (21), we conclude that
Noether’s nonconservative constants of motion
have the form

C(t, q, q̇, q̈,
...
q ) =

1

2
τ
(

q̈2 + aq̇2 + bq2
)

+ (aq̇ −
...
q )(ξ0 − q̇τ) + q̈(ξ1 − q̈τ)− f + Λ ,

(23)

where f =

∫

(ξ − q̇τ)

(

µq̇ +
µ2

a2
q̈ −

2µ

a

...
q

)

dt.

From the necessary and sufficient condition of
invariance (13), one obtains that the exact sym-
metries (Λ = 0) for the problem are given by
(τ, ξ1, ξ2, σ, α1, α2) = (c, 0, 0, 0, 0, 0), where c is
an arbitrary constant, and from (23) we conclude
that

1

2

(

q̈2 + aq̇2 + bq2
)

− (aq̇ −
...
q )q̇ − q̈2

+

∫

q̇

(

µq̇ +
µ2

a2
q̈ −

2µ

a

...
q

)

dt

is a conserved quantity for the nonconservative
system. This conclusion is nontrivial, and difficult
to verify directly from the definition of nonconser-
vative constant of motion (Definition 20).

5. CONCLUSIONS

We have obtained a nonconservative Noether’s
theorem (Theorem 21) for optimal control prob-
lems with an arbitrary complex dynamical control
system q̇(t) = ϕ (t, q(t), u(t)). Theorem 21 intro-
duces a new Hamiltonian perspective to noncon-
servative Noether’s theory. Previous nonconserva-
tive results found in the literature are obtained
from Theorem 21 as corollaries. Our method is
illustrated with the examples studied in (Djukić
and Strauss, 1980; Fu and Chen, 2003).
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Abstract: We study minimal generalized differential quotients and show that they
are unique for functions defined on R and with values in R. A comparison of Cellina
continuously approximable set-valued maps with σ-selectionable ones is given. An
application of generalized differential quotients is presented.
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1. INTRODUCTION

The purpose of any theory of generalized dif-
ferentials is to differentiate set-valued maps or
single-valued maps that are not differentiable in
the classical sense. Recently a lot of different
ideas of generalized differentiation has been intro-
duced motivated by control theory, in particular
by nonsmooth maximum principle (see (?)War),
(Clarke, 1990), (Sussmann, 2000), (Sussmann,
2002b), (Sussmann, 2002a), (Sussmann, 2004)).
Also stabilization problem for nonlinear systems
requires generalized differentiation. In this pa-
per we focus on generalized differential quotients
(abbr. GDQs) introduced by Hector Sussmann
in (Sussmann, 2000). This theory seems to be the
most promising of many theories of generalized
differentiation introduced by Sussmann. We stress
the importance of minimal generalized differential
quotients for f : R → R for which we have a
uniqueness - a rare property of generalized differ-
entials. The idea of minimal GDQs is the one we
introduced in (Girejko, 2005).
Before going into details of definitions of GDQs

and other generalized differentiation theories, one
has to be familiar with the concept of Cellina con-
tinuously approximable (abbr. CCA) set-valued
maps (see (Cellina, 1969a; Cellina, 1969b)). We
recall this in Section 2. The comparison of CCA
and σ-selectionable set-valued maps (see (Aubin
and Cellina, 1984)) helps to understand the mean-
ing of the CCA property. The main result of
Section 2 is Theorem 1 which states that every
CCA set-valued map contains a CCA set-valued
map with connected values. We use this result in
other sections.
In Section 3 we deal with minimal GDQs. By
defining sets I−, I+, which are, roughly speaking,

the sets of limits of quotients f(x)
x

while x → 0, we
give a quite complete picture of minimal GDQs of
functions that go from R to R. In that case min-
imal GDQs are unique. We present also relations
among minimal GDQs, Dini derivatives and the
contingent derivative.
In the last section we present an application of
GDQs in control theory. We use GDQ to show
the existence and the uniqueness of solution to



differential equation with nonsmooth right-hand
side.

2. CELLINA CONTINUOUSLY
APPROXIMABLE AND σ-SELECTIONABLE

SET-VALUED MAPS

The aim of this section is to study Cellina contin-
uously approximable set-valued maps and to com-
pare them with other set-valued maps. We start
with the definition of Cellina continuously ap-
proximable set-valued maps (Cellina, 1969a; Suss-
mann, 2002b). Let X,Y be metric spaces.

Definition 1. A set-valued map F : X ³ Y is
Cellina continuously approximable (abbr. CCA)
if for every compact subset K of X
(1) Gr(F |K) is compact;
(2) there exists a sequence {fj}

∞

j=1
of single-

valued continuous maps fj : K → Y that con-

verges to F |K , what we write fj
gr
−→ F |K , in the

following sense

limj→∞4(Gr(fj), Gr(F |K)) = 0

where

4(A,B) = sup{dist(q,B) : q ∈ A}.

Note that ”|” means restriction and dist(a,B) :=
inf
b∈B

d(a, b).

We use CCA(X,Y ) to denote the set of all CCA
set-valued maps from X to Y .

When f : X → Y is a single-valued map, then f
belongs to CCA(X,Y ) if and only if f is contin-
uous.

Before presenting some examples we recall the de-
finition of upper semicontinuous set-valued maps.
By Do(F ) we mean the domain of F : X ³ Y ,
namely Do(F ) := {x ∈ X : F (x) 6= ∅}.

Definition 2. Let X and Y be metric spaces. We
say that a set-valued map F : X ³ Y is upper

semicontinuous (abbr. u.s.c.) at x̄ ∈ Do(F ) if and
only if for any neighborhood U of F (x) there exists
δ > 0 such that for every x ∈ B(x̄, δ), F (x) ⊂ U .

Example 1. Consider F : R³ R such that

F (x) =











−1 if x < 0

[−1, 1] if x = 0

1 if x > 0

Notice that F is upper semicontinuous and has
compact convex nonempty values. Thus, by The-
orem 5.3 in (Sussmann, 2002b), we get that F is
CCA.

Example 2. Let us take the following set-valued
map

G(x) =

{

[k, k + 1] if x = k

k if k − 1 < x < k

where k ∈ Z. Then G is CCA.

We formulate the following technical lemma which
we need in order to prove the next theorem. The
proof of the lemma will be omitted.

Lemma 1. Let F̃ : K ³ R
n, where K ⊆ R

m is
compact, be CCA. Let us define the following set
F = {F̂ : K ³ R

n : Gr(F̂ ) ⊆ Gr(F̃ ) and F̂ −
CCA set-valued map}. Then F has a minimal
element in the sense of inclusion of graphs.

The main result of this section is the following
theorem.

Theorem 1. Consider CCA set-valued map F :
K ³ R

m where K ⊆ R
n is compact. Then there

exists a CCA set-valued map F̃ ⊂ F such that for
every x ∈ K, F̃ (x) is connected.

Proof: Take F̃ - a minimal element of F defined
in Lemma 1. Pick x̄ ∈ K and assume that there
exist A1, A2 compact, nonempty and disconnect-
ing F̃ (x̄). Then there exists δ > 0 s.t.

B(A1, δ) ∩B(A2, δ) = ∅.

By u.s.c. of F̃ ,

∃ ε > 0 s.t. x ∈ B(x̄, ε) ⇒ F̃ (x) ⊂ B(A1, δ)∪B(A2, δ)

We define F̃1, F̃2 with compact graphs as follows

F̃i(x) = F̃ (x) for x /∈ B(x̄, ε)

and

F̃i(x) = F̃ (x) ∩B(Ai, δ) for x ∈ B(x̄, ε)

for i = 1, 2. Then

Gr(F̃ ) = Gr(F̃1) ∪Gr(F̃2).

We know that there exists a sequence {fj} of

continuous single-valued maps s.t. fj
gr
−→ F̃ and

we can write that for j large enough

∆(Gr(fj), Gr(F̃ )) <
δ

2
⇒

⇒ Gr(fj) ⊆ B(Gr(F̃1) ∪Gr(F̃2),
δ

2
).

Thus for every j large enough there exists i ∈
{1, 2} s.t. Gr(fj) ⊆ B(Gr(F̃i),

δ
2
). Hence there

exists i ∈ {1, 2} and a subsequence {fjk} such

that fjk
gr
−→ F̃i which implies that F̃i is CCA.

Therefore we get a contradiction with minimality
of F̃ and the proof is complete.



Corollary 1. Consider a CCA set-valued map F :
K ³ R where K ⊆ R

n is compact. Then there
exists F̃ ⊂ F such that F̃ is CCA and for every
x ∈ K, F̃ (x) is convex.

Recall the definition of σ-selectionable set-valued
maps (Aubin and Cellina, 1984).

Definition 3. We say that a set-valued map F :
X ³ Y is σ-selectionable if there exists a decreas-
ing sequence of compact valued maps Fn : X ³ Y

with closed graphs satisfying

i) ∀ n ≥ 0, Fn has a continuous selection,
ii) ∀ x ∈ X, F (x) =

⋂

n Fn(x).

The following propositions allow us to compare
CCA set-valued maps with σ-selectionable ones.

Proposition 1. Let F : K ³ Y , where K-
compact, be CCA. Then F is σ-selectionable.

Proof: Let us define Fn : K → Y by Gr(Fn) =
Gr(F )+ 1

n
B̄ where B̄ denotes closed unit ball. We

know that there exists a sequence of continuous

functions fj
gr
−→ F , thus we get

∀ n ∃ j fj ⊂ Fn.

The converse of the above statement is not true
without some additional assumptions. To see this,
let us consider the following example.

Example 3. Consider the set-valued map defined
as follows

F (x) =







[0, x] ∪ {
1

x
} if x 6= 0

{0} if x = 0.

It is clear that F is σ-selectionable. Moreover,
F has a continuous selection. The graph of F is
closed but unbounded, thus it is not compact as
it is required for CCA set-valued maps. Therefore
not every σ-selectionable set-valued map is a CCA
one.

Proposition 2. Consider F : X ³ Y . If F is σ-
selectionable and either F has bounded graph or
F is u.s.c. then F is CCA.

Proof: From the assumption we have that F =
⋂

n Fn and there exists a sequence of continuous
maps {fn} such that fn ⊆ Fn for any n. Since F is
σ-selectionable then Gr(F ) is closed. Thus either
if it is bounded or if F is upper semi-continuous
then Gr(F ) is compact. From the compactness of
the graph of F we get that Gr(Fn) ⊂ Gr(F )+δB.

So fn
gr
−→ F .

Corollary 2. Consider F : K ³ Y , where K-
compact. Then F is σ-selectionable and has com-
pact graph if and only if F is a CCA set-valued
map.

3. GDQS AND MINIMAL GDQS

Let us start with the definition of directional
Generalized Differential Quotients.

Definition 4. (Sussmann, 2000) Let m,n ∈ Z+,
F : Rm

³ R
n be a set-valued map, x ∈ Rm, y ∈

R
n, y ∈ F (x) and let Λ be a nonempty compact

subset of Rn×m. Let S be a subset of Rm. Then an
element of Λ is an n×m matrix. We say that Λ is a
generalized differential quotient of F at (x ,y ) in

the direction of S, and write Λ ∈ GDQ(F ;x, y;S)
if for every positive real number δ there exist U,G
such that
1. U is a compact neighborhood of 0 in Rm and
U ∩ S is compact;
2. G is a CCA set-valued map from x+ U ∩ S to
the δ-neighborhood Λδ of Λ in Rn×m;
3. G(x) ·(x−x) ⊆ F (x)−y for every x−x ∈ U ∩S

Throughout this section we use Λδ to denote a
δ-neighborhood of Λ ∈ Lin(R,R).

We say that F : Rm
³ R

n is GDQ-differentiable
at (x, y) in the direction of S if there exists
at least one Λ ∈ Lin(Rm,Rn) such that Λ ∈
GDQ(F ;x, y;S).

Lemma 2. (Girejko, 2005) Let F ∈ SVM(Rn,Rm)
and Λk ∈ GDQ(F ;x, y;S) for k = 1, 2, .... Let us
assume that Λ1 ⊃ Λ2 ⊃ ... and

⋂

k

Λk = Λ. Then

Λ ∈ GDQ(F ;x, y;S).

Theorem 2. (Minimality Theorem). (Girejko, 2005)
If the set of GDQ of a set-valued map F at a point
(x, y) is not empty then there exists in this set at
least one minimal GDQ at this point in the sense
of inclusion of sets.

Corollary 3. (Girejko, 2005) Every element Λ of
GDQ(F ;x, y;S) contains a minimal element of
GDQ(F ;x, y;S) in the sense of inclusion of sets.

Remark 1. The Minimality Theorem and Lemma 2
hold also for other generalized differentiation
theories as, for example, for multidifferentials,
path-integral generalized differentials and Warga
derivate containers (see (Sussmann, 2000; Suss-
mann, 2002b; Sussmann, 2002a; Warga, 1983) for
more).

Remark 2. If ∂f(x) is the Clarke generalized gra-
dient of f at x (for the definition of Clarke gener-



alized gradient see (Clarke, 1990)) then ∂f(x) ∈
GDQ(f ;x, f(x);R).

Example 4. Consider the function f : R → R

defined by f(x) = |x|. Then one can show that
[−1, 1] ∈ GDQ(f ; 0, 0;R) and that this is the min-
imal GDQ. This interval is also Clarke generalized
gradient of f at 0. However for f(x) = x2 sin 1

x

when x 6= 0 and f(0) = 0 the same interval
is again the Clarke generalized gradient of f at
0, while the minimal GDQ is just the ordinary
derivative at 0 equals 0.

Example 5. Let F : R ³ R be a set-valued map
such that

F (x) =

{

[−|x|, |x|] if x 6= 0

{0} if x = 0

Then any singleton {a} for a ∈ [−1, 1] is a minimal
GDQ of F at the point (0, 0).

Remark 3. An intersection of any two generalized
differential quotients is not in general a GDQ.
Indeed, let us take a set-valued map F defined in
the Example 5. Then any compact overset of Λ is
a GDQ of F at the point (0, 0) in the direction
of S. Let us take two GDQs Λ1,Λ2 such that
Λ1 = { 1

2} ∪ [2, 3] and Λ2 = {1} ∪ [2, 3]. They
are compact oversets of minimal GDQs from the
Example 5. The intersection of these two sets is
[2, 3] - the set that is not a GDQ of F at the point
(0, 0).

For GDQs the chain rule holds in the sense that
every composite of two differentials is a differential
of the compose map. To illustrate this property let
us present the following example.

Example 6. Consider f1 : R2 → R and f2 : R→ R

such that f1(x1, x2) = max{x1, x2}, f2(x) = |x|.
We have [−1, 1] ∈ GDQ(f2; 0, f2(0);R). One can
see that a GDQ of f1 at 0 is:

∂f1(0) = {(a, b) ∈ R2 : a+ b = 1, a, b ≥ 0}.

-
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From basic properties of GDQ we know that
∂f1(0) ∈ GDQ(f1; 0, f1(0);R

2) (we have fi(0) =
0, i = 1, 2).
Let Λ1 = ∂f1(0), Λ2 = [−1, 1]. Then

Λ2 ◦ Λ1 ∈ GDQ(f2 ◦ f1; 0, 0;R
2).

and

Λ2◦Λ1 = {(a′, b′) ∈ R2 : −1 ≤ a′+b′ ≤ 1, a·b ≤ 0}.
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Then Λ2 ◦ Λ1 is one of the GDQs of the function
f3 = f2 ◦ f1, where f3(x1, x2) = f2(f1(x1, x2)) =
|max{x1, x2}| at the point (0, f3(0)) i.e.

Λ2 ◦ Λ1 ⊂ GDQ(f3; 0, f3(0);R
2)

for f3(0) = 0.

The next example shows that the chain rule does
not hold for minimal GDQs.

Example 7. If f : R→ R is given by f(x) = 2x+
|x| and g : R → R by g(x) = 1

3 (2x − |x|), so that
g = f−1 (compositional inverse), then Λf = [1, 3]
and Λg = [ 13 , 1], where Λf is a minimal GDQ of
f at 0 and Λg is a minimal GDQ of g at 0, so
Λf ◦ Λg = [ 13 , 3]. But Λg◦f = {1} is a minimal
GDQ of g ◦ f at 0, since (g ◦ f)(x) ≡ x.

Definition 5. Consider f : Rn → R
m. We say

that f is Lipschitz at the point x0 if and only
if ∃ L > 0 ∃ U − neighb of x0 ∀ x ∈ U it holds
|f(x)− f(x0)| < L|x− x0|.

Proposition 3. Let f : R → R be continuous in a
neighborhood U of 0. Then f admits a GDQ at
(0, 0) if and only if f is Lipschitz at the point 0.

Proof: When we assume that f admits a GDQ
then there exists a CCA set-valued map G : U ³
Λδ such that G(x)x = f(x) which implies that

G(x)x ∈ Λδx. Thus | f(xn)
xn

| is bounded.
On the contrary, let us assume that there exists

L > 0 and for every xn → 0, | f(xn)
xn

| < L. We prove
that [−L,L] is a GDQ of f at (0, 0). In fact, we

define G to be f(x)
x

if x 6= 0 and [−L,L] otherwise.
The sequence



fn(x) =










f(x)

x
, x ∈ U\[− 1

n
,
1

n
];

n(nx+ 1)

2
f(

1

n
) +

n(1− nx)

2
f(

−1

n
), x ∈ [− 1

n ,
1
n ]

with ∆(Gr(fn), Gr(G)) = 1
n shows that G is

CCA. And the proof is finished

Example 8. Consider f(x) =
√
x then f(x)

(x) is

unbounded in any neighborhood of 0. Then it does
not have a GDQ at (0, 0).

Let us define for f : R→ R, where f is continuous
and f(0) = 0, the following sets:

I+ = {y : ∃ xn → 0+,
f(xn)

xn
→ y}

and

I− = {y : ∃ xn → 0−,
f(xn)

xn
→ y}.

Then we can formulate the following lemmas.

Lemma 3. I+ (I−resp.) is a closed and convex set.

Corollary 4. I+ (I− resp.) is a compact and con-
vex set if f is GDQ-differentiable.

Remark 4. Recall that the Dini’s derivatives of a
function f : R → R at the point 0 is defined as
follows (we assume that f(0) = 0):

D+f(0) = lim
t↓0

sup
f(t)

t
, D+f(0) = lim

t↓0
inf

f(t)

t

and

D−f(0) = lim
t↑0

sup
f(t)

t
, D−f(0) = lim

t↑0
inf

f(t)

t
.

It is easy to see that these derivatives are exactly
the end points of the sets I+ and I−.

Remark 5. For f : R → R there are some re-
lations among minimal GDQs, sets I+, I− and
the contingent derivative. Recall first that a set-
valued map F : K ³ Y , K ⊂ X, such that its
images F (x) are nonempty for all x ∈ K, has
the contingent derivative DF (x0, y0) at x0 ∈ K
and y0 ∈ F (x0) if DF (x0, y0) is a set-valued map
from X to Y whose graph is the contingent cone

TGr(F )(x0, y0) to the graph of F at (x0, y0), where

TK(x) :=
{

u ∈ X : lim infv↓0
dist(x+vu,K)

v = 0
}

.

In other words,

v0 ∈ DF (x0, y0)(u0) ⇔ (u0, v0) ∈ TGr(F )(x0, y0).

Then one gets

Λmin+ ∈ GDQ(F ; 0, 0;R+) ⇒ Λmin+ = DF (0, 0)(1)

and

Λmin− ∈ GDQ(F ; 0, 0;R−) ⇒ Λmin− = DF (0, 0)(−1)

for F-Lipschitz at the point 0.

Proposition 4. Let f : R → R be such that
f(xn)
xn

→ y as xn → 0. If Λ ∈ GDQ(f ; 0, 0;R)
then y ∈ Λ.

Proof: Assume that there exists y that does not
belong to Λ. Then there exists δ > 0 such that
B(y, δ)∩Λδ = ∅. By the definition of GDQ, there
exist U -neighborhood of 0 and CCA multifunction
G : U → Λδ/2 such that G(x)·x = f(x). Therefore

G(xn) =
f(xn)
xn

and for n big enough, by u.s.c. of

G, G(xn) ∈ Λδ and f(xn)
xn

∈ B(y, δ). Thus we get
a contradiction.

Corollary 5. If Λ ∈ GDQ then co(I+ ∪ I−) ⊆ Λ.

Theorem 3. Assume that f : R → R, f(0) = 0
admits a GDQ at 0. Then co(I+∪I−) is the unique
minimal GDQ.

Proof: From the Proposition 4 we know that
if Λ ∈ GDQ(f ; 0, 0;R) then co(I+ ∪ I−) ⊆ Λ.
It is enough to show that Λ0 = co(I+ ∪ I−) ∈
GDQ(f ; 0, 0;R). Let

G(x) =

{

f(x)

x
, x 6= 0

Λ0, x = 0
(1)

We show that G is u.s.c. For x 6= 0 it is trivial so
let us fix x0 = 0. Assume that G is not u.s.c. at
x0 = 0 then

∃ ε ∀ n ∈ N ∃ xn ∈ R, |xn| <
1

n

and
f(xn)

xn
/∈ Λε0. (2)

From GDQ-differentiability we have that f(x)
x

is bounded near 0, thus the sequence f(xn)
xn

is
bounded for n big enough. Therefore there exists

a subsequence (
f(xnk )

xnk
) that is convergent. Let

limk→∞
f(xnk )

xnk
= y. Then y ∈ Λ0 so, for k big

enough one gets
f(xnk )

xnk
∈ Λε0. But this contradicts

with (2). Thus G is u.s.c., moreover, G has com-
pact and convex values. It implies that G is CCA.
Moreover, from u.s.c. of G at x0 = 0 it follows
that

∀ ε > 0 ∃ U − nghb of x0 ∀ x ∈ U

such that

G(x) ∈ Λε0

and f(x) = G(x)x (from the definition of G).
Therefore Λ0 is a minimal GDQ and the proof
is complete.

Corollary 6. If the set I+ ∪ I− in Theorem 3 is
connected then Λ0 = {I+∪I−} is a minimal GDQ
of f at (0, 0).



Proposition 5. Let F : Rm → R
n be differentiable

at 0. If Λ is a GDQ of F at the point (0, 0) then
{F ′(0)} ∈ Λ.

Proof: Assume, by contradiction, that F ′(0) /∈
Λ. Then there exists δ > 0 such that B(F ′(0), δ)∩
B(Λ, δ) = ∅. From the assumption we have that
there exists a CCA set-valued map G such that
G ⊂ Λδ/2. By u.s.c. of G, there exists η > 0 such
that |x| < η, what implies that G(x) ⊂ G(0)+ δ

2B.
For |x| small enough,

∆(F (x), G(x)x) = ∆(F ′(0)x+ o(|x|), G(x)x)

≥ ∆(F ′(0)x,G(0)x)−
δ

2
|x| − o(|x|)

≥ ∆(F ′(0)x,Λx)− δ|x| − o(|x|)

≥ 2δ|x| − δ|x| − o(|x|)

= δ|x| − o(|x|) > 0.

But G(x)x = F (x) and we get a contradiction.

4. AN APPLICATION

Theorem 4. Consider f : R → R such that f
is continuous and f(0) = 0. If there exists Λ ∈
GDQ(f ; 0, 0;R) then x ≡ 0 is the unique solution
to

(CP) ẋ = f(x), x(0) = 0.

Proof: From the GDQ-differentiability of f we
have

∃ c > 0 such that |
f(x)

x
| ≤ c

for x ∈ B(0, δ)\{0}.

Backward : Assume there exists x(·) 6= 0 a back-
ward solution to (CP) on [−δ, 0]. Let t̄ ∈]−δ, 0[ be
such that x(t̄) > 0 being the case x(t̄) < 0 similar.
Let s > t̄ be the first time such that x(s) = 0 (s
possibly equal to 0). Then for τ ∈ [t̄, s[ we have

|ẋ(τ)| = |f(x(τ))| ≤ c|x(τ)|

then
x(τ) ≥ x(t̄)e−c(τ−t̄) > 0

reaching the contradiction.

Forward : analogously.

5. CONCLUSIONS AND FUTURE WORKS

We have presented generalized differential quo-
tients and focused on minimal ones. We discussed
in details minimal GDQs for functions from R to
R. We used GDQ to show the existence and the
uniqueness of solution of differential equation with
nonsmooth right-hand side. In the future work we

are going to consider generalized differentials in
the set-valued case i.e. for set-valued maps that
go from R into R

n. Our main goal will be to
apply minimal Generalized Differential Quotients
to nonsmooth maximum principle.
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Abstract: In order to obtain a closed-loop control in minimal cost variance
problems with infinite horizon, one needs to solve a system of coupled algebraic
Riccati equations. Under standard conditions it is not yet known if solutions for
such equations exist. One way to achieve that goal is to consider discrete dynamical
systems, whose fixed points (if they exist) are solutions of the problem under study.
These discrete dynamical systems of coupled algebraic Riccati equations can also
serve as numerical algorithms to compute possible solutions. In this paper, we
propose a new algorithm for solving coupled algebraic Riccati equations appearing
in minimal cost variance problems. As an application of the developed technique,
some examples are given to illustrate the performance of the proposed method.

Keywords: Riccati equations, Algorithm, Convergence.

1. INTRODUCTION

We shall consider structures whose dynamic mo-
tion can be described in state variable form by the
following stochastic equation

dx(t) = [Ax(t) +Bu(t)]dt+ Edw(t)

x(t0) = x0, (1)

where x(t) ∈ Rn is the state vector, x0 is a random
action which is independent of w, u(t) ∈ Rm is the
control vector and w(t) is a vector of Brownian
motion of dimensional d defined on a probability
space (Ω,F , P ) and such that E{dw(t)dw′(t)} =
W̃dt, with W̃ ∈ Rn×n.

The matrices A, B and E are matrices of dimen-
sions n × n. The performance of system (1) is
evaluated by the minimization of the cost variance
of the following criterion

J(x, u) =

∞
∫

0

{

uTRu+ xT Qx
}

ds. (2)

Given a positive scalar γ, the solutions of the infi-
nite time horizon f ull-state feedback MCV prob-
lem (1) and (2) are found using the Hamiltonian
Jacobi theory (M.K.Sain et al., 1995), (P.Whittle,
1991),(C.H.Won et al., 2003),(S.R.Liberty and
Hartwing, 1978),(M.K.Sain, 1965) and (M.K.Sain,



66). In the case of infinite time horizon MCV
control problems a pair of coupled algebraic Ric-
cati equations arises. For a process x(t) from (1),
having an admissible controller u which minimizes
a variance of J(x, u), the optimal control is given
by

u∗(x) = −R−1BT [M + γV ]x, (3)

whereM and V are the stabilizing solutions of the
coupled algebraic Riccati equations

0 =ATM +MA−MSM + γ2V SV +Q, (4)

0 =ATV + V A− 2γV SV −MSV

− V SM + 4MWM, (5)

where

S = BR−1BT and W = EW̃ET .

A stabilizing solution of the coupled algebraic
Riccati equations (4) and (5) is defined as follows:

Definition 1. The pair of real symmetric matrices
(M,V ) satisfying the coupled algebraic Riccati
equations (4) and (5) is a stabilizing solution if
the matrix (A− S(M + γV )) is Hurwitz (i.e. has
all its eigenvalues with negative real parts).

The existence of the solutions of the coupled dif-
ferential Riccati equations corresponding to (4)
and (5) has been studied in the paper of Freil-
ing and al. (G.Freiling et al., 1999) by means of
comparison theorems for the standard algebraic
Riccati equations. To the best of our knowledge,
there are no general result for the existence of
stabilizing solutions of the coupled algebraic Ric-
cati equations (4) and (5) under the standard
condition asking that (A,B,

√
Q) is stabilizable-

detectable. For the rest of the paper, we will
always assume that condition and refer to it as
the standard assumption. In order to characterize
numerically possible solutions to (4) and (5), two
numerical algorithms of Lyapunov type are pre-
sented in Freiling and al. (G.Freiling et al., 1999)
and (C.H.Won et al., 2003).
The first algorithm (G.Freiling et al., 1999) is
based on a decoupling of the previous equations
and uses appropriately one step delay. At each
step of that algorithm, two uncoupled Lyapunov
algebraic equations are to be solved. Moreover, at
each step of the algorithm, stability and mono-
tonicity assumptions are made for the algorithm
to go on and, under additionnal conditions, it
is also shown that such solutions exist and are
unique. In the sequel, we will refer to the algo-
rithm of Freiling and al. (G.Freiling et al., 1999)
as A.L.C.V . The second algorithm for solving
(4) and (5) is due to (C.H.Won et al., 2003).

It consists of a slight modification of A.L.C.V

(a reinitialization device is considered to avoid a
stability assumption in A.L.C.V and the obtained
pair of solutions is stabilizing but is not unique.

The goal of this work is to introduce a new algo-
rithm to calculate a pair of stabilizing solutions
of the coupled algebraic Riccati equations (4) and
(5). This procedure will be designed in the next
section by the algorithm A.R.C.V . It is also based
on a decoupling of these equations and it uses
appropriately one step delay. However, at each
step of the algorithm, a standard algebraic Riccati
equation and one Lyapunov algebraic equation are
to be solved. Under the standard assumption, it
is easy to show that the algorithm is always well
defined, i.e., the existence of the unique solution of
the algebraic Lyapunov equation and that of the
unique strong solution of the standard algebraic
Riccati equations appearing at each step of the
algorithm are insured. We will show the good
performances and the advantages of the proposed
algorithm with respect to the Lyapunov type al-
gorithm in (G.Freiling et al., 1999) by presenting
numerical examples. In particular, we always ob-
tained (numerically of course) a unique pair of
positive semidefinite stabilizing solutions of the
coupled algebraic Riccati equations (4) and (5).

2. A NEW ITERATIVE TECHNIQUE

In the following let us assume that

Q ≥ 0, S ≥ 0 W ≥ 0 . (6)

Set

Z := M + γV, (7)

After an elementary calculation, the coupled alge-
braic Riccati equations (4) and (5) can be rewrit-
ten as

0 = (A− SZ)TM +M(A− SZ) + ZSZ +Q, (8)

0 = (A− SZ)TV + V (A− SZ) + 4MWM. (9)

These equations look formally like two Lyapunov
equations but they are of course and much more
complicated since Z depends on M and V . Multi-
plying equation (9) by γ and adding the resulting
equation with (8), we obtain the following alge-
braic Riccati equation

0 =ATZ + ZA− ZSZ + 4γMWM +Q. (10)

2.1 Description of the procedure

We present the details of the above-mentioned
algorithm for solving the coupled algebraic Lya-



punov and Riccati equations (8) and (10) by de-
coupling theses equations using the Lyapunov and
the Riccati type iterations. Each iterative tech-
nique presented here will stop until the right-hand
side of these equations is smaller than a chosen
precision ε sufficiently small and fixed in advance.

Algorithm A.R.C.V

• Start with M0 ≥ 0.
• Define Zl,Ml+1, N1(Zl,Ml) and N2(Zl,Ml),
l ≥ 0, as follows

• (a) determine Zl the unique semidefinite sta-
bilizing of the algebraic Riccati equation

0 =ATZl + ZlA− ZlSZl

+ 4γMlWMl +Q (11)

and Ml+1 the unique semidefinite solution of
the Lyapunov equation

0 = (A− SZl)
TMl+1 +Ml+1(A− SZl)

+ZlSZl +Q. (12)

• (b) Put Al = A− SZl, then compute

N1(Zl,Ml) =ATZl + ZlA− ZlSZl

+ 4γMlWMl +Q

and

N2(Zl,Ml) =AT

l Ml +MlAl + ZlSZl +Q,

while

el = max{||N1(Zl,Ml)||∞, ||N2(Zl,Ml||∞},

is larger than ε, replace l by l + 1 and go to
(a), else stop.

Note that the standard assumption guarantees the
existence of a unique semidefinite solution of the
algebraic Riccati equation (16) such that (A −
SZl) is Hurwitz. At the same time, the stability
of the closed loop matrix (A − SZl) is sufficient
to ensure the existence and the uniqueness of the
solution of the algebraic Lyapunov equation (17).
So, the sequences (Ml)l≥0 and (Zl)l≥0 obtained by
the mentioned algorithm are well defined. One can
compare A.R.C.V with A.L.C.V which is given
in appendix. In particular, A.L.C.V does not
require the assumptions (H)l−1 , l ≥ 1 (defined
in appendix).
We next consider the following condition:
(A1) There exists a positive definite stabilizing
solution of the standard algebraic Riccati equation

0 = ATP + PA− PSP +Q. (13)

We are able to prove the two following proposi-
tions, whose proofs will be given in another paper.

Proposition 1. Let the assumption (A1) holds.
Then the iterations schemes defined by (16) and

(17) define two sequences (Ml)l≥1 and (Zl)l≥0

with the following property

0 < P ≤Ml+1 ≤ Zl, ∀l ≥ 0. (14)

Proposition 2. Assume that

Γl := 4γ(MlWMl −Ml+1WMl+1), (15)

is positive semidefinite for all l ≥ 1. Then the
sequence (Zl)l≥0 defined by (16) is monotonically
decreasing. If (A1) also holds, then (Zl)l≥0 is
convergent to Z > 0, (Ml)l≥0 is convergent to
M > 0, and (M,V ) solves the MCV problem,
where V = (Z −M)/γ.

3. NUMERICAL EXAMPLES

As we will show in the following examples, al-
gorithm A.R.C.V is better than the lyapunov
type algorithm A.L.C.V (see appendix) to com-
pute the solutions of the coupled algebraic Ric-
cati equations (4) and (5). Several examples show
that A.R.C.V converges faster then A.L.C.V . For
A.R.C.V , the convergence does not depend on
the chosen initial value. Note that each obtained
solution is positive definite and stabilizing.

Example 1. In order to demonstrate the efficiency
of the introduced algorithm we have run for differ-
ent values of γ whose have been given in Freiling
and al. (G.Freiling et al., 1999) using the above
algorithm.
Consider the coupled algebraic Riccati equations
(4) and (5) associated with the following coeffi-
cients matrices:

A =

[

1
1

8
0 4

]

, B =

[

1 0
0 2

]

, E =







1

3
0

0
1

3






,

R =

[

1 0
0 1

]

, W̃ =

[

1 0
0 1

]

, Q =

[

4 0
0 4

]

.

Use the initial value M0 = 0, we obtain the
following results:

• for γ = 3

8
, after 20 iterations we have:

• A.L.C.V and A.R.C.V converge to the pair
of positive definite and stabilizing solutions
which is approximated by:

M20 =

[

3.25943 0.05190
0.05190 2.41746

]

and

Z20 =

[

3.59950 0.05806
0.05806 2.49880

]

.



Figure 1 shows the variation of the norms of

(Ml −M) and (Zl − Z) for all l ≥ 1.
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Fig. 1. Performance of A.L.C.V and A.R.C.V .

• For γ = 9

4
, after 40 iterations this algorithm

converges to the pair of solutions which is
approximated by:

M40 =

[

3.75419 0.06401
0.06401 2.47267

]

and

Z40 =

[

5.36642 0.08997
0.08997 2.87967

]

.

Figure 2 shows the variation of the norms of
(Ml −M) and (Zl − Z) for all l ≥ 1.
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Fig. 2. Performance of A.L.C.V and A.R.C.V .

• For γ = 5, after 40 iterations we obtain:
• A.L.C.V is divergent.
• A.R.C.V converges to the pair of positive
definite and stabilizing solutions which is
approximated by:

M40 =

[

5.61923 0.10601
0.10601 2.62246

]

and

Z40 =

[

9.66460 0.17189
0.17189 3.41460

]

.

Figure 3 shows the variation of the norms of
(Ml −M) and (Zl − Z) for all l ≥ 1.
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Fig. 3. Performance of A.L.C.V and A.R.C.V .

Example 2. Consider the coupled algebraic Ric-
cati equations (4) and (5) associated with a sin-
gular matrix S and defined as follows:

A =

[

0.2625 0.9171
0.1863 0.1233]

]

, S =

[

4 2
2 1

]

,

Q =

[

8.2008 2.3365
2.3365 0.6743

]

, W =

[

1 0
0 3

]

.

• Start with M0 defined by

M0 =

[

9.02743 2.05711
2.05711 1.03274

]

.

• For γ = 1

5
, we obtain:

• A.L.C.V and A.R.C.V converge to the pair
of positive and stabilizing solutions which is
approximated by:

M40 =

[

1.29059 0.43073
0.43073 0.39424

]

and

Z40 =

[

1.38714 0.41886
0.41886 0.54139

]

.

Figure 4 shows the variation of the norms of
(Ml −M) and (Zl − Z) for all l ≥ 1.
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Example 3. Consider the coupled algebraic Ric-
cati equations (4) and (5) associated with a sin-
gular matrix S and defined as follows:

A =









−48.5628 6.4360 0.4822 18.7399
5.0774 −50.9040 0.0004 4.2818
16.9243 10.0912 −51.5288 8.9564
5.9128 0.1951 10.9500 −47.3978









,

S =









3.3288 1.3682 1.3930 0
1.3682 0.5653 0.5936 0
1.3930 0.5936 0.7362 0
0 0 0 0









,

Q =









13.4942 14.3873 5.2520 11.8985
14.3873 17.1694 6.9608 13.5955
5.2520 6.9608 3.0951 5.5753
11.8985 13.5955 5.5753 14.5638









,

W =









14.3220 8.4610 12.4986 12.7641
8.4610 5.6902 7.2289 7.1130
12.4986 7.2289 13.0294 13.0767
12.7641 7.1130 13.0767 13.5294









.

• Start with M0 defined by

M0 =









11.12237 7.84469 11.37931 11.49361
7.84469 12.67810 13.50368 11.68653
11.37931 13.50368 17.73684 14.07963
11.49361 11.68653 14.07963 13.81495









.

• For γ = 1

8
, we obtain:

• A.L.C.V is divergent.
• A.R.C.V converges to the pair of positive and
stabilizing solutions which is approximated
by:

M40 =









3.03158 −1.53985 −0.34270 −0.49316
−1.53985 2.74783 0.67212 0.49031
−0.34270 0.67212 0.8646 0.44216
−0.49316 0.49031 0.44216 1.64391









and

Z40 =









3.97312 −2.36427 −0.54103 −0.74137
−2.36427 3.59382 0.88637 0.71727
−0.54103 0.88637 1.02293 0.55163
−0.74137 0.71727 0.55163 1.85428









.

Figure 5 shows the variation of the norms of
(Ml −M) and (Zl − Z) for all l ≥ 1.
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4. CONCLUSION

In this paper we have presented a new algorithm
to calculate a pair of stabilizing solutions (when it
exists) of the coupled algebraic Riccati equations.
These equations are known as the Riccati feedback
MCV problems. The present algorithm provides
better convergence results than the one considered
in Freiling and al. (?).

5. APPENDIX

For convenience of the reader we recall the Lya-
punov type algorithm presented in Freiling and
al.(G.Freiling et al., 1999)
We fix ε > 0.
Algorithm A.L.C.V

• Choose Z0 ∈ Rn×n such that the matrix
A− SZ0 is Hurwitz. Put l = 1.

• Define Ml, Vl, N1(Ml, Vl) and N2(Ml, Vl),
l ≥ 1, as follows:

• (a) Determine Ml the unique solution of

0 = (A− SZl−1)
TMl +Ml(A− SZl−1)

+Zl−1SZl−1 +Q (16)

and Vl the unique solution of

0 = (A− SZl−1)
TVl + Vl(A− SZl−1)

+ 4Ml−1WMl−1. (17)

• (b) Put Zl =Ml+γVl and Al = A−SZl, for
l ≥ 1, then compute

N1(Ml, Vl) =AT

l Ml +MlAl + ZlSZl +Q

and

N2(Ml, Vl) =AT

l Vl + VlAl + 4MlWMl,

while

el = max{||N1(Ml, Vl)||∞, ||N2(Ml, Vl||∞},

is larger than ε, replace l by l + 1 and go to
(a), else stop.



For step (a) to be solved, one must assume that
for every l ≥ 1 :
(H)l−1 A− SZl−1 is Hurwitz.
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1. INTRODUCTION

In this article, we address the infinite horizon
problem of optimizing a performance criterion by
choosing control strategies whose trajectories are
asymptotically stable. In a first stage, we state and
discuss sufficient conditions of optimality in the
form of an Hamilton-Jacobi-Bellman equation,
and, based on them, we also present a method
to synthesize a feedback control strategy. Then,
we present necessary conditions of optimality in
the form of a maximum principle and show how it
can be derived from an auxiliary optimal control
problem with mixed constraints.
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In many references, by optimal stabilization it
is meant time-optimal stabilization, i.e. finding
a control that steers the state of the system to
the origin in minimum time. However, here, our
goal is substantially different. Given a dynamic
control system and a set in the state space con-
taining at least one equilibrium point, we are
interested in finding a feedback control strategy
which stabilizes the system in the given set (in the
sense that the corresponding trajectory converges
asymptotically to an equilibrium point) and, si-
multaneously, minimizes the given cost functional.
Notice that the value of the optimal cost depends
not only on the equilibrium point, but also on the
specific trajectory reaching it.

There has been a significant demand for results for
this problem. A small sample of optimal stabiliza-
tion application problems include micro-electro-
mechanical (MEMS) control systems (Chase and
Bhashyam, 1999), economic systems under a va-
riety of constraints and assumptions, (Benigno
and Woodford, 2004; Adam, 2002; Suescun, 1998),



rigid body mechanical systems (El-Gohary, 2003),
biological, medical, health care systems (Gomez
and McLaughlin, 1991), and general chaotic sys-
tems (Basso et al., 1998), to name just a few.

This contrasts with what appears to be a small
body of results available for the general nonlinear
dynamic optimization framework addressing the
pertinent issues. See for example, (Ugrinovskii and
Petersen, 1999) for results on the stabilization and
minimax optimal control in the context of stochas-
tic control systems, and (Prieur and Trelat, 2004)
for a very specific problem and approach. The
problem of stabilizing general dynamic nonlinear
control systems has been receiving a consider-
able attention in the control literature, (Brockett,
1983; Clarke et al., 1997; Sontag, 1998; Clarke et

al., 1998; Sontag, 1999; Prieur, 2000) and refer-
ences cited therein. It has also emerged the impor-
tant role of dynamic optimization and methods of
nonsmooth analysis to derive stability results, see
(Clarke et al., 1997; Clarke et al., 1998). However,
to the best of our knowledge, no results have
been derived for optimal control problems where
control strategies are restricted to the subset of
stabilizing ones.

This article is organized as follows. In the next
section, we introduce a precise and detailed state-
ment of our problem. Then, in section three, the
Hamilton-Jacobi-Bellman equation corresponding
to this problem is presented followed in the ensu-
ing section by the definition and pertinent results
concerning the verification function. In section
five, a mechanism of feedback synthesis based on a
dynamic programming approach is presented and
a result on the convergence of a sequence of sam-
pled feedback control processes is discussed. In
section six, we present and outline the derivation
of the necessary conditions of optimality. Finally,
some brief conclusions are presented.

2. PROBLEM STATEMENT

Let us consider the following dynamic control
system







ẋ(t) = f(x(t), u(t)), t ∈ [τ,+∞) a.e.,
x(τ) = z,

u ∈ U ,

(1)

where U := {u(·)∈ L∞[τ,∞): u(t)∈ Ω⊂IRm a.e.}
with Ω being a closed convex set. Assume that the
closed set S ⊂ IRn, called target set, contains at
least an asymptotic equilibrium of the former, i.e.,
∃ ξ∈S and ū(·)∈U such that xū(·), the response
of the system to the control ū with xū(τ) = z,
satisfies xū(t) → ξ as t → ∞. Let us consider the
following optimal control problem:

P∞(τ, z) Minimize g(ξ)+

∞
∫

τ

e−δtf0(x(t), u(t))dt(2)

subject to (1), and

x(t) → ξ as t → ∞, (3)

ξ ∈ S ⊂ IRn (4)

Here, the constant δ > 0 is the discount rate,
f0 : IRn × IRm → IR and f : IRn × IRm → IRn

are given functions, and S ⊂ IRn is a closed set.

This is an infinite time horizon problem in which
the optimization is taken over arcs x such that
x(t) converges to an equilibrium point, ξ, of (1),
where ξ is also a choice variable. The pair (x, ξ)
satisfying the constraints (1), (3), and (4) is called
an admissible process of P∞(τ, z). We sometimes
refer to an admissible arc x leaving implicit the
existence of ξ∈S such that the pair (x, ξ) is an
admissible process of P∞(τ, z). Now, we specify
the sense of the convergence x(t)→ξ as t→∞. By

this, we mean that lim
t→∞

∫ t

τ
eγs‖x(s)−ξ‖ds<∞, for

some γ>0. Therefore, the optimal trajectory has
to approach an equilibrium point in the given set
S.

Our approach consists in considering a family
of auxiliary optimal control problems where this
asymptotic convergence constraint gives rise to a
penalization term added to the cost function of
the original problem, i.e., we consider the prob-
lem:

P l
∞

(τ, z) Minimize g(ξ)+
∫

∞

τ
e−δtf0(x(t), u(t))dt

+
∫

∞

τ+l
eγs‖x(t) − ξ‖dt

subject to (1), and ξ ∈ S ⊂ IRn.

Note that we should have
∫

∞

τ+l
eγs‖x(s)− ξ‖ds→0

as l→∞, thus recovering the original optimization
problem without the explicit constraint. Then, we
show how to construct an (almost) optimal feed-
back control for problem P l

∞
(τ, ξ). This frame-

work allows us to construct stabilizing optimal
feedback controls.

In order to state the assumptions required by the
data of our problem, let F :[0,∞)×IRn×IRm→IRn+1

be defined by F (t, x, u) =

[

e−δtf0(x, u)
f(x, u)

]

. They

are as follows:

H1) F is continuous and locally Lipschitz in x.
H2) There exists c > 0 such that

F (t, x, u)∈c(1 + ‖x‖)B, ∀(t, x)∈[0,∞) × IRn.
H3) ∀(t, x) ∈ [0,∞) × IRn the set F (t, x,Ω) is

convex-valued.
H4) The set Ω is compact.
H5) g is lower semicontinuous.

3. HAMILTON-JACOBI-BELLMAN
EQUATION

In this section we present a number of preliminary
concepts and results needed in order to construct



an optimal solution of optimal stabilization prob-
lem by using the concept of verification func-
tion, which can be shown to be a solution to the
so called Hamilton-Jacobi-Bellman (HJB) partial
differential equation associated with the optimal
control problem.

Let H : [0,∞)×IRn×IRn → IR be the Hamiltonian
function for this problem defined by

H(t, x, η) := sup
v∈Ω

{〈η, f(x, v)〉 + e−δtf0(x, v)}. (5)

Then, the continuous function φ : [τ,∞) × IRn →
IR is a viscosity solution to the HJB equation if

φt(t, x)−H(t, x,−φx) = 0, ∀(t, x) ∈ [τ,∞)×IRn,

wherever

∇tw(t, x)−H(t, x,−∇xw(t, x))

{

≤ 0 ∀(t, x)∈A−
φ−w

≥ 0 ∀(t, x)∈A+

φ−w

for any C1 function w : IR × IRn → IR. Here
A+

φ−w and A−
φ−w denote, respectively, the argmax

and the argmin of the function (φ − w)(·, ·) in
[0,∞) × IRn. This solution concept satisfies the
uniqueness and nonsmoothness requirements of
the generalized solution to the HJB equation, but
a characterization of an extended valued, lower
semicontinuous solution is needed when endpoint
state constraints are present. So, now we introduce
the proximal sub-gradient.

The proximal sub-gradient of Φ at (t, x), denoted
by ∂PΦ(t, x), is the set of all vectors (α, ξ) ∈ IRn+1

such that ∃σ > 0 and a neighborhood U of (t, x)
satisfying

Φ(τ, y)≥Φ(t, x) + α(τ − t) + 〈ξ, y − x〉
−σ(‖τ − t‖2 + ‖y − x‖2),

(6)

∀(τ, y) ∈ U . Analogously, the proximal super-

gradient of Φ at (t, x), denoted by ∂PΦ(t, x), is
the set of all vectors (α, ξ) ∈ IRn+1, such that
∃σ > 0 and a neighborhood U of (t, x) satisfying

Φ(τ, y)≤Φ(t, x) + α(τ − t) + 〈ξ, y − x〉
−σ(‖τ − t‖2 + ‖y − x‖2),

(7)

∀(τ, y)∈U . The proximal super-gradient can also
be defined by ∂PΦ(t, x) = −∂P (−Φ)(t, x).

A lower semicontinuous function v : [τ,∞) ×
IRn → IR ∪ {+∞} is a proximal solution to the
HJB equation if ∀(t, x) ∈ [τ,∞) × IRn, such that
∂P v(t, x) 6= ∅,

η0 −H(t, x,−η) = 0, ∀(η0, η) ∈ ∂P v(t, x). (8)

There are well known results in the literature
providing a characterization of the value function,
V : IR × IRn → IR, for an optimal control prob-
lem (for our problem in this article V (τ, z) :=
Inf{P∞(τ, z)}) as a generalized lower semicontin-
uous solution to the HJB equation (see for ex-
ample Theorem 12.3.7 in (Vinter, 2000)). Such a

result was derived for the infinite time horizon in
(Baumeister et al., submitted in 2005).

Clearly, invariance type results provide more de-
tailed information on optimal control processes
than this characterization of the value function
and thus we proceed with the definition and prop-
erties of verification functions in the next section.

4. LOCAL VERIFICATION FUNCTIONS

Next, we provide a result, standard in Dynamic
Programming, for the conventional optimal con-
trol problem. In fact, we extend the concept of
local verification function for this new problem
formulation and provide conditions under which
the existence of a verification function for a ref-
erence process (x̄, ξ̄, ū) is necessary and sufficient
for its optimality.

Let x̄ be an admissible arc of problem P∞(τ, z).
Let T (x̄, ε) be a tube centered at x̄ defined by
T (x̄, ε) := {(t, x) ∈ [τ,∞)×IRn: ‖x−x̄(t)‖ ≤ ε}. A
function φ : T (x̄, ε) → IR ∪ +∞ is a lower semi-
continuous local verification function for (x̄, ξ̄, ū)
if φ is lower semicontinuous and the following
conditions are satisfied.

(1) ∀(t, x) ∈ int T (x̄, ε) such that ∂Pφ(t, x) 6= ∅,

η0 + min
u∈Ω

{〈η, f(x, u)〉 + e−δtf0(x, u)} ≥ 0,

∀ (η0, η) ∈ ∂Pφ(t, x).

(2) lim inf
t→∞

φ(t, ξ) ≤ g(ξ)+

∞
∫

τ

e−δtf0(x(t), u(t))dt,

for any admissible control process (ξ, x, u).

(3) For all ξ ∈ S ∩ [ξ̄ + εB],

lim inf
t↑∞,ξ

′
→ξ

φ(t, ξ
′

) = lim inf
t↑∞

φ(t, ξ).

(4) φ(τ, z) = g(ξ̄) +

∞
∫

τ

e−δtf0(x̄(t), ū(t))dt.

We have the following necessary and sufficient
conditions of optimality.

Theorem. Let (x̄, ξ̄, ū) be an admissible process of
problem P∞(τ, z). Assume that the basic hypothe-
ses (H1) − (H5) hold. We have the following:

(1) If there exists a lower semicontinuous local
verification function for (x̄, ξ̄, ū), then this
control process is a strong local minimizer
for P∞(τ, z).

(2) Conversely, if |g(ξ)| +
∣

∣

∣

∞
∫

τ

f0(x(t), u(t))dt
∣

∣

∣
is

bounded for all admissible processes (x, ξ, u),
and (x̄, ξ̄, ū) is a strong local minimizer of
P∞(τ, z), then there exists a lower semi-
continuous local verification function for
(x̄, ξ̄, ū).



The proof is a slight modification of a similar
result for finite time interval problems in (Vinter,
2000).

Take a large T > 0, with T > τ + l, and consider
the approximate problem PT (τ, z) of P∞(τ, z).

Minimize J(x, u)

subject to (1), and x(T ) ∈ S + εTBn.

Here, Bn is the unit ball of IRn, εT > 0, s.t.
lim
T→∞

εT = 0, and J(x, u) is

g(x(T ))+

T
∫

τ

e−δtf0(x(t), u(t))dt+

T
∫

T−l

eγt‖x(t)−x(T )‖dt.

The rationale behind this approximating problem
is that, when T → ∞, the last term in the cost
function goes to zero and we can show that there
is subsequence x(Tk) converging to some ξ ∈ S.

Now, we define verification function for a process
(x̄, ū) of problem PT (τ, z). The function φ :
T (x̄, ε) → IR∪{∞} is a lower semicontinuous local
verification function for x̄ with parameter ε > 0 if
φ is lower semicontinuous and satisfies:

a) ∀(t, x) ∈ intT (x̄, ε) such that ∂Pφ(t, x) 6= ∅,

η0 + min
u∈Ω

{〈η, f(x, u)〉 + f0(x, u)} ≥ 0 (9)

∀(η0, η) ∈ ∂Pφ(t, x).

b) φ(T, ξ)≤g(ξ)+
∫ T

τ
e−δtf0(x(t), u(t))dt

+
∫ T

T−l
e−γt‖x(t)−x(T )‖dt, ∀ξ∈S+εTBn.

c) lim
t′↑T,x′→ζ

inf φ(t′, x′)=φ(T, ζ),

∀ζ∈[S+εTBn] ∩ [x̄(T )+εBn].

d) φ(τ, z)=g(x̄(T ))+
∫ T

τ
e−δtf0(x̄(t), ū(t))dt

+
∫ T

T−l
eγt‖x̄(t) − x̄(T )‖dt.

We have the following result which can be found
in (Vinter, 2000).

Theorem. Let (x̄, ū) be an admissible process of
problem PT (τ, z). Assume that the basic hypothe-
ses (H1) − (H5) hold. We have the following:

(1) If there exists a lower semicontinuous local
verification function for (x̄, ū), then this con-
trol process is a strong local minimizer for
PT (τ, z).

(2) Conversely, if (x̄, ū) is a strong local mini-

mizer of PT (τ, z) and |
∫ T

τ
f0(x̄(t), ū(t))dt +

∫ T

T−l
eγs‖x(s)−x(T )‖ds| +|g(x̄(T ))| is bounded

for all admissible processes (x̄, ū), then there
exists a a lower semicontinuous local verifica-
tion function for (x̄, ū).

5. FEEDBACK SYNTHESIS

Here, we present and discuss an algorithm for
feedback control synthesis for problem P∞(τ, z)
that, essentially, is a version of the procedure in

(Vinter, 2000) modified in order to force the state
to reach the target set S. A partition π = {tk} of
[τ,∞) is a countably, strictly increasing sequence
tk such that ti > tj , whenever i > j, tk → ∞
as k → ∞. The diameter of π, denoted by hπ, is
defined by sup

k≥0
{∆k}, where ∆k = tk+1 − tk. Let

us assume that τ = 0.

Let φ be a given local verification function as
defined in the previous section and let x ∈ IRn

be a given state. Define

U(x) := {u ∈ Ω, 〈NP
S (pS(x)), f(x, u)〉 ≤ 0}

where pS(x) is the proximal point of x at S.

Let us start with x(0) = x0. Then, an approximat-
ing optimal control process is constructed recur-
sively by computing a piecewise constant control
function given, for each k = 0, 1, . . . by

ūπk ∈ arg max
u∈U(xπ(tπ

k
))

{

φ
(

tπk , x
π(tπk ) + ∆kf(xπ(tπk ), u)

)

+∆kf
0(xπ(tπk ), u)

}

and the corresponding trajectory is obtained by
integrating the dynamics differential equation
with the boundary condition given by the last
value of the state variable in the previous time
subinterval of the partition. Namely, xπ(t) is de-
fined on [tπk , t

π
k+1) as the solution of

ẋ(t) = f(t, x(t), ūπk ) a.e.t ∈ (tπk , t
π
k+1],

with initial value x(tπk ) given by the value of the
state variable in the previous interval.

We have the following main result of this work.

Theorem. Assume that (H1)−(H5) hold. Let φ be
a lower semicontinuous solution to the Hamilton-
Jacobi-Bellman equation. Take (xπ, uπ), the con-
trol process obtained by the recursive procedure
described above. Then, xπ has a cluster point 3

with respect to the topology of uniform conver-
gence on compact intervals, and, associated with
such a point x(·), there is a pair, control u(·) and
limit point ξ, such that (x(·), ξ, u(·)) is an optimal
process of P∞(0, x0).

Here, we just outline the proof. Given N ∈ IN ,
there exist a partition π(N), and a corresponding
process (xπ, uπ) constructed by the procedure
described above, such that (xπ, uπ) restricted to
the time interval [0, TN ] is admissible for the
slightly perturbed problem PTN (0, x0), defined by:

(PN ) Minimize J(x, u)

subject to (1), and x(TN ) ∈ S +
1

N
B.

3 A cluster point of a given sequence is a point to which

there is a convergent subsequence.



Our aim is to extract the limit as N → ∞ to
recover the original problem. So, we assume that
the sequence TN satisfies TN → ∞ as N → ∞.
Following arguments in (Vinter, 2000), it is possi-
ble to show that, under assumptions (H1)−(H5),
{xπ}(·) has a cluster point, x̄N (·), on [0, TN ].
Moreover, by using Filippov’s selection theorem,
the existence of ūN such that (x̄N (·), ūN (·)) is
an optimal process for PN is asserted. Since
x̄N (TN ) ∈ S+(1/N)B and S is compact, there ex-
ists a subsequence of x̄N (TN ) converging to some
point ξ ∈ S. We denote it by {x̄N

k
} and consider

the corresponding processes (x̄N

k
(·), ūN

k
(·)) on the

respective intervals [0, Tk], k = 1, 2, . . .. Tk is a
subsequence of TN .

Now, we show how to obtain the optimal con-
trol process for the original problem. Restrict
(x̄N

k
(·), ūN

k
(·)) to [0, T1]. Again it is possible

to show that x̄N

k
(·) has a cluster point, x1(·),

in the uniform convergence topology on [0, Tk]
and there exists a corresponding control func-
tion u1(·). Now, by considering this subsequence
(x̄N

k
(·), ūN

k
(·)) restricted to [0, T2] for k = 2, 3, . . .

and repeating the same argument as before, we
can find a process (x2(·), u2(·)) satisfying (1) and
(2) restricted to [0, T2], in which (x2(·) is a cluster
point of (x̄N

k
(·). By continuing this process, for

all k ∈ N , we can show (xk(·), uk(·)) satisfying
(1) and (2) restricted to [0, Tk], in which (xk(·) is
a cluster point of (x̄N

k
(·). For each T > 0, there

exists k ∈ N such that T ∈ [Tk−l, Tk].

Define (x̄(·), ū(·)) : [0,∞) → IRn × IRm by

(x̄(t), ū(t)) ≡ (xk(t), uk(t)) t ∈ [0, T ]. (10)

Lemma. We have the following.

(1) The function given by (10) is well defined.
(2) (x̄(t), ξ̄, ū(t)) is an optimal process for P∞(0, x0).

By construction (x̄(t), ū(t)) is well defined. The
second assertion follows from the existence of φ
and from the first theorem in the previous section.

6. NECESSARY CONDITIONS OF
OPTIMALITY

Consider problem (P∞(τ, z)) formulated in sec-
tion 2. In order to derive the necessary conditions
we specify further the constraint of asymptotic
convergence, x(t) to ξ as t → ∞. We impose that
the rate of asymptotic convergence is not smaller
than some given positive number γ. It is not
difficult to see that this condition can be expressed
as the following inequality mixed constraint

h(x, u) :=
xT f(x, u)

‖x‖2
+ γ ≤ 0.

Let us fix τ = 0 and z = x0, and consider the
following optimal control problem

(P ) MinimizeJ(u) (11)

subject to ẋ(t) = f(x(t), u(t)) L−a.e. (12)

x(0) = x0, x(t) → ξ ∈ S (13)

h(x(t), u(t)) ≤ 0 ∀t ≥ 0 (14)

u(t) ∈ Ω ∀t ≥ 0 (15)

where J(u) := g(ξ) +

∞∫

0

f0(x(t), u(t))dt.

Notice that it is enough to specify u∗ since it will
follow that x∗(t) → ξ∗ ∈ S as t → ∞.

Let us state now the necessary conditions of
optimality. Consider the Pontryagin function or
pseudo-Hamiltonian defined as

H(x, p, q, λ, u) := pT f(x, u)+qh(x, u)+λf0(x, u)).

Theorem. Let (x∗, u∗) be an optimal control
process for problem (P ).

Then, there exists an absolutely continuous func-
tion p : [0,∞) → IRn, a L1 function q : [0,∞) →
IR, and a number λ ≥ 0 satisfying:

−ṗ(t)∈co∂xH(x∗(t), p(t), q(t), λ, u∗(t)) a.e.(16)

lim
s→∞

p(s)∈−λ∂xg(ξ∗) −NS(ξ∗) (17)

q(t)≤0 and q(t)h(x∗(t), u∗(t)) = 0 a.e. (18)

u∗(t)maximizes a.e. the mapping

v → H(x∗(t), p(t), q(t), λ, v) on Ω. (19)

Here, NS(ξ) and ∂f(ξ) are, respectively, the nor-
mal cone to the set S and the generalized gradient
of f at ξ, both in the sense of Clarke (see (Clarke
et al., 1998)).

Now, we need some additional assumptions on the
data of the optimal control problem complement-
ing the ones stated previously in this article. They
are as follows:

H1) The functions g, f0, f and h are locally
Lipschitz continuous in x uniformly w.r.t. all
other variables.

H2) The functions f0, f and h are Borel measur-
able w.r.t. the control variable.

H3) The sets S ∈ IRn and Ω ∈ IRm are closed and
bounded.

H4) There is at least one equilibrium point in S.
H5) The set

{(f0(x, u), f(x, u), h(x, u)+v) : u ∈ Ω, v ≥ 0}

is convex ∀x ∈ IRn.
H6) There exists δ > 0 such that inf{h(x, u) : u ∈

Ω} ≤ −δ.

Remark that a generalization of H6) to vector-
valued mixed constraints, i.e., h : IRn×IRm → IRk

is: ∃δ > 0 such that

δBk ⊂ {h(x, u) + v : u ∈ Ω, v ≥ 0}.



Here Bk is the open unit ball in IRk centered at
the origin.

Now, we outline the proof which essentially con-
sists in extending the main result (more specif-
ically, corollary 3.2) in (Pinho et al., 2001) to
infinite horizon. We consider the following steps:

a) The infinite horizon is regarded as the limit of
the conditions for finite time for the problem
(PT ). Given an optimal control process for
the infinite time horizon, its truncation to
some finite interval [0, T ] for T sufficiently
large is proved to be an almost minimizer
of the auxiliary finite time optimal control
problem.

b) Then, Ekeland’s variational principle is ap-
plied and the necessary conditions of opti-
mality proved in (Pinho et al., 2001) are
applied.

c) Finally, limits are extracted in order to get
the stated conditions.

7. CONCLUSIONS

We presented and discussed an infinite time hori-
zon control optimization problem in which a given
objective functional is optimized by choosing con-
trol strategies which ensure the stabilization of
the dynamic control system within a given tar-
get set. We provided a dynamic programming
based algorithm which yields a control process
defined in a feedback form that approximates the
optimal process. The method proposed here is
modification of previous construct in (Rowland
and Vinter, 1991) for a simpler problem with
neither target nor stability constraints and ad-
dressing a finite time interval. We also present
necessary conditions of optimality in the form
of a maximum principle for an optimal control
process satisfying a prescribed minimum rate for
the asymptotic convergence towards the optimal
equilibrium point in a given target set.
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Abstract: In this paper, we analyze the LQR problem in view of the inverse optimal 

control design and we present its relation with the passivity concept. Starting from the 

constraints posed by this relation, we establish an alternative eigenvalue assignment 

procedure that can be easily used to accommodate eigenvalue assignment and passivity-
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matrix depending on the optimal state feedback gain-matrix is easily achieved while 

passivity inequalities have to be satisfied. The key advantages of the proposed procedure 
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1. INTRODUCTION 

The state feedback control technique is a main tool 

for system control design. Especially in the case of 

linear systems this method has been extensively 

analyzed and it is mainly used as an eigenvalue 

assignment method (D�Azzo and Houpis, 1988). For 

multi-input systems the same closed-loop eigenvalue 

set results in an infinite number of different state-

feedback gain matrices. The selection of the �best 

K � among all the admissible gain-matrices is an 

essential issue. To this end, eigenstructure 

(eigenvalue-eigenvector) assignment techniques have 

been widely proposed (D�Azzo and Houpis, 1988; 

Haddad et al., 1992; Alexandridis, 1999) as well as 

inverse optimal designs (Molinari, 1973; Amin, 

1985). Also, combined methods are referred in the 

literature (Alexandridis, 1987, 1995; Iracleous et al., 

1999).  
 

Particularly, the problem of designing a feedback 

gain-matrix which satisfies eigenvalue assignment 

demands and optimal control criteria has received 

considerable attention. The problem has been 

generally studied as that of recognizing when a given 

state feedback gain-matrix minimizes a linear 

quadratic criterion. Necessary and sufficient 

conditions as well as methods and algorithms have 

been proposed (Molinari, 1973; Iracleous et al., 

1999). The main idea of these methods is to calculate 

an appropriate state weighting matrix (for a given 

input weighting matrix), so that the resulting optimal 

linear quadratic regulator (LQR) assigns the closed-

loop eigenspectrum of the system at some desired 

locations. The existing methods result in the optimal 

solution by assigning simultaneously the closed-loop 

eigenvalues either in a prescribed region on the left 

complex plain (Furuta et al., 1987; Sugimoto, 1998) 

or exactly at preselected stable positions 

(Alexandridis, 1987, 1995). The main drawback of 

all these methods is that some crucial conditions of 

LQR optimality such as the positive definiteness of 

the resulting state weighting matrix in the 

performance index are not guaranteed; in some cases 

this requirement has been modified to satisfy the 

     



positive definiteness of the resulting closed-loop 

weighting matrix (Iracleous et al., 1999). 

Additionally the complexity in most design cases is 

increased and this may create computational 

problems, especially for large scale systems. 

Last decades, in linear system control design, the 

concept of passivity has attracted great attention by 

many researchers. Moreover, state feedback designs 

that guarantee among others closed-loop passivity 

are proposed (Sun et al., 1994).  
 

In this paper, the LQR problem is effectively 

modified by using the passivity concept. As it is 

shown in Theorem 1, optimal control designs are 

directly related with passivity properties. Exploiting 

the requirements resulting from Theorem 1, a 

suitable state feedback design based on eigenvalue 

assignment is proposed. As explained in Theorem 2, 

the state feedback gain-matrix can be obtained by 

splitting the eigenvalue assignment in two separate 

sequential stages. It is shown that the first step can be 

realized independently from the optimal control 

design while the second stage can be clearly used to 

satisfy the optimal design constraints as they are 

obtained from the passivity analysis. To this end, a 

suitable LMI procedure is formulated that can solve 

the inverse optimal control problem. The proposed 

method is verified by two design examples. 

2. PRELIMINARIES 

Consider the linear time-invariant multi-input system  

        0, 0x Ax Bu x x   (1) 

where nx R ,  and mu R ,A B  constant matrices 

with appropriate dimensions. Assume that ,A B  is 

a completely controllable pair, then, applying the 

state feedback control law  

     (2) u Kx

we obtain the following closed-loop form  

 cx A x  where cA A BK   (3) 

A system of the form of (1) with state control law 

given by (2) is optimal i.e. minimizes a quadratic 

performance index  

  
0

1

2

T TJ x Qx u Ru dt  (4) 

with weighting matrices  and  

where the pair 

0TQ D D 0R

,A D  is completely observable, if 

and only if,  

   1 TK R B P   (5) 

for some  that satisfies the algebraic Riccati 

equation (ARE) 

0P

   (6) 1 0T TPA A P PBR B P Q

 

On the other hand, for a linear time-invariant system 

passivity, equivalent in this case to the positive 

realness, is assured in accordance with the following 

lemma, known as the Kalman-Yacubovic-Popov 

(KYP) lemma. 
 

Lemma 1: A stable system (1) is passive, if and only 

if, there exists a matrix 0TP P  such that 

                           0TPA A P Q        (7) 

                                    .         (8) TPB C

with m nC R  a suitable output matrix for system 

(1). 
 

However, for linear multi-input systems, one can 

easily assign all the closed-loop eigenvalues of 

system (1) in arbitrary positions on the left-hand 

plain by suitably choosing the feedback gain-matrix 

K . In this case the same design closed-loop 

eigenvalues result in an infinite number of different 

state feedback gain-matrices and this provides some 

decisive degrees of freedom for the final selection of 

the gain-matrix. 
 

After these preliminaries and definitions we are 

ready to present our main results. 

3. MAIN RESULTS 

We start by proving the following theorem. 
 

Theorem 1: A stable feedback gain-matrix K  is 

optimal for a given input weighting matrix  

and some state weighting matrix , i.e. it 

minimizes a performance index of the form of (4), if 

and only if, the closed-loop system with gain-matrix 

0R

0Q

1

2
K K  is passive for an output matrix . C RK

 

Proof: Necessity: If K  is optimal then it is given by 

(5) where  satisfies the ARE (6). From (5) we 

immediately have: 

P

   TRK B P   (9) 

while from (6) we have respectively 

1 11 1
0

2 2

T T TP A BR B P A PBR B P Q

i.e. 

1 1
0

2 2

T

P A B K A B K P Q   (10) 

Therefore, in accordance with Lemma 1, (9) and (10) 

prove the necessity. 
 

Sufficiency: For a given stable K  of the closed-loop 

system cA , if the matrix 
1

2
A B K  is passive for 

C RK , then, from Lemma 1, equation (9) holds 

true for some . Then all  satisfying (9) are 

given by 

0P P

 1T T

n mP K RF RK B X B   (11) 

with  

  : 0TF RKB B PB   (12) 

     



where  is any positive definite 

 matrix and  is an 

n mX

n m n m TB n m n  

matrix such that  (  is a left annihilator of 

). For this  we have 

0TB B TB

B P

 
1 1

2 2

T

P A B K A B K P Q   

for some  while (9) yields 0TQ D D
1 TK R B P . Substituting this K  in the last 

equation, we obtain the ARE 

  1 0T TPA A P PBR B P Q

and therefore J  given by (4) is minimized.       � 

 

Remark 1: The already known result that, in LQR 

designs, a gain-margin of 1 2  exists is verified by 

Theorem 1 (Green and Limebeer, 1995).  
 

Remark 2: The condition that :F RKB  is negative 

definite is a restrictive condition for K  to be 

optimal. 
 

 In the next, we present an alternative eigenvalue 

assignment procedure that can be effectively used 

such that the condition mentioned in Remark 2 is 

satisfied.  
 

To proceed with our results assume that  is of full 

rank, i.e.,  where . Then, there 

always exists an  arbitrary constant 

matrix  such that the matrix 

B

rank B m m n

n n m

cB cB B  is invertible. 

Let  

   
11

2

c

S
B B

S

where  and  are m  and  constant 

matrices. 

1S 2S n n m n

 

Taking into account the above definitions we prove 

the following theorem. 
 

Theorem 2: There exists a state feedback gain-matrix 

K  which assigns the entire set of the  eigenvalues 

of the closed-loop system (3) exactly at the same 

positions where: 1) the arbitrary  matrix 

 assigns the  eigenvalues of the matrix 

n

m n m

L n m

11 12A A L  where 11 2 cA S AB  and 12 2A S AB  and 

2) the arbitrary  matrix m m F  assigns the  

eigenvalues of the matrix 

m
1

22A R F  where 

22 1 2A S AB LS AB . 

Furthermore, this gain-matrix K  is determined by 

the expression 1

1 2K R FS GS  where 

 and 1

11 21 22G LA A A L R FL 21 1 cA S AB . 

 

Proof: Let M  be the  matrix  n n

 
2 2

1 1

0n m

m

I S S
M

L I S S LS2

 (13) 

where mI , n mI  are the  and -identity 

matrices, respectively, and  is an arbitrary 

m n m

L

m n m  constant matrix. Then, the inverse of M  

is  

1
0n m

c c

m

I
M B B B BL B

L I
 (14) 

Transforming the closed-loop matrix cA A BK  

by using the similarity transformation 1

cMA M  we 

arrive at 
1

2 2

1 2 1 2

c

c c c

c c c

MA M

S A B BL S A B

S LS A B BL S LS A B

 

After some simple algebraic manipulations and 

taking into account (13) and (14), which imply that 

2 0S B  and 1 mS B I , the last expression results in 

1

11 12 12

21 11 22 22

c

c

MA M

A A L A

A KB KBL LA A L A KB

 (15) 

where 11 2 cA S AB , 12 2A S AB , 21 1 cA S AB , 

22 1 2A S AB LS AB . 

We define, however, the matrices G  and G  as 

follows: 

              and  (16) 1:G KB R F : cG KB

where F  is given by (12) and  is constrained by 

the equation  

G

   (17) 1

11 21 22G LA A A L R FL

Thus, the similarity transformation of cA , given by 

(15), results in 

 
11 12 121

1

220
c

A A L A
MA M

A R F
 (18) 

where from (16) we have by definition 
1

c
R F G K B B  and, therefore, the state 

feedback gain-matrix K  which satisfies (16) for 

arbitrary , , L R F , and  given by (17) is 

determined as follows 

G

  1

1 2K R FS GS  (19) 

Equation (18) shows that the feedback gain-matrix 

K  given by (19) assigns all the closed-loop 

eigenvalues of cA  (which is similar to 1

cMA M ) at 

the n m  eigenvalues of 11 12A A L  and the  

eigenvalues of 

m

1

22A R F .   

 

Theorem 2 reveals that the assignment of the closed-

loop eigenvalues of system (3) can be achieved in 

two separate sequential stages. In the first stage the 

n m  eigenvalues are assigned by selecting an 

appropriate matrix  by solving a n  reduced-L m

     



order state feedback eigenvalue assignment problem 

of 11 12A A L . In the second stage the remaining  

eigenvalues are assigned as the eigenvalues of 

m

1

22A R F  by selecting an appropriate matrix F . 

The matrix 22 1 2A S AB LS AB  is constructed 

using the  determined from the first stage. Matrix 

 is then obtained from (17) with  and 

L

G L F  

determined in the two previous stages. Consequently, 

the gain-matrix K  is determined from (19). 
 

Remark 3: It can be easily verified that the pair 

11 12,A A  is a completely controllable pair, if and 

only if, the pair ,A B  is completely controllable. 

Also, the pair 1

22
,A R  is completely controllable 

since  is by definition a positive definite square 

matrix. 

R

 

Remark 4: As it is shown in the second stage of the 

proposed design the assignment of the  

eigenvalues depends directly on the selection of the 

matrix 

m

F . Therefore, it is easy to satisfy the 

condition of Remark 2, i.e. the constraint of negative 

definiteness of F . 

Therefore, for the inverse LQR design one can assign 

the  closed-loop eigenvalues and sequentially, 

can select a negative definite gain-matrix 

n m

F  (for a 

given input weighting matrix ) that 

simultaneously assigns the rest  eigenvalues. Then 

the optimal 

0R

m

K  is obtained from (19) if for  given 

by (11) the passivity requirement of 

P

1

2
A B K  

given by equation (10) is satisfied for some . 0Q

 

Remark 5: All the closed-loop system eigenvalues 

must be stable. Furthermore, as posed by the 

passivity requirement of 
1

2
A B K , also the 

1

2
K  

gain-matrix has to be at least stable for system (1).  
 

However, since  given by (11) needs an arbitrary 

symmetric positive definite matrix 

P

n mX , 

substituting (11) in (10) the following set of linear 

matrix inequalities (LMIs) results for  n mX

:

0

T T T

n m n m n

n m

H B X B A A B X B W qI

X

0

T

  (20) 

where  
1 1: T T TW K RF RKA A K RF RK K RK  

and q  a small positive scalar. 

Therefore, in order to find an easy way to proceed 

with the 2nd passivity constraint (10), LMIs given by 

(20) must be solved for the K  obtained. It is clear 

that the 1st passivity constraint (9) is already satisfied 

through (11). 

4. EXAMPLES 

Example 1: A numerical example taken from D�Azzo 

and Houpis (1998), is used to analytically 

demonstrate the proposed design method. A 

simultaneous pole-assignment and LQR optimal 

design is addressed. We follow the procedure 

proposed in Section 3 for the inverse optimal control 

design. 
 

The system is defined by the matrices 

 

0 1 0 1 0

0 0 1 , 0 0

4 4 1 0 1

A B . 

We select , desired closed-loop 

eigenvalue spectrum 

0 1 0
T

cB B

2, 10 2 j  and .  2R I

 

In accordance with the proposed procedure, we 

assign the first eigenvalue at , by selecting 2

0 2
T

L . The next two desired eigenvalues 

10 2 j  are easily assigned by selecting the 

negative definite :F  . 
10 2

2 11
F

 

Then the gain-matrix, as it is determined by (19), is 

  
10 5 2

2 24 11
K .  (21) 

Indeed, this K  is optimal since the numerical 

solution of the LMI system (20) provides an 

acceptable 247.88 0n mX , for an arbitrary 

0.01q . For this value of  it is verified that 

there exist a  and a  (calculated form 

(11) and (10) respectively) as follows: 

n mX

0P 0Q

 

 

10 5 2 88 16 5

5 300.28 24 , 16 399 48.28

2 24 11 5 48.28 99

P Q  

 

However, a more detailed analysis of the LMI system 

(20) indicates that H  becomes negative definite in 

an extended range of positive values of the variable 

n mX  (which in this case is a scalar). Figure 1 

presents the variation of the three real eigenvalues of 

H  as n mX  varies from  to 500 . One can 

easily see that the two of the eigenvalues of 

100

H  are 

continuously negative while the third eigenvalue is 

negative in the range .410.9594,396 . Therefore, 

for every value of  there 

exist another  and  that satisfy (10) for 

the same gain-matrix 

0.9594,396.41n mX

0P 0Q

K  given by (21). 
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Fig.1: The eigenvalues of H versus Xn-m . 

 

Example 2: A practical system, the voltage regulator 

example discussed in Section 3.1 of Anderson and 

Moore (1989), is examined. The system matrices are 

 

0.2 0.5 0 0 0

0 0.5 1.6 0 0

0 0 100 7 600 7 0

0 0 0 25.0 75.0

0 0 0 0 10.0

A  

and 

   0 0 0 0 30.0
T

B

In this example we select  

  , 

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

cB B

desired closed-loop eigenvalues 

   4 5 , 11, 15, 25j

and input weighting matrix .  1R
 

Following the approach discussed we obtain 

 0.0409 0.0068 0.0006 0.0027L  

which assigns the first 4 desired eigenvalues. Then 

 and therefore a gain-matrix 

 provides the 5

22 15.9857A

9.0143 0F th desired eigenvalue 

at . The resulting optimal gain-matrix is 

calculated from (19) as 

25

1.0133 0.1879 0.0175 0.0529 0.3005K  

with  calculated from (11) for a 0P n mX  

determined from the solution of the LMI system (20) 

for . As a result, (10) is satisfied for the 

positive definite Q : 

410q

1.2318 0.0423 0.0175 0.0667 0.0660

0.0423 0.0074 0.0015 0.0080 0.0046

0.0175 0.0015 0.0007 0.0032 0.0029

0.0667 0.0080 0.0032 0.0187 0.0188

0.0660 0.0046 0.0029 0.0188 0.0263

Q . 

5. CONCLUSION 

Some important relations between LQR design, 

passivity and eigenvalue assignment are discussed in 

this paper. Furthermore, a design procedure is 

proposed that may be effectively used as a design 

tool to obtain the state feedback gain-matrix by 

solving the combined optimal LQR problem with the 

pole assignment technique. 
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Abstract: This paper presents a graph theory setting and a 2-D system theory approach to test a gas

distribution network for physical feasibility within the predefined ranges of available transport capacity and

boundary conditions. The models introduced can be used for the problems of flow/pressure control of gas

transport networks. The aim of the work is the development of a comprehensive optimization theory based on

a constructive approach in the graph model and the operator setting for 2-D control systems. The key elements

of the proposed optimization method are illustrated by an example. Some aspects of the numerical optimization

method for the distributed gas network are discussed, too. Copyright c©2006 IFAC
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1. INTRODUCTION

The gas transportation network (GTN) is a well

known example of a complex and large scale dis-

tributed parameter system of great practical interest

(Jan Mohring et al., 2004). For this reason the mod-

eling approaches, numerical methods and optimiza-

tion of operating modes of gas transport networks

are of permanent interest for researchers. Although in

the last decades a number of papers devoted to this

theme were published (Andrzej J. Osiadacz, 1987),

(SIMONE research group, 2004), the control of com-

plicated gas networks still remains a challenging prob-

lem.

A general model of a gas transportation network

includes a number of nonlinear elements such as

pipelines, gasholders, compressor stations and oth-

ers. A detailed description of the gas transportation

through the whole gas network is rather complex. Usu-

ally the proposed equations involve a number of vari-

ables and can become quite cumbersome. But there

exists a need to check quickly the physical feasibil-

ity of a gas distribution network within the prede-

fined ranges of available transport capacity and sud-

denly changing boundary conditions. This can not be

done efficient in framework of the full gas network

description. Nevertheless, a multistage mathematical

formalization is feasible in terms of some generalized

parameters and suitable variables. Such formalization

is from a simple high level model that can be expanded

and developed then into a more complicated represen-

tation according to needs.

In the presented paper the mathematical model and the

corresponding optimization problem of gas transport

networks are introduced on the basis of the construc-

tive approach in the graph and 2-D system setting.

The simplest graph model is proposed to express po-

tentially critical flow/pressure values within the given

margins of inflows, outflows and setting of active com-



ponents such as storage capacity gasholders, compres-

sor stations and others in order to satisfy/optimize

the demand distributed over different nodes. The 2-D

system setting can be used then for the more sophis-

ticated and detailed description of dynamic processes

in gas pipeline units based on partial differential mo-

mentum and continuity equations ( SIMONE research

group, 2004). Also the optimal feedback control prob-

lem for 2-D systems is discussed that is of both system

theoretic and application interest.

Some aspects of the control theory for the multidi-

mensional systems are investigated in (G. Jank, 2002).

The various optimal control problems for 2-D systems

have been considered in (S. Dymkou, E. Rogers, K.

Galkowski, D. H. Owens, 2002).

Numerical simulation of gas pipeline networks have

been carried out by many researchers. For example,

(Andrzej J. Osiadacz, 1987) can be seen as the most

comprehensive reference on this subject.

2. PROBLEM FORMULATION

An approach to design the higher level GTN model

is based on the assumption that the network consists

of several supply points where the gas is injected

into the system, several demand points where the

gas flows out of system and other intermediate nodes

and storage where the gas is rerouted or stockpiled.

Pipelines are represented by arcs(edges) linking the

nodes. A fragment of GTN network can be graphically

illustrated as in Figure 1:

In this work we presents the model based on a graph

setting which is more attractive for practical imple-

mentation at the first stage. In particular, the adapta-

tion of a constructive method of linear programming

(R. Gabasov, F.M. Kirillova, O.I. Kostyukova, 1986)

for the net graph model is presented. This model is

treated then as a specific optimal control problem for

which ε-optimality conditions are given. Such kind

of suboptimality conditions are suitable for numerical

methods design and present a good tool to realize sen-

sitivity analysis (robustness analysis) of the obtained

solution.

We introduce the gas transportation graph network

(GTN) model as follows. Let S
.

= {I,U} be a stationary

net where I = {1,2, . . . ,n} denotes the set of nodes and U

denotes the set of edges connecting these nodes. For

brevity sake, we suppose that the considered net S has

several input sources and one offtaken node t, whose

output is not used next as input flow. Also, xi denotes

the gas flow in the node i; xi j denotes the gas flow that

is transported from the node i to the node j; d∗i j, di j∗

denote the upper and lower network throughput gas

capacity from the node i to the node j, respectively;

d∗i , di∗ denote the upper and lower network throughput

gas capacity in the node i.

It is convenient to divide the set of nodes I in two sub-

sets I∆, IΣ , I∆ ∩ IΣ = Ø termed as set of input and summa-

tion nodes. Hence, the input flow into the gas network

is formed by input flows of xi, i ∈ I∆. The resulting out-

put flow (coming out from final node t)is denoted as f .

We assume that each summation node j ∈ IΣ has several

input flows z1,z2, . . . ,zq j
and one output flow z such that

q j

∑
k=1

zk +a j = z where a j denotes the intensity (or available

storage capacity) of the node j. In accordance with this

partition of nodes, divide the set of edges U in two

subsets U∆,U∗ as follows U∆ = {(i, j) : i ∈ I∆}, U∗ = U \

U∆. Then for each edge (i, j) ∈ U∗, in addition to the

above mentioned throughput capacity d∗i j, di j∗ of the

edges, we introduce another transformation coefficient

ai j such that the initial gas flow xi j coming out of node

i is transformed into the new gas flow ai jxi j coming

into node j. (In the literature, such kind of edges are

also termed as active arcs and correspond to pipelines

connected to compressor stations). A negative value ai j

corresponds to the need of internal consumption. Such

assumptions have an obvious physical meaning and

make it possible to take into account the real effects

of loss and pumping gas in the pipelines.

Let us now briefly describe the problem constraints.
For a supply node, the bounds of flow in the network
are directly derived from the bounds pre-agreed be-
tween the transmission company and the gas producer
(on a nominal daily quantity, for example). This im-
plies the following bound constraints on the network
inflow:

d∗i ≤ xi ≤ d∗i , i ∈ I∆. (1)

Besides the classical flow balance equations ( see (6)

below) at each node, the nonlinear relation between
the flow and the difference of the pressure pi, p j at the
two ends of each pipe also need to be considered. For
the high pressure, this later relation is given by the
Weymouth formula for gas (see Osiadacz, 1987) and
by the Darcy-Weisbach formula for liquid, and can be
expressed as:

sign(xi j)x
2

i j = C2

i j(p2

i − p2

j ), (2)

where the constants Ci j depend on the diameter Di j

of the pipe. This allows us to consider the pressure
variables and thus to take into account the bounds
on pressure. Next we introduce the lower and upper
bounds on the pressure pi at each node i ∈ I. These
bounds allow the gas to be delivered, at least, at
minimal pressure to the final user and guarantee that
the maximal pressure that each producer can provide



is not exceeded. This together with relation (2) leads to
constraints on the throughput capacity of the form:

d∗i j ≤ xi j ≤ d∗

i j , (i, j) ∈ U∗. (3)

In addition, a natural constraint on the transmission
capacity of the arches exist and can be joined with (3).
The cost function presents the common output flow (in
generalized form)

f = ∑
s∈I−

t

xst ast + ∑
j∈I∆t

x ja jt +at → max (4)

where

I−

i = {s ∈ I∑ : (s, i) ∈ U∗}, I∆i = { j ∈ I∆ : ( j, i) ∈ U}. (5)

Finally, the optimization model for gas transportation
is given in the following form: maximize the cost
function (4) over the solution of

xi j(i) = ∑
s∈I−

i

xsiasi + ∑
j∈I∆i

x ja ji +ai (6)

d∗i j ≤ xi j ≤ d∗

i j , (i, j) ∈ U∗,d∗i ≤ xi ≤ d∗

i , i ∈ I∆ (7)

where j(i) denotes the node connecting with the node

i such that
(

i, j(i)
)

∈ U.

3. NET GRAPH OPTIMIZATION METHOD

Choose some subsets I∆supp ⊂ I∆, IΣsupp ⊂ IΣ \ t. Denote
by

Usupp = U∗ \ ∪i∈IΣsupp
(i, j(i)); Unsupp = U∗ \Usupp.

Using the given sets, find the solution µi, µi ∈ IΣ, of the
system:

µi − ai jµ j = 0, (i, j) ∈ Usupp,µt = 1, µi = 1, i ∈ IΣsupp. (8)

Introduce the matrix

Gsupp =
(

gsi,s ∈ IΣsupp, i ∈ I∆supp

)

(9)

gsi = ∑
k∈I∆(i)∪IΣ(s)

µkaik , s ∈ IΣsupp, i ∈∆supp . (10)

Definition 1. The collection Qsupp = {I∆supp, IΣsupp} is

called the support of the network S if |I∆supp| = |IΣsupp |

and detGsupp 6= 0.

Next, let z be some admissible flow in the network

(it can easily be determined by the admissible inputs

xi, i ∈ I∆).

Definition 2. The pair {z,Qsupp} that consists of the
flow z and the support Qsupp of the problem (4)—(7) is
called support flow. The support flow {z,Qsupp} is called
nondegenerate if

di∗ < xi < d∗

i , i ∈ I∆supp;di j∗ < xi j < d∗

i j , (i, j) ∈ Usupp.

Denote by c(I∆supp) = ci = ∑
k∈I∆(i)∩IΣ(t)

aik µk, i ∈ I∆supp. For

the given support flow {z,Qsupp} calculate the potentials
yi, i ∈ I∑:

yt = −1, y
′

(IΣsupp) = c
′

(I∆supp)G
−1

supp; (11)

yi = ysµi, i ∈ IΣ(s)r s, s ∈ IΣsupp ∪ t

and the so-called estimates:

∆i = ∑
k∈I∆(i)

aikyk, i ∈ I∆nsupp; (12)

∆i j = −yi +ai jy j , (i, j) ∈ Unsupp = U∗rUsupp.

The obtained estimates can be used for optimality

conditions as follows (R. Gabasov, F.M. Kirillova, O.I.

Kostyukova, 1986):

Theorem 1. The nondegenerate support flow {z,Qsupp}
is optimal if and only if the following conditions are
fulfilled

∆i ≥ 0 at xi = d∗i; ∆i ≤ 0 at xi = d∗

i (13)

∆i = 0 at d∗i < xi < d∗

i , i ∈ I∆nsupp

∆i j ≥ 0 at xi j = d∗i j, ∆i j ≤ 0 at xi j = d∗

i j;

∆i j = 0 at d∗i j < xi j < d∗

i j , (i, j) ∈ Unsupp.

Denote by f 0 the optimal criteria value. Then the
suboptimality estimate β (z,Qsupp)

.
= f 0 − f of the current

support flow can be calculated as follows

β (z,Qsupp) = (14)

∑
i ∈ I∆nsupp

∆i > 0

∆i(xi − d∗i)+ ∑
i ∈ I∆nsupp

∆i < 0

∆i(xi − d∗

i )+

+ ∑
(i, j) ∈ Unsupp

∆i j > 0

∆i j(xi j − d∗i j)+ ∑
(i, j) ∈ Unsupp

∆i j < 0

∆i j(xi j − d∗

i j).

If the given support flow satisfies the optimal-
ity criteria or the preassigned suboptimality estimate
β (z,Qsupp) ≤ ε, then the solution of the our problem
stops on this ε-optimal flow zε = z. Otherwise we start-
ing iteration process {z,Qsupp} → {z,Qsupp} to improve
the current support flow. Each iteration consists of two
main parts: changing the flow z → z, and changing the
support Qsupp → Qsupp. The new flow is defined as

z = z+θ0∆z (15)

where ∆z denotes the flow improving direction, and
θ0 is the maximal step along direction ∆z. It can be
calculated as follows:

∆z = (∆xi, i ∈ I∆; ∆xi j, (i, j) ∈ U∗; ∆ f ) (16)

where

∆xi = d∗

i − xi at ki = −1 (17)

∆xi = d∗i − xi at ki = 1, i ∈ I∆nsupp

∆xi j(i) = d∗

i j(i) − xi j(i) at ki = −1

∆xi j(i) = d∗i j(i) − xi j(i) at ki = 1; i ∈ I∑ supp

It can be shown later how to calculate the numbers ki

and

bi = ∆xi j(i) − ∑
k∈I∑supp(i)

µi(k)ak j(k)∆xk j(k) − (18)

− ∑
j∈I∆nsupp

∆x j ∑
k∈I∆( j)∩I∑(i)

a jkµk, i ∈ I∑ supp

where

I∑supp(i) = {k ∈ I∑supp : j(k) ∈ I∑(i)}; (19)

∆(I∆supp) = G−1

suppb(I∑supp)

The maximal admissible step θ0 along ∆z can be
calculated using the standard formulas:



θ0 =min{1,θi0 ,θi0 j0 } (20)

θi0 = minθi, i ∈ I∆supp;θi = (d∗

i − xi)/∆xi at ∆xi > 0;

θi = (d∗i − xi)/∆xi at ∆xi < 0; θi = ∞ at ∆xi = 0,

i ∈ I∆supp;

θi0 j0 =minθi j, (i, j) ∈ Usupp;

θi j = (d∗

i j − xi j)/∆xi j at ∆xi j > 0;

θi j = (d∗i j − xi j)/∆xi j at ∆xi j < 0;

θi j = ∞ at ∆xi j = 0,(i, j) ∈ Usupp.

If the new suboptimality estimation β (z,Qsupp) = (1−
θ0)β (z,Qsupp) is not satisfied then we continue with
changing the support Qsupp → Qsupp. For this purpose
the duality optimization theory and the associated
notions are used (R. Gabasov, F.M. Kirillova, O.I.
Kostyukova, 1986). From (20) follows that two situa-
tions are possible: θ0 = θi0 ; θ0 = θi0 j0 . In the first case the
new support Qsupp = {I∆supp, I∑ supp} is chosen as follows

I∆supp = (I∆supp \ i0)∪ i(ν) , I∑supp = I∑supp, (21)

i f i(ν) ∈ I∆nsupp ∪ i0;

I∆supp = I∆supp \ i0, I∑supp = I∑supp \ i(ν) ,

i f i(ν) ∈ I∑supp,

where the index 1≤ ν ≤ p is determined by the inequal-
ities vν−1 < 0, vν ≥ 0. Here v0 = −|αi0 | (the value |αi0 | is
calculated on the basis of dual variables for the dual
optimization problem) and vk are given by

vk = vk−1 +∆vk, σ ∈ [σi(k)
,σi(k+1)

], k = 1, p, (22)

where

∆vk = |δi(k)
|(d∗

i(k)
− d∗i(k)

) i f i(k) ∈ I∆nsupp ∪ i0; (23)

∆vk = |δi(k) j(k)
|(d∗

i(k) j(k)
− d∗i(k) j(k)

) i f i(k) ∈ I∑supp,

j(k) = j(i(k));σi(p+1)
= ∞.

Here δi,δi j denote the so-called improving direction
for dual co-flow ∆i,∆i j (in particular, the estimates
obtained in (12) are also dual co-flows), and are given
as

δi j = −∆yi +ai j∆y j, (i, j) ∈ U∗; (24)

δi = ∑
j∈I∆(i)

∆y jai j, i ∈ I∆,

where

∆yt = 0, ∆y
′

(I∑supp) = −e
′

i0
(I∆supp)G

−1

suppsignαi0 , (25)

∆yi = ∆ysµi, i ∈ I∑(s)\ s, s ∈ I∑supp ∪ t.

and
ei0 (I∆supp) = (ei = 0, i ∈ I∆supp \ i0, ei0 = 1).

Finally, the new indices i(ν) are rearranged in accor-

dance with the increasing order as

σi(1)
≤ σi(2)

≤ ... ≤ σi(p)
. (26)

Here the values σi (in fact, they are used in the dual
optimization problem to determine the maximal step
for dual co-flow along the improving direction) are
given as

σi =
−∆i

δi
, i f δiki < 0; (27)

σi = ∞ otherwise, i ∈ I∆nsupp;

σi =
−∆i j(i)

δi j(i)
, i f δi j(i)ki < 0;

σi = ∞ otherwise, i ∈ I∑supp.

For the case θ0 = θi0 j0 , the needed calculation is, in

its essence, analogous to the one described above, and

hence omitted here.

Here the iteration of the adaptive method is complete.
The suboptimality estimation of the new support flow
is

β (z,Qsupp) = (28)

(1− θ0)β (z,Qsupp)+ v0σi(1)
+

ν−1

∑
k=1

vk(σik+1
− σi(k)

)

≤ β (z,Qsupp).

If β (z,Qsupp) ≤ ε then stop the calculation of the solu-

tion of problem (4). But if β (z,Qsupp) > ε we continue

with the new iteration beginning with the support flow

{z,Qsupp}.

Remark 1. It is obviously that the optimization prob-

lem (4)–(7) can be embedded into the general case of

linear programming optimization. But such approach

ignores the particularities and special form of the con-

sidered problem and, hence, leads to a great compu-

tational effort and reduces the computational speed.

However, the constructive form of the established op-

timality and ε - optimality condition is suitable for

numerical methods and present a good tool to realize

sensitivity analysis (robustness analysis) of the ob-

tained solution.

4. EXAMPLE

In the report (Jan Mohring et al., 2004) of the Pipeline

Simulation Interest Group of the gas network of Bel-

gium is presented. This network consists of 20 nodes

and 24 pipelines connecting these nodes. In order to

demonstrate the key moment of the proposed opti-

mization method we give the solution of an illustra-

tive example of a gas network that images (in some

sense) the part of the Belgium net with the parameters

chosen arbitrarly. To simplify our considerations, we

restrict ourselves to a network containing 6 nodes and

5 pipelines.

According to our notation we have the net S = (I,U)

where I = {1,6,2,3,5,t = (sink node) = 4} is the collection

of nodes, U = {(1,3),(6,5),(2,5),(3,4), (5,4)} is the set of

edges. Here the node numbering is cited in the circle

together with their intensity a j for summation nodes,

the throughput capacities d∗

i j , di j∗ of edges are written

under lines, the transformation coefficient ai j of some

edges are given in rectangles. Let a3 = 1, a4 = a5 =



0,a13 = 3, a65 = 2, a25 = 1, a34 = 2, a54 = −4;d1∗ = −1,d∗

1
=

2, d2∗ = −2,d∗

2
= 1, d6∗ = −1,d∗

6
= 2, d∗34 = −2,d∗

34
= 2,d∗54 =

−1,d∗

54
= 1. Put I∆ = {1,6,2}, IΣ = {3,4,5}, U∆ = {(i, j) ∈ U : i ∈

I∆} = {(1,3),(6,5),(2,5)}, U∗ = U \U∆ = {(3,4),(5,4)}. Note

that the negative values for transformation coefficients

of a pipeline can be used to formalize the need to

accumulate gas in emergency funds, for example.

Below we give the detailed step-by-step procedure to

determine the optimal solution. In order to show the

most essential and crucial moments of the algorithm

we select arbitrary initial data.

1) Select the initial support Qsupp = {I∆supp, IΣsupp} = {2,5}
where I∆supp = {2}, IΣsupp = {5}. Then I∆nsupp = I∆ \ I∆supp =
{1,6}. First, we need to verify that Qsupp is a sup-
port indeed. For this purpose consider the subnet-
work Ssupp given as follows Ssupp = {IΣ;Usupp} = {{3,4,5}−
nodes;(3,4)− edge}, where
Usupp = U∗ \

⋃

i∈IΣsupp=5

(i, j(i)) = {(3,4),(5,4)\ (5,4)} = {(3,4)}.

Denote also Unsupp = U∗ \ Usupp = {(3,4),(5,4)} \ {(3,4)} =
{(5,4)}.
It also should be noted that the network Ssupp =
{IΣ,Usupp} consist of two connected components:

{IΣ(4) = {3,4},Usupp(4) = {(3,4)}}

and
{IΣ(5) = {5},Usupp(5) = ∅}.

Hence IΣ(5) = {5} is an isolated node of the subnetwork
Ssupp. In accordance with the algorithm calculate the
coefficients µi, i ∈ IΣ = {3,5}

⋃
{t = 4} = {3,5,4} as follows

µ5 = 1, µ4 = 1, µ3 = 2.

Next, construct the matrix Gsupp = G(IΣsupp, I∆supp) =
(gsi,s ∈ IΣsupp, i ∈ I∆supp). In our case we have: s ∈ IΣsupp =
{5}, i ∈ I∆supp = {2} and

g52 = ∑
k∈I∆(i)

⋂
IΣ(s)

µka2k = µ5a25 = 1∗1 = 1.

Then, in accordance with the support criteria, the

collection Qsupp = {2,5} is the support of the network

S since :

1. |I∆supp| = |IΣsupp|, (the notation |I∆supp| = 1 means that

the set I∆supp contains one element),

2. detGsupp = g52 = 1 6= 0.

2) Consider now the support flow {z,Qsupp} formed by
the flow z, corresponding to the initial admissible input
flow

z = {xi, i ∈ I∆ ;xi j ,(i, j) ∈ U∗; f } =

{x1 = 0,x6 = 0,x2 = −1;x13 = 0,x34 = 0+1 = 0,

x25 = −1,x65 = 0,x54 = −1, f = 6}.

3) Verify now the optimality criteria for the given
support flow. The required potentials are y3 = −2,y4 =
−1,y5 = 0 and corresponding estimations are

∆1 = −6,∆6 = 0,∆54 = 4.

Since d1∗ = −1 < x1 = 0 < d∗

1
= 2, and with the estimate

∆1 = −6 < 0 for the support flow {z,Qsupp}, reveals that
the optimality criteria are not fulfilled. The calculated
suboptimality estimates for the considered support
flow β (z,Qsupp) shows that the maximal value of the
flow has not increased. Hence:

f (x)+β (z,Qsupp) = 6+12 = 18.

4) The first part of the iteration {z,Qsupp} → { z̄,Q̄supp}
consist in changing the flow z → z̄ and is given by

z = z+θ0∆z,

where the improvement direction

∆z = (∆xi, i ∈ I∆; ∆xi j , (i, j) ∈ U∗; ∆ f )

are ∆z = (∆x1 = 2,∆x6 = −1,∆x2 = 2; ∆x34 = 2 · 3 + 0 =

6,∆x54 = 0). The maximal admissible step θ0 along ∆z

is θi0 j0 = θ34 = 1

6
. And the first part of the iteration is

completed by the construction of the new flow z = z +

θ0∆z = (x1 = 0+ 1

6
· 2 = 1

3
,x2 = −1+ 1

6
· 2 = − 2

3
,x6 = 0+ 1

6
·

(−1) = − 1

6
;x34 = 1+ 1

6
·6 = 2,x54 = −1+ 1

6
·0 = −1).

Since the optimality estimate β (z,Qoldsupp) = (1− θ0)β =
5

6
·12= 10, is not satisfactory, and f o ≤ f +β = 6+10= 16.

5) The second part of the iteration Qsupp → Qsupp is
realized on the basis of dual theory. The new support
Q̂supp = {Î∆supp, ÎΣsupp} is given

Î∆supp = I∆supp ∪ i(ν) = {2}∪{1} = {1,2},

ÎΣsupp = IΣsupp ∪ i0 = {5}∪{3} = {3,5},

where the indices i0, iν are determined by the accom-
panied dual optimization problem. Then

Ĝsupp =

[

g13 g32

g51 g52

]

=

[

3 0

0 1

]

and
[

κ̂1

κ̂2

]

= −Ĝ−1

supp ·

[

b̂3

b̂5

]

= −

[

1

3
0

0 1

]

·

[

−1

−1

]

=

[

1

3
1

]

such that the new support flow is

κ̂1 =
1

3
, κ̂2 = 1, κ̂6 = −1, κ̂34 = 2, κ̂54 = −1,

for which the optimality conditions are fulfilled.

5. GAS FLOW MODEL IN PIPELINE UNIT

The problem for the second-step modeling is to guar-
antee the predefined regime for each pipeline unit. The
aim of this section is to use the 2-D control theory
setting for studying control problems in gas pipeline
units. The state space parameters are gas pressure p

and mass flow Q at the points of the pipe (we write
Q for mass flow which is often used in the litera-
ture). For calculating the state space parameters for the
turbulent, isothermal gas flow in a long pipeline the
following system of non-linear differential equations
from the theory of gas dynamics can be used see (
Nieplocha J., 1988)



∂Q(τ ,x)

∂τ
= −S

∂ p(τ ,x)

∂x
−

λc2

2DS

Q2(τ ,x)

p(x,τ)
, (29)

∂ p(τ ,x)

∂τ
= −

c2

S

∂Q(τ ,x)

∂x
,

where x denotes the space variable, τ the time variable,
S the cross sectional area, D the pipeline diameter,
c the isothermal speed of sound and λ the friction
factor. It can be shown that the linearized model in the
neighborhood of a known (pre-assigned/basic) regime
(Q̄, p̄) have the following form

∂Q

∂τ
= −S

∂ p

∂x
− ρQ − β p,

∂ p

∂τ
= α

∂Q

∂x
, (30)

where
ρ = 2γ

Q̄2

p̄ Q̄
, β = γ

Q̄2

p̄ 2
,γ =

λc2

2DS
, α = −

c2

S
.

Introducing the combined discretization scheme for
the partial derivatives with steps h1,h2, respectively,
and putting

x1(t,s) := Q(th1,sh2),x2(t,s) := p(th1,sh2), (31)

where t,s are integer, we can rewrite the system (30) as
a state space 2−D model

x(t +1,s) = A0x(t,s)+A1x(t,s+1)++A2x(t,s −1), (32)

where x(t,s) = [x1(t,s),x2(t,s)]T and the associated matri-
ces Ai are determined uniquely by the coefficients of
(30). An actual problem is to find the suitable control
program for the gas pressure and gas flow on the pre-
defined time period for each gas network unit. A fea-
sible way to formalize this task is to set the boundary
data x(t,0) = ut , t = 0,1,2, ...,T as a control parameter. In
other words, for each gas unit, one needs to determine
the most convenient regime how to ”pump in -pump
out” through time. Thus, we have the following 2− D

control optimization problem: minimize

J(u) =
T

∑
t=1

∑
s∈ZZ+

(

Gx(t,s),x(t,s)
)

+
(

Ru(t),u(t)
)

(33)

over the solution

x(t +1,s) = A0x(t,s)+A1x(t,s+1)+A2x(t,s −1) (34)

with initial and boundary control condition

x(0,s) = ϕ(s),s ∈ Z+ \ {0} (35)

x(t,0) = ψ(t) = u(t), t = 0,1,2, ...T.

where Z+ is the set of nonnegative integers. Note that

the cost functional is based on the estimate of the de-

viation from the pre-assigned regime Q(x,t), p(x,t) de-

termined by the first-step simulation. The assumption

s ∈ Z+ images the fact that in discrete approximation

the amount of discrete values of the state variable x

corresponding to long pipelegs can be huge. The initial

condition x(0,s) = ϕ(s), s ∈ Z, can be treated as an pre-

assigned starting pumping regime given at the initial

moment t = 0. The obtained model gives a motivation

to start the investigation of a class of two-dimensional

optimization control systems for gas networks.

It is well known that the feedback control has both

system theoretic and application interest. The aim of

the following theorem is to give a representation of

the control program uo = (uo

0
,uo

1
,uo

2
, ...,uo

T −1
) by means of

adjoint (dual) variables. Hence, the following result

holds.

Theorem 2. The optimal control u0 of the problem
(33)-(35) is given as

u0

t
= −R−1AT

2 z0(t,0), t = 0,1, . . . ,T −1, (36)

where z(t,0) is determined by the following system of
equations

z(t,s) = AT

0 z(t +1,s)+AT

1 z(t +1,s+1)

+ AT

2 z(t +1,s −1)+Qx(t +1,s), s ∈ Z, (37)

x(t +1,s) = A0x(t,s)+A1x(t,s+1)+A2x(t,s −1)

− A2R−1A∗

2z(t,0), t = 0,1, . . . ,T −1, (38)

with the boundary conditions

x(0,s) = ϕ(s), z(T,s) = 0. (39)

6. CONCLUSIONS AND FURTHER WORK

The results presented in this paper for a class of graph

models in gas networks can also be generalized to

distributed gas networks. The major task is to solve the

general problem for complex gas networks which will

be possible in a forthcoming paper, where the various

discretization schemes and corresponding 2-D models

will be tested. This allows for a choice of models of

different numerical complexity.
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Abstract: This paper concerns the preliminary study of a point absorber wave
energy converter. A simple floating device oscillates under the wave effect and the
power take-off system is modelized here by a simple model giving a friction torque.
The control consists of locking/unlocking the power take off system. The response
of the system to the waves is enhanced, and therefore the production of energy.
Optimal control theory is applied to maximise the take-off energy. This leads to
compute the optimal time sequence (lock-unlock). This determination is the main
objet of this paper. From the maximum principle, we obtain the optimal sequence.
Then, comparisons of power absorption are presented with and without control in
regular waves.

Keywords: Renewable energy systems, waves, non linear, optimal control

1. INTRODUCTION

Work on wave energy began in earnest during the
1970s as a response to the emerging oil crises.
There were several government sponsored pro-
grammes throughout the world, particularly in
Japan, Norway and the UK. These programmes
advanced the technology considerably and their
achievements were impressive. Nevertheless, the
failure of these programmes to deliver economic
supplies of electricity from wave energy left the
technology with a credibility problem that has
been hard to overcome. Since the mid-1990s, there
has been a resurgence of interest in wave energy,
led mainly by small companies. Their endeavours
have progressed the technology so that there are
now a number of different devices that have been
built or that are under construction at this mo-
ment around the world.

There are several comprehensive reviews of wave
energy : [(Panicker, 1976) (Brooke, 2003) (Clement,
2002)]. These show that many wave energy devices
are at the R&D stage, with only a small range
of devices having been tested or deployed in the
oceans. The main types developped are :

• oscillating water column ;
• the PELAMIS ;
• the Wave dragon ; the archimedes Wave

swing ;
• the McCabe wave pump;
• the PowerBuyoTM ;
• AquaBuOYTM ;
• ... .

Clearly, this diversity of technologies shows that
the wave energy is far from mature. There is still
a plethora of ideas and designs for wave energy.



The SEAREV 1 (Clement, 2004) wave energy con-
verter is a floating device enclosing a heavy pendu-
lum (figure 1). The motion of this pendulum rel-
ative to the hull activates a power take-off (PTO)
which, in turn, set an electric generator into mo-
tion. One major advantages of this arrangement
is that all the moving parts (mechanic, hydraulic,
electric components) are sheltered from the action
of the inside a closed, water proof shell. This freely
floating device is kept on site by a slack single
line mooring which enables self alignment of the
device in the dominant wave direction due to the
general shape of the hull. This allows the device
complying easily with tide.

Fig. 1. SEAREV : wave energy converter

A specific real time control must be developed in
order to enhance the production in low energy
states. The contribution of this work is to design
an optimal control law which maximises the op-
tima take off energy.

This paper is organized as following : first, we
present the SEAREV system and give the dy-
namical equations of the double pendulum model.
Thus, we get the non linear state equation and the
criteria to optimize. In the third part, we design
the optima control law by using the maximum
principle. This leads to solve a differential system
(state and co-state). At last, simulations assess
the performances of the optimal control.

2. MATHEMATICAL MODELLING

The system being based on the strong coupling
of two nonlinear mechanical oscillators, an ana-
lytic study of its behavior in regular and irregular
waves has been performed. A complete mechanical
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model of the system has been written, including
hydrodynamics of the wave device interaction and
non linear mechanics of the internal Power Take
Off (Babarit, 2005).

From this complete model, a simplified one is
considered. The floating body is assumed to have
two vertical planes of symmetry. We assume that
the rotation axis of the pendulum is perpendicular
to the main symmetry plane of the floating body.
We suppose also the direction of wave propagation
being parallel to this plane.

Under this assumptions, in a 2D incident wave
train, the floating body will move only in surge,
heave and pitch mode in (xOz) plane.

2.1 Equation of motions

The motion can be decomposed in two parts : the
surge motion and the heave motion of the center
of gravity G and the pitch motion of the device
and the motion of the inner pendulum.
The equations of the motions can be write in the
time domain (Guglielmi and Guegan, 2004).

For our work, the movement of the center of grav-
ity is overlooked. Thus, the system is modelized
by a double pendulum (figure 2).

q 

a 

Fig. 2. Double pendulum prototype

The first bar is the floating device, the second
bar is the inner pendulum. The excitation torque
comes from a torque motor controlled such as
it can emulates a simple harmonic torque or a
more complex one. The PTO system connected
is a second torque motor acting as a resistance.



The control action is a simple binary one (con-
nect/disconnet the PTO). So the control variable
u is a binary value which multiplies Cr

2 .

One can write easily the motion equations. If θ
is the pitch motion and α the relative motion
between the two bars, the dynamical equations
are :

(a11 + 2a12 cosα)θ̈ + (a13 + 2a12 cosα)α̈ =

a12α̇(α̇ + 2θ̇) sinα− b1 sin θ − b2 sin(θ + α) + Cex

(a13 + a12 cosα)θ̈ + a13α̈ =

−a12θ̇
2 sinα + 2θ̇ − b2 sin(θ + α)− uCr

(1)

The coefficients [a11, a12, a13, b1, b2] are functions
of the mass and the inertial parameters of the
double pendulum (Guglielmi and Guegan, 2004).

The external torque (wave excitation) is Cex and
the PTO is modelized by a friction torque Cr. It is
modelized by a simple function kα̇, k = constant.
At last, u is the control variable u ∈ [0, 1]. When
u = 0, the PTO system is not connected (no
energy is taken off), and when u = 1, a part of
cinematic energy is absorbed by the PTO.

From these equations, we get easily the state
model. The state vector x is defined as : [x1 =
θ, x2 = θ̇, x3 = α, x4 = α̇]. The non linear state
equation is :

ẋ1 = x2

ẋ2 =
1

D
[m22n1 −m12n2 +m22Cex +m12kx4u]

ẋ3 = x4

ẋ4 =
1

D
[−m12n1 −m11n2)−m12Cex −m11kx4u

(2)

with :

m11 = a11 + 2a12 cosx3

m12 = a11 + a12 cosx3

m22 = a13

n1 = a12ẋ3(ẋ3 + 2ẋ1) sinx3 − b1 sinx1 − b2 sin(x1 + x3)
n2 = −a12ẋ1

2 sinx3 + 2ẋ1 − b2 sin(x1 + x3)
D = m11m22 −m

2

12

The criteria is :

2 Another control law is studied in (Babarit et al., 2005).
Called ”latching”, this control is sligthly different as it con-
sists of connecting always the PTO absorber and locking,
during a part of time, the oscillating body (here the second
arm).

J =

T∫

0

kux2

4
dt (3)

3. OPTIMAL CONTROL

The optimal control problem is the following one
: for the dynamical non linear system described
by (9) find u∗, u∗ ∈ [0, 1] which maximises the
criteria (3).

From the maximum principle (Abou-Kandil and
al , 2004), the optimal value u∗, at each time,
maximises the hamiltonian. Here, the hamiltonian
is :

H = kx2

4
u+

λ2

D
[m22n1 −m12n2 +m22Cex+

m12kx4u] + λ3x4 +
λ4

D
[−m12n1 −m11n2)

−m12Cex −m11kx4u]

(4)

As H is linear, the optimal control u∗ is :

u∗ = 1 if x4(x4 +
1

D
(λ2m12 − λ4m11) > 0

(??)

u∗ = 0 if x4(x4 +
1

D
(λ2m12 − λ4m11) ≤ 0

(5)

The co-state differential equations are given by :

λ̇i = −
∂H

∂xi

for i = [1, 4] (6)

Here, we got :

λ̇1 =
λ2

D
[−
∂n1

∂x1

m22 +m12

∂n2

∂x1

]

+
λ4

D
[m12

∂n1

∂x1

−m11

∂n2

∂x1

]

λ̇2 = −λ1 +
λ2

D
[
∂n2

∂x2

m12 −m22

∂n1

∂x2

]

+
λ4

D
[m12

∂n1

∂x2

−m11

∂n2

∂x2

]

λ̇3 =
λ2

D
[K1 +

∂D

∂x3

K2

D
] +

λ4

D
[K3 +

∂D

∂x3

K4

D
]

λ̇4 = −2x4u−
λ2

D
[
∂n1

∂x4

m22 +m12ku]− λ3

+
λ4

D
[m12

∂n1

∂x4

+m11ku]

(7)

See annex for all the functions needed in (7).

We must also introduce the final conditions. We
suppose the initial conditions xi = 0, i = [1, 4].
Several hypothesis can be done about the final



conditions. Here, we consider that the final state
x(T) is free. This leads (Agrawal and Fabien,
1999) to the final conditions of the co-states λ(T) :

λ(T) = 0 (8)

At last, we have to solve the system (9) with the
final conditions (8).

4. ALGORITHM

The dynamical non linear system (with λ1 =
x5, λ2 = x6, λ3 = x7, λ4 = x8 is :

ẋ1 = x2

ẋ2 =
1

D
[m22n1 −m12n2 + m22Cex + m12kx4u

∗

ẋ3 = x4

ẋ4 =
1

D
[−m12n1 −m11n2)−m12Cex −m11kx4u

∗

ẋ5 =
x6

D
[−

∂n1

∂x1
m22 + m12

∂n2

∂x1
]+

x8

D
[m12

∂n1

∂x1
−m11

∂n2

∂x1
]

ẋ6 = −x5 +
x6

D
[
∂n2

∂x2
m12 −m22

∂n1

∂x2
]

+
x8

D
[m12

∂n1

∂x2
−m11

∂n2

∂x2
]

ẋ7 =
x6

D
[K1 +

∂D

∂x3

K2

D
] +

x8

D
[K3 +

∂D

∂x3

K4

D
]

ẋ8 = −2x4u−
x6

D
[
∂n1

∂x4
m22 + m12ku

∗]− x7

+
x8

D
[m12

∂n1

∂x4
+ m11ku

∗]

with :

u∗ = 1 if x4(x4 +
1

D
(x6m12 − x8m11) > 0

u∗ = 0 if x4(x4 +
1

D
(x6m12 − x8m11) ≤ 0

(9)

Remark : The commutation law shows that one
condition is x4 = 0 (vanishing the relative velocity
betwween the two arms).

Suppose the end time T , and δ the sampling
period fixed, we get the solution by the classical
algorithm :

step (1) :

N =
T

δ
, ε = final precision

choose u0 = [0 ... 0] (dim u0 = N)

compute the criteria : J (0)
u,x

i = 1

step(2)
Forward integration [0, T ] of the fourth first equations of (9)
with u = u0 and x1→4(0) = 0

keep x1→4(kδ) for k = [1,N]

Backward integration [T, 0] of the fourth last equations of (9)
with x1→4(kδ) and x5→8[T = N ∗ δ] = 0

keep x5→8(kδ) fork = [1,N]

compute the criteria : J (i)
u,x

if |J (i)u,x − J (i− 1)u,x| < ε then u∗ = u
else i = i + 1
compute new ui by using the control law of (9)
repeat from step (2)

5. EXAMPLE

We consider the prototype (figure 2). The dynam-
ical parameters are : a11 = 63, 18 kg/m2, a12 =
2.82 kg/m2, a13 = 10.67 kg/m2, b1 =
41.68 kg/m, b2 = 9.43 kg/m.

Regular waves are defined as a single harmonic
signal. Here, the torque is Cex = A sinω0t with
A = 2 Nm and ω0 = 1 rd/s. The coefficient of
the friction torque k is equal to 20.

The end time T is 17 s.

Figure 3 shows the absorbed power with the
optimal control (shown in figure 4) compared to
the power taken off without control (power take
off system always connected).

To get the final optimal sequence needs several
iterations. The convergence of the algorithm is
shown figure 5. It needs only 4 iterations to
converge.

Figures 6 and 7 present the oscillations of the
two bars of the pendulum. These show that the
movement is kept into physical constraints as the
real system SEAREV must be in security.

6. CONCLUSION

In this paper, a method is proposed in order to
assess the benefit that can be brought by an opti-
mal control. The preliminary results presented in
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regular waves show that the efficiency is improved
by control.
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Given a system and a control strategy, the bene-
fit that one can expect from such a control de-
pends indeed on the spectral characteristics of
the incident wave. Most commonly, a wave en-
ergy converter will work with a wave train. The
further work must introduce the ”random” waves
(Bonnefoy, 2005) which are more realistic and
to compare this technic to other control systems
((Babarit et al., 2003). On the other part, we must
study the implementation of this control law and
study the robustness.



7. ANNEX

The partial derivatives used in (7) are :

∂m11

x3

= −2a12 sinx3

∂m12

x3

= −a12 sinx3

∂n1

x1

= −b1 cosx1 − b2 cos(x1 + x3)

∂n1

x2

= 2a12x4 sinx3

∂n1

x3

= a12x4(x4 + 2x2) cosx3 − b2 cos(x1 + x3)

∂n1

x4

= 2a12(x2 + x4) sinx3

∂n2

x1

= −b2 cos(x1 + x3)

∂n2

x2

= 2a12x2 sinx3

∂n2

x3

= a12x
2

2
cosx3 − b2 cos(x1 + x3)

∂D

x3

= 2a12 sinx3(a11 + a12 cosx3 − a13)

and

∂m11

x3

= −2a12 sinx3

∂m12

x3

= −a12 sinx3

K1 =
∂m12

x3

n2 +m12

∂n2

x3

−m12

∂n1

x3

−

∂m12

x3

kx4u

K2 = m22n1 −m12n2 +m22Cex +m12kx4u

K3 =
∂m12

x3

n1 +m12

∂n1

x3

−

∂m11

x3

−m11

∂n2

x3

+

∂m12

x3

Cex +
∂m11

x3

kx4u

K4 = −m12n1 +m11n2 −m12Cex −m11kx4u
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1. INTRODUCTION 

 

Robust control of linear uncertain systems with 

quadratic performance indices is often considered in 

the guaranteed cost control framework (Chang and 

Peng, 1972; Kosmidou and Bertrand, 1987): Closed-

loop system asymptotic stability and a certain level of 

performance are ensured for all model uncertainties of 

a given class. However, some of the eigenvalue 

locations may cause small relative stability margins 

and undesirable time responses. The problem of 

control synthesis for robust pole placement into 

prescribed regions of the complex plane has been 

addressed in recent literature [see e.g. (Arzelier et al. 

1993; Garcia and Bernussou 1995; Daafouz 1997; 

Chilali et al. 1996, 1999) and references therein]. 

These approaches are based on the notion of 

�quadratic d-stabilizability� (Garcia and Bernussou 

1995). An advantage of the proposed approaches is 

that they provide necessary and sufficient conditions. 

However, the resulting controller synthesis requires 

the solution of parameterized augmented Riccati 

equations; this solution depends on the existence of an 

adequate parameter value which has to be sought by 

trial and error. Moreover, the uncertainty must satisfy 

a quite strong condition that involves a measure of the 

solution, as well. Obviously, this condition can not be 

verified a priori. In order to avoid these drawbacks, 

the problem of guaranteed cost control with 

simultaneous eigenvalue positioning is re-addressed in 

the present paper. In particular, (i) the closed-loop 

nominal system eigenvalues are shifted by a pre-

specified amount and (ii) the uncertain system 

eigenvalues are placed into a region of the left half 

complex plane, for all model uncertainties of a given 

class. The proposed approach modifies the state 

weighting matrix of the performance index and 

introduces a relative stability degree. Furthermore, it 

is shown that an LMI optimization procedure enables 

to minimize the corresponding guaranteed cost.  

 

 

2. PROBLEM STATEMENT AND 

PRELIMINARIES 

 

Consider the linear uncertain system described by          

0 0 0( ) ( ) ( ) ( ), ( ) , [ , )x t A A x t Bu t x t x t t         (1) 

 

where ( ) nx t  is the state vector, ( ) mu t  is the 

control vector, n nA  and n mB  are the state and 

control matrices, respectively. The model 

uncertainties A  are described in terms of affine 

parameter variations,  

 

1

( )
k

i i

i

A t A r  (2) 

where 
iA , 1, 2,...,i k  are constant matrices of 

appropriate dimensions that determine the uncertainty 

structure and 
ir  are scalar uncertain parameters 

belonging to a known and bounded compact set, 

 

 { : , 1, 2,..., }; 0k

ir r r i k r  (3) 

An equivalent normalized description with 1r  can 

be used, without loss of generality. Description (2), 

(3) allows the uncertainty matrices to have unity rank 

and thus to be written in terms of vector products of 

appropriate dimensions, 

 

 , 1, 2,...,T

i i iA i k  (4) 



Note that the above decomposition is not unique. The 

following symmetric positive semi-definite matrices 

are defined: 

 

 

1 1

: , :
k k

T T

i i i i

i i

T U  (5) 

 

The  quadratic performance index,  

 

0

0 0, (.), , T T

t

J x u t x t Qx t u t Ru t dt
 (6) 

 

associated with system (1), is to be minimized for an 

adequate control input. It is assumed that (i) 0,Q  

(ii) 0R , (iii) ,A B  is a controllable pair and (iv) 

1/ 2( , )A Q  is an observable pair. Due to the presence of 

model uncertainties, the above optimization problem 

is considered in the framework of guaranteed cost 

control. 

 

Definition 2.1 (Chang and Peng 1972): For system 

(1)-(3) with quadratic cost (6) a control law 

0( ) : , [ , )n mu t t t  is called a guaranteed cost 

control, (GCC), if there exists a positive number J , 

called a guaranteed cost, such that 
0 0( , (.), , )J x u t A J for all admissible uncertainties, i.e. 

consistent with (2), (3).  

 

Theorem 2.2 (Kosmidou et al. 1991): Consider the 

uncertain system (1)-(3) and the associated quadratic 

cost (6). The feedback control law 

 

 1( ) ( )Tu t R B Px t  (7) 

 

is a guaranteed cost control law and 

 

 
0 0

T
J x Px  (8) 

 

is a guaranteed cost, if there exists a positive definite 

symmetric matrix P  satisfying the equation 

 

 1( ) 0T TPA A P P BR B T P Q U  (9) 

 

The resulting closed-loop system is asymptotically 

stable for all admissible uncertainties. 

 

The following problem is now addressed: For the 

uncertain system (1)-(3) with quadratic cost (6), find a 

guaranteed cost control law such that the closed-loop 

system poles lie in a pre-specified region of the left 

half complex plane for all admissible uncertainties.  

 

Consider the uncertain system (1)-(3) and assume that 

it is desirable for the states ( )xt  to approach zero at 

least as fast as 
t

e , for some given 0a  and for all 

admissible uncertainties. As a consequence, all 

closed-loop eigenvalues of the uncertain system are 

located at the left of �  in the complex plane i.e. the 

closed-loop uncertain system has relative stability 

degree  (Anderson and Moore 1990). The 

performance index obtains the form, 

 

              

0

2 [ ( ) ( ) ( ) ( )]t T T

t

J e x t Qx t u t Ru t dt      (10) 

By using the transformations �( ) : ( )tx t e x t  and 

�( ) : ( )tu t e u t  the state-space description of the 

transformed uncertain system becomes,  

  

                 � � �( ) ( ) ( )x t A A I x t Bu t , 

                 0

0 0
�( ) ( )

t
x t e x t                            (11) 

 

and the associated transformed performance index is,  

 

0

0 0
� � � � � � �, (.), , [ ( ) ( ) ( ) ( )]T T

t

J x u t x t Qx t u t Ru t dt   (12)  
A guaranteed cost control with a prescribed degree of 

relative stability can be obtained by means of the 

following Theorem. 

 

Theorem 3.1 Consider the uncertain system (1)-(3) 

with quadratic cost (10). The control law  
                          1( ) ( )Tu t R B P x t                    (13) 

 

is a guaranteed cost control law ensuring relative 

stability degree  for all admissible uncertainties, if 

there exists a positive definite matrix P  that satisfies 

the generalized Riccati equation,  

 
1

0

T TP A I A I P P BR B T P

Q U

 (14) 

 

The corresponding guaranteed cost is  

 

                              02

0 0

T t
J x e P x                     (15) 

 

Proof: The proof follows by extending the result of 

Theorem 2.2 to the transformed system (11) with 

quadratic cost (12).  

 

A solution to (14) that minimizes the guaranteed cost 

(15) can be obtained by optimizing the rank-1 

uncertainty decomposition via LMIs (Boyd et al. 

1994). Since the decomposition (4) is not unique, the 

product in (4) is scaled as follows: 
 

                      (1/ )T T

i i i i i is s , 1,...,i k        (16) 

 



where is  are positive scalars to be treated as 

optimization variables. For the design purposes, let  

 

1: [ ,..., ]kD ,
1: [ ,..., ]kE ,

1: ( ,..., )kS diag s s (17) 

 

Moreover, let the initial conditions be randomized 

with zero mean and identity covariance and let the 

expected value of the performance index be 

considered. It is well known that in this case the 

guaranteed cost (15) is equivalent to the trace of *P . 

A sufficient condition for guaranteed cost control 

ensuring a prescribed relative stability degree and 

minimizing the guaranteed cost is given by means of 

the following theorem. 

 

Theorem 3.2 Consider the uncertain system (1)-(3) 

with random initial conditions and with quadratic cost 

(10). If the following optimization problem:  
 

, ,
min Tr( )
M W S

M        (18) 
 

with LMI constraints 

 

  0
M I

I W

                                              (19) 

 

1

0

( , )

0 0

0

T
W S WE W

EW S

W Q

                      (20) 

where  

 
1

( , ) ( ) ( )
T T T

W S W A aI A aI W BR B DSD  

                                                                                (21) 

 

admits a non-empty set of feasible solutions (M, W, 

S), with  and W symmetric and positive definite 

matrices, S diagonal and positive definite matrix, and 

0
Q  positive definite matrix such that 

0
Q Q , then the 

control law,  

 

                          * 1 1( ) ( )Tu t R B W x t                    (22) 

 

is a guaranteed cost control law that ensures a 

prescribed relative stability degree , for all 

admissible uncertainties. The corresponding 

guaranteed cost  

                                  * *
( )J Tr P                             (23) 

 

                                   
* 1

P W                              (24) 

 

is minimal over all possible values.  

 

Proof: By applying the Schur complement to (20), 

and after left and right multiplication of both sides of 

the resulting inequality by 1W , one obtains,  

 
* * * 1 *

1

0

( )

0

T T T

T

A I P P A I P BR B DSD P

E S E Q

                                                                               (25) 

This inequality is satisfied for any
0

Q Q , if  

 

     
* * * 1 *

1

( )

0

T T T

T

A I P P A I P BR B DSD P

E S E Q

                                                                                (26) 

 

By using (5) and (17), (26) obtains the form of (14). 

Then, by virtue of Theorem 3.1, the control law (22) 

is the guaranteed cost control law with prescribed 

relative stability degree . The corresponding 

guaranteed cost is (23). Furthermore, application of 

the Schur complement to (19) yields *M P . Thus, 

minimization of ( )Tr M  implies minimization of 
*( )Tr P . The optimality of the result follows from the 

convexity of the objective function (18) and of the 

constraints (19), (20).  

 

Remark 3.3 A feature of the above approach is that it 

reduces to the standard LQR design with a prescribed 

degree of relative stability, when uncertainties vanish. 

 

 

3. EXACT POLE SHIFTING BY WEIGHTING 

MATRIX  MODIFICATION 

 

It is well known that the selection of the weighting 

matrices of the performance index allows improving 

closed-loop system characteristics. In some particular 

cases, the pole locations are also related to the choice 

of the weighting matrices (Wittenmark et al. 1987).  

Consider the uncertain system (1)-(3) with quadratic 

cost (6). As stated in Section 2, the guaranteed cost 

control law results from the solution of the 

generalized algebraic Riccati equation (9). Assume 

that the symmetric positive definite matrix T  may be 

written as � TT BTB . This is true when the 

uncertainties satisfy the so-called matching conditions 

(Barmish et al. 1983). Then, (9) obtains the form,  

 

                   1 �� 0
T T

PA A P PBR B P Q              (27) 

 

where 
1 1� �R R T  and �Q Q U . The control law, 

 

                          1�( ) ( )
T

u t R B Px t                      (28) 

 

yields the closed-loop nominal system,  

 

               1�( ) ( ) ( ) ( )
T

x t A BR B P x t Fx t           (29) 

 

The corresponding uncertain system is  

 



                         ( ) ( ) ( )x t F A x t                       (30) 

 

The Hamiltonian matrix associated with (9) is  

 

               

1 T

T

A BR B T
H

Q U A
                (31) 

 

with Jordan decomposition  

 
1

0 0

0 0

0 0

0 0

0

0

T

T

s

u

X WA BR B T

Y ZQ U A

X W

Y Z

        (32) 

 

where 
s
 and 

u
 contain the stable and unstable 

eigenvalues of , respectively. It is well known 

(Medanic 1982, Abou-Kandil et al. 2003) that if the 

pair ( , ) is stabilizable, then 1

0 0
P Y X , and 

0 0 s
FX X . Furthermore, if the pair ( , ) is 

completely controllable, then the symmetric negative 

definite matrix 1

0 0uP Z W  exists and is also a 

solution of (9).  

Based on the above considerations, it will be shown in 

the sequel that by introducing a relative stability 

degree  and replacing the state weighting matrix Q 

by Q Q  where 2
u

Q aP  in the performance 

index, the nominal system�s closed-loop eigenvalues 

are shifted by 2a . In effect, according to the results 

in Section 2, the generalized Riccati equation for the 

uncertain system (1)-(3) with relative stability degree 

 and with modified state weighting matrix becomes,   

 
1

2 0

T T

u

P A aI A aI P P BR B T P

Q U aP

        (33) 

                                                                                 

The associated Hamiltonian matrix is,  

 

             
1

2

T

T

u

A aI BR B T
H

Q U aP A aI

       (34) 

 

Important properties of (33) are stated by means of the 

following lemmas that can be easily proved by 

extending the results in (Medanic et al. 1988).  
Lemma 4.1 Let 

u
P  be the negative definite solution of 

(33) associated with the unstable eigenvalues of H . 

Then,  
                                    

u u
P P                                (35) 

 

Lemma 4.2 The unstable eigenvalues of  H  and 

H are related as,  
 

                         
u u

aI                           (36) 

 

and the associated invariant subspaces satisfy, 

 

                         0 0

0 0

W W
R R

Z Z
                 (37) 

 

The following theorem can now be demonstrated. 

 

Theorem 4.3 Let 
s
 be the spectrum of the closed-

loop system (29) for some given Q and R. Assume 

that (i) a relative stability degree  is introduced and 

(ii) the state weighting matrix Q is modified by  

 

                                    2
u

Q aP                         (38) 

 

where 
u

P  is the negative definite solution of (9). 

Then, the spectrum ( )
s

F  of the closed-loop nominal 

system with relative stability degree a and modified 

performance index is,  

 

                                2
s s

F aI                    (39)  
Proof: The closed-loop nominal system with relative 

stability degree  and modified performance index 

results from the positive definite solution 
s

P  of (33)   
                 1�( ) ( ) ( ) ( )

T

s s
x t A BR B P x t F x t       (40)  

Besides, it follows from (34) that the stable 

eigenvalues of H  are also the eigenvalues of   
                        1� T

s s
F A aI BR B P               (41) 

 

Obviously,  

                                  
s s

F F aI                          (42)  
and hence,  

                          
s s

F F aI                        (43) 

 

Since the unstable eigenvalues of H  are shifted by an 

amount  with respect to the location of the unstable 

eigenvalues of H (Lemma 4.2), and since H  is 

symplectic, the stable eigenvalues of H  are shifted 

by an amount  with respect to the stable 

eigenvalues of H, i.e. 
 

                          ( )s s sF aI                     (44) 

 

Then, (39) follows from (43), (44) and the proof is 

completed.  

 



Remark 4.4 Theorem 4.3 implies that by applying the 

control law 

                           
1�( ) ( )

T

s
u t R B P x t                     (45) 

 

where 
s

P  is the positive definite solution of (33), to 

the uncertain system (1)-(3), the closed-loop 

eigenvalues of the nominal system are shifted by 

2a . Moreover following to the results in Section 3, 

the eigenvalues of the uncertain system are located at 

the left of , for all admissible uncertainties.  

 

The control law (45) requires the existence of 

solutions to the generalized Riccati equations (9) and 

(33). Since these solutions must be such that the 

corresponding guaranteed cost becomes as tight as 

possible, an LMI based procedure is proposed by 

means of the following algorithm. 

 

Algorithm 4.5  

Step 1: For system (1)-(3) with quadratic cost (6), 

solve the LMI objective minimization problem, 

 

, ,
min Tr( )
M W S

M  
 

with LMI constraints 

 

0
M I

I W

 

 
1

1

0

0

0

0

T T T T
WA AW BR B DSD WE W

EW S

W Q

 

 

for an arbitrary uncertainty decomposition and for 

some 
0Q Q . If a feasible solution exists, then 

S determines the appropriate unity rank 

decomposition of (4), according to (16), for which the 

positive definite solution to (9) 
1

P W  exists and 

minimizes the corresponding guaranteed cost. The 

matrices T and U are fixed to their resulting values, 

according to (5). 

Step 2: Compute the negative definite solution 
u

P  

associated with P . Determine 2
u

Q aP  for a 

given value of .  

Step 3: Solve the LMI objective minimization 

problem 

 

,

min Tr( )
M W

M  
 

with LMI constraints 

 

0
M I

I W

 

 
1

1

0

( ) ( )

0

T T
W A aI A aI W BR B T W

W Q

 

for some 
0

2
u

Q Q U aP . If a feasible solution 

exists, then the positive definite solution to (33) 
1

P W  exists and minimizes the corresponding 

guaranteed cost.  

 

 

4. EXAMPLE 

 

Consider the second order uncertain system in state 

space description with matrices, 

 

 
0 1

1 2
A , 

1 2

0 1

1 2
A A

r r
, 

0

1
B  

 

where 
1 1r , 

2 1r . The state and control weighting 

matrices of the performance index are 
2Q I , 1R . 

The open-loop nominal system is unstable. The 

system uncertainty is described by 
1 1 2 2

A A r A r . 

Let an arbitrary uncertainty decomposition,  

 

                
1 1 1

0 0 0
1 0

1 0 1

T
A d e                 

 

                
2 2 2

0 0 0
0 1

0 1 1

T
A d e  

 

The guaranteed cost controller gain obtained by 

application of Theorem 2.2 is 1.90 6.73K  and 

the corresponding guaranteed cost is 14.47J . The 

closed-loop eigenvalues of the nominal system and at 

different points of the uncertainty range have real 

parts given in Table 1. 

 

 
1 2 0r r  

1 2 1r r  1 2 1r r  

1
 0.72  0.78  0.60  

2
 4.01 4.94  3.12  

      

 
1 21, 1r r  

1 0r ,
2 1r  

1 21, 0r r  

1
 0.35  0.56  0.44  

2
 5.38  5.17  4.29  

 

Table 1. Real parts of the closed-loop eigenvalues at 

different points of the uncertainty range obtained by 

the guaranteed cost control 



 

Note that the closed-loop uncertain system is 

stabilized. However, at several points of the 

uncertainty range the corresponding eigenvalues are 

located relatively close to the imaginary axis. In order 

to satisfy transient response specifications, a relative 

stability degree 1  is introduced. Application of 

Algorithm 4.5 yields the guaranteed cost control gain 

15.11 11.45K  for 0.17S  and minimal 

guaranteed cost 103.74J . The real parts of the 

corresponding closed-loop eigenvalues for the 

nominal system and at different points of the 

uncertainty range are given in Table 2.  

 

 
1 2 0r r  

1 2 1r r  1 2 1r r  

1
 2.23  2.03  2.57  

2
 6.82  8.41 5.88  

      

 
1 21, 1r r  

1 0r ,
2 1r  

1 21, 0r r  

1
 1.73  1.88  2.03  

2
 8.71 8.57  7.41 

 

Table 2. Real parts of the closed-loop eigenvalues at 

different points of the uncertainty range obtained by 

the guaranteed cost control with relative stability 

degree and weighting matrix modification 

 

Note that the nominal closed-loop eigenvalues are 

shifted by 2 2a . The closed-loop eigenvalues at 

different points of the uncertainty range are shifted as 

well, and they all lie at the left of -1. 

 

 

5. CONCLUSIONS 

 

In the present approach advantages of both, pole 

positioning, and guaranteed cost control are 

combined. By modifying the state weighting matrix 

and introducing a relative stability degree , the 

closed-loop nominal system�s eigenvalues are shifted 

by -2  while the uncertain system�s ones lie at the left 

of - , on the complex plane, for all admissible 

uncertainties. The obtained control system has the 

robustness properties of the LQR design, since it 

results from the solution of a generalized Riccati 

equation. Besides, the guaranteed cost property of the 

control law remains valid with respect to the modified 

performance index. A demanded time response is 

achieved by specifying the closed-loop system 

eigenvalue locations. The proposed LMI based 

algorithm allows founding a computational solution to 

the generalized Riccati equation. Moreover, the 

choice of the uncertainty description is used as a 

design tool, since it is treated as an optimization 

variable towards the solution search. Finally, this 

method can be extended to the case where the input 

matrix is uncertain as well, and where a partial 

shifting of the nominal system�s spectrum is of 

interest. 
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Abstract: A new method for the constrained robust set-point regulation of
scalar linear systems is proposed in this paper. It is based on the combined
synthesis of the feedback controller and of the closed-loop command function. In
particular, the controller is synthesized by solving a standardH∞ mixed sensitivity
problem and the command function is determined by solving a stable input-output
inversion problem. The optimal design parameters are found by means of a genetic
algorithm, so that the worst-case settling time is minimized, subject to amplitude
constraints on the control variable and on the resulting undershoot and overshoot.
Worked examples are given to illustrate the methodology. Copyright c© 2006 IFAC
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1. INTRODUCTION

It is well-known that the regulation performance
provided by a feedback control system can be
improved by adopting an inversion-based feedfor-
ward controller when the model uncertainties are
sufficiently small (Devasia, 2002). In this context,
the typical design approach is to determine a feed-
forward controller based on the nominal model
of the plant and then to design independently a
feedback controller in order to cope with mod-
elling errors and initial condition mismatches, in
addition to external disturbances. When preview
information is available, a noncausal feedforward
controller can be employed, i.e. a command in-
put is synthesized by means of appropriate stable
inversion procedures (see for example (Hunt et
al., 1996)). This approach has been shown to be
effective in practical cases (see for example (Zou
and Devasia, 2004)), though, in general, the de-
termined command input exhibits a pre- and a
post-actuation time intervals.
From a different point of view, a design ap-
proach based on a combined synthesis of the
feedback controller and of the noncausal feed-
forward controller has been proposed in (Piazzi
and A.Visioli, 2001), where the command input
function is determined by applying a stable input-

output inversion procedure to the nominal com-
plementary sensitivity function. The rationale of
this method is that of exploiting the capability of
the feedback controller of reducing the effects of
the model uncertainties in a range of frequencies
and therefore the degradation of the set-point reg-
ulation performance due to the model mismatch
is reduced.
Following this basic idea, in this paper we for-
mulate a more general problem (see Section 2)
and we propose a solution based on the use of the
H∞ control theory (see for example (Zhou, 1998)).
Specifically, a set of plants is considered and
the feedback controller is designed by solving a
standard H∞ mixed-sensitivity problem (Safonov
et al., 1989), where a parameterized weighting
function is chosen for the sensitivity function.
Then, a transition polynomial parameterized by
the transition time (Piazzi and Visioli, 2001a) is
chosen as a desired output function and a stable
input-output inversion procedure (Piazzi and Vi-
sioli, 2005) is solved with respect to the nominal
plant. The design parameters are chosen by means
of a genetic algorithm in order to minimize the
worst-case settling time by taking into account
bounds on the control variable and arbitrarily
chosen limits on the maximum overshoot and un-
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Fig. 1. The unity-feedback system.

dershoot of the output.
Roughly speaking, the method aims at minimizing
the sensitivity function (i.e. minimizing the effect
of the plant uncertainties) in a certain range of
frequencies (while guaranteeing the robust sta-
bilization) and then to apply a command signal
whose frequency content is in that range. It is the
genetic algorithm that implicitly addresses this
concept by selecting the most appropriate value
of the parameters.

2. PROBLEM FORMULATION

We consider a set of scalar systems

P = {P1(s), P2(s), . . . , Pn(s)} (1)

In the context of a unity-feedback system (see
Figure 1), we search for a feedforward/feedback
control strategy in order to obtain a “robust”
transition from a previous set-point value ys to
a new one yf . Without loss of generality in the
following we will assume y0 = 0 and yf > 0.
Obviously, the first requirement to be satisfied
is the stability of the closed-loop system for all
plants Pi, i = 1, . . . , n. Moreover, this transition
has to satisfy an overshoot and an undershoot
limitation, an amplitude constraint on the control
variable u(t) and has to minimize the (worst-case)
settling time. In other words, the above problem
can be stated as follows: determine a reference
function r(t) and a controller C(s) such that for
all plants Pi(s), i = 1, . . . , n

(1) the closed-loop system is stable;
(2) limt→∞ y(t) = yf (steady-state condition);
(3) the overshoot in response to r(t) is bounded

by a given Ō;
(4) the undershoot in response to r(t) is bounded

by a given Ū ;
(5) the absolute value of the control variable u(t)

is bounded by a given usat;
(6) it is minimized the worst-case settling time.

Searching for the true global solution of the above
problem is indeed extremely difficult. Thus, in the
following we search for a practicable sub-optimal
but effective solution based on the concepts of H∞

control and dynamic inversion.

3. DESIGN METHODOLOGY

3.1 Controller design

As a first step, a nominal model P0(s) has to be
selected for the set of considered scalar systems
P. Then, a multiplicative uncertainty

∆i(s) :=
Pi(s) − P0(s)

P0(s)
, i = 1, . . . , n (2)

has to be calculated for each plant and then a
transfer function Ws(s) has to be determined so
that (i = 1, . . . , n)

|∆i(jω)| ≤ |Ws(jω)|, ∀ω ∈ [0,+∞), (3)

i.e. it represents an uncertainty bound for the
nominal system.
This is actually a standard, although somewhat
conservative, practice in the robust control frame-
work. It is worth noting however that, from a
practical point of view, in case of a plant affected
by structured (parametric) uncertainty, P0 can be
conveniently selected as that obtained by consid-
ering, for each uncertain parameter, the midpoint
values of the uncertainty interval and the Pi’s can
be selected as those resulting by considering the
vertices of the uncertainty region.
Once Ws has been defined, a parametric weighting
function We is defined for the sensitivity function:

We(s) = K
s + a

s
(4)

Then, the following typical H∞ mixed-sensitivity
problem, which addresses the performance of the
closed-loop system by ensuring the robust sta-
bility at the same time, is posed (Safonov et
al., 1989).
H∞ mixed-sensitivity control problem. Find
an internally stabilizing controller C(s;K, a) such
as:

∥

∥

∥

∥

We(jω)S(jω)
Ws(jω)T (jω)

∥

∥

∥

∥

∞

≤ 1 (5)

where

S(s;K, a) =
1

1 + C(s;K, a)P0(s)
(6)

and

T (s;K, a) =
C(s;K, a)P0(s)

1 + C(s;K, a)P0(s)
. (7)

The controller C(s;K, a) that solves the above
problem can be determined, under the conditions
specified in (Safonov et al., 1989), by applying the
algorithm described in (Safonov et al., 1989) and
implemented in the Robust Control Toolbox of
Matlab (Chiang and Safonov, 1998).
Remark 1. The algorithm of Safonov et al.
(Safonov et al., 1989) has been preferred in this
context to the Glover’s and Doyle’s algorithm
(Glover and Doyle, 1988) as it allows to handle
more easily the satisfaction of the internal model
principle, i.e. the requirement of a pole at s = 0 in
the open-loop transfer function in order to satisfy
the steady-state condition. Actually, the Glover’s
and Doyle’s algorithm provides a (sub)optimal so-
lution to the H∞ control problem (i.e. the mixed-
sensitivity cost function of expression (5) is min-
imized), but, in the context of the methodology
presented in this paper, this is not strictly neces-
sary, as the (sub)optimal solution is provided by
the genetic algorithm (see subsection 3.3).
Remark 2. It has to be noted that the conditions
developed in (Safonov et al., 1989) for the exis-
tence of an H∞ controller might require that a



weighting function is defined also for the control
sensitivity transfer function, i.e. the transfer func-
tion from the command signal r to the control
variable u. However this does not imply a loss
of generality of the proposed methodology as an
arbitrarily small weight can be selected (Chiang
and Safonov, 1998).
Remark 3. If each plant in the set P has a pole
at the origin of the complex plane, there is no
need of selecting a performance weighting function
such as the one of expression (4). In this case it is
more indicated to select the following alternative
weighting function:

We(s) = K
s+ a

s+ εa
(8)

The H∞ mixed-sensitivity control problem can
then be solved in this case by using a bilinear
transform (Chiang and Safonov, 1992). The mod-
ifications of the methodology presented in this pa-
per in order to address this case are then straight-
forward.

3.2 Command input design

The closed-loop command input is determined
by applying an input-output inversion proce-
dure to the closed-loop nominal transfer func-
tion T (s;K, a). In particular, the desired output
function is first designed using a parameterized
“transition” polynomial y(t; τ), which determines
a smooth transition between 0 and yf , to be ac-
complished without undershooting and overshoot-
ing in the time interval [0, τ ] (Piazzi and Visi-
oli, 2001a). Function y(t; τ) can be expressed over
the time interval [0, τ ] by

y(t; τ) = yf

(2k + 1)!

k!
·

2k+1
∑

i=k+1

(−1)i−k−1

(i− k − 1)!(2k + 1 − i)!i

(

t

τ

)i

.
(9)

Outside the transition time interval [0, τ ], the de-
sired output function is simply defined as y(t; τ) =
0 for t < 0 and y(t; τ) = yf for t > τ . The order
k of the polynomial is selected in order to ensure
that the determined command input function is
continuous. Thus, denoted by ρ the relative order
of the nominal system P0, it has to be k = ρ (i.e.
the order of the polynomial is 2ρ+ 1).
The command function r(t;K, a, τ), to be applied
to the closed-loop system in order to obtain the
parameterized desired output function (9), can be
determined by adopting the stable input-output
inversion procedure described in (Piazzi and Vi-
sioli, 2005). The salient feature of this methodol-
ogy is that it determines an easily-implementable
closed-form expression of the command input
r(t;K, a, τ). It is worth stressing in any case that
the synthesized (bounded) command input is de-
fined over (−∞,+∞). Hence, in order to practi-
cally use it, it is necessary to truncate it. However,
this can be done with arbitrary precision, by se-
lecting two arbitrary small parameters ε0 and ε1
and by subsequently determining

t0 := max{t′ ∈ R : |r(t;K, a, τ)| ≤ ε0 ∀t ∈ (−∞, t′]}

and

t1 := min{t′ ∈ R :
∣

∣

∣

∣

r(t;K, a, τ) −
1

T (0;K, a)

∣

∣

∣

∣

≤ ε1 ∀t ∈ [t′,∞)

}

.

Then, by defining tp := min{0, t0} and tf :=
max{τ, t1}, the actual command function to be
applied to the closed-loop system is given by

r̄(t;K, a, τ) :=











0 for t < tp
r(t;K, a, τ) for tp ≤ t ≤ tf
1

yf

for t > tf .

Note that when tp < 0 and tf > τ , the ap-
plied command function exhibits an associated
pre-actuation and a post-actuation time interval
respectively.

3.3 Optimization problem

In the previous subsections, a parameterized con-
troller C(s;K, a) and a parameterized command
input function r̄(t;K, a, τ) have been determined.
Define now as yi(t;K, a, τ) the associated output
of the system Pi(s), i.e. the output obtained by
applying the determined command input to the
closed-loop system

Ti(s;K, a) =
C(s;K, a)Pi(s)

1 + C(s;K, a)Pi(s)
i = 1, . . . , n.

(10)
The corresponding (2%) settling time can then be
defined as

ts,i(K, a, τ) := |tp|+
min{t̄ ∈ R+ : |yi(t;K, a, τ) − yf | ≤ 0.02yf ∀t ≥ t̄}

(11)
and therefore the worst-case settling time is sim-
ply

ts,wc(K, a, τ) := max
i=1,...,n

ts,i(K, a, τ). (12)

Define C as the set of parameters pairs (K, a) ∈
R
2
+ for which the posed H∞ mixed sensitivity

control problem has a solution. Thus, the design
problem formulated in Section 2 can be written as
the following optimization problem:

min
K,a,τ∈R+

ts,wc(K, a, τ) (13)

subject to:
(K, a) ∈ C; (14)

yi(t;K, a, τ) ≤ (1+0.01Ō)yf ∀t ≥ 0 i = 1, . . . , n;
(15)

yi(t;K, a, τ) ≥ −0.01Ūyf ∀t ≥ 0 i = 1, . . . , n;
(16)

|ui(t;K, a, τ)| ≤ usat ∀t ≥ 0 i = 1, . . . , n (17)

where ui(t;K, a, τ) is the control variable that
corresponds to the system output yi(t;K, a, τ).
Note that the settling time definition incorporates
the preaction time |tp| even though during the
interval (tp, 0) the output signal is almost identi-
cally zero. This appears technically sound because
during the interval (tp, 0) the overall system is out
of equilibrium.
The following theorem ensures that the posed
optimization problem has a solution (see (Safonov
et al., 1989)).



Theorem 1. Assume that there exist K ∈ R+

and a ∈ R+ for which the H∞ mixed-sensitivity
control problem described in subsection 3.1 has
a solution. Then, the optimization problem (13)
admits a solution if

usat >

(

min
i=1,...,n

|Pi(0)|

)

−1

yf (18)

Proof. It is a simple extension of a proof presented
in (Piazzi and Visioli, 2001b). 2

Remark 4. It is worth stressing again that the
conditions for the existence of a solution of the
H∞ mixed-sensitivity control problem (5) are
explained in (Safonov et al., 1989).
Remark 5. In case an integral control is not needed
(see Remark 3), then the condition (18) simply
becomes

usat > 0. (19)

An approximate solution to the above optimiza-
tion problem can be affectively found by means of
a genetic algorithm, where the applied constraints
(15)-(17) can be easily handled by appropriately
penalizing, if they are violated, the cost function
represented by the worst case settling time. It is
worth underlying that the rationale of the overall
methodology is to minimize the sensitivity func-
tion in a range of (low) frequencies as large as
possible, in order to reduce the effects of the un-
certainties in the closed-loop system and therefore
to increment the effectiveness of the use of the dy-
namic inversion. Obviously, limits are imposed by
the necessity of guaranteeing the robust stability
of the system (this is explicitly achieved by the
condition on the complementary sensitivity func-
tion in (5)). The role of the transition time is to
determine the range of frequency of the command
signal so that it matches that of the sensitivity
function in order to satisfy the constraints of the
optimization problem (note that, roughly speak-
ing, the more the value of τ is high, the more the
actual system output is similar to the desired one
(9), see (Piazzi and Visioli, 2005)).
Remark 6. An important feature of devised
methodology is that the overall design can be
accomplished automatically by means of appro-
priate software. For example, the results obtained
in Section 4 have been obtained with Matlab by
using the Robust Control Toolbox (Chiang and
Safonov, 1998), the Genetic Algorithm Optimiza-
tion Toolbox (Houck et al., 1995), Simulink and
the toolbox described in (Piazzi et al., 2004) that
implements the stable input-output inversion al-
gorithm adopted in this paper.

4. ILLUSTRATIVE EXAMPLES

4.1 Example 1

As a first example we consider the following
nonminimum-phase plant affected by structured
uncertainties (Piazzi and A.Visioli, 2001):

P (s; q) =
(s− q1)(s− q2)

(s2 + 2q3s+ 1)(s+ 2)
(20)

where q1 ∈ [0.8, 1.2], q2 ∈ [1.6, 2.4], and q3 ∈
[0.5, 0.7]. We also have fixed yf = 1, S̄ = 5%,
Ū = 3% and usat = 2.
The nominal transfer function P0(s) is chosen as

P0(s) =
(s− 1)(s− 2)

(s2 + 2 · 0.6s+ 1)(s+ 2)
(21)

while eight Pi’s transfer functions have been se-
lected by considering the vertexes of the uncer-
tainty space.
The Bode plots of the magnitude of ∆i(jω), i =
1, . . . , 8 and that of the selected Ws(jω) are re-
ported in Figure 2. It results 1

Ws(s) =
0.05s3 + 1.01s2 + 1.82s+ 1.48

s3 + 4.27s2 + 3.83s+ 3.18
. (22)

The result of the genetic algorithm is K = 0.094,
a = 4.28 and τ = 6.21 s. As it has been fixed
ε0 = 10−3 and ε1 = 10−4, the pre-action time
results to be tp = −5.67 s, whilst the post-action
time is tf = 22.0 s. The determined command
input function is plotted, together with the worst-
case system output and the corresponding control
variable in Figure 3 (for convenience the zero time
has been shifted to tp). The worst-case settling
time is ts,wc = 15.99 s. It is achieved for the
system output obtained when q1 = 0.8, q2 = 1.6
and q3 = 0.5. It can be observed that the active
constraint in this case is the one related to the
maximum undershoot and that the fixed limit of
the control variable is not exceeded during the
whole transient.
It is worth stressing that, with respect to the
result obtained in (Piazzi and A.Visioli, 2001),
where the controller were designed by means of
a nominal stable pole-zero cancellation, an im-
provement of the worst-case settling time has been
obtained.
To give a better insight in the results, the Bode
plot of the magnitude of the nominal sensitivity
function is reported in Figure 4, whilst the com-
plementary sensitivity functions obtained by con-
sidering each Pi(s) are plotted in Figure 5. Finally,
the normalized power spectrum of the optimal
command input function is shown in Figure 6.
It appears that the effects of the uncertainty is
significantly reduced in the range of frequencies
of which the command input function is mainly
composed.

4.2 Example 2

As a second example, we consider three eighth-
order plants described by the following general
transfer function:

P (s) =

∑8

i=0
ais
i

∑8

i=0
bisi

(23)

The values of the coefficient for each plant are
reported in Table I. Note that the three plants

1 An expression of Ws can be found with the help of the

Matlab µ-Analysis and Synthesis Toolbox function fitmag
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Fig. 2. Bode plot of |∆i(jω)| and |Ws(jω)| for
example 1.
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Fig. 4. Bode plot of the resulting nominal sensi-
tivity function for example 1.
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Fig. 5. Bode plot of the resulting complementary
sensitivity functions for example 1.

have the same poles but different zeros. We fixed
again yf = 1 and the same constraints of the
previous example, i.e. S̄ = 5%, Ū = 3% and
usat = 2. Further, we select again ε0 = 10−3 and
ε1 = 10−4.
The nominal transfer function has been selected
as

P (s) =
−0.1674s2 + 0.3974s+ 10.8

s2 + 0.3311s+ 9
(24)
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Fig. 6. Normalized power spectrum of the optimal
command input function for example 1.

Table 1. Plants for example 2.

Plant 1 2 3

b0 9.14 · 1010 1.005 · 1011 1.097 · 1011

b1 4.294 · 109 4.723 · 109 5.152 · 109

b2 −1.266 · 109 −1.194 · 109 −1.234 · 109

b3 −5.756 · 106 −5.951 · 105 −7.922 · 105

b4 −8.789 · 106 5.109 · 106 2.359 · 106

b5 −2.675 · 104 2785 3785

b6 −7899 2014 1805

b7 −6.342 0.08615 1.25

b8 −0.9848 0.01137 0.2303

a0 9.14 · 1010 9.14 · 1010 9.14 · 1010

a1 4.294 · 109 4.294 · 109 4.294 · 109

a2 1.049 · 1010 1.049 · 1010 1.049 · 1010

a3 1.15 · 108 1.15 · 108 1.15 · 108

a4 3.311 · 107 3.311 · 107 3.311 · 107

a5 7.849 · 104 7.849 · 104 7.849 · 104

a6 1.351 · 104 1.351 · 104 1.351 · 104

a7 9.437 9.437 9.437

a8 1 1 1

whilst the weighting function for the complemen-
tary sensitivity function has been chosen as

Ws(s) = 160
(s+ 8)5

(s+ 30)5
. (25)

The Bode plots of the magnitude of ∆i(jω),
i = 1, 2, 3 and that of the selected Ws(jω) are
reported in Figure 7. The values provided by the
genetic algorithm are K = 0.84, a = 0.95 and
τ = 0.91. The resulting command function, which
exhibits a preaction time of tp = −0.80 s and
a postaction time of tf = 2.11 s is plotted in
Figure 8. The resulting worst-case settling time
of ts,wc = 4.16 s occurs for plant P1(s), whose
output is shown again in Figure 8 as well as the
corresponding control variable. As in example 1,
we reported the Bode plot of the magnitude of the
nominal sensitivity function in Figure 9, whilst the
complementary sensitivity functions obtained by
considering each Pi(s) are plotted in Figure 10.
The normalized power spectrum of the optimal
command input function is shown in Figure 11.
Indeed, the same conclusions of example 1 can be
drawn also for example 2.

5. CONCLUSIONS

In this paper we have presented a new method
for the synthesis of a feedback/feedfoward control
strategy in order to achieve high performances in
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Fig. 7. Bode plot of |∆i(jω)| and |Ws(jω)| for
example 2.
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Fig. 8. Optimal command input function, worst-
case system output and control variable for
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Fig. 9. Bode plot of the resulting nominal sensi-
tivity function for example 2.
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Fig. 10. Bode plot of the resulting complementary
sensitivity functions for example 2.

the robust constrained set-point regulation prob-
lem. The technique combines appropriately the
H∞ control and the dynamic inversion concepts,
in order to exploit the main useful characteristics
of both of them, although the robust stability
issue is handled in a conservative way. A salient
feature of the design methodology is that it can be
performed automatically with available software
packages.
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Fig. 11. Normalized power spectrum of the opti-
mal command input function for example 2.

REFERENCES

Chiang, R. Y. and M. G. Safonov (1992). H∞

synthesis using a bilinear pole shifting trans-
form. AIAA J. of Guidance, Cont. and Dyn.
15, 1111–1117.

Chiang, R. Y. and M. G. Safonov (1998). Matlab
Robust Control Toolbox. The Mathworks Inc.

Devasia, S. (2002). Should model-based inverse
inputs be used as feedforward under plant
uncertainties?. IEEE TAC 47, 1865–1871.

Glover, K. and J. C. Doyle (1988). State-space
formulae for all stabilizing controllers that
satisfy an H∞ norm bound and relations
to risk sensitivity. Syst. and Cont. Letters
11, 167–172.

Houck, C., J. Joines and M. Kay (1995). A genetic
algorithm for function optimization: a matlab
implementation. Technical Report NCSU-IE
TR 95-09.

Hunt, L. R., G. Meyer and R. Su (1996). Non-
causal inverses for linear systems. IEEE
Trans. on Aut. Cont. 41, 608–611.

Piazzi, A., A. Visioli and L. Ciobani (2004). A
toolbox for dynamic inversion based control
systems design. In: Proceedings IEEE Int.
Conf. on Dec. and Cont.. pp. 1289–1294.

Piazzi, A. and A. Visioli (2001a). Optimal non-
causal set-point regulation of scalar systems.
Automatica 37, 121–127.

Piazzi, A. and A. Visioli (2001b). Robust set-point
constrained regulation via dynamic inversion.
Int. J. of Rob. and Nonlin. Cont. 11, 1–22.

Piazzi, A. and A. Visioli (2005). Using sta-
ble input-output inversion for minimum-time
feedforward constrained regulation of scalar
systems. Automatica 41, 305–313.

Piazzi, A. and A.Visioli (2001). Optimal inversion-
based control for the set-point regulation of
nonminimum-phase uncertain scalar systems.
IEEE Trans. on Aut. Cont. 46, 1654–1659.

Safonov, M. G., D. J. N. Limebeer and R. Y.
Chiang (1989). Simplifying the H∞ theory
via loop shifting, matrix pencil and descriptor
concepts. Int. J. of Control 50, 2467–2488.

Zhou, K. (1998). Essentials of robust control.
Prentice Hall, Upper Saddle River, NJ.

Zou, Q. and S. Devasia (2004). Preview-based op-
timal inversion for output tracking: applica-
tion to scanning tunneling microscopy. IEEE
Trans. on Cont. Syst. Tech. 12, 375–386.



H∞ CONTROLLER DESIGN ON THE

COMPLEIB PROBLEMS WITH THE ROBUST

CONTROL TOOLBOX FOR MATLAB

Didier Henrion
1,2

Abstract: The version R14SP1 of function hinfsyn (full-order H∞ optimal con-
troller synthesis) of the Robust Control System Toolbox for Matlab is benchmarked
on the extensive set of linear models of the COMPleib database. The main con-
clusion is that sometimes the achieved numerical results are surprising, if not
disappointing. This illustrates the difficulty of designing efficient and numerically
reliable computer-aided control system design (CACSD) tools.

Keywords: Computer-Aided Control System Design (CACSD), Numerical
Methods, H∞ optimization, Algebraic Riccati Equations (ARE), Linear Matrix
Inequalities (LMI).

1. INTRODUCTION

The COMPleib library is a freely available Matlab
package (Leibfritz, 2004) collecting a large num-
ber of continuous-time linear time-invariant (LTI)
system matrices in state-space format

A B1 B2

C1 D11 D12

C2 D21 0
(1)

where the block partitioning follows the by-now
standard conventions in state-space linear system
control (Doyle et al., 1989). A companion user’s
guide to the COMPleib library is available that
contains brief descriptions of the underlying phys-
ical problems and their modeling. The library
is partitioned into several collections originating
from distinct areas of engineering.

These examples were extracted from references
in the control literature spanning the last three
decades. They are meant as benchmark problems
for control analysis and design algorithms, and

1 LAAS-CNRS, 7 Avenue du Colonel Roche, 31077

Toulouse, France
2 Department of Control Engineering, Faculty of Electrical

Engineering, Czech Technical University in Prague, Tech-

nická 2, 16627 Prague, Czech Republic

especially for static output feedback, H2 and H∞

optimal design.

Unfortunately there is no documentation available
on the performance achievable in closed-loop for
each problem instance, such as for example the
maximum stability margin or minimumH2 orH∞
norm. In the case of static state feedback or full-
order 3 dynamic controller feedback, solving these
design problems amounts at solving a numerical
linear algebra problem, or at worst a quasi-convex
optimization problem over linear matrix inequal-
ities. In particular, the Control System Toolbox
(The MathWorks, 2005) and the Robust Control
Toolbox (Balas et al., 2005) for Matlab contain
several routines for solving these problems in a
user-friendly way.

The objective of this note is then to report
our computational experience in solving full-
order H∞ optimal controller design problems on
the COMPleib benchmark examples, using the
hinfsyn function of Release 14 Service Pack 1
(R14SP1) of the Robust Control Toolbox for
Matlab. By reporting the best achieved closed-
loop H∞ norms we aim at complementing the
COMPleib library. In particular, we hope that

3 By full-order controller we mean a controller of the same

order as the system to be controlled



this will provide further motivation for develop-
ers to test their algorithms (for full-order but
also reduced-order controller design) and compare
their results with publically available data.

2. DESIGN ALGORITHMS

Starting from Matlab 7 (Release 14) the function
hinfsyn of the Robust Control System toolbox
merges the previously existing Matlab routines for
full-order H∞ optimal controller design.

In all our experiments we used the default input
parameter tunings of function hinfsyn, namely

• no initial lower and upper bounds
• relative error tolerance of 1%

on the optimal H∞ norm.

When the design algorithms return successfully a
stabilizing controller, we then compute the actual
H∞ norm achieved in closed-loop. For this we use
the function norm overloaded for LTI systems in
the Control System Toolbox, an implementation
of the bisection algorithm of (Boyd et al., 1989)
and (Bruinsma and Steinbuch, 1990). We use
the default tuning of 1% for the relative error
tolerance in computing the H∞ norm.

For our H∞ design experiments we have used the
following algorithms

• algebraic Riccati equation (ARE)
• regularized ARE (RARE)
• linear matrix inequality (LMI)

that we now briefly describe.

2.1 ARE

The ARE method is directly implemented in func-
tion hinfsyn. It is based on the two Riccati formu-
lae (Doyle et al., 1989) with loop-shifting (Safonov
et al., 1989), which are solved using specialized
tools of numerical linear algebra and a bisection
algorithm. It is available under some technical
assumptions and restrictions on the input data.

2.2 RARE

The RARE method has been implemented by
Alexandre Megretski (Megretski, 2005) as an
upper-layer function calling standard routines of
the Control System Toolbox and then the ARE
method. The method consists in pre-conditioning
and perturbing the input data before calling
hinfsyn:

(1) the system matrix is balanced using func-
tion balreal of the Control System Toolbox.

This is an implementation of the Gramian-
based input/output balancing of state-space
realizations, see (Moore, 1981) and (Laub et
al., 1987)

(2) the obtained system matrix is regularized to

A B1 εI 0 B2
C1 D11 0 0 D12

εI 0 0 0 0
0 0 0 0 εI

C2 D21 0 εI 0

where ε is a small positive absolute pertur-
bation

(3) the ARE method (see above) is applied on
the regularized data.

2.3 LMI

The LMI method is also directly implemented
in function hinfsyn. This convex optimization
approach was developed partly to alleviate some
of the restrictions of the ARE method. It was
independently proposed in (Gahinet and Apkar-
ian, 1994) and (Iwasaki and Skelton, 1994), see
(Skelton et al., 1998) and (Scherer and Wei-
land, 2004) for good overviews. As explained in
(Scherer and Weiland, 2004) there are alternative
LMI methods for full-order H∞ design. However,
up to our knowledge they are not implemented
under Matlab.

3. NUMERICAL RESULTS

We closely follow the problem classification used
in COMPleib . For each problem we indicate the
open-loop system order n, and the H∞ norm
achieved by full-order controllers designed via

• the ARE method with default tunings,
• the RARE method with regularization pa-
rameters ε = 10−3 and 10−6,

• the LMI method with default tunings.

Since the relative tolerances for convergence of
the H∞ controller design algorithms and the H∞

norm computation are set by default to 1% (see
previous section), the achieved H∞ performance
is reported with 3 significant digits only.

In order to indicate that a method failed or
returned a warning message, we use the identifiers
described in Table 1.

For systems of order greater than 20, we also
report respective execution times for each method.
We did not experiment with systems of order
greater than 60.

Experiments are carried out with Matlab 7 (Re-
lease 14 Service Pack 1) on a PC computer with
Pentium IV 1.6 Mhz processor with 512 Mb RAM.



Table 1. Identifiers for warning and er-
ror messages.

name type diagnostic

modes warning controller has fast modes

unstable failure closed-loop is unstable
data failure assumptions on input data

are not satisfied
eig failure cannot order eigenvalues

error failure other error messages

empty failure no error message but empty output
time abort execution time exceeds 5 minutes

Table 2. Aircraft models

name n ARE RARE 10−6 RARE 10−3 LMI

AC1 5 data 5.22 · 10−7 5.31 · 10−4 3.18 · 10−6

AC2 5 unstable 0.112 0.112 0.111
AC3 5 2.98 2.97 2.98 2.96

AC4 4 0.562 0.562 0.563 0.558
AC5 4 658 unstable 658 658

AC7 9 0.0390 0.0459 0.0463 0.0380

AC8 9 1.62 1.62 1.62 1.62
AC9 10 1.01 1.00 1.00 1.00

AC10 55 empty eig 3.07(21s) time

AC11 5 2.78 2.81 2.81 2.81

AC12 4 unstable 2.20 · 10−3 0.322 0.0215
AC13 28 156(39s) 156(8s) 156(7s) 156(162s)
AC14 40 100(4s) 100(9s) 100(9s) time

AC15 4 14.9 14.9 14.9 14.9
AC16 4 14.9 14.9 14.9 14.9
AC17 4 6.61 6.61 6.61 6.61
AC18 10 unstable empty 7.92 5.39 (modes)

Table 3. Helicopter models

name n ARE RARE 10−6 RARE 10−3 LMI

HE1 4 0.0779 0.0783 0.0795 0.0738
HE2 4 unstable 2.42 2.42 2.42
HE3 8 unstable 0.806 0.806 0.800
HE4 8 22.9 22.8 22.8 22.8
HE5 8 1.77 1.77 1.77 1.77
HE6 20 2.39(2s) 2.39(2s) 2.39(2s) 2.39(27s)
HE7 20 2.61(2s) 2.61(2s) 2.61(2s) 2.61(28s)

Table 4. Jet engine (JE) and reactor
(REA) models

name n ARE RARE 10−6 RARE 10−3 LMI

JE1 30 3.85(42s) 3.89(6s) 3.88(6s) 3.86(300s)

JE2 21 42.4(29s) 53.7(3s) 44.4(3s) 42.6(66s)
JE3 24 2.89(2s) 2.89(3s) 2.89(3s) 2.89(269s)
REA1 4 0.863 0.864 0.865 0.862
REA2 4 unstable 1.13 1.14 1.13
REA3 12 74.3 73.5 74.3 74.3
REA4 8 error error error error

Table 5. Decentralized interconnected
systems (DIS) and Euler-Bernoulli

beams (EB)

name n ARE RARE 10−6 RARE 10−3 LMI

DIS1 8 4.16 4.16 4.16 4.16

DIS2 3 unstable 0.952 0.954 0.949
DIS3 6 unstable 1.05 1.04 1.04
DIS4 6 unstable 0.733 0.734 0.732
DIS5 4 666 666 666 667
EB1 10 3.11 3.11 3.11 3.10

EB2 10 1.78 1.78 1.78 1.77

EB3 10 1.80 1.80 1.80 1.80
EB4 20 1.80(2s) 1.80(2s) 1.80(2s) 1.80(22s)

EB5 40 1.86(8s) 1.80(9s) 1.80(8s) time

Table 6. Various physical systems

name n ARE RARE 10−6 RARE 10−3 LMI

TG1 10 3.47 3.47 3.47 3.47
AGS 12 8.17 8.19 8.17 8.17

WEC1 10 3.64 3.64 3.64 3.64
WEC2 10 3.60 3.60 3.60 3.60

WEC3 10 3.77 3.77 3.77 3.77

BDT1 11 0.271 0.270 0.270 0.266
MFP 4 4.20 4.19 4.19 4.20

UWV 8 3.05 · 10−8 6.49 · 10−7 8.30 · 10−4 error

IH 21 5.19 · 10−7(15s) empty 0.930(5s) 1.748 · 10−2(69s)

CSE1 20 0.0224(5s) 0.0203(1s) 0.0214(1s) 0.0199(49s)

CSE2 60 0.0226(54s) 0.0209(16s) 0.0269(23s) time

PAS 5 0.0104 1.08 119 0.00700

TF1 7 data 0.250 0.250 0.247
TF2 7 data 5.20 · 103 5.20 · 103 5.20 · 103

TF3 7 data 0.250 0.371 0.247

PSM 7 0.920 0.920 0.920 0.920

Table 7. Academic test problems

name n ARE RARE 10−6 RARE 10−3 LMI

NN1 3 13.1 13.1 13.1 13.1

NN2 2 1.77 1.77 1.77 1.77

NN3 4 7.91 7.93 8.54 16.0 (modes)
NN4 4 unstable 1.29 1.29 1.29
NN5 7 238 238 238 238
NN6 9 128 127 127 127
NN7 9 33.0 33.1 33.1 33.1
NN8 3 unstable 2.36 2.36 2.36
NN9 5 unstable 14.5 13.6 13.7 (modes)
NN10 8 unstable unstable 13.6 0.00
NN11 16 0.0163 0.0198 0.0589 0.0279
NN12 6 6.30 6.29 6.30 6.31
NN13 6 10.2 10.2 10.2 10.2
NN14 6 9.44 9.44 9.44 9.46
NN15 3 0.101 0.103 0.103 0.0978
NN16 8 unstable 1.22 0.956 0.956
NN17 3 2.64 2.65 2.64 2.64 (modes)

Table 8. 2D heat flow models

name n ARE RARE 10−6 RARE 10−3 LMI

HF2D10 5 7.95 · 104 7.95 · 104 7.95 · 104 error

HF2D11 5 7.64 · 104 eig 7.64 · 104 unstable

HF2D12 5 1.04 · 106 1.04 · 106 1.04 · 106 unstable

HF2D13 5 1.02 · 105 1.02 · 105 1.02 · 105 1.02 · 105 (modes)
HF2D14 5 5.26 · 105 eig 5.26 · 105 5.97 · 105

HF2D15 5 1.73 · 105 eig 1.73 · 105 2.32 · 105

HF2D16 5 4.44 · 105 eig 4.44 · 105 6.45 · 105

HF2D17 5 3.00 · 105 3.00 · 105 3.00 · 105 3.00 · 105 (modes)

HF2D18 5 93.2 93.2 93.2 93.2 (modes)
HF2D CD4 7 24.5 24.5 24.5 24.5

HF2D CD5 7 25.8 25.8 25.8 25.8
HF2D CD6 7 15.9 15.9 15.9 15.9 (modes)

HF2D IS5 5 1.13 · 106 1.13 · 106 1.13 · 106 unstable

HF2D IS6 5 1.32 · 105 1.32 · 105 1.32 · 105 unstable

HF2D IS7 5 36.6 36.6 36.6 36.6

HF2D IS8 5 91.3 91.3 91.3 91.3

4. DISCUSSION

Over the 111 examples, there are 2 examples for
which all the methods fail, namely REA4 and
LAH:

• REA4 is actually a discrete-time model, and
should be converted to continuous-time or
removed in future versions of COMPleib . We
do not consider this model in the discussion
below;



Table 9. Second order models

name n ARE RARE 10−6 RARE 10−3 LMI

CM1 20 0.820(12s) 0.823(2s) 0.823(2s) 0.817(29s)
CM2 60 0.820(142s) 0.823(21s) 0.823(20s) time

CM1 IS 20 0.820(12s) 0.819(2s) 0.818(2s) 0.816(42s)
CM2 IS 60 0.820(148s) 0.822(21s) 0.821(19s) time

TMD 6 data 2.12 2.12 2.12

FS 5 7.79 · 104 7.80 · 104 7.79 · 104 7.79 · 104

DLR1 10 0.0619 0.0619 0.0619 0.0619

DLR2 40 82.6(106s) 82.6(11s) 127(15s) time

DLR3 40 82.1(81s) 82.6(14s) 82.1(12s) time

LAH 48 empty empty empty time

Table 10. Reduced order controller mod-
els

name n ARE RARE 10−6 RARE 10−3 LMI

ROC1 9 data 1.13 1.13 1.13

ROC2 10 data 0.0410 0.0460 0.0413

ROC3 11 42.7 42.5 42.7 42.7
ROC4 9 data 8.97 23.2 16.1 (modes)

ROC5 7 data 2.94 · 10−6 1.60 · 10−3 4.06 · 10−5

ROC6 5 data 21.5 21.5 21.5

ROC7 5 data 1.12 1.12 1.12

ROC8 9 data 3.49 3.48 3.49
ROC9 6 data 2.24 2.26 2.24
ROC10 6 data 0.0799 0.0845 0.0754

• LAH is a numerically challenging 48th order
SISO model of a building at the Los Angeles
University Hospital, with flexible modes.

Generally speaking, we can observe that the less
reliable method for H∞ design is ARE. On the
other hand, the RARE method with ε = 10−3

fails only on the LAH model. Respective failure
rates are, in decreasing order, 30/110 = 27% for
ARE, 15/110 = 14% for LMI, 10/110 = 9% for
RARE (ε = 10−6), and 1/110 = 1% for RARE
(ε = 10−3). Note however that these rates must be
interpreted carefully: the fact that a method did
not fail does not necessarily imply that it returned
a meaningful result.

In terms of computational burden, for systems
of order greater than 20, the RARE method
is generally significantly faster than the ARE
method (see AC13, JE1, JE2, CSE2 and many
of the second order models). Convergence of the
bisection scheme is improved by regularizing the
problem, except in a very few cases (see AC14,
JE3). On the other hand, the LMI method is
significantly more demanding. Compared with the
other methods, the LMI method cannot deal with
systems of order greater than 40 in a reasonable
amount of time. This could be expected since the
convex optimization formulation of theH∞ design
problem is much more general than the algebraic
matrix formulation.

The tricky aspect of the RARE method is that
sometimes there is no obvious choice for regular-
ization parameter ε. Generally speaking, when the
RARE method fails for ε = 10−6, then it pro-
duces a controller for ε = 10−3 (see AC5, AC10,
AC18, IH, NN10, HF2D11, HF2D14, HF2D15,

HF2D16). Yet sometimes the achieved H∞ per-
formance significantly varies as a function of ε,
and it is not clear what is the actual value (see
JE2, CSE1, NN3, NN9, NN11, ROC10 and mainly
AC12, PAS, TF3, NN16, DLR2, ROC4 for which
the obtained values are inconsistent).

Note also that the LMI method, even though
apparently more reliable, also returns sometimes
results which are inconsistent (see AC7, AC12,
AC18, HE1, JE2, IH, PAS, NN3, NN10, NN11,
HF2D14, HF2D15, HF2D16, ROC4, ROC10). It
could be due to potential ill-conditioning of the
problems. Note however that we do not feel com-
fortable with this notion, as we are not aware of
any satisfying, computationally meaningful, and
algorithmic independent measure of conditioning
of an H∞ design problem formulation. Interest-
ingly, numerical troubles can be encountered al-
ready on low order systems (see AC12, PAS,
ROC4).

Another aspect that must be taken into account
is the fact that the H∞ performance achieved
by respective methods is evaluated numerically
a posteriori on the closed-loop system with the
bisection algorithm implemented in the norm func-
tion overloaded for LTI systems in the Control
System Toolbox. We do not preclude numerical
failures by this implementation, and so the values
reported in the above table may be sometimes
erroneous not because of the design method, but
because of the norm computation algorithm.

5. CONCLUSION

In this note we described a series of H∞ full-
order controller design experiments carried out on
benchmark problems of the COMPleib collection.
Our primary objective was to report the values of
theH∞ norm achieved by implementations of var-
ious design algorithms. We restricted ourselves to
the methods implemented in the hinfsyn function
of the new version of the Robust Control Toolbox
for Matlab.

Our conclusions are that significant development
efforts are still needed to improve the error and
failure diagnostic mechanisms in the current im-
plementations. For some examples, we have not
been able to find consistent values of achievable
H∞ norms.

Alternative implementations of the ARE method
for H∞ full-order controller design, as well as the
bisection algorithm for H∞ norm computation,
are available in the SLICOT library (Benner et
al., 1999). A comprehensive study and comparison
with these tools could be an interesting research
direction.



Developers of the Robust Control Toolbox for
Matlab informed us in September 2005 that sev-
eral of the issues described in this note have been
fixed in the next release of function hinfsyn.

For the time being, we are planning to use the H∞
norm values reported in this note as a comparative
basis for our experiments on reduced-order H∞

controller design using non-smooth optimization
(Burke et al., 2005).
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is performed by the synthesis of convex sets of stabilizing controllers guaranteeing
closed-loop resilience with respect to uncertainties on the controller parameters.
Full-order dynamic output-feedback without resilience considerations is proved for
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1. INTRODUCTION

Linear discrete-time periodic systems are consid-
ered. These correspond to a special case of lin-
ear time-varying systems with periodic dynam-
ics. Such periodic processes arise in numerous
domains such as aerospace, computer control of
industrial processes and communication systems
(see (Bittanti and Colaneri, 2000) and the ref-
erences therein). Some significative case studies
are vibrations control in helicopters (Gaiani et
al., 2004) and autonomous orbit control of satel-
lites (Schubert, 2001).

The contribution of the paper is for the design
of output-feedback stabilizing controllers with
resilience properties. Resilience, or non-fragility,

1
E-mail addresses: {farges, peaucelle, arzelier}@laas.fr

concerns the closed-loop robustness with respect
to uncertainty of the control law parameters. This
issue formulated in (Keel and Bhattacharyya,
1997) has significant repercussions for digital con-
troller implementation. Resilience allows to cope
with round-off errors in numerical computations
of the control signal, with finite word length of
digital systems, and provides the practical engi-
neer with safe margins. The present paper con-
siders fragility along the lines of (Peaucelle and
Arzelier, 2005) and (Peaucelle et al., 2002). In
these papers the synthesis problem is reformulated
so as to design sets of controllers described by a
quadratic matrix inequality. All the control gains
with parameters lying in the designed convex el-
lipsoidal sets have the same stabilizing properties
guaranteeing therefore resilience.



In (Farges et al., 2006), constructive methods for
designing sets of periodic static output feedback
(PSOF) controllers are presented. These are based
on conditions formulated in terms of linear matrix
inequalities (LMIs) and bilinear matrix inequal-
ities (BMIs). Although giving good results on
practical examples, these methods suffer from the
non-convex formulation of the optimization prob-
lem.

In this paper, the design of full-order periodic
dynamic output-feedback (PDOF) is considered.
Full-order dynamic output-feedback without re-
silience considerations is proved for the LTI case
to have a convex LMI formulation, thanks to
a linearizing change of variables (Scherer et al.,
1997). These results are extended here to the
periodic case. Moreover, a major contribution of
the paper is to prove that the resilience can be as
well handled with LMI formulations. Therefore,
the problem can be solved in polynomial time with
Semi-Definite Programming (SDP) solvers.

As for (De Souza and Trofino, 2000), the meth-
ods presented in this article suffer from the usual
drawbacks inherent to LMIs techniques (in par-
ticular the computationnal effort when very large
periods are considered). This is especially true
when compared to methods involving Periodic
Riccati Equations (Bittanti et al., 1993). Never-
theless, LMI-base methods allow to take into ac-
count multiple specifications easily. Here, stability
is tackled along with resilience.

This paper is organized as follows. First, the
resilient PDOF problems is stated for periodic
discrete-time systems. The design methods are
given in section (3). Then, numerical examples
illustrate the results.

Notations: The following notations are used.
R

n×m are real n by m matrices and Sn are real
square symmetric matrices of size n. A′ is the
transpose of A and A−T is the transpose of A−1.
λmin(A) and λmax(A) are respectively the mini-
mum and maximum eigenvalue of A. 0 and 1 are
respectively the zero and identity matrices with
appropriate dimensions. For symmetric matrices
A > (≥)B stands for A − B positive (semi) defi-
nite. In matrices inequalities as well as in problem
formulations, the decision variables are noted in
bold face. For instance, P is a decision variable to
be found to attest some property, while P stands
for a given solution. In block matrices, ∗ indicates

symmetric terms:

[
A B

B′ C

]

=

[
A ∗
B′ C

]

=

[
A B

∗ C

]

.

2. PROBLEM STATEMENT

Let a linear discrete-time T -periodic system de-
fined in state-space as follows:

xk+1 = Acl
k xk , Acl

k+T = Acl
k (1)

where T is the period and xk ∈ Rn is the state
vector of constant dimension.

The stability of this system is equivalent to the
stability of the LTI system:

xk0+T = Φ(k0 + T, k0)xk0

where Φ(k0 + T, k0) is the associated monodromy
matrix: Φ(k0+T, k0) = Ak0+T−1Ak0+T−2 · · ·Ak0

.

Therefore, the system is p-stable (periodically
stable) if, and only if, for all k0 the eigenvalues of
Φ(k0 + T, k0) belong to the open unit disc. These
eigenvalues are named characteristic multipliers of
the system and are independent of k0. Without
any restriction we assume in the following that
k0 = 1.

Assessing stability with the help of the character-
istic multipliers is useful for analysis purpose. The
following LMI-based Lyapunov lemma proves to
be more usefull for design problems:

Lemma 1. (Bolzern and Colaneri, 1988) The lin-
ear discrete-time T -periodic system (1) is p-stable
iff there exist T matrices Pk ∈ Sn such that, for
all k ∈ {1 · · ·T}:

A′cl
k Pk+1A

cl
k −Pk < 0 (2)

Pk > 0 , PT+1 = P1 (3)

LMI (2) is obtained by choosing a periodic
quadratic Lyapunov function Vk(xk) = x′kPkxk

where {Pk} is a T -periodic sequence of matrices:
Pk+T = Pk. The strength of the periodic Lya-
punov lemma is that the choice of such a Lya-
punov function leads to a necessary and sufficient
condition of stability.

The system (1) can be considered either as an
unforced system, or as a closed-loop system cor-
responding to the interconnection of the following
open-loop system

Σ :

[
xk+1

yk

]

=

[
Ak Bk

Ck 0

]

︸ ︷︷ ︸

Mk

[
xk

uk

]

, Mk+T =Mk (4)

with some controller Σ̃. In (4), xk ∈ Rn is the
state vector, uk ∈ Rmk is the control vector and
yk ∈ Rpk is the measurement vector. Note that the
dimensions of the inputs and outputs may vary
along the period.

We are interested in constructive conditions for
the existence of stabilizing T-periodic full-order
dynamic output-feedback (PDOF) controllers for
(4) of the form:



Σ̃ :

[
ηk+1

uk

]

=

[
Ãk B̃k

C̃k D̃k

]

︸ ︷︷ ︸

Kk

[
ηk

yk

]

Kk+T = Kk (5)

where Σ̃ is a system of same order as system (4).
ηk ∈ Rn is the state vector of this controller.
The state-space representation of the closed-loop
system is:

[
xk+1

ηk+1

]

=

[
Ak +BkD̃kCk BkC̃k

B̃kCk Ãk

]

︸ ︷︷ ︸

Acl

k
(Acl

k+T
=Acl

k
)

[
xk

ηk

]

(6)

The objective of the paper is to design convex sets
of PDOF controllers, defined at a given time k as
follows:

Definition 1. Consider three matrices X ∈ Sp,
Y ∈ Rp×m and Z ∈ Sm with Z positive definite,
Z > 0. The set defined by the matrices K ∈ Rm×p

solutions of the following matrix inequality is
called an {XY Z}−ellipsoid:

[
1 K′

]
[

X Y

Y ′ Z

] [
1

K

]

≤ 0 (7)

Some of its properties are reminded here:
• The LMI (7) also writes (K − K0)

′Z(K −
K0) ≤ R where K0 = −Z−1Y ′ is the center of
the ellipsoid.
• A matrix ellipsoid is non-empty if and only if the
radius R = Y Z−1Y ′−X is positive semi-definite.
• If X = Y Z−1Y ′ the matrix ellipsoid is a
singleton.
• A matrix ellipsoid is a compact convex set.

The central controller K0 has natural properties
of resilience. Indeed, variations on the parame-
ters of K0 such that the resulting controller still
lies in the ellipsoid will not fragilize the closed-
loop system. Following lemma gives the size δmax

of the largest admissible norm-bounded uncer-
tainty on the central controller (i.e. δmax is such
that the central controller affected by any norm-
uncertainty, bounded by δmax, still lies in the
ellipsoid).

Lemma 2. The central controller K0 of a given
{XY Z}−ellipsoid is resilient to any norm-bounded
uncertainty ∆a, bounded by δmax:

K = K0 +∆a ∆′

a∆a ≤ δ2
max1 (8)

with: δmax =

√

λmin(R)

λmax(Z)
(9)

Proof: For space reasons, only the proof of suffi-
ciency is presented. Any controller K satisfying
(8-9) verifies:

(K−K0)
′Z(K−K0) ≤ λmax(Z)(K−K0)

′(K−K0)

≤ λmin(R) ≤ R ⇒ (K −K0)
′Z(K −K0) ≤ R

Therefore, controller K belongs to the {XY Z}−
ellipsoid of radius R and center K0. 2

3. MAIN RESULT

Without resilience considerations, it was proved
for LTI systems that a linearising change of vari-
ables makes the problem purely LMI (Scherer et

al., 1997). Next theorem demonstrates that this
result can be extended to periodic systems and
that resilience can be tackled as well.

Theorem 1. The linear discrete-time T -periodic
system (4) is p-stabilizable by the periodic full-
order dynamic output-feedback (5) iff there ex-
ist T 12-tuples (Pk ∈ Sn, Qk ∈ Sn, Âk ∈
Rn×n, B̂k ∈ Rn×pk , Ĉk ∈ Rmk×n, D̂k ∈
Rmk×pk , X4k ∈ Sn, X5k ∈ Rn×pk , X6k ∈
Spk , Z4k ∈ Sn, Z5k ∈ Rn×mk , Z6k ∈ Smk) such
that, for all k ∈ {1 · · ·T}:

Z4k > 0, X4k < 0 (10)

PT+1 = P1, QT+1 = Q1 (11)









Pk+X4k 1 ∗ ∗ ∗ ∗

1 Qk ∗ ∗ ∗ ∗

AkPk+BkĈk Ak+BkD̂kCk Pk+1 1 ∗ ∗

Âk Qk+1Ak+B̂kCk 1 Qk+1−Z4k ∗ ∗

0 0 B
′

k
B
′

k
Qk+1−Z

′

5k
Z6k 0

CkPk−X
′

5k
Ck 0 0 0 −X6k









>0

(12)

Let {Pk, Qk, Âk, B̂k, Ĉk, D̂k, X4k, X5k, X6k,
Z4k, Z5k, Z6k} be a solution. Then the closed-
loop system is stable for all full-order output-
feedback controllers whose matrices satisfy for all
k ∈ {1, · · · , T}:

Kk=

[
Ãk B̃k

C̃k D̃k

]

,
[
1 Kk

′
]
[
Xk Yk

Y ′

k Zk

][
1

Kk

]

≤ 0 (13)

where the matrices Xk, Yk and Zk define a T -
periodic sequence of {XkYkZk}-ellipsoids and are
constructed as follows.

First, take any square matrices Mk and Nk such
that NkM

′

k = 1 − QkPk and define the matrices
Nk, Mk as:

Nk =

[
Nk 0

0 1mk−1

]

Mk =

[
Mk 0

0 1pk

]

(14)

Second, take matrices X̂k and Zk such that:



X̂k=

[

X̂1k X̂2k

X̂ ′

2k X̂3k

]

,







X̂1k = X−1

4k

X̂2k = X̂1kX5k

X̂3k = X6k + X̂ ′

2kX̂
−1

1k X̂2k

Zk=

[

Z1k Z2k

Z ′2k Z3k

]

,







Z1k = Z−1

4k

Z2k = Z1kZ5k

Z3k = Z6k + Z ′2kZ
−1

1k Z2k

(15)

At last, take Xk, Yk, Xk, Yk and Zk such that:

Y ′k=Zk

{[

Qk+1

0

]

Ak[Pk 0]−

[

1−Qk+1Bk

0 1

][

Âk B̂k

Ĉk D̂k

][

1 0

−CkPk 1

]}

Xk = X̂−1

k + YkZ
−1

k Y ′k Xk = M−1

k XkM−T
k

Yk =M−1

k YkNk+1 Zk = N ′

k+1ZkNk+1

(16)

Proof Let us first recall a classical result that
will be used in this proof. The stability of sys-
tem (4) controlled by the PDOF (5) is equiv-
alent to the stability of an augmented system

Σaug:

{

x
aug
k+1

= Akx
aug
k + Bku

aug
k

y
aug
k = Ckx

aug
k

controlled by

the PSOF u
aug
k = Kky

aug
k =

[

Ãk B̃k

C̃k D̃k

]

y
aug
k

where:

x
aug
k =

[

ηk

xk

]

u
aug
k =

[

ηk+1

uk

]

y
aug
k =

[

ηk

yk

]

Ak =

[

0 0

0 Ak

]

Bk =

[

1 0

0 Bk

]

Ck =

[

1 0

0 Ck

]

Assume now a feasible sequence of 12-tuples {Pk,

Qk, Âk, B̂k, Ĉk, D̂k, X4k, X5k, X6k, Z4k, Z5k,

Z6k}. Take any matrices Mk and Nk such that
NkM

′

k = 1 − QkPk. For example, take Mk =
−N ′

k and Nk the square root of the positive
definite matrix QkPk −1. Define the matrices Nk,
Mk such that (14) and Pk such that: P−1

k =
[

0 1

Nk Qk

]

−1 [

Mk Pk

0 1

]

.

Define the matrices X̂k, Zk and Zk such that (15)
and (16).
A Schur tranformation (Skelton et al., 1998) ap-
plied to −X̂1k and Z1k makes (12) equivalent to:





















Pk 1 ∗ ∗ ∗ ∗ ∗ ∗

1 Qk ∗ ∗ ∗ ∗ ∗ ∗

AkPk+BkĈk Ak+BkD̂kCk Pk+1 1 ∗ ∗ ∗ ∗

Âk Qk+1Ak+B̂kCk 1 Qk+1 ∗ ∗ ∗ ∗

1 0 0 0 −X̂1k −X̂2k ∗ ∗

CkPk Ck 0 0 −X̂′

2k
−X̂3k ∗ ∗

0 0 0 1 0 0 Z1k Z2k

0 0 B′

k
B′

k
Qk+1 0 0 Z′

2k
Z3k





















> 0 (17)

Note that X̂k is symmetric negative definite and
Zk, Zk are positive definite. In this LMI one can
identify terms that satisfy the following equalities:

[

0 1

Nk Qk

]

P−1

k

[

0 N ′

k

1 Qk

]

=

[

Pk 1

1 Qk

]

[

0 1

Nk+1 Qk+1

]

(

Ak − BkZ−1

k Y ′kCk

)

P−1

k

[

0 N ′

k

1 Qk

]

=

[

AkPk +BkĈk Ak +BkD̂kCk

Âk Qk+1Ak + B̂kCk

]

[

0 1

Nk Qk

]

P−1

k C′kM−1

k =

[

1 PkC
′

k

0 C ′k

]

[

0 1

Nk+1 Qk+1

]

BkN−1

k+1
=

[

0 Bk

1 Qk+1Bk

]

Congruence transformations with matrices
[

0 1

Nk Qk

]

−1

,

[

0 1

Nk+1 Qk+1

]

−1

, M−T
k and N−T

k+1

applied to appropriate rows and columns therefore
induce:






P−1

k
∗ ∗ ∗

(Ak−BkZ
−1

k
Y ′

k
Ck)P−1

k
P−1

k+1
∗ ∗

CkP
−1

k
0 −M′

k
X̂kMk ∗

0 B′

k
0 N ′

k+1
ZkNk+1






>0

A Schur complement applied to Zk=N ′

k+1
ZkNk+1

and −M′

kX̂kMk leads to the inequalities:
[

P−1

k
+P−1

k
C′

k
M−1

k
X̂−1

k
M−T

k
CkP

−1

k
∗

(Ak − BkZ
−1

k
Y ′

k
Ck)P−1

k
P−1

k+1
−BkZ

−1

k
B′

k

]

> 0

Zk > 0, Pk > 0

(M′

kX̂kMk)
−1 < 0

Due to the definition of X̂k and Xk, these inequal-
ities read as:
[

P−1

k
+P−1

k
C′

k
XkCkP

−1

k
−P−1

k
C′

k
YkZ

−1

k
Y ′

k
CkP

−1

k
∗

(Ak − BkZ
−1

k
Y ′

k
Ck)P−1

k
P−1

k+1
−BkZ

−1

k
B′

k

]

>0

Zk > 0, Pk > 0

Xk < YkZ−1

k Y ′k
(18)

An inverse Schur complement applied to Z−1

k and
to Pk+1 followed by a congruence transformation

with matrix

[

P−1

k 0

0 1

]

lead to:

[

1 0

Ak Bk

]

′
[

−Pk 0

0 Pk+1

][

1 0

Ak Bk

]

<

[

Ck 0

0 1

]

′
[

Xk Yk

X ′

k
Zk

][

Ck 0

0 1

]

Zk > 0, Pk > 0

Xk < YkZ−1

k Y ′k

Congruence transformation with the non-null vec-

tor
[

x
aug′

k u
aug′

k

]

gives:

[

x
aug
k

x
aug
k+1

]′[

−Pk 0

0 Pk+1

][

x
aug
k

x
aug
k+1

]

<

[

y
aug
k

u
aug
k

]

′
[

Xk Yk

Y ′k Zk

][

y
aug
k

u
aug
k

]

Consider a controller Kk, u
aug
k = Kky

aug
k , belong-

ing to the {XkYkZk}−ellipsoid. One gets:

Vk+1(x
aug
k+1
)−Vk(x

aug
k )<y

aug′

k [1 K′

k]

[

Xk Yk

Y ′

k
Zk

][

1

Kk

]

y
aug
k ≤0



where Vk(x
aug
k ) = x

aug′

k Pkx
aug
k > 0 is a quadratic

Lyapunov function decreasing along the trajec-
tories of the system:Vk+1(x

aug
k+1
) − Vk(x

aug
k ) < 0.

This proves that any PSOF {Kk}, whose matrices
Kk at each sample time belong to the {XkYkZk}-
ellipsoid stabilizes the augmented system Σaug.
The equivalence between PSOF on the augmented
system Σaug and PDSOF on the original system
Σ concludes the proof. 2

Only the proof of sufficiency is given here. There
is no difficulty in building the necessity proof
backwards without any assumptions, as done in
(Scherer et al., 1997) for the LTI case without
resilience considerations.

Considering the particular case when ellipsoids
reduce to singletons gives necessary and sufficient
conditions for designing PDOF controllers with-
out resilience considerations:

Corollary 1. The linear discrete-time T -periodic
system (4) is p-stabilizable by the periodic full-
order dynamic output-feedback (5) iff there exist
T quadruples (Pk ∈ Sn, Qk ∈ Sn, Âk ∈
Rn×n, B̂k ∈ Rn×pk , Ĉk ∈ Rmk×n, D̂k ∈ Rmk×pk)
such that, for all k ∈ {1 · · ·T}:

PT+1 = P1, QT+1 = Q1 (19)






Pk 1 ∗ ∗

1 Qk ∗ ∗

AkPk+BkĈk Ak+BkD̂kCk Pk+1 1

Âk Qk+1Ak+B̂kCk 1 Qk+1






>0 (20)

Let (Pk, Qk, Âk, B̂k, Ĉk, D̂k) be a solution.
Then the matrices of the controller can be con-
structed as follows, for all k ∈ {1, · · · , T}:

Kk =

[

Ãk B̃k

C̃k D̃k

]

= −

[

N−1

k+1
0

0 1

]([

Qk+1

0

]

Ak

[

Pk 0
]

−

[

1 −Qk+1Bk

0 1

][

Âk B̂k

Ĉk D̂k

][

1 0

−CkPk 1

])[

M−T
k 0

0 1

]

where matrices Mk and Nk are chosen such that
NkM

′

k = 1 −QkPk.

4. NUMERICAL EXAMPLES

4.1 Numerical example 1

Consider the linear time-invariant continuous-
time system taken from (Longhi and Zulli, 1996):

ẋc(t) =





1 0 0
0 −1 0
0 0 0



xc(t) +





1 0
0 1
1 0



uc(t)

The following multirate control scheme was pro-
posed: the first controlled input is connected to a
zero-order hold of period T1 = 1s and the second
input is connected to a zero-order hold of period

T2 = 2s. Define now the following output, sampled
with a period Tc = 1s:

y(t) =
[

1 1 1
]

x(t)

The hold devices are synchronized at time k =
1. Using the methodology proposed by (Longhi,
1994), this multirate system can be modeled by
the 2-periodic discrete-time system defined by the
matrices:

A1 =









0 0 0 0 0

0 0 0 0 0

0 0 e 0 0

0 0 0 e
−1

0

0 0 0 0 1









A2 =









0 0 0 0 0

0 1 0 0 0

0 0 e 0 0

0 1− e
−1

0 e
−1

0

0 0 0 0 1









B1=









1 0

0 1

e− 1 0

0 1− e
−1

1 0









B2=









1

0

e− 1

0

1









C1,2=









0

0

1

1

1









′

The periodic reformulation of multirate systems
proposed by (Longhi, 1994) implies that matri-
ces Bk and Ck exhibit null rows and columns.
The periodic reformulation proposed here gets rid
of those rows and columns by considering time-
varying input-output dimensions. Using such a
reformulation reduces the numerical cost of the
method by reducing the number of decision vari-
ables.

The system is unstable: eig(Φ(3, 1)) = {0, 0,
0.1353, 1, 7.3891}. Applying theorem 1 allows
to compute a 2-periodic sequence of stabilizing
ellipsoidal sets of controllers. Lemma 2 proves that
the central controllers K1

0 and K2
0 are resilient

to any norm-bounded uncertainty, bounded by
δ1
max = 9.0 · 10

−3 and δ2
max = 5.4 · 10

−3 respec-
tively. These values can be compared to the spec-
tral norm of the controllers, ‖K1

0‖2 = 6.36 and
‖K2

0‖2 = 5.30, which means that approximately
0.1% perturbation are allowed on the coefficients.

Moreover, the δmax values indicate that it is
possible to look for controllers involving a limited
number of digits inside the ellipsoidal sets. For
example, the following 2-periodic controller using
only 3 digits can be found:

K1=









0.399 0.195 0.117 0.488 0.803 1.090

−0.918 −0.143 −0.439 −0.578 −2.190 −1.640

0.113 −0.040 −0.127 −0.009 0.351 0.137

−0.081 0.202 −0.163 0.346 −0.396 −0.197

0.729 −0.046 0.484 0.184 1.950 1.240

−0.959 −0.284 −0.404 −0.868 −2.160 −2.320

1.030 0.080 0.524 0.508 2.530 1.840









K2=







0.186 −0.208 0.124 0.293 0.571 0.896

−0.004 0.280 0.028 −0.042 0.014 0.017

0.156 −0.052 0.083 0.030 0.572 0.347

0.389 0.215 0.367 0.539 1.240 1.070

0.839 −0.365 0.848 0.204 2.900 1.980

−0.612 0.416 −0.515 −0.562 −2.000 −2.190







This is the exact value of the controller: no trun-
cation is made for display. The characteristic mul-
tipliers attest the stability of the closed-loop sys-
tem with this last controller: eig(Φcl(3, 1)) ={0,
0, 0.6440, −0.0309 ± 0.4036i, 0.4094, −0.1084,
0.0254, 0.0120± 0.0048i}.

Remark: This result is obtained using a heuristic
method to increase the size of the ellipsoids so-



lution. The following constraints were added to
theorem 1:
[

X6k+ε1 X
′

5k

X5k −X4k−ε
−1

1

]

>0 ,

[

Z6k−ε1 Z
′

5k

Z5k −Z4k+ε
−1

1

]

<0

These are equivalent to writing X̂k > −ε1 and
Zk < ε1. Due to the definitions of Xk, Yk, Zk

and X̂k, the radius of the {XkYkZk}-ellispoid is
YkZ

−1

k
Y ′

k
− Xk = −M−1

k
X̂−1

k
M−T

k
. Lemma 2

shows that small values of ε influence the size
of the largest admissible norm-bounded uncer-
tainty on the central controller. Other constraints
or choices of matrices Mk and Nk may further
improve this result.

4.2 Numerical example 2

Consider now a less academic example: the model
of a spacecraft pointing and attitude system as
decribed by (Pittelkau, 1993). A discretization
using T = 120 samples is proposed in (Varga
and Pieters, 1998). A resilient PDOF controller
composed of 120 ellipsoidal sets can be computed
thanks to theorem 1 (for space reasons, the value
of the controller matrices are not given). A pos-
teriori analysis on the sets proves that the central
controller is resilient to any norm-bounded uncer-
tainty, bounded by min

i

{δi

max
} = 7.9 · 10−3. This

second example shows that, although requiring a
substancial computationnal effort (due to the high
number of constraints and variables), the method
of theorem 1 may be applied to periodic systems
with large periods.

5. CONCLUSIONS

New results concerning resilient output feedback
stabilization of linear discrete-time systems have
been presented. In particular, a new stabilization
method, formulated in terms of LMIs allows to
compute resilient dynamic output-feedback con-
trollers. This reformulation handles systems with
time-varying inputs-outputs dimensions, which is
usefull in the case of multirate periodic systems as
shown in the examples section. A posteriori veri-
fications give the size of admissible uncertainties
on the controller. A heuristic method to augment
the size of the ellipsoids is given and formulating a
priori requirements is the object of current work.
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1. INTRODUCTION

A basic control problem in chemical processes
operated in non isothermal tubular reactors is the
temperature regulation. The problem is especially
relevant in the exothermic reactors. The dynamics
of tubular reactors are given by partial differential
equations derived from mass and balance consid-
erations (e.g (S.Feyo de Azevedo et al, 1990)).

A large research activity has been dedicated to
the analysis of the properties of partial differ-
ential equations models for tubular reactors, to
the existence and positivity of state trajectories
(C.V.Pao, 1976),(M.Laabissi et al, 2001), to the
analysis of the equilibrium profiles in tubular re-

actors (M.Laabissi et al , 2004), and more recently
to the control design based on distributed param-
eter models and to system theoretical properties
of such models. In all study, the main obstacle
lies in the nonlinearity of the reaction kinetics
which are complex function of some variables of
the process. Another difficulty is certainly due to
the physical constraints which are inherent to the
process input. A classical control objective is to
asymptotically regulate the output of system to
a fixed reference. For linear infinite dimensional
systems. the integral control have been developed
in (H.Logemann et al, 1999), Contrary, in this
work the output is not required to converge ex-
actly to reference signal, but to a ball of radius



λ > 0 around it, this control strategy called λ−

stabilization or λ−tracking originally developed
in (A.Ilchmann and H.Logemann, 1998), for linear
infinite dimensional systems and in a finite dimen-
sional context for similar problems (A.Ilchmann et
al, 2004).

The control objective of this work is to regulate
the temperature in the reactor in a prespecified
neighborhood of a given reference temperature.
The proposed control is an extension of the con-
trol law proposed in (N.Beniich El Bouhtouri and
D.Dochain, 2005) for which the initial tempera-
ture must lie inside a fixed domain. With such
a control law, it may even be impossible to re-
duce the temperature of the reaction from such
reference temperature by any type of control of
the temperature alone. To overcome this problem,
we borrow an idea from (A.Ilchmann et al, 2004)
to introduce an additional open loop control of
the feedrate of reactant. The proposed control is
simple and can easily implemented.

The paper is organized as follows:
First, we present a basic dynamical model. Sec-
ondly, a global constrained adaptive control for
nonlinear tubular reactor is developed in which
the hypotheses under which the tracking objective
is achievable are explicitly formulated. Thirdly,
the main result on adaptive λ-tracking are given.
Finally an illustrative example is presented

2. TUBULAR REACTOR MODEL

Let us consider a nonisothermal reactor with the
following chemical reaction:

A −→ bB

where b > 0 denote the stoichiometric coefficient
of the reaction. The dynamics of this process in an
exothermic tubular reactor with axial dispersion
are given, for all time t ≥ 0 and for all z ∈
[0, L], by the following mass and energy balance
equations:

∂T

∂t
=D1

∂2T

∂2ξ
−v

∂T

∂ξ
+αf(T,C)−k0(T−Tc) (1)

∂C

∂t
= D2

∂2C

∂2ξ
− v

∂C

∂ξ
− f(T,C) (2)

with the boundary conditions:

−D1

∂T

∂ξ
(0, t) = v(Tin(t)− T (0.t)) (3)

−D2

∂C

∂ξ
(0, t) = v(Cin(t)− C(0.t)) (4)

∂T

∂ξ
(L, t) = 0 ,

∂C

∂ξ
(L, t) = 0 (5)

where k0 =
4h

ρCpd

In the above equations, T (t, z), C(t, z), D1, D2,
v, ρ, Cp, h,d, TC , Tin, Cin and L hold for the
temperature reactor, the reactant concentration,
the energy and mass dispersion coefficients, the
superficial fluid velocity, the density, the specific
heat, the wall heat transfer coefficient, the reactor
diameter, the coolant temperature, the inlet tem-
perature, the inlet concentration and the length of
the reactor, respectively and f(T,C) is a nonlinear
locally Lipschitz function with f(T,C) ≥ 0 for
all T > 0 and C ≥ 0 and models the reaction
kinetics and α is constant. The typical example
of f is the first order kinetics with respect to the
reactant concentration C and by Arrehenius-type
dependence with respect to the temperature T ,

f(T,C) = kCexp(− E
RT

) where k is the kinetic
constant, E is the activation energy, and R is the
ideal gas constant.

3. STATE SPACE FRAMEWORK

To regulate the temperature of the reactor in
a prespecified neighborhood of a given reference
temperature T ∗, the inlet and coolant tempera-
tures and the inlet concentration are considered
as the control action, this implies that our prob-
lem is a non linear boundary control problem.
An important prior step is to obtain a descrip-
tion of the model as an infinite-dimensional sys-
tem in semi group formulation. For this reason,
setting T (t, z) = x1(t)z and C(t, z) = x2(t)z
with x1(.) and x2(.) in H, where H = L2(0, L)
the usual Hilbert space of measurable square-
integrable function endowed with the usual inner
product and the usual order defined by:
∀(x1, x2) ∈ H × H, x1 ≤ x2 if and only
if x1(z) ≤ x2(z) for almost all z ∈ [0, L]. We
transform our system to a semi-linear system, for
this setting we rewrite (1-2) and the boundary
conditions (3-4) in the context of Fattorini model
of boundary control see (H.O.Fattorini, 1968)
and (I.Lasieka and R.Triggiani, 1983). In the
same way that in (N.Beniich El Bouhtouri and
D.Dochain, 2005), we can rewrite the system (1-
2) and (3-4) as follows:

ẋ1(t) =A1x1 + αf(x1, x2) + U (6)

ẋ2(t) =A2x2 − f(x1, x2) + v∆wV (7)

where U = v∆wTin + k0Tc and V = Cin, for
physical reasons, we assume that U and V are
constrained so that:

u ≤ U ≤ u 0 ≤ V ≤ cin



where u, u are as follows 0 < u < u, cin is the inlet
reactant concentration supposed to be a positive
constant.

A1 is the linear operator defined on

D(A1) = {x : x,
dx

dξ
are a.c. ,

d2x

dξ2
∈ H,

D1
dx

dξ
(0)− vx(0) = 0,

dx

dξ
(L) = 0}

(where a.c means x is absolutely continuous) by

A1x = D1
d2x

dξ2
− v

dx

dξ
− k0x (8)

and A2 is as follows:

A2x = D2
d2x

dξ2
− v

dx

dξ
(9)

defined on:

D(A2) = {x : x,
dx

dξ
are a.c. ,

d2x

dξ2
∈ H,

D2
dx

dξ
(0)− vx(0) = 0,

dx

dξ
(L) = 0}

the function ∆w(.) is given by:

∆w(z) =

{
1

w
0 ≤ z < w

0 w < z ≤ L

It is shown in (D.Dochain et al, 1999), (M.Laabissi
et al, 2001) that the linear operators A1 and
A2 given by (8) and (9) are the infinitesimal
generators of a positive and exponentially sta-
ble C0−semigroup of bounded linear operators
T1(t), T2(t) on H.

4. GLOBAL ADAPTIVE λ−TRACKING

To achieve our control objective, we apply a sim-
ple adaptive controller that will drive the temper-
ature into a λ-neighborhood of the given reference
temperature x∗ of the form:

e(t) = x∗ − x1(t) (10)

U(t) = sat[u,u](β(t)e(t) + u∗) (11)

β̇(t) = k1

{
(||e(t)|| − λ)l if ||e(t)|| > λ

0 if ||e(t)|| ≤ λ
(12)

V (βe)(z) =





0 if βe(z) ∈ G1

g(βe(z)) if βe(z) ∈ G2

cin if βe(z) ∈ G3

(13)

where g(βe(z)) = (βe(z)− u+ u∗)cin/δ,
δ is sufficiently small positive constant and

G1 = (−∞, u− u∗), G2 = (u− u∗, u− u∗ + δ)

G3 = (u− u∗ + δ,+∞)

the saturation function is given as follows:

sat[u,u]x(z) =





u if x(z) ≥ u
x(z) if u ≤ x(z) ≤ u

u if x(z) ≤ u

Remark 1. The above controller consists of a pro-
portional error feedback with saturation and a
time varying proportional gain β(t) determined
adaptively by the actual error. λ, l, β0, and k
are chosen by the user such that the tracking
objective is achievable. λ is the upper bound of
the error between the temperature of the system
and the reference temperature. The power l in
the gain adaptation influence the adaptation rate
(||e(t)|| − λ) as follows : if it is smaller than 1,
then increasing l ≥ 1 results in a slower increase
in β(.); on the other hand, if (||e(t)||−λ) is larger
than 1, then large values of l will accelerate the
adaptation of β(.). β0 is selected sufficiently large
to assure the feasibility of the adaptive control
objective. A similar effect can be achieved by
varying k. The constant u∗ is an input reference.

The following assumption are made:

• (H1) The positif cone H+ × H+ is posi-
tively invariant under 1- 4 for all nonnegative
control U(.) and positive 0 ≤ V (.) ≤ cin.

• (H2) For x∗ > 0 there exist 0 < x < x
ρ > 0, 0 < u < u, such that





u+ ρ ≤ k0x1 − αf(x1, x2)−Ax∗ ≤ u− ρ

D1
d2(x− x∗)

d2z
− v

d(x− x∗)

dz
≤ 0

where Ax∗ = D1
d2x∗

d2z
− v dx∗

dz

• (H3) There exist a function f̂ such that:
for all 0 ≤ x1 and 0 ≤ x2 ≤ cin
f(y1, y2) ≤ f̂(y2)y1 for all y1 ≥ 0 and

0 ≤ y2 ≤ cin with limy−→0 f̂(y) = 0

• (H4) 0 < λ < x− x∗, 0 < x < x∗ < x

Remark 2. Assumption H1 ensures that if the
control u(.) and concentration reactant V (.) are
nonnegative then the trajectories takes values in
the positive orthant.

The kinetics function have the following form (see
(F.Jadot, 1996)) : f(T,C) = K(T )ϕ(c) where
T −→ K(T ) is positive, bounded and globally
Lipschitz, and C −→ ϕ(C) is nonnegative and
continuous and vanishes if C = 0. This ensures
the feasibility of H2.

Assumption H3 is very important and is under
which the tracking objective is achievable. u and
u are chosen such that the feasibility condition
H2 and the physical constraints are compati-
ble. It is similar to assumptions H2 and A

′

3 in
(N.Beniich El Bouhtouri and D.Dochain, 2005)
and (A.Ilchmann et al, 2004).



to show the global existence of the closed loop
system, we consider a non adaptive version of
controller (11), i.e. :

u(t) = sat[u,u](β(t)e(t) + u
∗) (14)

where β(.) : IR≥0 −→ [β∗,∞[ is a continuous
function.

Proposition 3. Suppose that H1 et H3 hold. Then
the feedback (14)-(13) applied to (6)-(7) yields a
unique global solution.
(x1, x2) : IR≥0 7−→ H+ × {x2 ∈ H such that
0 < x2 < cin}

Proof

The results follows from a standard existence and
uniqueness theorem of ordinary differential equa-
tions, The positivity of T2, (H1) and Assumption
(H3).

Proposition 4. Assume that H1, H2, H3 and H4

hold and

β∗ >
u∗ − u

λ
(15)

(−A1)
−1u(1) < x (16)

then there exists t1 > 0 such that x1(t) ≤ x for
all t ≥ t1

Proof

In order to prove the existence of t1, it is enough
to show that there exists t1 such that x1(t1) < x.
To seeking a contradiction, assume that ∀ t ≥ 0
there exists zt such that x1(zt) > x(zt), using (15)
and H2 we obtain:
u(t)(zt) = u and V (β(t)e(t))(zt) = 0∀ 0 ≤ t, and
by lemma 5.2 in (M.Laabissi et al, 2001)we can
prove that:

lim
t−→+∞

x2(t)(zt) = 0

then from (H3) there exists t0 > 0 and ε > 0 such
that ∀ t ≥ t0 f(x1(t)(zt), x2(t)(zt)) ≤ εx1(t)(zt)
hence,

0 ≤ x1(t)(zt)− x(zt) ≤ eε(t−t0)T1(t− t0)x1(t0)(zt)

+

t∫

t0

eε(t−s)T1(t− s)u(1)ds− x(zt)

By using (16) and tending t to +∞ we obtain

0 ≤ lim
t−→+∞

(x1(t)(zt)− x(zt)) < 0

Therefore there exists a t1 that satisfies the asser-
tion of the proposition.

Remark 5. • In the first proposition we have
only showed the global existence and the
invariance of H+×{x2 ∈ H such that 0 <
x2 < cin}. The previous proposition ensures
that x1 is bounded.

• To fulfill hypotheses (16) of proposition 4 ,
we must calculate the inverse operator of A1.
however from Lemma 5.2 in (M.Laabissi et
al, 2001) we can replace this hypothesis by :

u < k0x (17)

Now we consider an adaptive version of controller
(11). Our objective in this case is to emphasize the
asymptotic convergence of the temperature into a
λ−neighborhood of a given temperature x∗.
The following theorem is the main result of this
work.

Theorem 6. Assume that H1, H2, H3, H4 and
(16) hold. Then the closed loop system has the
following properties:

(1) x1(.), x2(.), β(.) : IR≥0 −→ X

( X = H+ × {x2 ∈ H : 0 < x2 < cin} × IR≥0)

(2) limt−→+∞ β(t) exists and is finite.

(3) lim supt−→+∞ ‖ e(t) ‖≤ λ

Proof

The theory of ordinary differential equations en-
sures the existence and uniqueness of the maximal
solution in the maximal interval [0, w). In propo-
sition 3 we have shown that:
H+ × {x2 ∈ H : 0 < x2 < cin} is positively
invariant.
The adaptation gain cannot exhibit a finite escape
time on [0, w) if x1(.) does not have a finite escape
time. Using H3 we have w = +∞.
To show the boundedness of β, we consider a
non adaptive version of controller (11). From
theorem (4.3) in (N.Beniich El Bouhtouri and
D.Dochain, 2005), if x1(t) ≤ x for all t ≥ 0 there
exists β∗ such that:

∃ t̂ : ‖ e(t) ‖≤ λ ∀ t ≥ t̂

Now suppose that β(t) is unbounded, then there

exists t̃ such that β(t) > max(β∗,
u∗−u

λ
)∀ t > t̃.

From proposition 4 we can prove the existence of
t1 > t̃ such that x1(t) ≤ x ∀ t > t1 then there
exists t

′

> t1 such that

‖ e(t) ‖≤ λ ∀ t ≥ t
′

thus β̇(t) = 0 ∀ t ≥ t
′

which contradicts the assumption of unbounded-
ness of β. The result follows by the monotonicity



of β.
To show the third assertion in the theorem, we
consider:

dλ(y) =

{

(y − λ) if y > λ

0 if y ≤ λ

By definition of the adaptation gain β(.) and
limt−→+∞ β(t) <∞, it follows that statement (3)
hold.

The following remark shows that the proposed
controller (11), (13) is robust with respect to
measurement disturbance up to λ

2
.

Remark 7. If we suppose that the temperature
measurement may be corrupted by disturbance
n(t, z) such that ‖n‖+∞ < λ

2
, in this case the

measured error is given by:

e(t) = x∗ − x1(t) + n(t, z)

Setting Λ = λ+ || n ||∞, and using the same proof
as in Theorem 6 we can prove that:

lim sup
t−→+∞

‖ e(t) ‖≤ Λ

The following example is quoted from (L.Lef̀evre
et al, 2000) and illustrate our approach.

Example 8. We consider the system (6)-(7) with
reaction kinetics modelled by the Arrhenius law
in temperature f(x1, x2) = K0x2e

−E/Rx1 . The
objective is to regulate the temperature in a
neighborhood of x∗ = 480. The constraints for
the input U are chosen as follows:

u = 5199, u = 7800

the reference input u∗ = 6500, it is easy to see
that in this case the assumptions H1, H2, H3 are
satisfied if

x = 600 x = 400, ρ = 0.22, w = 0.33

the initial gain β(0) = 40, δ = 0.1, k = 4 l = 3,
λ = 1 and the initial temperature x1(0) = 800.
Figure (1− 5) shows that the obtained numerical
results are in agreement with the theoretical re-
sults, x1 tend asymptotically to a neighborhood
of x∗ = 480, the concentration of the reaction
remains lower than cin and the gain β(t) ' 2300
for all time t > 1s.

5. CONCLUSION

The λ-tracking approach has been developed
for a nonlinear distributed parameter exothermic
chemical reaction in tubular reactor with axial
dispersion in presence of input constraint. The
controller is simple and a global in the sense that
the initial temperature is only positive. Under a

simple a feasibility assumptions we have showed
that the tracking objective is achievable.
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Abstract: Model predictive control (MPC) and reinforcement learning (RL) are
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Keywords: Model predictive control, reinforcement learning, interior-point
method, fitted Q iteration

1. INTRODUCTION

Reinforcement learning and model predictive con-
trol are two families of control techniques which
tackle control problems by formalizing them as
optimal control problems. While MPC techniques
assume that a model of the optimal control prob-
lem is available, reinforcement learning techniques
assume that the only information available from
the model is the one gathered from interaction
with the system. Both families of techniques usu-
ally compute a suboptimal control policy to the
control problem. For MPC techniques, the sub-
optimalities come mainly from the simplifications
done to the original optimal control problem for
lightening the computational burdens, while for
RL techniques, they also originate from the lack
of information on the model.

The paper is an attempt to present some MPC
and RL algorithms in a unified framework and
reports, for the first time, simulation results ob-
tained by both families of techniques on the same
optimal control problem.

Over the last decades researchers from both the
MPC and the RL field have proposed numerous
algorithms that can be applied to various types of

1 Damien Ernst is a postdoctoral researcher of the Belgian
FNRS (Fonds National de la Recherche Scientifique), of
which he acknowledges the financial support.

systems (systems of differential equations, Markov
decision processes, etc). We have decided to focus
in this paper on discrete-time deterministic sys-
tems and we have selected, for easing the compari-
son, one particular type of algorithm for each field.
The MPC algorithm selected solves the optimal
control problem by computing open-loop policies
through the resolution of a non-linear optimiza-
tion problem in which the system dynamics is rep-
resented by equality constraints (Morari and Lee,
1999). Such a choice was in some sense normal
since it is the dominant approach to MPC. As RL
algorithm, we have chosen an algorithm, known as
fitted Q iteration, which computes from the infor-
mation gathered from interaction with the system,
an approximation of the optimal control policy
by solving a sequence of batch-mode supervised
learning regression problems (Ernst et al., 2005).
Two main reasons have motivated this choice.
First, this algorithm has been shown to clearly
outperform other RL algorithms which makes it a
good candidate to become the standard approach
to RL. Secondly, in its essence, and this contrary
to many other existing RL algorithms which have
been designed to solve specifically infinite time
horizon control problem, the fitted Q iteration al-
gorithm solves finite time horizon problems. Since
such a feature is also shared by MPC techniques,
the presentation of RL and MPC in a unified
framework gets simplified.



2. MPC AND RL IN THE FINITE HORIZON
CASE

2.1 The optimal control problem

We consider a discrete-time system whose dynam-
ics over T -stages is described by a time-invariant
equation:

xt+1 = f(xt, ut) t = 0, 1, · · · , T − 1 (1)

where ∀t, the state xt is an element of the state
space X and the action ut is an element of the
action space U . T ∈ D 0 is referred to as the
optimization horizon.

The transition from t to t + 1 is associated with
an instantaneous cost signal ct = c(xt, ut) ∈ E
which we assume bounded by a constant Bc, and
for every initial state x0 and for every sequence
of actions we define the discounted cost over T

stages by

C
{u0,u1,··· ,uT−1}
T (x0) =

T−1∑

t=0

γtc(xt, ut) (2)

where γ ∈ [0, 1[ is the discount factor.

In this context, an optimal control sequence u∗0,
u∗1, · · · , u∗T−1, is a sequence of actions which
minimizes the cost over T stages. 2 We denote by
Cπ
T (x) the cost over T stages associated with a

policy π when the initial state is x0 = x. A T -

stage optimal policy is a policy that leads for every
initial state x0 = x to a minimal Cπ

T (x). This is
the kind of policy we are looking for.

We consider three different types of policies: open-
loop policies which select at time t the action ut

based only on the initial state x0 of the system
and the current time (ut = πo(t, x0)), closed-loop
policies which select the action ut based on the
current time and the current state (ut = πc(t, xt))
and closed-loop stationary policies for which the
action is selected only based on the knowledge of
the current state (ut = πs(xt)).

To characterize optimality of these T -stage poli-
cies, we define iteratively the sequence of functions
QN : X × U → E , N = 1, · · · , T as follows:

QN (x, u) = c(x, u) + γ inf
u′∈U

QN−1(f(x, u), u
′) (3)

with Q0(x, u) = 0 , ∀(x, u) ∈ X × U .

We have the following theorem (see e.g. Bertsekas
(2000) for a proof):

2 In this problem statement, we did not explicitly consider
constraints other than those implied by the system dynam-
ics. Note however that static constraints (e.g. operating
limits) can be modeled in this formulation by penalizing
the cost function, and dynamic ones (e.g. energy and time
limitations) by first introducing additional state variables
and adding penalizing terms on these latter.

Theorem 1. A sequence of actions u∗0, u∗1, · · · ,
u∗T−1 is optimal if and only if QT−t(xt, u

∗
t ) =

inf
u′∈U

QT−t(xt, u
′) ∀t ∈ {0, · · · , T − 1}.

Under various sets of additional assumptions (e.g.
U finite or see Hernández-Lerma and Lasserre
(1996) when U is infinite), the existence of an op-
timal closed-loop (open-loop) policy which is a T -
stage optimal policy is guaranteed. We use the no-
tation π∗c,T (π∗o,T ) to refer to a closed-loop (open-
loop) T -stage optimal policy. From Theorem 1, we
see that every policy π∗c,T is such that π∗c,T (x, t) ∈
{u ∈ U |QT−t(x, u) = inf

u′∈U
QT−t(x, u

′)}. Simi-

larly, for every policy π∗o,T we have π∗o,T (x0, t) ∈
{u ∈ U |QT−t(x, u) = inf

u′∈U
QT−t(xt, u

′)} with

xt = f(xt−1, π
∗
o,T (x0, t− 1)), ∀t = 1, · · · , T − 1.

2.2 Model predictive control

Model predictive control techniques target an op-
timal open-loop policy π∗o,T , and assume that the
system dynamics and cost function are available
in analytical form.

For a given initial state x0, the terms π∗o,T (x0, t),
t = 0, 1, · · · , T − 1 of the optimal open-loop
policy may then be computed by solving the
minimization problem:

inf
(u0,u1,··· ,uT−1,x1,x2,··· ,xT−1)

∈U×···×U×X×···×X

T−1∑

t=0

γtc(xt, ut) (4)

subject to the T equality constraints (1).

Under appropriate assumptions, the minimiza-
tion problem (4) can be tackled by classical con-
vex programming algorithms. However, for many
practical problems, its resolution may be a dif-
ficult task, with no guarantees that the solution
found by the used optimizer is indeed optimal.

Therefore, the MPC techniques actually rather
produce an approximation π̂∗o,T of a T -stage opti-
mal control policy. The better the approximation,

the smaller C
π̂∗

o,T

T (x0)− C
π∗

o,T

T (x0).

2.3 Reinforcement learning

Reinforcement learning techniques do not assume
that the system dynamics and the cost function
are given in analytical (or even algorithmic) form.
The sole information they assume available about
the system dynamics and the cost function is the
one that can be gathered from the observation of
system trajectories. Reinforcement learning tech-
niques compute from this an approximation π̂∗c,T
of a T -stage optimal (closed-loop) policy since,
except for very special conditions, the exact opti-
mal policy can not be decided from such a limited
amount of information.



The fitted Q iteration algorithm on which we
focus in this paper, actually relies on a slightly
weaker assumption, namely that a set of one step
system transitions is given, each one providing
the knowledge of a new sample of information
(xt, ut, ct, xt+1) that we name four-tuple.

We denote by F the set {(xl
t, u

l
t, c

l
t, x

l
t+1)}

#F

l=1 of
available four-tuples. Fitted Q iteration computes
from F the functions Q̂1, Q̂2, · · · , Q̂T , approxima-
tions of the functions Q1, Q2, · · · , QT defined by
Eqn (3), by solving a sequence of batch-mode su-
pervised learning problems. From these, a policy
which satisfies

π̂∗
c,T (t, x) ∈ {u ∈ U |Q̂T−t(x, u) = inf

u′∈U
Q̂T−t(x, u′)}

is taken as approximation of an optimal control
policy.

Posing Q̂0(x, u) = 0, ∀(x, u) ∈ X×U , the training
set for the Nth supervised learning problem of the
sequence (N ≥ 1) is

{

(il, ol) =

(

(xl
t, u

l
t), r

l
t + γ inf

u∈U
Q̂N−1(x

l
t+1, u)

)}#F

l=1

where the il (resp. ol) denote inputs (resp. out-
puts). The supervised learning regression algo-
rithm produces from the sample of inputs and
outputs the function Q̂N .

3. TIME HORIZON TRUNCATION

Let π∗
s,T denote a stationary policy such that

π∗
s,T (x) ∈ {u ∈ U |QT (x, u) = inf

u′∈U
QT (x, u′)} and

let π∗
T denote a T -stage optimal control policy.

We have the following theorem (proof in Ernst
et al. (2006)):

Theorem 2. For any T, T ′ ∈ F 0 such that T ′ < T ,
we have the following bound on the suboptimality
of π∗

s,T ′ when used as solution of a T -stage optimal
control problem:

sup
x∈X

(

C
π∗

s,T ′

T (x) − C
π∗T
T (x)

)

≤
γT ′(4− 2γ)Bc

(1− γ)2
.(5)

Theorem 2 shows that the suboptimality of the
policy π∗

s,T ′ when used as solution of an optimal
control problem with an optimization horizon T

(T > T ′) can be upper bounded by an expression
which decreases exponentially with T ′.

When dealing with a large or even infinite opti-
mization horizon T , MPC and RL algorithms use
this property to truncate the time horizon, so as
to reduce computational burdens. In other words,
they solve an optimal control problem with a time
horizon T ′ < T and compute an approximation
π̂∗
s,T ′ of π∗

s,T ′ .

Since πs(x) = π∗
o,T ′(x, 0) is a π∗

s,T ′ policy, MPC
methods produce the following policy: π̂∗

s,T ′(x) =
π̂∗
o,T ′(x, 0). Similarly, the RL algorithm outputs a
policy π̂∗

s,T ′ (x) = π̂∗
c,T ′(x, 0).

4. EXPERIMENTS

In this section, we present simulation results ob-
tained by using MPC and RL techniques. The
section starts with a description of the optimal
control problem considered. Then, we run exper-
iments on this optimal control problem with the
reinforcement learning algorithm and, afterwards,
with the MPC algorithm.

4.1 Control problem

We consider the problem of controlling the bench-
mark power system represented on Fig. 1a. This
academic power system example is composed of a
generator connected to a machine of infinite size
through a transmission line. On the transmission
line is installed a variable reactance which influ-
ences the amount of electrical power transmitted
through the line. The system has two state vari-
ables, the angle δ and the speed ω of the generator.
The dynamics of these two state variables is given
by the set of differential equations:

δ̇= ω

ω̇=
Pm − Pe

M
with Pe =

EV

u+Xsystem

sin δ

where Pm, M , E, V and Xsystem are parameters
equal respectively to 1, 0.03183, 1, 1 and 0.4.
Pm represents the mechanical power of the ma-
chine,M its inertia, E its terminal voltage, V the
voltage of the terminal bus system and Xsystem

the overall system reactance. When the uncon-
trolled system is driven away from its equilib-
rium point (δe, ωe) = (arcsin(

XsystemPm

EV
), 0), un-

damped electrical power (Pe) oscillations appear
in the line (Fig. 1b). A variable reactance u has
been installed in series with the overall reactance
Xsystem. The control problem consists in finding
a control policy for this variable reactance which
damps the electrical power oscillations.

From this continuous time control problem, we
define a discrete-time optimal control problem
with infinite time optimization horizon (T →
∞) such that policies π leading to small costs
lim

T→∞
Cπ
T (x), also tend to produce good damping

of Pe.

The discrete-time dynamics is obtained by dis-
cretizing the time with the time between t and t+1
chosen equal to 0.050 s. The value of u is chosen
constant during each 0.050 s interval. If δt+1 and
ωt+1 are such that they do not belong anymore to
the stability domain of the uncontrolled (u = 0)
system (Fig. 1c), that is if



1

2
Mω2t+1 − Pmδt+1 −

EV cos(δt+1)

Xsystem

> −0.438788,

then a terminal state is supposed to be reached.
A terminal state is a state in which the system
remains stuck, i.e. term. state = f(term. state, u)
∀u ∈ U .

The state space X is thus composed of the un-
controlled system’s stability domain (Fig. 1c) plus
one terminal state. The action space U is chosen
such that U = {u ∈ G |u ∈ [−0.16, 0]}. The decay
factor γ is equal to 0.95. The cost function c(x, u)
was chosen to penalize deviations of the electrical
power from its steady state value (Pe at steady
state = Pm). Furthermore, since control actions
should not drive the system towards the terminal
state, a very large cost is associated with such
actions. The value of this latter cost was chosen
such that a policy which drives the system outside
of the stability domain, whatever the optimization
horizon T , is necessarily suboptimal. The exact
cost function is:

c(xt, ut)=











(Pet+1 − Pm)2 if xt+1 6= term. state

0 xt = term. state

1000 otherwise

(6)

where Pet+1 = EV
Xsystem+ut

sin(δt+1).

V 6 0E 6 δ

Generator

Xsystem u

System reactance Variable reactance

Electrical power (Pe)
Infinite size generator

(a) Representation of the power system.
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Fig. 1. Some insights into the control problem.

4.2 Reinforcement learning

Fitted Q iteration algorithm. The fitted Q

iteration algorithm computes π̂s,T ′ by solving
sequentially T ′ batch mode supervised learn-
ing problems. As batch-mode supervised learn-
ing algorithm, we have chosen the Extra-Trees
algorithm (Ernst et al., 2005; Geurts et al.,
2006). At each iteration of the fitted Q it-
eration algorithm, one also needs to compute
inf
u∈U

Q̂(xl
t+1, u) for each l ∈ {1, 2, · · · , #F}. To

Value of T ′

1 5 20 100

RL, #F = 105 44.3† 39.3 20.5 20.9

RL, #F = 103 43.9† 47.2 27.7 26.9

MPC 55.2† 38.2 20.3 20.3

Table 1. Value of lim
T→∞

C
π̂∗

s,T ′

T
((0, 8)) esti-

mated by simulating the system with π̂∗
s,T ′

from (δ, ω) = (0, 8) over 1000 time steps. The

suffix † indicates that the policy drives the sys-

tem to the terminal state before t = 1000. Non-

linear optimization algorithm did not converge

at time t = 164 when T ′ = 20.
.compute this minimum, we have considered a sub-
set U ′{0,−0.016, · · · ,−0.16} of U and computed
the minimum over this subset. Similarly, after
T ′ iterations of the algorithm, the policy π̂s,T ′

output by the RL algorithm is chosen equal to
π̂s,T ′(x) = arg inf

u∈U ′

Q̂T ′(x, u).

Four-tuples generation. To collect the four-
tuples we have considered 100,000 one step
episodes with x0 and u0 for each episode drawn
at random in X × U .

Results. On Figs 2a-c, we have represented the
policy π̂s,T ′ computed for increasing values of
T ′. As we may observe, the policy considerably
changes with T ′. To assess the influence of T ′

on the ability of the policy π̂s,T ′ to approximate
an optimal policy over an infinite time horizon,
we have computed for different values of T ′, the

value of lim
T→∞

C
π̂s,T ′

T ((δ, ω) = (0, 8.)). The results

are reported on the first line of Table 1. We see
that the cost tends to decrease when T ′ increases.
That means that the suboptimality of the policy
π̂s,T ′ tend to decrease with T ′, as suggested by
Theorem 2.

Performances of the fitted Q iteration algorithm
are influenced by the information it has on the
optimal control problem, represented by the set
of F . Usually, the less information, the larger

lim
T→∞

C
π̂∗

s,T ′

T (x)− lim
T→∞

C
π∗

s,T ′

T (x), assuming that T ′

is sufficiently large. To illustrate this, we have
run the RL algorithm by considering this time
a 1000 element set of four-tuples, with the four-
tuples generated in the same conditions as before.
The resulting policies π̂∗s,T ′ are drawn on Figs 2d-
e. As shown on the second line of Table 1, these
policies tend indeed to lead to higher costs than
those observed by considering 100,000 four-tuples.

We were mentioning before, when defining the
optimal control problem, that a policy leading to
small costs was also leading to good damping of
Pe. This is illustrated on Fig. 3a.

4.3 Model predictive control

Non-linear optimization problem. At the
core of the MPC approach, there is the resolution
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Fig. 2. Representation of π̂∗
s,T ′

(x). The evaluation is carried out for {(δ, ω) ∈ X| ∃i, j ∈ H |(δ, ω) = (0.1 ∗ i, 0.5 ∗ j)}.

The grey level of a bullet associated with a state x gives information about the magnitude of |π̂∗
s,T ′

(x)|. Black

bullets corresponds to the largest possible value of |π̂∗
s,T ′

| (−0.16), white bullets to the smallest one (0) and grey to

intermediate values with the larger the magnitude of |π̂∗
T ′

|, the darker the grey. Figures a-d gives for different values
of T ′ the policies π̂∗

s,T ′
(x) obtained by the RL algorithm with 100,000 four-tuples, figures g-h with the RL algorithm

with 1000 four-tuples and Figs i-l with the MPC algorithm. On these latter four figures, states for which the MPC
algorithm failed to converge are not represented.
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Fig. 3. Evolution of Pe when the system starts from

(δ0, ω0) = (0, 8) and is controlled by the policy π̂∗s,100.

of a non-linear programming problem. It has been
stated as follows:

inf
(δ1,··· ,δ

T ′ ,ω1,··· ,ω
T ′ ,u0,··· ,u

T ′
−1
)∈ I 3T ′

(

T ′
−1

∑

t=0

γt(
EV

Xsystem + ut

sin(δt+1)− Pm)
2) (7)

subject to 2T ′ equality constraints (t = 0, 1, · · · , T ′−

1):

δt+1 − δt − (h/2)ωt − (h/2)ωt+1 = 0 (8)

ωt+1 − ωt − (h/2)
1

M

(

Pm −
EV sin δt

ut +Xsystem

)

−(h/2)
1

M

(

Pm −
EV sin δt+1

ut +Xsystem

)

= 0 (9)

with h = 0.05 s and 3T ′ inequality constraints
(t = 0, 1, · · · , T ′ − 1):

ut ≤ 0 (10)

−ut ≤ 0.16 (11)

1

2
Mω2t+1 − Pmδt+1 −

EV

Xsystem

cos(δt+1)

+0.438788≤ 0 (12)

Several choices have been made to state the non-
linear optimization problem. First, the cost of
1000 that occurs when the system reaches a ter-
minal state does not appear in the cost functional
(7) and has been replaced by the inequality con-
straints (12). These constraints limit the search
for an optimal policy to open-loop policies that
guarantee that the system stays inside the sta-
bility domain of the uncontrolled system. It does
not lead to any suboptimality since we know that



policies driving the system to a terminal state are
suboptimal policies. Another choice that deserves
explanations is the way the equality constraints
xt+1 = f(xt, ut) are modeled. To model them, we
have relied on a trapezoidal method, with a step
size of 0.05 s, the time between t and t+ 1 (Eqns
(8-9)).

Non-linear optimization algorithm. As non-
linear optimizer, we have used the primal-dual
Interior-Point Method (Kortanek et al., 1991).

Results. Figures 2i-l represent the different poli-
cies π̂s,T ′ computed for increasing values of T ′.
To compute the value of π̂s,T ′ for a specific state
x, we need to run the optimization algorithm.
As reported on these figures, for some states, the
algorithm fails to converge. Also, the larger the
value of T ′, the more frequently the algorithm
fails to converge, which is not surprising since
the complexity of the optimization problem tends
to increase with T ′. For example, on the 1304
states x for which the policy π̂s,T ′ was estimated,
1 failed to converge for T ′ = 1, 2 for T ′ = 5,
340 for T ′ = 20 and 474 when T ′ = 100. One
may reasonably wonder whether the convergence
problems are not due to the fact that for some
values of x0 and T ′, there are no solutions to the
optimization problem. If the equality constraints
xt+1 = f(xt, ut) were perfectly represented, it
would not be the case since when ut = 0, t =
0, 1, · · · , T ′−1, we know that the trajectory stays
inside the stability domain. However, with a dis-
crete dynamics approximated by Eqns (8-9), it
may not be the case anymore. To know whether
most of these convergence problems were indeed
caused by approximating the equality constraints,
we have simulated the system modeled by Eqns
(8-9) over 100 time steps and with ut = 0, ∀t.
We found out that for the 1304 states for which
the policy was estimated, 20 were indeed leading
to a violation of the constraints when chosen as
initial state. This is however a small number com-
pared to the 474 states for which the non-linear
optimization algorithm failed to converge.

It is interesting to notice that, if we take apart the
states for which convergence did not occur, MPC
policies look similar to RL policies computed with
a large number of samples. This is not surpris-
ing, since both methods aim to approximate πs,T ′

policies. Table 1 reports the costs over an infinite
time horizon obtained by using MPC policies for
various values of T ′. When T ′ = 20, the MPC
algorithm failed to converge for some states met,

which is why the value of lim
T→∞

C
π̂s,20

T is not given.

We observe that for T ′ = 5 and T ′ = 100,
the policies computed by MPC outperform those
computed by RL. Figure 3 shows that, while the
π̂s,100 policy computed by the RL algorithm pro-
duces some residual oscillations, the MPC π̂s,100

policy is able to damp them completely. This is
explained, among others, by the ability the MPC
algorithm has to exploit the continuous nature
of the action space while the RL algorithm dis-
cretizes it into a finite number of values.

5. CONCLUSIONS

We have presented in this paper reinforcement
learning and model predictive control in a uni-
fied framework and run, for both techniques, ex-
periments on a same optimal control problem.
From these experiments, two main conclusions can
be drawn. Firstly, the RL algorithm considered,
known as fitted Q iteration, was offering good
performances. This suggests that it may perhaps
be a good alternative to MPC approaches when
the system dynamics and/or the cost function
are totally or partially unknown. Indeed, rather
than use first the information gathered from in-
teraction to identify the system dynamics and/or
the cost function, one could directly extract from
this information the control policy by using RL
algorithms. Secondly, MPC approaches usually
compute from the model a suboptimal policy by
solving a non-linear optimization problem. How-
ever, we found out that non-linear optimizers may
fail to find a good solution, especially when the
optimization horizon grows. In some sense, we
could have circumvented these convergence prob-
lems by using the fitted Q iteration algorithm
together with a procedure to generate the four-
tuples from the model. More generally, we may
question whether it would not be preferable when
the model is known to rely more on algorithms
exploiting the dynamic programming principle, as
fitted Q iteration does, than to compute immedi-
ately an optimal sequence of actions by solving
a non-linear optimization problem for which the
system dynamics is represented through equality
constraints.
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Abstract: The implementation of a controller in a Finite Word Length (FWL)
context may lead to a deterioration of the global performance, due to parametric
errors (quantification of coefficients) and numerical noises (roundoff noises).
This deterioration depends on the choise of the realization used to numerically
implement the controller. In previous papers, the authors have introduced a
new representation allowing to unify different realizations including among others
those using q or δ-operators. In this paper, the parametric sensitivity measure is
generalized in the MIMO case and used with a specific realization : the Observer-
State-Feedback realization. Such a realization is not unique and one problem
consists in finding an optimal realization according to that measure. Looking for
such a structure is applied on a pratical example : the active control of vehicle
longitudinal oscillations.
Copyright J 2006 IFAC

Keywords: implementation, observers, embedded control algorithms, digital
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1. INTRODUCTION

The digital implementation of controllers or fil-
ters in a numerical processor is not an obvious
task, specially in the Finite Word Length (FWL)
case. Since the processor cannot compute with
an infinite precision, the implementation leads to
a degradation of the input/output relationship.
This deterioration has two separate origins, the
roundoff errors in the numerical computations and
the quantization of the coefficients involved, and

1 This work was supported by PSA Peugeot Citroën.
2 Email: thibault.hilaire@irccyn.ec-nantes.fr and

philippe.chevrel@emn.fr

can be formalized in numerical noises and para-
metric errors.
Since it exists various equivalent numerical re-
alizations of a controller or a filter, and since
these realizations are no more equivalent in finite
precision, the problem of FWL implementation
consists in finding optimal ones with regards to
deterioration criteria. Usually, some classical re-
alizations, like with q or δ-operator, direct form
I and II, or observer state feedback forms, are
studied. In a previous paper (Hilaire et al., 2005b),
the authors have proposed a new framework, uni-
fying different parametrizations possible for im-
plementation. With a specific implicit state-space
representation, it encompasses usual realizations



and many others unexplored.
The different analysis tools may be used to deter-
mine how the realization will be altered during the
FWL process : the norm of the parametric sensi-
tivity (Gevers and Li, 1993), the pole sensitivity
stability related measure (Chen et al., 2002), the
amount of computations, .... Those measures are
based on how sensitive the transfer function, or
some eigenvalues, are to the quantization process.
This paper first exhibits the way to use an im-
plicit state-space realization (first presented in
(Hilaire et al., 2005b)) in order to encapsulate, in
a single framework directly related to implemen-
tation, various parametrizations usually studied
separately. Section 3 generalizes the use of the
parametric sensitivity measure to this implicit
description in the MIMO case, while Section 4
considers the optimal design problem, according
to this measures. Finally section 5 presents the re-
sults obtained on different observer-state-feedback
forms, applied to a real system before concluding
in section 6.

2. IMPLICIT STATE-SPACE FRAMEWORK

Hilaire et al. (2005b) highlights the interest of the
implicit state-space representation in the context
of FWL implementation problems and proposes to
use a specialized form still macroscopic but more
directly connected to the in-line calculations to be
performed. Equation (1) recalls this form to make
explicit the parametrization and the intermediate
variables used.





J 0 0
−K I 0
−L 0 I









Tk+1

Xk+1

Yk



 =





0 M N

0 P Q

0 R S









Tk

Xk

Uk



 (1)

where

• the matrix J is lower triangular with 1 on the
diagonal

• Tk+1 is the intermediate variable in the cal-
culations of step k (the column of 0 in the
second matrix shows that Tk is not used for
the calculation at step k : that characterizes
the concept of intermediate variables)

• Xk+1 is the stored state-vector (Xk is effec-
tively stored from one step to the next, in
order to compute Xk+1 at step k)

Tk+1 and Xk+1 form the state-vector : Xk+1 is
stored from one step to the next, while Tk+1 is
computed and used inside one time step.

It is implicitly considered throught the paper that
the computations associated to the realization (1)
are ordered from top to bottom. So the following
algorithm is associated in a one to one manner to
(1) :

[1] J.Tk+1 = M.Xk +N.Uk :
calculation of the intermediate variables. J is
lower triangular, so T

(0)
k+1 is first calculated,

and then T
(1)
k+1 using T

(0)
k+1 and so on ...

(There’s no need to compute J−1)
[2] Xk+1 = K.Tk+1 + P.Xk +Q.Uk

[3] Yk = L.Tk+1 +R.Xk + S.Uk

J is nonsingular, so equation (1) is equivalent in
infinite precision to the classical state-space form





Tk+1

Xk+1

Yk



 =





0 J−1M J−1N

0 A B

0 C D









Tk

Xk

Uk



 (2)

A=KJ−1M + P (3)

B =KJ−1N +Q (4)

C =LJ−1M +R (5)

D=LJ−1N + S (6)

However, (2) corresponds to a different parametri-
zation than the one in (1).

The transfer function considered may be then
defined by

H(z) = C(zIn −A)−1B +D (7)

In the following, a realization will be defined
in the implicit form by its parameters used for
the internal description. It can be written in a
compact form with parameter Z, where Z ∈ Rk×l

is defined by

Z ,





−J M N

K P Q

L R S



 (8)

A structuration will be a subset of realizations
with a special structure : some coefficients or
some dimensions of the realization matrices are
then fixed a priori. For example, a δ-realization
can be written using the shift-operator with the
implicit proposed state-space form (see (Hilaire et
al., 2005b)) :




I 0 0
−∆I I 0
0 0 I









Tk+1

Xk+1

Yk



=





0 Aδ Bδ

0 I 0
0 Cδ Dδ









Tk

Xk

Uk



 (9)

The similarity transform

Z = T1Z0T2 (10)

with

T1 =





U

T−1

Ip



 , T2 =





V

T

Im



 (11)

allows, in the general case, to explore a set of
equivalent structured realizations.



3. THE INPUT/OUTPUT SENSITIVITY
MEASURE IN THE MIMO CASE

In (Hilaire et al., 2005a), the sensitivity mea-
sure, derived from the Gevers and Li (1993) L2-
measure, is defined for the SISO case and applied
to the implicit state-space formalism :

MW
L2
,

∑

D

X∈{J,K,L,M,N,P,Q,R,S}

∥

∥

∥

∥

∥

∂H̃(z)

∂X
×WX

∥

∥

∥

∥

∥

2

2

(12)

where

• × denotes the Schur product
• WX are the weighting matrices associated
with the realization matrices (J ,K,L,M ,
N ,P ,Q,R,S). They allow to only take into
account the coefficients that they will have to
be quantized during the implementation pro-
cess (Li, 1998), and do not take in considera-
tion the sensitivity of exactly implemented
coefficients (like 0, ±1 or power of 2). They
are defined by

(WX)i,j =

{

0 if Xi,j is exactly implemented

1 if not

• H̃(z) , H(z)−D = C(zI −A)−1B

It is preferable to consider ∂H̃(z)
∂X

instead

of ∂H(z)
∂X

, because ∂H̃(z)
∂X

= ∂H(z)
∂X

− ∂D
∂X

is
strictly proper whateverX and have always a
L2-norm (it is strictly equivalent to compute
∂H(z)
∂X

and do not consider the constant term
in the evaluation of the L2-norm). Moreover,
∂D
∂X
is independent of the state-space coordi-

nates and have not to be considered here.

One way to expand the overall L2-sensitivity
measure for the implicit state-space in the MIMO
case is to consider each sub-transfer function and
apply equation (12) to each of them, and then use
the L2-norm property (the square of the norm is
the sum of the square of each sub-terms). Another
way consists in considering the global impact of
each coefficient on the transfer matrix H(z) and
use the definition of the derivative of a matrix with
respect to another matrix.

Let’s denote δH̃
δX

the matrix of the L2-norm of
the sensitivity of the transfer function H(z) with
respect to each coefficients Xi,j :

(

δH̃

δX

)

i,j

,

∥

∥

∥

∥

∥

∂H̃

∂Xi,j

∥

∥

∥

∥

∥

2

(13)

It allows to evaluate the overall impact of each
coefficient, and only take into account coefficients
we need to.
Due to the L2-norm property, we have

∥

∥

∥

∥

∥

δH̃

δX

∥

∥

∥

∥

∥

F

=

∥

∥

∥

∥

∥

∂H̃

∂X

∥

∥

∥

∥

∥

2

(14)

where ‖.‖F is the Frobenius norm.
So the sensitivity function in MIMO could be
expressed as :

MW
L2
=

∑

D

X∈{J,K,L,M,N,P,Q,R,S}

∥

∥

∥

∥

∥

δH̃

δX
×WX

∥

∥

∥

∥

∥

2

F

(15)

or

MW
L2
=

∥

∥

∥

∥

∥

δH̃

δZ
×WZ

∥

∥

∥

∥

∥

2

F

(16)

The three following propositions are necessary to
compute the sensitivity function MW

L2
:

Lemma 1. Let consider G and H two matrices (or
transfer function) in C

m×p and C
q×n and X ∈

R
p×q. G and H are supposed to be independent

with respect to X. Then

∂(GXH)

∂X
= (Ip ⊗G)

∂X

∂X
(Iq ⊗H) (17)

=G~H (18)

and

∂(GX−1H)

∂X
= −(GX−1)~ (X−1H) (19)

where the ~ is defined by

G~H , Vec(G).[Vec(H>)]> (20)

and Vec is the usual operator that transforms
matrices into column vectors, ⊗ is the Kronecker
product.

Proof:
The demonstration is omitted for lack of place.
See (Sohl, 2004) or (Neudecker, 1969) for more
elements on matrix derivation.

Proposition 1. The sensitivity transfer function of
H(z) with respect to each matrix of the implicit
state-space realization are given by

∂H

∂Z
=
(

H3 H1 Ip
)

~





H4
H2
Im



 (21)

∂D

∂Z
=
(

LJ−1 0 Ip
)

~





J−1N

0
Im



 (22)

with

H1(z) =C(zIn −A)−1 (23)

H2(z) = (zIn −A)−1B (24)

H3(z) =H1(z)KJ−1 + LJ−1 (25)

H4(z) = J−1MH2(z) + J−1N (26)

H1 and H2 (that are identical to sensitivity’s
functions G and F found in (Gevers and Li,
1993)) come from the contribution of Xk in H,



whereas H3 and H4 comes from the contribution

of Tk in H.

Proof:

The demonstration is omitted for lack of place,
but comes from lemma 1, apply on (7).

Remark: the SISO case, due to the definition of ~,
leads to same results as in (Hilaire et al., 2005a),
but expressed in a compact form, thanks to Z.

Then, MLW
2

is computed by applying proposition

2 to equations (21) and (22).

Proposition 2. Let’s consider a matrix X, and

three transfer functions H, A and B such that

∂H

∂X
= A~B (27)

Then, we have
(

δH

δX

)

i,j

= ‖A•,iBj,•‖2 (28)

4. DESIGN PROBLEM

Since the parametric sensitivity measure could
be evaluated for various equivalent realizations,
it could be interesting to find realizations with
a maximum tolerance to FWL quantization, i.e.
realizations with lowest parametric sensitivity
measure.
Let RH be the set of realizations R with H as
transfer function. The optimal design problem
consists in finding the best realizationRopt for the
transfer function H according to a measure M (it
can be the parametric sensitivity measure or any
other measure, like the pole-sensitivity stability
related measure)

Ropt = arg min
R∈RH

M(R) (29)

But this problem is a very difficult one, due to the
size of RH .
A sub-optimal solution of this problem can be
found by restricting RH to a specific subset, like
those defined from a special structuration via a
similarity transformation (see (10)).

Then, the parametric sensitivity measure of a rea-
lization Z can be computed from the parametric
sensitivity measure of the initial realization Z0

thanks to the following proposition

Proposition 3.

∂H

∂Z

∣

∣

∣

∣

Z

=
(

T −>
1

⊗ Ip
) ∂H

∂Z

∣

∣

∣

∣

Z0

(

T −>
2

⊗ Im
)

5. NUMERICAL EXAMPLE

The example considered shows how the parame-
tric sensitivity may vary from realizations to an-

others : state-space and observer-based realiza-
tions are studied here.
This example is an active control of longitudinal
oscillations studied in (Lefebvre et al., 2001) :
one significant aspect of vehicle driveability is the
attenuation of the first torsional mode (resonance
in the elastic parts) which produces unpleasant
(0 to 10 Hz) longitudinal oscillations of the car,
known as shuffle. They can be reduced by means
of a controller acting on the engine torque.
The model of the powertrain was modeled in
continuous-time form, and a continuous-time H∞
optimal controller was designed (Lefebvre et al.,
2003). The discretized model P (z) is given by
equations (32) and (33), and a discrete-time rea-
lization of the controller is given by (33) and
(34) : it corresponds to an internally balanced
realization.
Remark : all the matrices or results are computed
with double floating-point precision, but only 3
significant digital are shown.

Since it exists various ways to implement such
a controller, this paper focuses only on classi-
cal state-space realizations (shift-operator) and
realizations with Observer-State-Feedback forms
(realizations with δ-operator, that have proved
their numerical efficiency, have been studied in
(Gevers and Li, 1993; Hilaire et al., 2005a)).

Classical state-space realizations are formalized
in the implicit form by considering no tempo-
rary variables Tk. The sensitivities of the ini-
tial realization (equations (34) and (33)) and the
companion one are summarized in the following
table. The Adaptive Simulated Annealing (see
(Ingber, 1996)) algorithm, a global optimization
one, know for its efficiency in the context of con-
trol, has been adopted here to search for the
optimal realization, according to the sensitivity
measure. For this structuration, the similarity
transformation used is

T1 =





Iq
T−1

Ip



 , T2 =





Iq
T

Im



 (30)

This results are coherent with existing ones :

realizationM M
W

L2

companion form 1, 78e+14

balanced form 81.44

optimal form 5.99

the canonical form minimizes the execution time,
but is very sensitive to the quantization of its
parameters. The internally balanced form is quite
well numerically conditioned. The optimization
process carries on 100 parameters (the coefficients
of the matrix T in T1 and T2) and took about 4
hours on a desktop computer.

This example was also implemented with a state-
feedback-observer structure, particularly because



it allows an enrichment of the observer model with
a physical meaning but also because these states
estimate the states of the physical system. Then,
it improves the readability of the signals, and the
states initialization of the controller is based on
the physical states of the system, so the starting
and the commutations to one controller to another
(when the gear ratio changes for example) is facili-
tated. The Observer-State-Feedback is illustrated
by equation (31)







X̂k+1 = ApX̂k +BpUk

+Kf (Yk − CpX̂k)

Uk = −KcX̂k +Q(Yk − CX̂k)

(31)

The transformation from the state-space form
to the Observer-State-Feedback form required to
solve a generalized Ricatti equation (Alazard and
Apkarian, 1999). The controller poles must be
classified between three categories, which are the
observation gain, the filter gain and the Youla
parameter (static here) : the unobservable pole
must be assigned to the estimation gain, the un-
controllable poles must be assigned to the state-
feedback gain, and the complex conjugate poles
must not be separated (to preserve the gain real).
Then, for the other poles, the fast ones are usually
(but not necessary) assigned to the estimation
gain, and those closed to the physical system to
the state-feedback gain. That repartition deter-
mines the parameters Kf , Kc and Q.

According to that rules, it is possible to nume-
rically implement equation (31) in various ways,
depending on

• the choice of the partition of the poles
• the form of the computation : one way could
be to keep (Ap −KfCp), Bp, (Kc +QCp), Q

and Kf as parameters (i.e. coefficients really
implemented in the algorithm). But, it is also
possible to choose Ap, Bp, Cp, Kc, Kf and Q

as parameters.

Equations (35) and (36) represents the two last
possibilities embedded in the Implicit State-Space
formalism.

The optimal design consists here in a discrete opti-
mization : all the possible partitions are examined.
With 20 poles, it exists 184756 partitions, but
only 140 ones are in accordance with the previous
rules. The following figure exhibits the sensitivity
measure (log10

(

MW
L2

)

more precisely) of each one,
on the first observer-state-feedback form (equa-
tion (35)) : the measure varies from 1.358e+2
to 3.797e+8. The second observer-state-feedback
form (equation (36)) leads to results with same
order of magnitude (from 1.423e+2 to 3.798e+8).

This example shows that it exists a large diversity
of numerical conditioning in the different poten-
tial observer-state-feedback realizations, and they
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Fig. 1. Parametric sensitivity of each partition
examined

have to be taken in consideration in the choice of
the poles repartition. Moreover, among the usual
partitions, some of them present low sensitivity,
but some present very bad sensitivity. This crite-
rion must be taken into consideration during the
implementation process.

The two observer-state-feedback forms presented
have coherent sensitivity : the best partitions for
the first form are also the best for the second
form. The first form however uses less parame-
ters, whereas in the second one, the parameters
Ap, Bp and Cp could be considered as exactly
implemented when the quantization is lower than
the uncertainties on the plant coefficients. Only
parameters Kc, Kf and Q are considered to be
approximately implemented : it induces a lower
sensitivity.

6. CONCLUSION

The implicit state-space framework allows the
macroscopic description of various control algo-
rithms to be implemented. It encapsulates all
classical state-space realizations using shift or δ-
operators, but also observer-state-feedback ones.
This paper has shown how optimisation tool,
such as Adaptative Simulated Annealing may be
used to find optimal realizations according to
the parametric sensitivity measure, well suited
for FWL implementation. Moreover, the observer-
state-space realizations have their own interests
and it has been shown that the degree of freedom
associated to such a realization (observer dynam-
ics versus state feedback one) may be pertinently
used to obtain, by discrete optimization, a low
sensitivity measure.
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−3.927e−1 +7.144e−1 +5.040e−2 −8.245e−3 0 0 0 0 0 0
−1.566e−1 −6.105e−1 +3.683e−2 +4.195e−1 0 0 0 0 0 0
−1.444e−1 +1.772e−1 −6.798e−1 +6.508e−1 0 0 0 0 0 0
+1.929e−1 +1.512e−1 +4.030e−1 +3.898e−1 +9.773e−1 +1.037e−2 −6.170e−2 0 0 0
+2.768e−4 +2.170e−4 +5.783e−4 +5.594e−4 +2.837e−3 +9.971e−1 +1.698e−2 0 0 0
+3.238e−2 +2.539e−2 +6.767e−2 +6.545e−2 +3.320e−1 −3.341e−1 +9.868e−1 0 0 0

0 0 0 0 0 0 0 +1.000e+0 −1.000e−10 0
0 0 0 0 0 0 0 +1.000e−2 +1.000e+0 0
0 0 0 0 0 0 0 0 0 +9.417e−1















(32)

Bp=















−4.007e+0
−5.769e+0
−6.522e+0

2.490e+0
8.562e−1
1.229e−3
1.438e−1
1.000e+0
5.000e−3

0















, Cp=















9.209e−3
7.221e−3
1.924e−2
1.861e−2
9.441e−2
4.953e−4

−2.946e−3
0
0

−3.495e−1















>

, B=















−2.372e+0
−2.540e+0
−1.210e−1
−1.565e−4
−6.245e−2

1.151e+0
4.083e−2
2.255e−1
−1.528e−2
−9.720e−4















, C=















−2.372e−2
2.540e−2
1.210e−3
−1.565e−6

6.245e−4
1.151e−2
4.083e−4
−2.255e−3

1.528e−4
9.720e−6















>

, D=−2.140e−1 (33)

A=















8.195e−1 2.812e−1 −3.317e−2 2.699e−2 −1.649e−1 1.318e−1 1.059e−2 −6.733e−2 1.750e−3 6.525e−5
−2.812e−1 −4.817e−1 −1.668e−1 8.654e−2 −5.403e−1 1.469e−1 1.837e−2 −1.211e−1 1.942e−3 2.134e−5

3.317e−2 −1.668e−1 9.749e−1 1.696e−2 −9.104e−2 7.638e−2 3.357e−3 −2.006e−2 8.441e−4 4.548e−5
2.699e−2 −8.654e−2 −1.696e−2 9.601e−1 2.528e−1 5.956e−2 1.654e−3 −9.085e−3 6.046e−4 3.843e−5
1.649e−1 −5.403e−1 −9.104e−2 −2.528e−1 6.022e−1 3.888e−1 1.150e−2 −6.420e−2 3.945e−3 2.454e−4
1.318e−1 −1.469e−1 −7.638e−2 5.956e−2 −3.888e−1 4.664e−1 −6.206e−2 4.224e−1 −8.490e−4 3.703e−4
1.059e−2 −1.837e−2 −3.357e−3 1.654e−3 −1.150e−2 −6.206e−2 9.832e−1 1.258e−1 7.737e−3 6.392e−4
6.733e−2 −1.211e−1 −2.006e−2 9.085e−3 −6.420e−2 −4.224e−1 −1.258e−1 −4.483e−2 7.258e−2 5.631e−3
−1.750e−3 1.942e−3 8.441e−4 −6.046e−4 3.945e−3 8.490e−4 −7.737e−3 7.258e−2 9.838e−1 −2.474e−3
−6.525e−5 2.134e−5 4.548e−5 −3.843e−5 2.454e−4 −3.703e−4 −6.392e−4 5.631e−3 −2.474e−3 9.418e−1















(34)
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=

(
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Abstract: This paper presents a general parametric optimization approach in control’s 

field. It discusses the design of optimal controllers and the validation of the temporal 

specifications as well. The formulated problems are complex because they involve 

nondifferentiable functions and criteria. Therefore, we propose an efficient descent 

algorithm based on the so called ε  subdifferential notion. This last, mixing with an exact 

computation of gradients based on parametric sensitivity functions, appears to be well 

suited to problems with nonsmooth criteria. As illustration, this method is used to tune the 

parameters of a backstepping controller for a rotary drilling system. The purpose of this 

application especially concerns how to appropriately apply the ε  subdifferential 

algorithm in order to improve the backstepping technique. We show that the choice of the 

controller structure and parameters has an important effect on the validation of the 

specifications. Simulation results are given to demonstrate the effectiveness of the 

proposed approach.  Copyright © 2006 IFAC 
�

Keywords: Optimization problem, adjustment, sensitivity functions, nonsmooth criteria, 

backstepping, rotary drilling system. 
 
 

 

 

1. INTRODUCTION 

Modern control theory provides a collection of tools 

for the design of feedback controllers ensuring 

satisfactory closed loop performance of plants. 

Considerable attention has been devoted to the 

problem of designing optimal controllers taking into 

account complex specifications and maximizing the 

parametric stability margin. Moreover, general trend 

has been to check for high performance (rapidity, 

accuracy, rejection or attenuation of perturbation 

signals…), while ensuring moderate control signals 

and good robustness properties. This need of high 

system performance, together with the evolution of 

computation techniques and information processing, 

accentuates the necessity of optimization in 

automatic. Many studies related to the use of 

optimization for complex engineering requirements 

with low complexity algorithms have been 

developed. These theories mainly focus on convex 

optimization methods that concern synthesis 

techniques of controllers (Doyle, et al., 1989). 

However, it is well known that the optimization of 

parametric controllers with fixed structure is in 

general a non convex optimization problem. We will 

focus on methods, which can be developed out of the 

convex context. In this case, there is no guarantee to 

obtain the absolute optimum and we resort to the 

global optimization methods which allow to retune 

controller parameters. Far from to being a direct 

operation, the control design has to be made in 

several stages in order to obtain a satisfactory result. 

Once the design conditions are modified, the most 

effective way is not necessarily to start again the 

work from the beginning. Thus, the need for a 

retuning may arise all along the development of the 

system each time the design model or specifications 

evolve.  

In this paper, the last situation is considered. Generic 

criteria properties will be shown as well as the way to 

consider the optimization problem in order to get an 

efficient resolution. For temporal specifications, the 

proposed approach allows an exact formulation of 

requirements to the detriment of an exact analysis of 

their feasibility. The flexibility of these generic 



     

optimization approaches is illustrated through a 

backstepping controller of a rotary drilling system. In 

this process, there are different types of vibrations, 

one of them and for which we are interested in this 

work is torsional oscillations by means of Stick-Slip 

phenomena. These ones are induced by nonlinear 

frictional torques between the drill bit and the rock 

surface. The focus of this work is to make an 

extension of the backstepping that has been 

synthesised in a previous work (Abdulgalil and 

Siguerdidjane, 2005), the aim is to show the potential 

level of our technique through an application for 

which retuning controller parameters by optimization 

is yet very difficult using a classical descent 

algorithm.  

Motivated by the above comments, the first part of 

this study describes the formulation of generic 

specifications in control design problems under a 

global optimization problem form. The resolution of 

such a problem is difficult and requires specific 

algorithms. Subsequently, a descent algorithm based 

on the ε  subdifferential notion is exposed, which is 

able to deal with nonsmooth criteria. The second and 

last part is dedicated to present the application and 

the obtained simulation results. 
 

2. FORMULATION OF THE PROBLEM  

Mathematical formulation of the different temporal 

requirements will permit to express the controller 

retuning problem as a global parametric optimization 

one. Let us consider the block diagram given by 

Fig.1 . The tuned controller parameters are designed 

by the vector θ  which constitutes the decision 

variables. For particular input signals (r, b and w), 

any output signals will be of the form: 

( )( ) ( )tsttwtbtrGKs ,),(),(),(,, θθ =          (1) 

The classic criteria of the specifications (time 

response, maximum overshoot…) are also dependent 

on parameters vector θ . These will be denoted by 

the expression: 

( )( ) ( )θαθα tt tts =,,          (2) 

Generally, the control problem can be translated 

using constraints on indicator tα  or on Templates 

(Boyd and Barrat, 1991). In this case, these 

requirements are formulated using the following 

inequalities: 

( )( )�

�

�

≤

≤≤>∀

0

)(),()(,0
maxmin

θα

θ

ttF
tststst

                        (3) 

 
It can be noticed that these various constraints can be 

equivalently formulated as criteria functions. 

 
Fig. 1.  Feedback system with tuned variables.  

 

For instance, requirements that can be formulated 

using (3) can be equivalently formulated using the 

following feasibility criterion:  

( )( ) ( )( ) �
�

�
�
�

	 −−=
>>

tstststsJ
tt

t ,)(max,)(,maxmax
min

0
max

0

θθ    (4) 

The constraint is satisfied if and only if the 

associated optimal criterion is negative. 

Hence, the global optimization problem can be stated 

by mixing one or more criteria as equation (4) and 

some constraints like expressions in (3). 
 

3. OPTIMIZATION PROBLEM RESOLUTION  

The proposed algorithm is based on the descent 

method. It is a very efficient method when a descent 

direction can be correctly determined. The most 

known method to this class of algorithms is the 

‘gradient method’. It is based on computation of the 

local gradient which presents the best local choice 

when it is defined. The descent direction is then 

determined at each iteration k  as: 

( )
k

JJggd kkkk

θθ
θ

θ
=

∂

∂
=∇=−=

ˆ
ˆˆ  and  ˆ  

This algorithm presents many advantages. Contrary 

to the other methods with more elevated order 

(Hessian), it requires less expensive calculations and 

it is robust with regards to estimation errors of the 

gradient. However, the convergence, in a reasonable 

time, depends on the gradient calculations; it must be 

reliable (with a good precision) and easily tractable 

(low complexity of calculations). 

3.1 Criteria and Constraints Computations 
For generic specifications, calculations of criteria and 

constraints are often not so easy. For example; the 

time response calculations require the use of a 

unidirectional optimization. Furthermore, inequality 

constraints, as (3), must be calculated algebraically, 

by optimization or by gridding. In the general case, 

all temporal criteria first need an integration of 

differential equations. Then, only an estimation of 

trajectories can be obtained that contains a finite 

number of estimated points. So the numerical 

estimation of parametric sensitivity (or gradient) of 

such implicit variables is really difficult using finite 

difference approach. Thus, the criterion J  can not be 

exactly computed and an estimated value bJJ +=
�

 

is available only ( b  is a numerical noise). 

3.2 Gradient Calculation by Parametric Sensitivities 
Two kinds of methods can be distinguished for the 

gradient computation. The first one is an approximate 

method using finite difference techniques. This 

method is useful but nevertheless leads to unreliable 

result when the numerical error is strong. For 

illustration, an analysis of the variance gives: 
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where v  denotes a unit vector and ( )),0( 2 bNbi σ→ . 
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The second method is an exact calculation. It is a 

precise method but it requires more calculus prior 

optimization. In order to ameliorate the quality of the 

gradient estimation, this last method will be 

considered. In this case, gradient can be accurately 

computed. Sensitivity function approach is chosen 

because it does not require more calculations 

( 1)dim( +θ  computations of the criterion). This 

method can be stated for nonlinear systems (NL) as 

following: Let us consider the NL system: 

( ) ( )[ ]

( ) ( )[ ]�
�

�
�

�

=

=

atxhaty

atxf
dt

tdx

,,

,
                                                (6) 

f and h  may also depend on the command ( )tu  and 

the time t . The vector a  denotes any parameter of 

the system, its relationship with θ  will be explained 

in the sequel. The parametric sensitivities of the 

output signal y  with respect to arguments a  are 

defined by the following expression for 

{ })dim(,...,1 ai ∈  (Rosenwasser, 2000): 

( ) ( )aty
a

atS
i

ay i
,,

/
∂

∂
=                                           (7) 

This definition applied to the NL model gives: 

( ) ( )[ ] ( ) ( )[ ]
i

axTay a
atxhatS

x
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ii ∂

∂
+

∂

∂
=

,
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The derivation with respect to parameters a  gives: 

( )[ ] ( )[ ] ( ) ( )[ ]
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   (9) 

The computation of the parametric sensitivities of the 

output signal y  with respect to coefficients a  

requires 1)dim( +a  simulations (the resolution of the 

system of equations defined by (6) and (9). This 

indicates that the direct method is not more 

complicated anymore than the one by finite 

differences.  

As coefficients a  depend on parameters θ , the 

parametric sensitivities of the output signal y  with 

respect to parameters θ  are given by:  

ik ay
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i k

i
y SaS
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= ∂

∂
=

θ
θ                                             (10) 

As an illustrative example, the following feasibility 

criterion can be considered:  

( ) ( )�
=

+
−=

ft

i
iii tYtywJ

1

max
,)( θθ                          (11) 

with ( )0,max ff =
+

. 

The gradient of this criterion is given almost 

everywhere for { }θnk ...,,1∈  by the following 

expression:  
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3.3 Nonsmooth Criteria 
The last example illustrates a nonsmooth criterion. 

Its utilization conjointly with nonsmooth constraints 

leads to a particular class of optimization problems 

that require special algorithms. An attentive 

observation of the several criteria formulated on the 

retuning controller problems shows that the classic 

specifications are often formulated by nonsmooth 

criteria and constraints. For example, criteria which 

contain any ‘max’ function are nonsmooth when the 

maximum is reached simultaneously in several 

points. However, they present the particularity to be 

nearly differentiable; the space of nonsmooth points 

has measure zero (Clarke, 1990; Burke, et al., 2004). 

Nevertheless, the subspace of nondifferentiable 

points is often reached during the optimization 

process because these points are often local minima 

in almost all directions. At these locations, 

determination of descent direction is not possible 

with the gradient. The classical subgradient is not a 

good choice too for a descent method because it is 

typically very hard to get and its direction does not 

necessarily represent an ascent direction (Clarke, 

1990).  

A generalized approach using specific subgradient 

and subdifferential can be used (Clarke, 1990). In 

order to construct a rigorous procedure, the Clarke 

subgradient is chosen. It presents an interesting 

approximation possibility (Burke, et al., 2002). 

Formally, it is assumed that f  is locally Lipschitz 

continuous and continuously differentiable on an 

open dense subset D  of nℜ and there is a point 
nx ℜ∈~  for which the set ( ) ( ){ }xfxfxL ~/ ≤=  is 

compact. The local Lipschitz hypothesis allows to 

approximate the Clarke subdifferential as follows: 

1) Clarke subdifferential approximation: for each 

0>ε , we define the multifunction nnG ℜ→ℜ:ε by: 

( ) ( )( )DBxfCoxG ∩+∇= εε                                (13) 

where { }1/ ≤= xxB  is the closed unit ball, )(Co  

is the closed convex hull and ( )xf∇  the gradient at x. 

The sets ( )xGε  can be used to give the following 

representation of the Clarke subdifferential of the 

function f  at a point x: 

( ) ( )�
0>

=∂
ε

ε xGxf                    (14) 

For each 0>ε , the Clarke ε  subdifferential is 

defined by: 

( ) )()( BxfCoxf εε +∂=∂                                     (15) 

For: 
21

0 εε <<  the following embedded inclusions 

are verified:  

( ) ( ) ( )xfxGxf
221 εεε ∂⊂⊂∂

                             
(16) 

So, the Clarke ε  subdifferential can be approximated 

by ( )xGε . Moreover, due to the hypothesis of almost 

everywhere differentiability of f , ( )xGε  can be 

estimated by a finite uniform spatial sampling in B: 

( ) BbDbxfCoxG ii

m

i
∈�

�

�
�
�

	 ∩+∇≈
=

with  )()(
1

εε �  (17) 

Figure 2 illustrates an example of a Clarke 

subdifferential approximation. Finally, the introduced 

notion of the Clarke ε  subdifferential )(xfε∂  can be 

approximated by a convex hull ( )xGε  which is a 



     

result of uniform finite sampling gradients around a 

point x.  
 

 

 

 

 

 

 

 

Fig. 2. Approximation of the Clarkeε subdifferential. 

 

2) Clarke ε  stationary point: a point x  is Clarke 

stationary if ( )xfε∂∈0 . In order to measure the 

proximity to Clarke ε  stationarity (Burke, et al., 
2004) introduce the following distance: 

( ) ( )( )xGdistx εερ /0= .                                        (18) 

3.4 The ε  Subdifferential Algorithm 

The proposed algorithm may be applied to any 

function ℜ→ℜ nf :  that is continuous and 

differentiable almost everywhere on nℜ . The 

constraint problems can be handled by an exact 

penalty where the nondifferentiable ponderations can 

also be used. This algorithm is different from the one 

developed in (Burke, et al., 2004). Basis differences 

are: addition of tests for managing numerical 

degenerated cases and introduction of an isotropic 

point sampling of the hyperball for a better 

estimation of the ε  subdifferential. 

Notations:  

kε  Sampling radius at the thk iteration.  

kυ  Optimality tolerance at the thk  iteration. 

β  Armijo parameter.   

γ   Backtracking reduction factor.  

δ  Optimality tolerance reduction factor.  

µ  Sampling radius reduction factor. 

The Algorithm: 

Step 0: (Initialization)  

Let DLx ∩∈0 , ∈γ ]0,1[, ∈β ]0,1[, 0
0

>ε , 

0
0

≥υ , ∈µ ]0,1], ∈δ ]0,1], 0=k  and 

{ },...3,2,1 +++∈ nnnm . 

Step 1:  (Approximation of the Clarke ε  

subdifferential)  

Let 
kmkk uuu ,...,,

21
 be sampled independently and 

uniformly from B , and set: kk xx =0 and 
kj

k
kkj uxx ε+= for mj ,...,1= . 

If one of the samples points ( )mj ,...,1=  verifies 

Dx kj ∉  then, go to Step 1.  

Otherwise ( ) ( ) ( ){ }kmkk
k xfxfxfCoG ∇∇∇= ...,,, 10 . 

( )kjxf∇  is calculated by sensitivity method.  

Step 2: (Compute a descent direction kd )  

Let k
k Gg ∈  be a solution of the positive quadratic 

problem )/0(minarg k
Gg

k Gdistg
k∈

=  

If 0== k
k gυ , Stop ( ε stationarity). 

Else  

          ����  If k
kg υ≤ then, set 

0=kt , kk δυυ =
+1

, kk µεε =
+1

and go to Step 4. 

          ����  Else kk υυ =
+1

, kk εε =
+1

, 
kkk ggd −=   

Step 3: (Compute a step length kt )  

{ }

s

skt γ
,...2,1,0

max
∈

=  / ( ) ( ) kskksk gxfdxf βγγ −<+   

Step 4: (Update)  

If Ddtx k
k

k ∈+  then, k
k

kk dtxx +=0 , 1+= kk  and 

go to Step 1, 

Else, let Bxx k
kk ε+∈ ˆˆ  satisfying Ddtx k

k
k ∈+ˆ  and 

( ) ( ) kskksk gxfdxf βγγ −<+ˆ  and then, 
k

k
kk dtxx += ˆ0 , 1+= kk . Go to step 1. 

4. APPLICATION TO A DRILLING SYSTEM   

For this application, the backstepping control has 

already been described in (Abdulgalil and 

Siguerdidjane, 2005). The main contribution of this 

paper is pointed out and concerns especially how to 

appropriately adjust the backstepping parameters for 

satisfying specifications and particularly in order to 

handle the stick-slip oscillations in oil rotary drilling 

system. 

4.1 Rotary Drilling Modeling   
A drilling assembly essentially consists of a series of 

hollow cylindrical steel pipes connected to form a 

long flexible drillstring to which is attached to a short 

heavier segment containing a cutting device at the 

free end called the drill bit as shown in Fig. 3. This 

segment may contain a stabilizing fins designed to 

reduce lateral vibrations during the drilling and 

together with the drill-bit constitute the bottom-hole 

assembly (BHA). The BHA consists of thick-walled 

tubulars loaded in compression, and, without 

buckling; it provides weight on the bit (WOB) 

required for creating sufficient cutting force. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3. Drilling equipment 

The drillstrings are mainly consisting of a number of 

relatively thin walled pipes, and they are driven by a 

rotary table in the top end, often by means of an 

electric motor and gearbox, the top-drive. During the 

process drilling, drilling fluid (mud) is continuously 

circulated to the bottom of the hole and back to 

surface to remove cuttings from the bottom of the 

hole, to cool and lubricate the bit, and to control 

downhole pressures. 
The drilling system may be modeled as follows: the 

main components of the model are two damped 

inertias mechanically coupled by an elastic 

intertialess shaft (drillstring); as displayed in Fig. 4. 
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Fig. 4. Drilling rotary model  

The detailed model can be found in (Serrarens, et al., 
1998). Then, the state equations of the rotary drilling 

system are: 

( )( )

( )
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1���                             (19) 

where J1 and J2  represent, respectively, the inertia of 

the upper part (rotary table and the electric motor) 

and the lower part (the collars and the drillpipes), C1 
and C2  denote the equivalent viscous damping 

coefficients, k is the stiffness coefficient of the linear 

torsional spring. The state variables are:
1

Ω  the 

angular velocity of the bit, 
2

Ω the angular velocity of 

the rotary table and Φ  the difference angular 

displacement between the upper and the lower part of 

the system. Ttob  is the friction torque, given by the 

following nonlinear function: 

( ) ( ))arctan(
2

13111

12 Ω+Ω=Ω
Ω−

αα
π

αeTT tobdyntob
   (20) 

with kNmTtobdyn 5.0= , 5.9
1

=α , 2.2
2

=α  and 

0.35
3

=α . 

4.2 Backstepping Control Approach 
The backstepping design methodology has become 

increasingly popular in nonlinear control systems. 
Complete methodology can be found in 

(Kanellakopoulos and Kokotovic, 1995). Roughly 

speaking the main idea of the strategy is 

characterized by a step-by-step procedure interlacing, 

at each step, a coordinate transformation and the 

design of a virtual control via a classical Lyapunov 

function technique, with the definition of a tuning 

function, and at the last step obtaining the true 

control expression. This procedure has been formally 

implemented through Mathematica. We have 

developed a program that permits to directly get the 

control law. This program also allows us to choose 

the number of parameters and then the controller 

structure which amounts to have other degrees of 

freedom in the optimization procedure. 

Now, we briefly describe steps calculation down by 

the Mathematica program.   

4.3 Backstepping Control Design 
Step 1: Let us start by looking at the first subsystem 

consisting of the state equation for 
1

Ω . This system 

can be stabilized by using the angular displacement 

Φ as the virtual control law. 

( )( )
111

1

1

1
Ω+Φ−Ω−=Ω tobTkC

J
�                       (21) 

In order to find the virtual control law ( )
1

ΩΦ d , we 

introduce the control Lyapunov function (CLF) 

( ) 2

11
2

1
ε=ΩV                                               (22) 

where ε  is the error signal d
11

Ω−Ω=ε . 
From the time derivative of (22), it comes out:  
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We can strictly assign the CLF 
1

V  by taking: 

( ) ( )( )εγ
111111

1 JTC
k tob

d −Ω+Ω=ΩΦ   with 0
1

>γ . 

Step 2: Let us now extend the first system to the 

subsystem. 

�
�

�
�

�

Φ−Φ=Φ+Ω−Ω=

+−=

dd zwithz

z
J
k ���

12

1

1
εγε

                      (24)  

By introducing 
2

Ω as a virtual control input, one can 

stabilize this system by the following CLF 
2

V : 

( ) 2

112
2

1
, zVV +=ΦΩ                                      (25) 

As in step 1, we can assign the CLF ( )ΦΩ ,
12

V  by 

setting: 

( ) z
J
kdd

2

1

112
, γε −−Φ−Ω=ΦΩΩ �   with  0

2
>γ  

Step 3: Now, let us consider the whole system which 

is given by the following equations: 
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We select the Lyapunov function candidate V for the 

total system to be 

2

2
2

1 yVV +=           (26) 

Finally, the control law u which stabilizes the overall 

system can be found in the same way as in the 

preceding steps. 

( ) ( )yzJCku d
ref 32222

γ++Ω−−Ω−Ω+Φ= �     (27) 

with 0
3

>γ . 

4.4 Simulations results 
The parameters, used for the simulations are shown 

in Table 1, and are taken from (Serrarens, et al., 
1998). They represent a typical case in oil well 

drilling operations. The desired rotary table speed is 

chosen as 10 (rad/s) which is within the common 

operating range for oil well drilling. 

The effects of large torsional vibrations on the bit are 

very danger and even small amplitude stick-slip 

vibrations are thought to be a major cause of bit 

wear. The control objective is to bring the bit speed 

back to the desired speed while considerably 

minimizing these vibrations. 
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TABLE 1: NUMERICAL VALUES OF DRILLING SYSTEM AND MOTOR 

Symbol Description Values 

refΩ  The reference angular velocity 10 [rad/s] 

1J  BHA+ 1/3 drill-string inertia 374 [kg m2] 

2J  Rotary table + drive inertia 2122 [kg m2] 

1C  BHA damping 0-150 [Nms/rad] 

2C  Rotary table damping 425[Nms/rad] 

k Drillstring stiffness 473[Nms/rad] 

 

For this reason, a first set of requirements is 

expressed in terms of maximum overshoot, settling 

time at 2% and the limitation of control amplitude. 

These specifications are formulated as follows: 

( ){ }dNmtuDTs 120and%10/min ≤≤
θ

           (28) 

Using the ε  subdifferential algorithm, the last 

problem is solved and the optimal settling time found 

is equal to 2 seconds. The optimal parameters are: 

[ ] ]2.6089 2.5952, 4.3538,[,,
321

=optoptopt γγγ . 
Figure 5 shows the closed-loop system responses 

with the control input u . We observe that 

specifications are validated but the angular velocity 

of the rotary table 
2

Ω  has a large overshoot.  

In order to ameliorate this response, we change 

specifications. So, the required performance for 
1

Ω  

are expressed by the overshoot (<10 %), the settling 

time at 60% (< 3 s), the response time at 2% (< 5 s) 

and the tracking error accuracy. For 
2

Ω , demands 

are expressed by the overshoot (<80 %), the settling 

time at 80% (< 3 s), the response time at 2% (< 5 s) 

and the tracking error accuracy. The limitation of the 

control input is daNmu 120< . These specifications 

are formulated using template forms and the general 

optimization criterion has the following form: 
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Fig. 5. Closed loop responses without 
2

Ω constraints. 

In figure 6, it may be observed that simulation results 

are in concordance with the required performance 

and the new optimal parameters are shown to be: 

[ ] =optoptopt
321
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Fig. 6. Closed loop responses with 
2

Ω constraints. 

5. CONCLUSION 

In order to design an optimal backstepping controller 

which verify temporal specifications, an exact 

formulation of the demands must be used. 

Corresponding criteria are generally nonsmooth, 

which often lead to complex optimization problems. 

In our case, backstepping is not only used to stabilize 

the rotary drilling system but also to reach given 

performance. A direct computation of the 

backstepping control law may be obtained through 

the developed Mathematica program. This program 

permits to manage controller structure and 

consequently the degree of freedom in optimization 

problem. The presented � subdifferential algorithm 

can represent an effective tool in computer-aided 

design and for controllers retuning.  
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Abstract: This paper presents a sensitivity based methodology to choose the best
possible gains parametrization in a State Riccati Dependent Equation (SDRE)
controller. Both direct and adjoint sensitivity methods are used, together with a
dynamic inversion of the system, in order to optimize the performances of that
kind of controller. A feedworward-feedback steering control strategy for a vehicle
has been chosen as application. Obstacle avoiding simulation results will be shown
and compared with a similar strategy where the feedback block is obtained by
adaptive gains.

Keywords: Sensitivity analysis, Riccati equations, Chassis control, vehicle
dynamics, obstacle avoidance

1. INTRODUCTION

As it is well known, most of constrained op-
timal control problems don’t have an analyti-
cal solution. Hence, a large variety of numerical
methods have been developed in order to obtain
optimal nonlinear control laws (e.g. (Hargraves
and Paris, 1987), (Bock and Plitt, 1984)). Be-
sides, computational advances have stimulated
many works in nonlinear model predictive control
based on automatic differentiation (Cao, 2005),
which solves sequentially finite horizon optimiza-
tion problems. Nevertheless, none of them are
yet practically implementable on embedded fast
systems for two main reasons:

(1) They are generally too time consuming.
(2) In most cases they don’t include a closed-loop

form.

The Galerkin method applied to the HJB equation
resolution (presented by (Beard, 1995)) aimed to
solve the second point by using a certain state
basis weighted with some intuitive gains. However,
if state dimension grows up, this approach remains
unfeasible for real-time applications.

Even if it is not a new idea, an increasing number
of works have been recently published ((Erdem,
2001),(Cloutier, 1997)) concerning another tech-
nique that seeks to guarantee nonlinear stabili-
sation with high performances. It is called the
State Dependent Riccati Equation (SDRE), and
it tries to “capture” the system’s nonlinearities
and to introduce them in a classical LQR control
strategy.

Since a previous authors’ work (Villagra et al.,
2006) dealt with a non-linear stabilisation control



application, where gains optimization remained
an open problem, this article tries to give an
answer applying the SDRE method. Thus, the
core of this work is the optimal gains choice for
a nonlinear chassis control law applied to vehicles
in obstacle-avoiding situations.

A brief survey of the feedforward-feedback control
strategy implemented in that work will be given in
section 2. Even if the main contribution of this pa-
per is the way the feedback block is implemented,
a review of the feedforward strategy (section 3)
seemed to us necessary for a better comprehension
of the problem.

In section 4, the basis of the SDRE method will
be introduced and some particular issues of this
application will be detailed. Special attention will
be given to the choice of state and control matri-
ces defining the criteria to be minimized by the
Riccati equation. The way matrices are chosen
will be explained in section 4. It will be described
how various deterministic and statistical sensi-
tivity approaches may help to parametrize in a
suboptimal way the so-called matrices.

Finally, some simulation results (section 5) on a
realistic vehicle simulator will show the perfor-
mance improvements in terms of path tracking
when compared with the on-line optimization pre-
sented in (Villagra et al., 2006).

2. STEERING STRATEGY FOR OBSTACLE
AVOIDING SITUATIONS

Since geometry constraints are introduced as an
input to the system, an algorithm is needed to
compute the corresponding dynamic references.

FeedForward

(3 DOF Bicycle model) 
Dynamic

references

generator
FeedBack

(SDRE)

Vehicle

(6 DOF with tire and 

drivetrain models)

xr, yr, Vx0

Vxr

Vyr

r

.

ur

Vx

 Vy
.

+
-

+
-

u

Fig. 1. Control scheme.

A 3 degrees of freedom vehicle model is then used
in the feedforward block to obtain a first output
reference. Since that model is not always reliable
enough, a feedback control law is added by means
of an SDRE strategy. Thus, a steering control law
is generated (Figure 1) from geometric references
and a desired initial velocity.

3. FLATNESS BASED FEEDFORWARD
CONTROL BLOCK

3.1 Vehicle model used

A bicycle nonlinear model will be considered for
reference trajectories generation. It will not only

Fig. 2. Bicycle model.

take into account lateral dynamics (lateral ve-
locity Vy and yaw rate ψ̇), but also longitudinal
velocity Vx. Thus, the model’s dynamic equations
might be written, according to figure 2, as follows:














M(V̇x − Vyψ̇) = −F 1

y
sinαv − F 2

y
sinαr

M(V̇y + Vxψ̇) = F 1

y
+ F 2

y

Izψ̈ = L1F 1

y
− L2F 2

y

(1)

with M the vehicle’s mass, L1 (respectively L2)
the distance between vehicle’s gravity centre and
front (respectively back) virtual wheel’s centre,
Iz the vehicle’s yaw inertia moment. Slips and
pneumatic longitudinal forces will be neglected.
Besides, lateral pneumatiques efforts (Fy1

and
Fy2

) will be considered as follows:

Fy1
= K1δ1 et Fy2

= K2δ2 (2)

where K1 and K2 are the cornering stiffness
coefficients, and δ1 and δ2 denote front and back
tire slip angles. Furthermore, since front and rear
axle slips angles are small, they can be written as:

β1 = αv−δ1 '

Vy + L1ψ̇

Vx
, β2 = αr−δ2 '

Vy − L2ψ̇

Vx
(3)

where αv and αr denote respectively the front and
back steering angles.

If u1 and u2 are considered as the control variables
and if they are supposed to be equal to pneumatic
front and rear slip angles,

u1 = δ1 = αv − β1, u2 = δ2 = αr − β2 (4)

then, under small steering angle assumption and
taking into account only linear terms associated
with control u1, and αr = 0 ⇒ u2 = δ2 = −β2,
the system dynamical equations can be written as
follows:































V̇x = Vyψ̇ −
K1

M
β1u1 +

K2

M
β2

2

V̇y = −Vxψ̇ +
K1

M
u1 −

K2

M
β2

ψ̈ =
L1K1

Iz

u1 +
L2K2

Iz

β2

(5)



3.2 Dynamic references generator block: flatness
property

The next proposition is the key concept the refer-
ence trajectory generation is based on.

Lemma 1. Total kinetic energy Ec of system (5)
is constant.

Proof. System’s kinetic energy can be written as
follows:

Ec =
1

2
M(V 2

x + V 2

y ) +
1

2
Izψ̇

2. (6)

Time derivative of Ec along the trajectories of
system (5), has the following form:

Ėc =− Vx(K1β1u1 −K2β
2

2
) + Vy(K1u1 −K2β2)+

+ ψ̇(K1L1u1 +K2L2β2).

If β1 and β2 expressions (3) are introduced on
the above expression, then Ėc = 0 ⇒ Ec(t) =
E0

c , ∀t ∈ [t0, tf ] where E0

c denotes the initial ki-
netic energy. ¥

Since longitudinal velocity can always be ex-
pressed in fonction of Vy and ψ̇ by means of
algebraic equations, the next proposition easily
follows:

Proposition 1. The system (5) is differentially flat
and its flat outputs are lateral velocity Vy and yaw

rate ψ̇.

Thanks to the property proved in lemma 1, longi-
tudinal velocity can be expressed as an algebraic
function of the two other state vector variables
(Vy and ψ̇):

Vx = f(Vy, ψ̇, Ec0) =

√

√

√

√

2Ec0 −

(

MV 2
y + Izψ̇2

)

M
(7)

This special circumstance will force the considered
control system to be completely defined in the
two dimensional manifold M defined by the pair
(Vy, ψ̇). Hence, system (5) is made of the vector
fields:

f =









−Vxψ̇ −
K2

M
β2

K2L2

Iz
β2









, g =









K1

M

K1L1

Iz









(8)

As it was proved in (Villagra et al., 2006), a
feedback linearizable control exists by means of
the following diffeomorphic transformation:

z = Φ(x) =

(

h(x)
Lfh(x)

)

=





MVy −
Iz

L1
ψ̇

−MVxψ̇ −K2β2(1 +
L2

L1
)





(9)

The linearized form of the original system can be
written, after application of (18), as follows:
{

ż1 = z2
ż2 = L2

fh(Φ
−1(z)) + LgLfh(Φ

−1(z))u
(10)

As h = z1 and ż1 = z2, then ḧ = ż2 and,
consequently, the resultant open-loop control is:

u(x) = LgLfh(x)
−1

(

−L2

fh(x) + ḧref (x)
)

(11)

4. THE FEEDBACK STRATEGY: SDRE

4.1 The State Dependent Riccati Equation (SDRE)
method

The state-dependent Riccati equation (SDRE) ap-
proach relies on representing the nonlinear system
dynamics in a manner to group linear dynamics,
but with state dependent coefficient matrices.

An input affine system is considered:

ẋ = f(x) + g(x)u (12)

where x ∈ R
n, u ∈ R

m, and f(0) = 0. The
regulation problem is to find the control u(t) that
minimizes:

J =

∫

∞

0

(

x
TQ(x)x+ u

TR(x)u
)

dt (13)

where Q(x) ≥ 0, R(x) > 0 and the functions f ,
g, Q, and R are considered continuously differ-
entiable. The Hamilton-Jacobi partial differential
equation has been the traditional tool to solve this
optimal control problem. However, the difficulty
of its resolution motivated the SDRE utilisation,
which is based on the LQR problem and yields a
suboptimal control law.

The nonlinear system is represented in state-
dependent coefficient form as follows:

ẋ = A(x)x+B(x)u (14)

where f(x) = A(x)x, B(x) = g(x), and A(x) is
continuously differentiable. We note that f con-
tinuously differentiable and f(0) = 0 ensures the
existence of a representation in state-dependent
coefficient form. We assume that (A(x), B(x)) is
stabilizable ∀x and (A(x), Q1/2(x)) is detectable
∀x.

In the same manner as a standard Linear Quadratic
Regulator, the following state feedback law is
used:

U(x) = −R−l(x)BT (x)Px (15)

where P is the positive semidefinite solution of the
State- Dependent Riccati Equation (SDRE):

ATP (x)+PA(x)−PB(x)R−1BT (x)P+Q(x) = 0
(16)



The SDRE is compactly written as H(x, P ) :=
A(x)T P+P A(x)−P B(x)R−1(x)BT (x)P+Q(x).
According to (Cloutier, 1997), there exists a con-
tinuously differentiable function, P (x), such that
for all x ∈ Rn, H(x, P (x)) = 0, P (x) ≥ 0
and A(x)−B(x)R−1(x)BT (x)P is Hurwitz (the
SDRE control law is then pointwise stabilizing).

We also note that the state-dependent coefficient
representation is not unique. In fact, there is an
infinite number of ways to represent the system
in this form (Cloutier, 1997). Several authors
((Cloutier and Stansbery, 2002), (Erdem, 2001))
have shown their interest to this open problem
and they have found some heuristics to obtain
a good system’s representation . Following their
recommendations and after several tests, the most
performant parametrization for our application
seemed to be:

A(x) =







−K2

MVx

L2K2

MVx
− Vx

L2K2

IzVx
− ψ̇

L2
2
K2

IzVx
+ Vy







, B(x) =







K1

M

K1L1

Iz







(17)

As the closed-loop form control given by (15)
needs the solution of (16), both matrices Q and
R defining (13) have to be specified. The main
difficulty in that choice is to find the link between
tracking the state references (Vy and ψ̇) and track-
ing the target path. A sensitivity analysis is there-
fore developed in order to find the most perfor-
mant matrices parametrization. In fact, contrarily
to classical LQR theory, not only scalar parame-
ters are allowed; an eventual state parametriza-
tion as follows could be imagined:

Q(x) =

(

q1(x) 0
0 q2(x)

)

;R(x) = r(x) (18)

4.2 Dynamic inversion

In order to reduce the optimal gains space re-
search, and as (Shankar, 2004) suggested in his
PhD work, a combination between SDRE and
dynamic inversion has been implemented.

In this application, the dynamic inversion con-
trol will help in identifying the system dynamics.
Thus, if the system (12) is considered, it follows
that the control law guaranteeing a state dynamic
defined by ẋdes will be:

u = g(x)−1(ẋdes − f(x)) (19)

which, when the system is reparametrized as (14),
becomes:

u = B−1(ẋdes −A(x)x) (20)

When the number of states is greater than the
number of control variables, a pseudoinverse of the
control effectiveness matrix can be represented as:

B† = (BT B)−1BT (21)

Thus, if (21) is introduced in (20), the following
control expression is obtained.

u = −(BT B)−1BT (A(x)−Ades(x))x (22)

When equation (22) is compared with (15), the
next relationships can be written:

R = BT B , P (x) = A(x)−Ades(x) (23)

To sum up, the same control law will be used,
but R(x) will be tuned in function of the system
(R = BT B). Consequently, it only remains to
determine the matrix Q.

5. PARAMETRIC SENSITIVITY ANALYSIS

Both direct and indirect (adjoint) sensitivity tech-
niques have been used in order to find the optimal
choice of control constant parameters kqi

.

An approximate statistical first moment sensiti-
vity approach will be used to have an initial
idea of each parameter’s potential. Afterwards,
adjoints sensitivity will be applied to the system
to retrieve a more performant gains matrix Q

parametrization.

5.1 Direct sensitivity

The sensitivity equations for the following differential-
algebraic equation (DAE):

F (t, ẋ(t),x(t),z(t), p) = 0

G(t,x(t),z(t), p) = 0

x(0) = h(p) (24)

can be expressed as follows:

∂F

∂ẋ
ṡx +

∂F

∂x
sx +

∂F

∂z
sz +

∂F

∂p
= 0

∂G

∂x
sx +

∂G

∂z
sz +

∂G

∂p
= 0

sx(0) = 0 (25)

where sx = ∂x
∂p

and sz = ∂z
∂p

are the sensitivity
variables.

The first information we can obtain from the
previous equation is a very good estimator of each
parameter potential. Thus, according to (Putko et

al., 2004), parametrical uncertainty propagation
can be evaluated by means of the following idea.

The most direct (but also the most expensive) way
to obtain the variability of a parametrical function
is to use the classical Monte Carlo method. Thus,
a probability normal distribution N ∼ (µ, σ) can



be obtained by computing successively criteria
J(pi) for each parameter value pi:

µ = J̄(p) =
1

N

N
∑

i=1

J(pi), σ2 =

∑

N

i=1

(

J(pi)− J̄(p)
)

2

N − 1

Another much cheaper solution is possible: the
calculation of a first order Taylor series develop-
ment expanded around the mean value p̄ of the
input parameters:

J(p) = J(p̄) +

N
∑

i=1

∂J

∂pi

(pi − p̄i) (26)

A probability normal distribution for the criteria
can be then obtained as follows:

µ = J̄(p) = J(p̄), σ2 =

N
∑

i=1

(

∂J

∂pi

σpi

)2

where σpi
are the standard deviations of each

parameter pi.
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Fig. 3. Criteria variability for parameters normal
distributions Nkq1 ∼ (5·106, 900) and Nkq2 ∼
(5 · 105, 300) .

Since the criteria J corresponds to our second
state variable (the vertical movement y), equa-
tions (26) and (25) can be used to evaluate the
criteria’s variance. Hence, if a 3σp variance is con-
sidered for a parameter, the criteria variation will
be correctly defined to the first order for 99.99%
of the cases. To illustrate this, the reference or-
dinate, the mean criteria values, and its maximal
variability with respect to parameters q1 = kq1

and q2 = kq2 have been displayed in figure 3. It
turns out that almost all the reference curve is in
the criteria variation area, which is a very good
potential indicator of gains skills.

5.2 Adjoint Sensitivity

The adjoint system for the previous DAE (equa-
tion 24) with respect to the criteria

J(x, p) =

∫ T

0

g(x, t, p)dt (27)

is, according to (Cao et al., 2003), given by:

d
(

λ
∂F
∂ẋ

)

dt
− λ

∂F

∂x
= −

∂g

∂x
(28)

The adjoint system is solved backwards in time.
For index-0 and index-1 DAE systems, the initial
conditions for (28) are taken to be λ∂F

∂x
|t=T = 0,

and the sensitivities of G(x, p) with respect to the
parameters p are given by

dJ

dp
=

∫ T

0

(

∂g

∂p
− λ

∂F

∂p

)

dt+

(

λ
∂F

∂x

∂h

∂p

)∣

∣

∣

∣

t=0

(29)
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Fig. 4. Sensitivity time-state decomposition for

criteria J =
∫ T

0
(y(t)− yref (t)) dt and pa-

rameters kq1 (up) and kq2 (down) .

The expression given in (29) has been applied to
a 12 degrees of freedom (the 6 chassis DOF move-
ments and their correspondent speeds) index-1
DAE. The system analyzed is a very realistic
vehicle simulator which includes the Pacejka tire
model (Pacejka and Baker, 1991) and a complete
drivetrain model.

The criteria evaluated tries to measure the global
tracking error with respect to the geometric refer-
ence

J =

∫ T

0

(y(t)− yref (t)) dt (30)

Figures 4 show that both lateral speed and yaw
rate are the most influencing state variables on



parametric sensitivities. Since relative weight of
both output variables (Vy and ψ̇) is not constant
neither easily quantifiable (their variation can not
easily be written as an analytical function of Vy

and ψ̇ variations), the next parametrization of Q

has been chosen:

Q(x) =















kq1 |ψ̇|
(

V 2
y + ψ̇2

)1/2
0

0
kq2 |Vy|

(

V 2
y + ψ̇2

)1/2















6. SIMULATION RESULTS

An obstacle-avoiding situation is presented in the
next figure. The car at the left is rolling at 18
ms−1 when it finds in its road lane another vehi-
cle. A path planner (Villagra and Mounier, 2005)
will generate the geometric path to be tracked
(red curve). As it can be appreciated in the figure
and table below, there is a remarkable difference
between the adaptive gains approach, the SDRE
control law with constant qi (blue) and the control
coming from the previous parametrization. For all
three methods, the optimal parameter research
has been done using SQP methods.
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Method Criteria value

adaptive gains (not SDRE) 412.23

SDRE (constant criteria) 125.03

SDRE (state dependent criteria) 95.12

7. CONCLUSION AND FUTURE WORK

A new path-tracking steering control strategy has
been presented. It makes use of a State Depen-
dent Riccati Equation controller to improve the
feedforward control performances. The main con-
tribution of this work is, on one hand, the use of
dynamic inversion on SDRE controllers for auto-
mobile application, and on the other hand, the
sensitivity-based choice of the controller gains. A

more systematic study between sensitivity rela-
tive weights and criteria parametrizations will be
developed in a future work.
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Abstract

This paper offers the nonlinear optimal control methodology to design the waveforms current in a switched
reluctance motor. We suppose two functional cost, to maximize the torque and to minimize the electrical losses.
This problem is formulated into a multiobjective optimization task with certain constraints. At first, we search a
precise model for flux linkage modeling, then the Pontryagin’s principle is applied. The optimality system obtained
is solved with the shooting technique for numerical solution.

1 Introduction

High-speed Machining are receiving increased attention
these last years. The switched reluctance motors (SRM)
have been an ideal candidate for many industrial appli-
cations. The major advantages of SRM are simple con-
struction, ability of extremely high torque output, the
fault tolerance capability and wide speed range. In order
to make SRM technology a viable commercial competi-
tor among adjustable High-speed Machining, one needs
to enhance the compactness, reliability, efficiency, ro-
bustness of its performances at low manufacturing cost.
These factors need to develop the optimal control for
all the operating range of these motors. In this paper,
we are interested by the optimal design forms of feeding
phase current in order to obtain greater output energy
and lower losses. We begin by the flux linkage modeling.
This problem is complex because the fluxes in the SRM
are different in each part of the motor and have a non-
linear behavior[7]. Several models were proposed to de-
termine the flux-linkage dependence upon rotor displace-
ment angle term and stator winding current. They may
be classified in three categories. Analytical models[3][11],
models using an equivalent magnetic circuit[7], graphi-
cal models based on FEM and artificial neural networks
models [12]. In analytical models, the flux linkage is a
nonlinear function, and we identify their coefficients by
least square minimization from measured data. The sec-
ond models are used for confirmation the measurement
data and for prediction of dynamic performance. In third
models, flux data of only certain rotor positions are used
from the measurements, then fuzzy reasoning is applied
to construct fluxes curves for the intermediate positions.
In this paper, an analytical model based on Fourier series
with respect to rotor position such that the coefficients
of this series are polynomial on current. This scheme has
reasonable accuracy, efficiency, and quickly leads to the
results
In second section, the problem was formulated to max-
imize the output energy in motoring mode. We deal
with a problem of design which requires the simultane-

ous optimization of more than one objective function. It
is almost natural to propose a combination of all the
objectives into a single one using either an addition,
multiplication or any other combination of arithmeti-
cal operations that we could devise. This method has
the important advantage of being very easy to imple-
ment, aside from being extremely efficient computation-
ally speaking[5].
This paper adresses the development of nonlinear opti-
mal control theory and its numerical implementation for
a switched reluctance motor. Indeed, in [9] the authors
search to maximize the output torque by modeling flux
linkage with one curve at the unaligned position, and
with two curves at aligned position, while[14] and [8] pro-
pose an algorithm to determine the desired current for
given desired torque. On the other hand [1] and [2] deal
with the current design to minimize the torque ripple.
In our research, we incorporate the phase current equa-
tion as constraint in objective minimization cost, thus
the maximum principle has been applied. The Hamil-
ton’s equation obtained is linear with respect to optimal
control u which leads to a bang-bang control. By us-
ing the shooting techniques, based on the Gauss-Newton
algorithm, we find the switching times of bang-bang tra-
jectory. In the results simulation, we separate the case
where final time is fixed and final time is free in order to
choose the better strategy.

Figure 1: 6/2 Switched reluctance motor structure
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2 Formulation of the Problem

The presented method is applied for the switched re-
luctance motor 6/2 structure (Figure 1). Assuming no
magnetic coupling between phases, the electrical equa-
tion for each phase is given by the following equation:

uj = Rij +
dΨj

dt
(1)

where uj is the stator voltage, ij is the current of the
phase j = 1, 2, 3. The parameter R is the stator resis-
tance and Ψj presents the flux linkage in the machine.
The magnetic nonlinearities of SRM can be taken into
account by appropriate modeling of the nonlinear flux-
current-angle (Ψ− i− θ) characteristics of the machine,
then the electrical equation (1) can be written as follows:

uj = Rij +
∂Ψj

∂i

dij

dt
+
∂Ψj

∂θ

dθ

dt
(2)

We denote dθ
dt

= Ω the velocity of the rotor, which will
be constant later. So, To analyze, design an simulate of
current feeding of SRM, it is necessary to have a precise
model for the flux linkage, that we will develop in the
next section.

2.1 Flux Linkage Modeling

The flux linkage is a nonlinear function of the rotor posi-
tion and the stator phase current, Direct real-time mea-
surement of this value is complex. The unique way to
achieve it consists to measure the inductance and using
the following relationship:

Ψ(θ, i) = L(θ, i) · i (3)

In our research team, C. Visa obtained 80 measures of
inductance from the prototype motor[13]. We make the
most of this data in order to achieve our model. But
let us before to indicate some properties of behavior of
the inductance in SRM. It is a periodic function of the
rotor positions and a pair function of the current phases.
Then we propose a model based on Fourier series with
respect to rotor position such that the coefficients of this
series are polynomial on current as following:

L(θ, i) =
8

X

j=0

k=3
X

k=0

ak,ji
2k cosj(2θ) (4)

The numerical values of this model are obtained with the
least-square optimization techniques (See Table 1). The
error variance estimated is 4.38E-5.

a0,j a1,j a2,j a3,j

j = 0 2.81E-3 -7.26E-6 3.58E-7 -6.76E-9

j = 1 8.03E-4 1.19E-5 -8.91E-7 2.23E-8

j = 2 9.49E-4 -4.69E-5 2.83E-6 -6.71E-8

j = 3 1.33E-4 9.32E-5 -6.31E-6 1.54E-7

j = 4 1.12E-3 2.84E-4 -1.75E-5 4.16E-7

j = 5 3.10E-3 -1.90E-4 1.40E-5 -3.61E-7

j = 6 1.22E-3 -4.86E-4 3.03E-5 -7.22E-7

j = 7 −9.68E-4 4.94E-5 -6.87E-6 2.14E-7

j = 8 -4.40E-4 1.99E-4 -1.46E-5 3.78E-7

Table 1 :The flux model coefficients

Now, the continuous model for the flux linkage is readily
possible, (see Figure 2 and Figure 3)
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2.2 The Problem

The motor working over one phase current is described in
plane (Ψ, i), (see Figure 4). The area W represents the
energy converted into mechanical energy for each supply
cycle[10]. If the region W is on the left when traveling
around Γ, then area of W can be computed using the
formula of the Green’s Theorem[6]:

J1 =
1

2

Z θf

θ0

„

i
dΨ

dθ
−Ψ

di

dθ

«

dθ (5)

Our aim is to maximize the mechanical energy-
conversion (the first functional cost J1) while minimizing
the electrical losses represented by J2 in order to achieve
a lower working temperature.Then we consider the sec-
ond functional cost:

J2 =

Z tf

t0

Ri
2
dt =

1

Ω

Z θf

θ0

Ri
2
dθ (6)

where R is the resistance of a stator phase and Ω is the
velocity of the rotor. The optimisation problem can also
be expressed as following:
8

>

>

>

>

<

>

>

>

>

:

maximize J1(i, u) =
1

2

R θf

θ0

`

i dΨ
dθ

−Ψ di
dθ

´

dθ

minimize J2(i, u) =
1

Ω

R θf

θ0
R i2 dθ

di
dθ
= 1

Ω

`

∂Ψ
∂i

´

−1 `

u − R i − ∂Ψ
∂θ
Ω
´

,

i(θ0) = i(θf ) = 0

(7)

We have a multi-objective optimization problem, many
of these problems are frequently treated as single-
objective optimization problems by transforming all to
one objective into constraints. This method takes the
second objective function and multiplies it by a "weight-
ing coefficient" which is represented by µ. The modified
function are then added together to obtain a single func-
tional cost.
8

<

:

min Jµ(i, u) =
R θf

θ0

ˆ

− 1

2

`

iΨθ −Ψ di
dθ

´

+ µR

Ω
i2
˜

dθ
di
dθ
= 1

Ω
(Ψi)

−1 (u − R i −ΨθΩ) ,
i(θ0) = i(θf ) = 0

(8)

Where Ψi =
∂Ψ
∂i

, and Ψθ =
∂Ψ
∂θ

.

2.3 Systems Governed by Ordinary

Differential Equations

We investigate the optimal control problem of determin-
ing a trajectory i(.) solution of (8), associated to a con-
trol u on [θ0; θf ], so that i(θ0) = 0, i(θf ) = 0, and mini-
mizing the functional cost Jµ.
The well known Pontryagin maximum principle [4] as-
serts that, if the trajectory i(.), associated to a control u,
is optimal on [θ0; θf ], then there exists a nonpositive real
number λ and an absolutely continuous mapping p(.) on
[θ0; θf ], called adjoint vector, satisfying (p(.), λ) 66= (0, 0),
such that there holds

di

dθ
=

∂H

∂p
(i, p, u, λ) (9)

dp

dθ
= −

∂H

∂i
(i, p, u, λ) (10)

H(i, p, u, λ) = max
v

H(i, p, v, λ) (11)

whereH is the Hamiltonian of the system. Its expression
is described the following:

H(i, p, u, λ) = λ
`

− 1

2
iΨθ +

µ

Ω
Ri2
´

+ 1

ΩΨi

`

p − λ
2
(iΨi −Ψ)

´

(u − Ri −ΨiΩ)
(12)

In this case, H is written as

H(p, λ, i, u) = Xλ(i, p) + uYλ(i, p)

then it is linear with respect to u, therefore the maximum
of H atteind with a "bang-bang" control law which takes
two values of border of u, that is to say u = ±Umax. So
the optimal control law is expressed as:

u = sign



1

ΩΨi

»

p −
λ

2

“

iΨi −Ψ
”

–ff

Umax

= sign



p −
λ

2

“

iΨi −Ψ
”

ff

Umax (13)

Because the function Ψi is positive.

3 Simulation Results for High

Speed (Ω = 200000 rpm)

We have a two boundary value problem (BVP)



ẏ(t) = F (t, y(t)),
R(y(t0), y(tf )) = 0.

(14)

Denoted by y(t, y0) the solution of the Cauchy problem

ẏ(t) = F (t, y(t)), y(0) = y0,

and set G(y0) = R(y0, y(tf , y0)). The two boundary
value problem (14) is then equivalent to

G(y0) = 0,

that is, one should determine a zero of the function G.
In this example, y = (i, p), and

G(p0) = if

where p0 is the initial condition of the adjoint vector p
and if represent final current phase value. It is conve-
nient to use the line-search version of the Gauss-Newton
algorithm, the search direction dk from the current iter-
ate satisfying
„

DG(xk)
T
DG(xk)

«

dk = −DG(xk)
T
G(xk) (15)

Any solution of (15) is a descent direction, since

dk∇r(xk) = −||DG(xk)dk||22 < 0

Gauss-Newton codes perform a line search along the
direction to obtain the new iterate. The suitability of a
candidate’s step length can be determined.

The easy case to solve the optimality system (9−11)
is to assume that θf is fixed and one commutation for
the optimal control u (see Figure 6):

u = Umax on [θ0, θc] and u = −Umax on [θc, θf ]
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In this simulation, we fixed λ = −1, the resistance of
the stator R = 2.2 (Ω : Ohm). We search to find the
switching rotor position angle θc. It is the intersection
of the solution of the current equation (9) on [θ0, θf ]
with u = Umax, and the solution of the same equation
but with u = −Umax by staring from the final rotor po-
sition θf to θ0 (Figure 5). The energy-conversion loop so
obtained is presented in Figure 7, it do not provided a
satisfactory result in view of the constraint of final rotor
position must be fixed.
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Figure 5: Optimal phase current trajectory: final
rotor position is fixed
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Figure 6: Bang-bang control: final rotor position fixed
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Figure 7: Energy-conversion loop: final rotor position
fixed

Now we are interested in the case where the final rotor
position is free. We thus increase the dimension of the

state by considering the additional equation
dθf

dθ
= 0, and

we consider the transversality condition on the Hamilto-
nian vector. The choice of the initial condition value p0
plays a significant role for the convergence of the algo-
rithm, thus it is recommended to tested the previous al-
gorithm for several values of p0. It’s not so easy to realize
the stability of algorithm scheme, that is due of discon-
tinuity of the control law u. The simulation parameters
change brutally, that is complicate the research of switch-
ing point by the algorithm. We can avoid this problem by
initializing another initial condition of switching point,
then two zeros of the optimality system (9 − 11). The
figure 8 illustrates the bang bang control in this case. On
the other hand, the Figure 10 describes the conversion-
energy loop simulated for Ω = 200000 rpm. We observe
significant area improvement compared to fixed final ro-
tor position (See also Figure 7). The free rotor position
strategy allow us to earn too of mechanical energy con-
verted and exploit the performance of this machine. In
addition we have the advantage of lower working tem-
perature. Thus, the following ratio provides the output
of SRM is:

ρ =
P1

P2

where

P1 =
J1Ω

θf − θ0
, and P2 =

J2Ω

θf − θ0
.

The values ρ, P1, and P2 denote respectively the Out-
put power of the SRM, the average mechanical power,
and the average electrical losses power. In Figure 11,
we present the power assessment values simulated. The
output power is ρ1 = 97.6% in the case where the final
rotor position is free. While in the case where the final
rotor position is fixed, the output power is ρ2 = 90% .
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Figure 8: Optimal control u: Final rotor position is
free
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Figure 9: Optimal trajectory current phase: final
rotor position is free
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Figure 10: Energy-conversion loop: final rotor
position is free

Figure 11: Simulation results of the power assessment

4 Conclusion

This paper addressed to design of the current waveforms
of switched reluctance motor in order to maximize the
mechanical energy converted and to minimize the work-
ing temperature. The suggested strategy is based on
the nonlinear optimal control theory and develop an ef-
ficient numerical solution with shooting techniques. So
the mathematical formulation of the energy conversion
loop by Green formula allow us to avoid the approxi-
mation procedure, as well as the performance of the pre-
sented method coming from the analytic nonlinear model
of flux linkage and the multi-objective techniques. The
simulation results provide the maximum output power in
the case were the final rotor position is free: ρ = 97.6%.
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Abstract: We report on some recent results obtained by the authors concerning robust

hybrid stabilization of control systems. In (Prieur and Trélat, 2005a), we state a result of

semi-global minimal time robust stabilization for analytic control systems with controls

entering linearly, by means of a hybrid state feedback law, under the main assumption

of the absence of minimal time singular trajectories. In (Prieur and Trélat, 2005c), we

investigate the Martinet case, which is a model case in IR3 where singular minimizers

appear, and show that such a stabilization result still holds. Namely, in both cases, we

prove that the solutions of the closed-loop system converge to the origin in quasi minimal

time (for a given bound on the controller) with a robustness property with respect to small

measurement noise, external disturbances and actuator errors.Copyright c
M

2006 IFAC

Keywords: Hybrid modes, Robust stabilizability, Measurement noise, System noise,

Disturbance, Actuators, Optimal control, Singular control, Geometrical theory.

1. INTRODUCTION

Let m and n be two positive integers. Consider on IRn

the driftless control-affine system

ẋ N t OCP m

∑
i Q 1ui N t O fi N x N t O�O@R (1)

where f1 RTSTSUSVR fm are analytic vector fields on IRn, and
where the control function u NXWYOZP[N u1 N�WYO@RUSTSTS\R um N�WYO�O
satisfies the constraint

m

∑
i Q 1ui N t O 2 ] 1 S (2)

The system (1), together with the constraint (2), is said

to be globally asymptotically stabilizable at the origin

if, for each point x ^ IRn, there exists a control law
satisfying the constraint (2) such that the solution of

(1), associated to this control law and starting from x,

tends to 0 as t tends to _ ∞.

Brockett’s condition (Brockett, 1983, Theorem 1,

(iii)), implies that, if m ` n, then there does not ex-

ist any continuous stabilizing feedback law for (1).

This fact has generated a wide-ranging research on

the asymptotic stabilization problem, and there exists

a huge literature on this specific problem. Several con-

trol laws have been derived for such control systems

(see for instance (Kolmanovsky and McClamroch,

1995; Astolfi, 1998) and references therein). The ro-

bust asymptotic stabilization problem is under current

and active research. Many notions of controllers have

been introduced for such issues: discontinuous sam-

pling feedbacks (Clarke et al., 2000; Sontag, 1999a),

time varying control laws (Coron, 1992; M’Closkey

and Murray, 1997; Morin and Samson, 2003), patchy

feedbacks (as in (Ancona and Bressan, 2002)), ...,

enjoying different robustness properties depending on

the errors under consideration.

We consider here feedback laws having both dis-

crete and continuous components, generating closed-



loop systems with hybrid terms (see for instance

(Bensoussan andMenaldi, 1997; Tavernini, 1987)). To

construct such feedbacks, one has to define a switch-

ing strategy between several smooth control laws de-

fined on a partition of the state space. Many results

on the stabilization problem of nonlinear systems by

means of hybrid controllers have been recently es-

tablished (see for instance (Branicky, 1998; Goebel

and Teel, 2005; Goebel et al., 2004; Liberzon, 2003)).

The notion of solution, connected with the robustness

problem, is by now well defined in the hybrid context

(see (Goebel and Teel, 2005; Prieur and Astolfi, 2003)

among others).

Our strategy consists in combining a minimal time

controller, which is smooth on a part of the state space,

and other controllers defined on the complement of

this part. We then define a switching strategy between

all control laws, yielding a quasi minimal time hybrid

controller, enjoying a robustness property with respect

to small measurement noise, actuator errors and exter-

nal disturbances.

The strategy goes in two steps. At first, we consider

the minimal time problem for the system (1), (2), of

steering a point x a IRn to the origin. This problem
is solvable as soon as Hörmander’s condition holds

for b f1 cTdTdTdec fm f , although one is unable in general
to compute explicitly the time optimal controllers.

Hence, the regularity of optimal feedback laws is in

question. For the system (1), the minimal time prob-

lem under the constraint (2) is equivalent to the sub-

Riemannian problem associated to the m-tuple of vec-

tor fields b f1 cTdTdTd\c fm f ; in these conditions, the mini-
mal time function to the origin is equal to the sub-

Riemannian distance to the origin. The analytic reg-

ularity of the sub-Riemannian distance appears to be

related to the existence of singular minimizing trajec-

tories (see (Agrachev, 1998)). Namely, if there does

not exist any nontrivial singular minimizing trajectory

starting from the origin, then the sub-Riemannian dis-

tance to the origin is subanalytic outside the origin. In

particular, this function is analytic outside a stratified

submanifold g of IRn, of codimension greater than or
equal to 1 (see (Tamm, 1981)). As a consequence,

outside this submanifold, it is possible to provide an

analytic time optimal feedback controller for the sys-

tem (1) with the constraint (2).

Here, the analytic context is used so as to ensure

stratification properties, which do not hold a priori if

the system is smooth only. These properties are related

to the notion of o-minimal category (see (van den

Dries and Miller, 1996)).

The second step consists in achieving a minimal time

robust stabilization procedure, using a hybrid feed-

back law, by defining a suitable switching strategy (us-

ing an hysteresis) between this minimal time feedback

controller and other controllers defined on a neighbor-

hood of g .

Note that, in (Prieur and Trélat, 2005b), this program

was achieved on the so-called Brockett system, for

which n h 3, m h 2, and, denoting x hib x1 c x2 c x3 f ,
f1 h ∂

∂x1 j x2
∂

∂x3
c f2 h ∂

∂x2 k x1
∂

∂x3
d (3)

In this case, there does not exist any nontrivial singular

trajectory, and the manifold g coincides with the axisb 0x3 f . A simple explicit hybrid strategy was described.
In (Prieur and Trélat, 2005a), a general result was de-

rived, that requires a countable number of components

in the definition of the hysteresis hybrid feedback law.

In (Prieur and Trélat, 2005c), we investigate the so-

calledMartinet system in IR3,

ẋ h u1 f1 b x f j u2 f2 b x f@c (4)

where, denoting x hlb x1 c x2 c x3 f ,
f1 h ∂

∂x1 j x22
2

∂

∂x3
c f2 h ∂

∂x2
c (5)

and the control function u hlb u1 c u2 f satisfies the con-
straint

u21 j u22 m 1 d (6)

This is a well known case in IR3 for which there

exist singular minimizing trajectories. However, the

previous procedure can be applied, for two main rea-

sons. First, the minimal time function can be proved

to belong to the log-exp class (see (van den Dries

et al., 1994)), which is a o-minimal extension of the

subanalytic class, and thus, its singular set g is a strati-
fied submanifold of codimension greater than or equal

to one. This stratification property allows to define a

switching strategy near the manifold g . Second, the
set of extremities of singular trajectories is small ing , and invariance properties for the optimal flow thus
still hold in IR3 n g . In general, however, this fact is far
from being true.

2. PRELIMINARIES

2.1 The minimal time problem

Consider the minimal time problem for the system (1)

with the constraint (2). Since Hörmander’s condition

holds for b f1 cTdTdTd\c fm f , any two points of IRn can be
joined by a minimal time trajectory of (1), (2). Denote

by T b x f the minimal time needed to steer the system
(1) with the constraint (2) from a point x a IRn to the
origin 0 of IRn.

For T o 0, let p T denote the (open) subset of u b�q f in
L∞ bXr 0 c T s c IRm f such that the solution of (1), starting



from 0 and associated to a control u t�uYvxwzy T , is well
defined on { 0 | T } . The mapping

ET : y T ~7� IRn

u t�uYv��~7� x t T v@|
which to a control u tXu v associates the end-point x t T v
of the corresponding solution x t�uYv of (1) starting at 0,
is called end-point mapping at time T ; it is a smooth

mapping.

A trajectory x t�uYv of (1), with x t 0 v�� 0, is said singular

on { 0 | T } if its associated control u t�uYv is a singular

point of the end-point mapping ET (i.e., if the Fréchet

derivative of ET at u t�uYv is not onto). In that case, the
control u t�uYv is said to be singular.
2.2 Class of controllers and notion of hybrid solution

In this section, we recall the general setting for hy-

brid systems. Let f : IRn � IRm � IRn be defined by

f t x | u v�� ∑mi � 1ui fi t x v@� The system (1) writes

ẋ t t v�� f t x t t v@| u t t v�v@� (7)

The controllers under consideration depend on the

continuous state x w IRn and also on a discrete variable

sd w�� , where � is a nonempty finite subset of IN.

A hybrid feedback is a 4-tuple t C | D | k | kd v , where� C and D are subsets of IRn � � ;� k : IRn � � � IRm is a function;� kd : IRn � � � � is a function.

The setsC andD are respectively called the controlled

continuous evolution set and the controlled discrete

evolution set.

We next recall the notion of robustness to small noise.

Consider two functions e and d satisfying the follow-

ing regularity assumptions:

e t�u�|TuYv-| d tXu�|Xu vCw L∞
loc t IRn � { 0 |L� ∞ v ; IRn v-|

e t�u�| t v-| d t�u�| t v�w C0 t IRn | IRn v@|�� t w�{ 0 |�� ∞ v@� (8)

We introduce these functions as a measurement noise

e and an external disturbance d. Below, define the

perturbed hybrid system ��� e � d � . The notion of solu-

tion of such hybrid perturbed systems has been well

studied in the literature (see e.g. (Bensoussan and

Menaldi, 1997; Branicky, 1998; Prieur, 2005; Prieur

and Astolfi, 2003; Tavernini, 1987)). Here, we recall

the notion of solution given in (Goebel and Teel, 2005;

Goebel et al., 2004).

Let S ��� J � 1j � 0 { t j | t j � 1} ��� j � , where J w IN � � � ∞ � andt x0 | s0 v�w IRn � � . The domain S is said to be a hybrid

time domain. A map t x | sd v : S � IRn � � is said to be

a solution of ��� e � d � with the initial condition t x0 | s0 v if� the map x is continuous on S;� for every j, 0 � j � J ~ 1, the map x : t wt t j | t j � 1 v��� x t t | j v is absolutely continuous;

� for every j, 0 � j � J ~ 1 and almost every t � 0,t t | j vCw S, we havet x t t | j v�� e t x t t | j v@| t v-| sd t t | j vXv�w C |
ẋ t t | j v � f t x t t v@| k t x t t | j v� e t x t t | j v@| t v@| sd t t | j v�vXv� d t x t t | j v@| t v@|

ṡd t t | j v�� 0;� for every t t | j v�w S, t t | j � 1 v¡w S, we havet x t t | j v�� e t x t t | j v-| t v@| sd t t | j vXv�w D |
x t t | j � 1 v¢� x t t | j v@|
sd t t | j � 1 vZ� kd t x t t | j v�� e t x t t | j v-| t v@|

sd t t | j vXv ;� t x t 0 | 0 v@| sd t 0 | 0 v�v��£t x0 | s0 v .
In this context, we next recall the concept of stabi-

lization of (7) by a minimal time hybrid feedback law

sharing a robustness propertywith respect to measure-

ment noise and external disturbances (see (Prieur and

Trélat, 2005b)). The usual Euclidean norm in IRn is

denoted by ¤Tu¥¤ . Recall that a function of class ¦ ∞ is

a function δ: { 0 |L� ∞ v � { 0 |L� ∞ v which is continuous,
increasing, satisfying δ t 0 v�� 0 and limR § � ∞ δ t R v��� ∞.

Let ρ : IRn � IR be a continuous function satisfying

ρ t x vx¨ 0 |�� x ©� 0 � (9)

We say that the completeness assumption for ρ holds

if, for all t e | d v satisfying the regularity assumptions
(8), and so that,

sup ª 0 � � ∞ � ¤ e t x |TuYv«¤@� ρ t x v-|
esssup ª 0 � � ∞ � ¤ d t x |TuYv«¤@� ρ t x v-|�� x w IRn | (10)

for every t x0 | s0 v/w IRn � � , there exists a maximal

solution on { 0 |L� ∞ v of ��� e � d � starting from t x0 | s0 v .
We say that the uniform finite time convergence prop-

erty holds if there exists a continuous function ρ :

IRn � IR satisfying (9), such that the completeness

assumption for ρ holds, and if there exists a function

δ : { 0 |L� ∞ v � { 0 |L� ∞ v of class ¦ ∞ such that, for ev-

ery R ¨ 0, there exists τ � τ t diam t R v�v¬¨ 0, for all

functions e | d satisfying the regularity assumptions (8)
and inequalities (10) for this function ρ, for every
x0 w B t 0 | R v , and every s0 w� , the maximal solutiont x | sd v of ��� e � d � starting from t x0 | s0 v satisfies¤ x t t | j v«¤@� δ t R v@|�� t � 0 |t t | j v®w S |

x t t | j vC� 0 |¯� t � τ |°t t | j v�w S �
The point 0 is said to be a semi-global minimal time

hybrid robust stabilizable equilibrium for the system

(7) if, for every ε ¨ 0 and every compact subset K ±



IRn, there exists a hybrid feedback law ² C ³ D ³ k ³ kd ´
satisfying the constraintµ

k ² x ³ sd ´ µ¬¶ 1 ³ (11)

where

µ?·-µ
stands for the Euclidian norm in IRm, such

that:¸
the uniform finite time convergence property

holds;
¸

there exists a continuous function ρε ¹ K : IRn º IR

satisfying (9) for ρ » ρε ¹ K , such that, for every² x0 ³ s0 ´�¼ K ½¿¾ , all functions e ³ d satisfying the

regularity assumptions (8) and inequalities (10)

for ρ » ρε ¹ K , the maximal solution of À�Á e ¹ d Â start-

ing from ² x0 ³ s0 ´ reaches 0 within time T ² x0 ´ÄÃ ε,

where T ² x0 ´ denotes the minimal time to steer

the system (7) from x0 to 0, under the constraint
µ
u

µ�¶
1.

2.3 The subanalytic class and the log-exp class

In this section, we recall the definition of a subana-

lytic function, then the one of a log-exp function (see

(van den Dries et al., 1994)), and some properties that

are used in a crucial way in the proof of the following

main results.

Let M be a real analytic finite dimensional manifold.

A subset A ofM is said to be semi-analytic if and only

if, for every x ¼ M, there exists a neighborhoodU of x

inM and 2pq analytic functions gi j ³ hi j (1

¶
i

¶
p and

1

¶
j

¶
q), such that

A Å U » pÆ
i Ç 1 È y ¼ U É gi j ² y ´ » 0 and

hi j ² y ´�Ê 0 ³ j » 1 ËTËUË q Ì�Ë
Let SEM(M) denote the set of semi-analytic subsets

ofM. The image of a semi-analytic subset by a proper

analytic mapping is not in general semi-analytic, and

thus this class has to be enlarged.

A subset A of M is said to be subanalytic if and only

if, for every x ¼ M, there exist a neighborhood U of

x in M and 2p couples ² Φδ
i ³ Aδ
i ´ (1

¶
i

¶
p and δ »

1 ³ 2), where Aδ
i ¼ SEM ² Mδ

i ´ , and where the mappings

Φδ
i : Mδ

i
º M are proper analytic, for real analytic

manifoldsMδ
i , such that

A Å U » pÆ
i Ç 1

² Φ1
i ² A1
i ´�Í Φ2

i ² A2
i ´�´ Ë

Let SUB(M) denote the set of subanalytic subsets of

M.

The subanalytic class is closed by union, intersection,

complementary, inverse image by an analytic map-

ping, image by a proper analytic mapping. In brief, the

subanalytic class is o-minimal (see (van den Dries and

Miller, 1996)). Moreover subanalytic sets are stratifi-

able in the following sense. A stratum of a differen-

tiable manifold M is a locally closed sub-manifold of

M. A locally finite partition Î ofM is a stratification of

M if any S ¼ Î is a stratum such that, for every T ¼ Î ,

T Å ∂S Ï» /0 Ð T Ñ ∂S and dim T Ò dim S Ë
Finally, a mapping between two analytic manifolds

M and N is said to be subanalytic if its graph is a

subanalytic subset ofM ½ N .

The log-exp class, defined in (van den Dries et al.,

1994), is an extension of the subanalytic class with

functions log and exp, that shares the same properties

than the one of subanalytic sets (namely, it is a o-

minimal class). More precisely, a log-exp function is

defined by a finite composition of subanalytic func-

tions, of exponentials and logarithms; if g1 ³TËTËTË\³ gm, are

log-exp functions in IRn, and if F is a log-exp function

in IRm, then the composition F Ó�² g1 ³TËTËTËe³ gm ´ is a log-

exp function in IRn. A log-exp set is defined by a finite

number of equalities and inequalities using log-exp

functions.

LetM be an analytic manifold, and F be a subanalytic

(resp., log-exp) function on M. The analytic singular

support of F is defined as the complement of the set

of points x in M such that the restriction of F to some

neighborhood of x is analytic. The following property

is of great interest.

Proposition 2.1. (van den Dries et al., 1994; Tamm,

1981) The analytic singular support of F is subana-

lytic (resp., log-exp); thus, in particular, it is stratifi-

able. If F is moreover locally bounded onM, then it is

moreover of codimension greater than or equal to one.

3. THE MAIN RESULTS

3.1 In the absence of singular minimizers

The following theorem is the main result of (Prieur

and Trélat, 2005a).

Theorem 3.1. Assume that Hörmander’s condition holds.

If there exists no nontrivial minimal time singular tra-

jectory of (1), (2), starting from 0, then the origin is

a semi-global minimal time hybrid robust stabilizable

equilibrium for the system (1), under the constraint

(2).

3.2 In the presence of singular minimizers

In (Prieur and Trélat, 2005c), we prove the following

result.

Theorem 3.2. The origin is a semi-globally minimal

time robustly stabilizable equilibrium for the system

(4) with the constraint (6).



3.3 The idea of the proof

3.3.1. Regularity of the minimal time function First,

to derive Theorem 3.1, the following crucial remark is

due. Under the assumption of the absence of nontrivial

singular minimizing trajectory, the minimal time func-

tion T Ô x Õ to steer the system (1) from x to 0, under

the constraint (2), is subanalytic. The corresponding

minimal time feedback controller is continuous (even

analytic) on IRn Ö�× , where × is the set of points of IRn

at which T is not analytic. Since T is subanalytic, × is

a stratified submanifold of IRn, of codimension greater

than or equal to one.

To derive Theorem 3.2, we note the following fact. It

has been proved in (Bonnard et al., 1999) (see also

(Agrachev et al., 1997; Bonnard and Trélat, 2001))

that the minimal time function T Ô x Õ to steer the system

(4) from x to 0, under the constraint (6), belongs to the

log-exp class, and thus, is stratifiable. Note that it has

been proved in (Agrachev et al., 1997) that T is not

subanalytic.

3.3.2. The optimal controller Outside the singular

set × , the function T Ô�ØYÕ is analytic, and the minimal

time controllers steering a point x Ù IRn Ö¡× to 0 are

given by the closed-loop formula

ui Ô x ÕÚ£Û 1
2 Ü ∇ Ô T Ô x Õ 2 Õ-Ý fi Ô x Õ�Þ-Ý i Ú 1 ÝTßUßTß\Ý m ß

In the Martinet case, we get the more explicit expres-

sion

u1 Ô x Õ�ÚàÛ 1

2 á ∂T

∂x1 â x2
2

2

∂T

∂x3 ã Ý
u2 Ô x Õ�ÚàÛ 1

2

∂T

∂x2

ß
The smoothness of this optimal controller outside the

submanifold × ensures a robustness property of the

stability outside × . In the first case, T is subanalytic,

and in the second, T is log-exp. In both cases, the sin-

gular set × is a stratified submanifold, of codimension

greater than or equal to one. In a neighborhood of × , it

is therefore necessary to use other controllers, and to

define an adequate switching strategy. Notice that this

neighborhood can be chosen arbitrarily thin, and thus,

the time ε needed for its traversing is arbitrarily small.

Therefore, starting from an initial point x0, the time

needed to join 0, using this hybrid strategy, is equal

to T Ô x0 Õ â ε. The switching strategy is achieved by

adding a dynamical discrete variable sd and using a

hybrid feedback law.

3.3.3. The hybrid strategy The main fact consists in

constructing neighborhoods of × whose complements

share invariance properties for the optimal flow (see

(Prieur and Trélat, 2005a) for a general result on the

cut locus, and see (Prieur and Trélat, 2005c) for the

specific Martinet case).

The second component of the hysteresis then consists

of a set of controllers, defined in a neighborhood Ω

of × , such that every solution starting from Ω leaves

Ω in small time. This is possible using Hörmander’s

condition (see (Prieur and Trélat, 2005a) for details).

Then, a hybrid feedback law is constructed, using an

hysteresis. This is the most technical part.

3.3.4. Further comments The crucial fact used in

the proof relies on stratification properties of the min-

imal time function. This holds whenever the minimal

time function belongs to the subanalytic class, or to

the log-exp class. More generally, this holds in a o-

minimal class. For general analytic control systems of

the form (1), (2), in the absence of singular minimiz-

ing trajectory, the minimal time function to a point can

be proved to be subanalytic outside this point. In the

Martinet case, the minimal time function is not suban-

alytic, due to the presence of a singular minimizing

trajectory, however, it belongs to the log-exp class,

which is also o-minimal, and hence, is still stratifiable.

This situation extends to the so-called Martinet inte-

grable case (see (Bonnard et al., 1999)). In a neigh-

borhood of 0, a model of this latter case is given by

the two vector fields

f1 Ú g1 Ô x2 Õ á ∂

∂x1 â x2
2

2

∂

∂x3 ã Ý f2 Ú g2 Ô x2 Õ ∂

∂x2
Ý

where g1 and g2 are germs of analytic functions at

0 such that gi Ô 0 ÕZÚ 1. It is proved in (Bonnard et

al., 1999) that the minimal time function still belongs

to the log-exp class in this case. This is however no

longer true whenever the functions g1, g2 also depend

on x1 and x3. In this case, it is conjectured in (Bonnard

and Trélat, 2001) that the minimal time function does

not belong to the log-exp class. In this latter case,

a larger class is due for describing the regularity of

the minimal time function, but it is not clear if it is

possible to find an adapted o-minimal class.
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1. INTRODUCTION

The stabilization of infinite-dimensional linear
systems with control constraints has been stud-
ied extensively assuming complete observation.
Different approaches have been used and many
results have been obtained using the semigroup
formulation. Slemrod in (Slemrod, 1989) investi-
gates the problem for systems

ẋ(t) = Ax(t) + Bu(t); x(0) = x0 (1)

where A is the infinitesimal generator of a linear
C0-semigroup on a real Hilbert space, and the
control input is subject to the symmetrical con-
straints ‖ u(t) ‖≤ r for some fixed positive real
number r. In the single input case, he showed that
a saturated control law stabilizes globally asymp-

totically the system (1), under some conditions.
The main one is that A is the infinitesimal gen-
erator of a linear C0-semigroup of contractions.
In (Bounit and Hammouri, 1997) the authors
generalized the previous result under the same
conditions to the multi-input case. The stabilizing
state feedback they used is a smooth nonlinear
control law. Recently, in contrast to the previous
works, the paper (Achhab and Laabissi, 2002)
investigates the stabilization problem for systems
subject to nonsymmetrical control constraints.
Also, it is not assumed that the C0-semigroup
generated by A is of contractions. The main result
links the problem with the positive invariance of
an appropriate polyhedral set which is, in fact, a
stability domain for the closed loop system with
control constraints.
The stabilization problem for infinite-dimensional



linear systems has been also investigated assuming
only partial observations by using a compensator
concept. This has been done assuming that the
controls have not to satisfy any a priori constraint.
We refer the reader to the work of (Curtain and
Zwart, 1995) and the references therein. In order
to establish the existence of an identity observer,
the authors in (Gressang and Lamont, 1975) made
an assumption which means, roughly speaking,
that all unstable system behavior is restricted to
a finite dimensional subspace. Under this assump-
tion, the arbitrary pole placement property of
Lunberger observers has been extended to infinite-
dimensional systems. Recall that a compensator is
an auxiliary system based on the observations of
the initial system state and the control is then a
linear feedback on the compensator state.
This note is devoted to study the design of sta-
bilizing compensators of finite order for a class of
distributed parameter systems with control con-
straints. These constraints are justified by vari-
ous reasons including physical considerations and
technological limitations. The problem we shall
consider is a basic one: under which assumptions
do we have the existence of finite-order stabiliz-
ing compensator which is satisfying control con-
straints? In the literature, several research works
have been dedicated to investigate the problem for
finite-dimensional systems. Different approaches
have been used. Useful references are the pa-
pers (Tarbouriech and Burgat, 1995) for discrete-
time systems and (Mesquine and Mehdi, 1996)
for continuous-time systems. In the first one, it is
shown that the corresponding state feedback re-
sults cannot be directly extended to the composite
system including a full state observer. The second
one gives useful positive invariance conditions for
open-loop continuous-time systems with a forcing
term and then, using these conditions, develops
the design of an observer-based controller.
The sequel of the paper is organized as follows.
Section 2 deals with the problem statement. We
give some brief preliminary results and the basic
notations in section 3. Section 4 is concerned with
the conditions of the existence of a stabilizing
finite-dimensional compensator. In section 5, we
give the assumptions under which the compen-
sator state is satisfying control constraints and
we prove that the resulting compensator cannot
be simultaneously stabilizing and satisfying the
constraints. We present another alternative for
solving our problem in section 6. Indeed, we deter-
mine bounds on the error of observation in order
to have system controls in a polyhedral region of
constraints, which is taken as a set of admissible
initial states for the linear constrained control
system. The background of our approach is to be
found in (Curtain and Zwart, 1995).

2. PROBLEM STATEMENT

Consider the following linear continuous-time sys-
tem

{

ẋ(t) = Ax(t) +Bu(t)
y(t) = Cx(t)

(2)

where A is the infinitesimal generator of a strongly
continuous semigroup (TA(t))t≥0 on a real sepa-
rable Hilbert space Z. B ∈ L(IRm, Z) and C ∈
L(Z, Y ) , Y is the observation space. We assume
that the control vector belongs to a polyhedral
region Ω ⊂ IRm defined by

Ω = {u ∈ IRm / − q2 ≤ u ≤ q1} (3)

where q2 , q1 ∈ int(IR
m
+ ); int(IRm+ ) is the interior

of IRm+
Furthermore, we assume that the pairs (A,B) and
(C,A) are respectively exponentially stabilizable
and exponentially detectable (See (Curtain and
Zwart, 1995) ).

A fundamental question is under which assump-
tions do we have the existence of finite-order sta-
bilizing compensator which is satisfying control
constraints. Before investigating this question, let
us give the basic assumptions and notations and
recall some useful preliminary results.

3. NOTATIONS AND PRELIMINARY
RESULTS

Throughout this paper, the following notations
are used.
For a matrix H of IRm×m, let H1 and H2 be
the matrices of IRm×m whose components are
respectively given by:

h1
i,j =

{

hii if i = j
h+

ij if i 6= j
and h2

i,j =

{

0 if i = j
h−ij if i 6= j

where h+

ij = sup(hij , 0) and h−ij = sup(0,−hij)

and denote the IR2m matrix : H̃ =

(

H1 H2

H2 H1

)

For an operator A, Im(A); Ker(A) and R(λI −
A) denotes respectively the image; the kernel and
the resolvent of A, while I denotes the identity
operator. For a subspace W of IRm, dim(W ) de-
notes the dimension of W . xt denotes the trans-
posed vector of x

Let us consider the related system:
{

ż(t) = Fz(t) +Bu(t) +Gy(t)
z0 ∈ D(F )

(4)

where F is the infinitesimal generator of a strongly
continuous semigroup on Z, D(F ) is its domain
and G ∈ L(Y, Z).



Definition 1. The dynamic system (4) is an iden-
tity observer of the system given by (2) if the
following hold:
1/ limt→∞(z(t)− x(t)) = 0
2/ F = A−GC

The aim of an identity observer or asymptotic
state estimator is to provide an approximation of
the state of the original system. We define the
approximation error by e(t) = z(t)−x(t) ∈ Z. For
an observer, the following lemma shows that the
error estimator satisfies an homogeneous abstract
differential equation in Z.

Lemma 2. (Gressang and Lamont, 1975, lemma
1) : e(t) satisfies the equation

{

ė(t) = Fe(t)
e0 ∈ D(F )

(5)

and e(t) is asymptotically stable.

In order to study the stabilization problem in the
case of distributed parameter systems, it is useful
to decompose the system into two subsystems, a
finite-dimensional unstable one, and an infinite-
dimensional subsystem which is exponentially sta-
ble. This allows a decomposition of (2) in a form
where the stabilizing compensator is easily proved
to exist. The usual assumptions in this direction
are as follows.
H1/ Y is a finite dimensional space
H2/ ∃ t > 0 such that TA(t) is a compact
operator.
H3/ ∃ δ > 0 such that the set σ(A)∩{s ,Re(s) >
−δ} contains only a finite number of elements of
the spectrum σ(A).

We define (see (Curtain and Zwart, 1995)) :
σ+

δ (A) = σ(A) ∩ {λ ∈ C / Re(λ) > δ}
σ−δ (A) = σ(A) ∩ {λ ∈ C / Re(λ) < δ}

Pδz =
1

2πj

∫

Γδ

(λI −A)−1zdλ : spectral projection

We suppose that A satisfies the spectrum decom-
position assumption at δ.

This projection induces a decomposition of the
state space Z = Z+ ⊕ Z−

where Z+ = PδZ , and Z− = (I − Pδ)Z. Using
the subscript notations ’u’ for unstable and ’s’ for
stable, one can write the operators A ;B and C as:

A =

(

Au 0
0 As

)

where Au = A |Z+ , As = A |Z−

σ(Au) = σ+

δ (A), σ(As) = σ−δ (A) and B =
(

Bu

Bs

)

, where Bu = PδB, Bs = (I − Pδ)B and

C =
(

Cu Cs

)

, where Cu = PδC, Cs = (I−Pδ)C

Remark that the classes of operators that satisfy
the spectrum decomposition assumption are the
Riesz-spectral operators class with a pure point
spectrum and only finitely many eigenvalues in
σ+

δ (A) and the class of retarded differential equa-
tions. Let us end this section by recalling the
following useful properties.

Proposition 3. (Schumacher, 1981, p. 94-95) :
1/ (A,B) is exponentially stabilizable if and only
if (Au, Bu) is controllable
2/ (C,A) is exponentially detectable if and only
if (Cu, Au) is observable

The next result gives necessary and sufficient con-
ditions for the positive invariance of a polyhe-
dral set with respect to the trajectories of an
autonomous system. It will be used in section 5.

Theorem 4. (Achhab and Laabissi, 2002, theorem
4.1) : Let Z be a separable Hilbert space and
K ∈ L(Z, IRm) has full rank. Let A be the
infinitesimal generator of a C0-semigroup with a
compact resolvent, and D(A) denote the domain
of A. Then, the polyhedral set P (K, q1, q2) = {x ∈
Z / − q2 ≤ Kx ≤ q1} is positively invariant
with respect to the trajectories of the system
ẋ = Ax , x(0) = x0 ∈ D(A) if and only if there
exists an (m×m) matrix H = (hij) 1 ≤ i, j ≤ m
such that
i) KAx = HKx, ∀x ∈ D(A)

ii) H̃

(

q1

q2

)

≤ 0

4. STABILIZING FINITE-ORDER
COMPENSATOR

Let us first give the conditions to be satisfied
for the existence of a stabilizing compensator for
system (2).

Since F = A − GC, identity observer existence
reduces to the determination of a bounded linear
operator G such that −Cx(t) is a stabilizing
control of system:

{

ẋ(t) = Ax(t) +Gu(t)
x0 ∈ D(A)

(6)

From the exponential detectability of the pair
(C,A), and by taking into account the spec-
tral decomposition mentioned above, there ex-

ists an operator G =

(

Gu

0

)

, where Gu ∈

L(Y, Z+) such that Au − GuCu is stable, since
(Cu, Au) is observable (see proposition 3 - 2/),
Then



A−GC =

(

Au 0
0 As

)

−

(

Gu

0

)

(

Cu Cs

)

=

(

Au −GuCu GuCs

0 As

)

Recall that the C0-semigroup generated by As is
exponentially stable. Hence, the operator A−GC
is the infinitesimal generator of an exponentially
stable C0-semigroup .

Now, if the control law is chosen as u(t) = −Lz(t)
where L =

(

Lu 0
)

∈ L(Z, IRm) with Lu ∈
L(Z+, IRm) such that Au − BuLu is stable, we
obtain the following composite extended system:







ẋ(t) = Ax(t) + Bu(t)
ė(t) = (A−GC)e(t)
u(t) = −Lz(t)

(7)

which can be rewritten as:
{

ẋ(t) = (A−BL)x(t)−BLe(t)
ė(t) = (A−GC)e(t)

(8)

Actually, defining the extended state as

X =
(

x e
)t

(9)

the following closed-loop system is exponentially
stable:

Ẋ(t) =

(

A−BL −BL
0 A−GC

)

X(t) (10)

Proposition 5. If the assumptions H1/ - H2/ and
H3/ hold, then there exists a stabilizing finite
order compensator of the system (10), by setting

L =
(

Lu 0
)

and G =

(

Gu

0

)

5. SATISFACTION OF THE CONSTRAINTS

Logically, the next step should be the study of
the constraints. In view of system (10) and the
result given as theorem 4, we have to determine
the conditions under which the set D(L,Ω) =
{z ∈ Z / − Lz ∈ Ω} is positively invariant with
respect to the trajectories of system (10).

Proposition 6. Assume that the following condi-
tions hold:

H4/ the resolvent of Ã =

(

A−BL −BL
0 A−GC

)

is

compact.
H5/ L is of full rank.
then, the set D(L,Ω) is positively invariant with
respect to the trajectories of system (10) if and
only if there exists a (m × m) matrix H =
(hij), 1 ≤ i , j ≤ m such that
i) (LA− LBL)x = HLx ∀x ∈ D(A)

ii) LGC = 0

iii) H̃

(

q1

q2

)

≤ 0

Proof: First, let us rewrite the set of the control
constraints as:

D(L,Ω) = {z ∈ Z / − q2 ≤ −Lz(t) ≤ q1}

= {z ∈ Z/− q2 ≤ E

(

x
e

)

(t) ≤ q1}

with E =

(

−L
−L

)t

, applying theorem 4 to the

extended system (10) Ẋ(t) = ÃX(t), one obtains
for all x, e ∈ D(A)

E

(

A−BL −BL
0 A−GC

)(

x
e

)

= HE

(

x
e

)

where

(

H1 H2

H2 H1

)(

q1

q2

)

≤ 0

This implies
(

−L(A−BL)
−L(−BL + A−GC)

)t(

x
e

)

=

(

−HL
−HL

)t(

x
e

)

for all x, e ∈ D(A)
Thus, the two following identities must hold
(∗) (−LA + LBL)x = −HLx ∀x ∈ D(A)
(∗∗) (−LA+LBL)e+LGCe = −HLe ∀ e ∈ D(A)
Finally, substituting (∗) in (∗∗), we get:
(−LA + LBL)x = −HLx ∀ x ∈ D(A) and
LGCe = 0 ∀ e ∈ D(A)
Since D(A) is dense in Z , we have
LGCe = 0 ∀e ∈ Z. This ends the proof.

Now, it will be proven that the compensator
u(t) = −Lz(t) where L =

(

Lu 0
)

with G =
(

Gu

0

)

can not be simultaneously stabilizing and

satisfying the control constraints.

Theorem 7. Assume that Au has m unstable
eigenvalues. If the set D(L,Ω) is positively invari-
ant with respect to the trajectories of system (10)
and C has a full rank, then the resulting gain G is
such that A−GC cannot be asymptotically stable.

Proof: Let nu = dim(Au)
– In the case where nu = m, if D(L,Ω) is pos-
itively invariant with respect to the trajectories
of system (10), then LGC = 0 ( proposition 6
- ii/). Since C is of full rank and using spectral
decomposition, this is equivalent to LuGu = 0, i.e
Im(Gu) ⊂ Ker(Lu) = {0} since rank(Lu) = m,
whence G = 0, and then A − GC can not be
asymptotically stable.
– For the case where nu > m, suppose that the set
D(L,Ω) is positively invariant w.r.t system (10).
According to proposition 6 there exists a (m×m)
matrix H such that (LA − LBL)x = HLx ∀ x ∈



D(A). Using the spectral decomposition, this is
equivalent to : ∃ Hu ∈ IR

m×m such that LuAu −
LuBuLu = HuLu.
Let W = span{v1, v2, ...., vnu−m}, where vi ; i =
1, .., nu − m are the nu − m stable eigenvec-
tors common to Au and Au − BuLu, we obtain
W = Ker(Lu) (see lemma 3.1 (Benzaouia and
Hmamed, 1993)). Since by assumption C is of full
rank, it is clear that condition ii/ of proposition 6,
can be replaced by LG = 0, and using spectral de-
composition, we have Im(Gu) ⊂ Ker(Lu). Then
for all x ∈ Y , there exists a ∆u ∈ L(Y, IR

nu−m)
such that Gu(x) = Vu.∆u(x)
Now, suppose that Au−GuCu is stable. Then Au−
Vu∆uCu is stable. This condition can be realized
only if the pair (Cu, Au) is detectable and the pair
(Au, Vu) is stabilizable. However the stabilizabil-
ity of pair (Au, Vu) cannot be obtained. Indeed, we
will show that the uncontrollable modes induced
by the pair (Au, Vu) correspond to unstable modes
of Au. Indeed :
Seeking a contradiction, suppose that Re(λi0

) <
0, where λi0

is an uncontrollable mode.
Let vi0 be the eigenvector associated to the eigen-
value λi0

i.e. vi0Au = vi0λi0
, since rank(λi0

I −
Au Vu) < nu, it results that vi0Vu = 0, and
then : vi0(v1 ... vi0 ... vnu−m) = 0.
Thus (vi0v1 vi0v2 . . . ‖ vi0 ‖

2 . . . vi0vnu−m) =
0
however, ‖ vi0 ‖

2 6= 0
This leads to a contradiction.

The previous proposition says that the set of
admissible states D(L,Ω) can not be positively
invariant with respect to the trajectories of the
extended system and simultaneously be an asymp-
totically stability domain for it. This is a negative
result and we need to look for some other alter-
native to get an answer to our basic question.

6. ANOTHER ALTERNATIVE

In this section, we propose another alternative
allowing to solve the problem of stabilization with
constraints by a finite dimensional compensator.
Instead of estimating the full state, it is enough
to consider only the state associated to the finite
dimensional unstable system.
Let us consider the systems (2) and (4), and we
suppose in the sequel that Im(B) ⊂ Z+ and Z− ⊂
Ker(C), i.e. Bu = B, Cu = C and Bs = Cs = 0.
Using the spectral decomposition, the systems (2)
and (4), can be rewritten as follows :














ẋu(t) = Auxu(t) +Bu(t)
ẋs(t) = Asxs(t)

y(t) =
(

C 0
)

(

xu

xs

)

= Cxu

Where x =
(

xu xs

)t

, z =
(

zu zs
)t

and















































˙(

zu
zs

)

(t) =

(

Au −GuC 0
0 As

)(

zu
zs

)

(t)+

(

B
0

)

u(t) +

(

Gu

0

)

y(t)

Z(0) =

(

zu(0)
zs(0)

)

∈ D(A)

We are free to choose zs(0) = 0, and this im-
plies that zs(t) = 0, for all t ≥ 0 and a finite-
dimensional compensator of the system ẋu(t) =
Auxu(t) +Bu(t) is given by :
{

żu(t) = (Au −GuC)zu(t) +Bu(t) +Guy(t)
u(t) = −Luzu(t)

Remark that, if żu(t) = (Au−GuC)zu(t)+Bu(t)+
Guy(t) is an observer for the finite part described
by the dynamical system ẋu(t) = Auxu(t)+Bu(t),
then the augmented system

˙(

zu
xs

)

(t) =

(

Au −GuC 0
0 As

)(

zu
xs

)

(t)+
(

B
0

)

u(t) +

(

Gu

0

)

y(t)

is an observer of the system (2). Moreover the
error estimate is

e(t) = z(t)− x(t) =

(

zu − xu

xs − xs

)

=

(

zu − xu

0

)

=

(

eu
0

)

and

ė(t) =

(

ėu
0

)

=

(

Fueu
0

)

=

(

Fu 0
0 As

)(

eu
0

)

= Fe(t)

Where Fu = Au −GuC
Combining the state x with the error e, we obtain
the closed-loop system

(

ẋ
ė

)

=

(

A−BL −BL
0 A−GC

)(

x
e

)

(11)

Let us now study the control dynamics :
u̇(t) = −Luż(t)

= −Lu[(Au −GuC)zu(t)−BLuzu(t)
+GuCxu(t)]

= −Lu[Au −BLu]zu(t) + LuGuCzu(t)
−LuGuCxu(t)

If there exists a matrix H ∈ IRm×msolution to
the algebraic equation Lu(Au−BLu) = HLu, we
get u̇(t) = −HLuzu(t) +Dueu(t) = Hu(t) + c(t)
where, c(t) = Dueu(t), eu(t) = zu(t) − xu(t) and
Du = LuGuC.
Now, the problem can be reformulated as follows :
find a domain ∆ = {c(t) ∈ IRm / − c2 ≤ c(t) ≤
c1} or determine bounds c1 and c2 in order to have
u(t) confined in the set Ω for all c(t) in ∆. This
is known as the concept of ∆-positively invariant
set. Consequently, the problem reduces to that of
determining a set of admissible initial states for
the linear constrained control system.
Let S be a proper cone of IRm. We denote S =



S+ = −S−, and an associated shifted cone by
S++a = {x ∈ IRm / x = y+a ∀y ∈ S+}, a ∈ IRm

and the set D(S, a, b) is given by D(S, a, b) =
(S+ − b) ∩ (S− + a), b ∈ IRm.

Remark 8. 1/ To have 0 ∈ D(S, a, b), the neces-
sary and sufficient condition is a, b ∈ S+

2/ D(S, a, b) is a nonempty set if and only if a +
b ∈ D(S, a, b).

For S = IRm
+ (it is a proper cone of IRm),

we can deduce that Ω = D(IRm
+ , q1, q2) is ∆-

positively invariant w.r.t the trajectories of the
system u̇(t) = Hu(t) + c(t) if and only if ∆ ⊂
∆0 = (S+ + Hq2) ∩ (S− −Hq1) (see theorem 3.1,
(Tarbouriech and Burgat, 1994)).

This implies that

{

Hq2 ≤ −c2

Hq1 ≤ −c1

(12)

Since c(t) = Dueu(t) and ė(t) = Fue(t), then we
must take into account the positively invariance
of ∆ = {c ∈ IRm / − c2 ≤ Dueu(t) ≤
c1} w.r.t the trajectories of the system ėu(t) =
Fueu(t), which will be characterized using
(Benzaouia and Hmamed, 1993, Theorem 3.4) by
the existence of a matrix K ∈ IRm×m such that :

DuFu = KDu and

(

K1 K2

K2 K1

)(

c1

c2

)

≤ 0 (13)

In summary, from (12) and (13), we can deduce
that the ∆-positively invariant of the polyhedral
set Ω with respect to the trajectories of the
system u̇(t) = Hu(t) + c(t) is characterized by
the existence of a matrix K ∈ IRm×m such that :








0 0 H Id

H Id 0 0
0 K1 0 K2

0 K2 0 K1

















q1

c1

q2

c2









≤ 0 (14)

We obtain the following result : Let D =
(

Du 0
)

Theorem 9. If c1 and c2 satisfy condition (14)

and L =
(

Lu 0
)

, G =

(

Gu

0

)

are such that

Au − BLu and Au − GuC are stable, then the
system (11) is asymptotically stable for all initial

conditions in the domain Λ = {

(

x
e

)

∈ Z ×

Z /

(

−q2

c2

)

≤

(

−L −L
0 D

)(

x
e

)

≤

(

q1

c1

)

}

7. CONCLUSION

In this paper we have studied the problem of
finite-dimensional compensator design with con-
strained control for a class of distributed pa-
rameter systems using spectral decomposition. It
has been shown that the set of admissible states
D(L, Ω) cannot be simultaneously positively in-
variant and asymptotically stable for the com-
posite closed-loop system. This is an important

negative result. However, we need to determine
some other alternative approach to solve our basic
question. Indeed, from the evolution of the control
dynamics, we present a solution allowing a type
of polyhedral set Λ to be positively invariant and
asymptotically stable with respect to the trajec-
tories of the composite system.
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1. INTRODUCTION

In control community, the concept of Lyapunov sta-

bility is very popular, particularly when dealing with

systems described in the state space. Numerous ap-

plications, as for example control design or analysis

problems, widely invoke the concept of Lyapunov sta-

bility because it corresponds in general to a satisfac-

tory behavior in practice, even if from a performance

point of view, other constraints have to be imposed.

However, in some particular applications, it is neces-

sary to maintain the state under some bounds during

a specific time interval. This is the case for example

when saturations are present (Tarbouriech and Garcia

(Eds), 1997). In these situations, another interesting

concept can be advantageously considered : The Finite

Time Stability (FTS) concept introduced in early pa-

pers (D’Angelo, 1970), (Dorato, 1961) and (Weiss and

Infante, 1967). Some works dealing with analysis and

synthesis of FTS control problems have been recently

published, see for example (Abdallah et al., 2002),

(Amato et al., 2001) in which sufficient conditions

are proposed through Linear Matrix Inequality (LMI)

formulations.

More recently, a necessary and sufficient condition for

FTS of linear systems has been developed in (Amato

et al., 2003) improving previous results, in particu-

lar, the ones in (Amato et al., 2001). Using classical

concepts of operator theory, a necessary and suffi-

cient condition is formulated through a differential

Lyapunov inequality, a symmetric uniformly bounded

piecewise continuous differentiable matrix function

has to satisfy on a time interval with constraints on

the interval extremities. One of the main limitation is

to obtain a solution to this differential inequality.

In this paper, the objective is to derive finite time

stabilization controllers for linear systems exploiting

specific properties of Riccati Differential Equations

(RDE). Under some conditions, a finite time-varying

state feedback controller ensuring FTS can be derived

from the solution of a RDE. This solution is also a

solution for the closed-loop system of the Lyapunov

differential inequality in (Amato et al., 2003).

Notations. The euclidian vector norm is denoted by ‖.‖ . For two

symmetric matrices, A and B, A > B means that A−B is positive

definite. A′ denotes the transpose of A. Identity and null matrices are

denoted respectively by I and 0. Furthermore, in the case partitioned

symmetric matrices, the symbol • denotes generically each of its

symmetric blocks. We denote by PC 1
Ω the space of the uniformly

bounded, piecewise continuously differentiable, real matrix-valued

functions defined on Ω := [0,T ] ⊂ R. λmin(A) and λmax(A) denote

respectively the maximal and minimal eigenvalue of matrix A.



2. PROBLEM STATEMENT

Consider the linear continuous-time system:

ẋ = Ax+Bu (1)

where A ∈ R
n×n and B ∈ R

n×m are constant known

matrices. The Finite-State Stability (FTS) definition

which was first introduced in (Dorato, 1961). This

stability concept is independent of the Lyapunov as-

ymptotic stability concept more popular in control

community. In some cases, it would be necessary to

maintain the state under some bounds during a finite

time interval. In such cases, the FTS concept can be

invoked (Dorato, 1961).

Definition 1. The linear system (1) with B = 0 is said

to be Finite Time Stable with respect to (Ω,δ,γ) if

for an initial condition x0, some specified positive real

numbers δ and γ such that γ> δ, we have

‖x0‖ ≤ δ⇒‖x(t)‖< γ for all t ∈Ω

A necessary and sufficient condition for FTS obtained

from operator theory is proposed in (Amato et al.,

2003) and is recalled here.

Theorem 1. System (1) with B = 0 is FTS with respect

to (Ω,δ,γ) if and only if there exists a symmetric

P ∈ PC 1
Ω such that

Ṗ(t)+A′P(t)+P(t)A < 0 for all t ∈Ω

P(T ) ≥ I ; P(0) < γ2δ−2I
(2)

We can note that an unstable system can be FTS.

When the system is asymptotically stable, from Theo-

rem 1 a sufficient condition can be derived considering

a quadratic Lyapunov function V (x) = x′Px.

Lemma 1. If there exists a positive definite symmetric

matrix P such that

A′P+PA < 0 (3)

λmax(P)

λmin(P)
< γ2δ−2 (4)

the system is Finite Time Stable with respect to

(Ω,δ,γ) for all Ω := [0,T ].

Proof. Suppose that there exists a positive definite

symmetric matrix S solution of (3). Multiplying S by

λ−1
min(S) we have λ−1

min(S)S≥ I and if λ−1
min(S)λmax(S)<

γ2δ−2, the conditions of Theorem 1 are satisfied for the

matrix P = λ−1
min(S)S and all Ω := [0,T ]. �

The problem we intend to solve in this paper can be

summarized as follows.

Problem 1. Find a closed-loop control law u(t) such

that the closed-loop system is FTS with respect to

(Ω,δ,γ).

Two solutions for solving Problem 1 in the case where

the state is completely measurable will be presented.

3. SOME RESULTS ABOUT DIFFERENTIAL

RICCATI EQUATION (DRE)

Define the Differential Riccati Equation:










dV (τ)

dτ
= A′V (τ)+V (τ)A−V (τ)BR−1B′V (τ)+QT

QT = Q′
T > 0

V (0)
(5)

We have the following results.

Lemma 2. Consider the DRE (5) and suppose that pair

(A,B) is stabilizable. Then

i) If V (0) = V0 = V ′
0 > 0 is a solution of the Algebraic

Riccati Equation (ARE)

A′V +VA−VBR−1B′V +QT +Q0 = 0

Q0 = Q′
0 > 0

(6)

then V0 >VT ,
dV (τ)

dτ
< 0 for all τ≥ 0 and lim

τ−→∞
V (τ)−→

VT where VT =V ′
T > 0 is the positive definite symmet-

ric solution of the ARE

A′V +VA−VBR−1B′V +QT = 0

ii) If V (0) = V0 = V ′
0 > 0 is a solution of the ARE

(A−0.5 I)′V +V (A−0.5 I)−V BR−1B′V +QT = 0

QT = Q′
T > 0

(7)

satisfying V0 < VT and V0 < QT then
dV (τ)

dτ
>

0,
d2V (τ)

dτ2
< 0 for all τ ≥ 0 and lim

τ−→∞
V (τ) −→ VT

where VT = V ′
T > 0 is the positive definite symmetric

solution of ARE

A′V +VA−VBR−1B′V +QT = 0

Proof. i) Consider (5), we have

dV (τ)

dτ

∣

∣

∣

∣

τ=0

= A′V0 +V0A−V0BR−1B′V0 +QT =−Q0 < 0

by (6). By Lemma 5 in (Poubelle et al., 1988), we can

deduce that
dV (τ)

dτ
< 0 for all τ ≥ 0. When τ tends

to infinity, the solution V (τ) converges to the positive

definite solution VT <V0 of the ARE

A′V +VA−VBR−1B′V +QT = 0

ii) Consider (5), we have

dV (τ)

dτ

∣

∣

∣

∣

τ=0

= A′V0 +V0A−V0BR−1B′V0 +QT =V0 > 0

by (7). By Lemma 5 in (Poubelle et al., 1988), we can

deduce that
dV (τ)

dτ
> 0 for all τ≥ 0 and V (τ) solution

of (5) is an increasing function of τ and





























d2V (τ)

dτ2
= (A−BR−1B′V (τ))′

dV (τ)

dτ

+
dV (τ)

dτ
(A−BR−1B′V (τ))

dV (τ)

dτ

∣

∣

∣

∣

τ=0

= V0

Differentiating the previous equation, from (7), leads

to










































d3V (τ)

dτ3
= (A−BR−1B′V (τ))′

d2V (τ)

dτ2

+
d2V (τ)

dτ2
(A−BR−1B′V (τ))

−2
dV (τ)

dτ
BR−1B′ dV (τ)

dτ
d2V (τ)

dτ2

∣

∣

∣

∣

τ=0

= − QT +V0 −V0BR−1B′V0 < 0

By standard results concerning the solutions of a

Lyapunov equation, we can note that

d2V (τ)

dτ2
=Φ′(τ0,τ)

d2V (τ)

dτ2

∣

∣

∣

∣

τ=τ0

Φ(τ0,τ)

−2

τä
τ0

Φ
′(τ0,s)

dV (s)

ds
BR−1B′ dV (s)

ds
Φ(τ0,s)ds < 0

for τ≥ τ0. Because
d2V (τ)

dτ2

∣

∣

∣

∣

τ=0

< 0,
d2V (τ)

dτ2
< 0 for

all τ > 0, then when τ tends to infinity
dV (τ)

dτ
→ 0

and the solution V (τ) converges to the positive definite

solution VT > V0 of the ARE

A′V +VA−VBR−1B′V +QT = 0

�

Consider the following function

τ(t) =
1

a
ln

T

T − t
, T > 0, a > 0 and t ∈ [0,T ] (8)

When t varies from 0 to T , τ(t) varies continuously

from 0 to infinity and is increasing. We have

dτ

dt
=

1

a

1

T − t
> 0 for t ∈ [0,T ] (9)

τ is bijective and t(τ) = T (1− exp(−aτ)). Define the

following DRE


















a(T − t)
dS(t)

dt
= A′S(t)+S(t)A−S(t)BR−1B′S(t)

+QT

QT = Q′
T > 0

S(0), 0 ≤ t ≤ T

(10)

Theorem 2. Consider the DRE (10) and suppose that

pair (A,B) is stabilizable. We have the following facts:

i) If S(0) = S0 = S′0 > 0 is a solution of the ARE

A′S +SA−SBR−1B′S +QT +Q0 = 0, Q0 = Q′
0 > 0

(11)

then S0 > ST ,
dS(t)

dt
< 0 for all t ∈ [0,T ] and

lim
t→T

S(t) −→ ST , where ST = S′T > 0 is the positive

definite symmetric solution of ARE

A′S +SA−SBR−1B′S +QT = 0 (12)

ii) If S(0) = S0 = S′0 > 0 is a solution of the ARE

A′S +SA−SBR−1B′S−S +QT = 0, QT = Q′
T > 0

satisfying S0 < ST and S0 < QT , there exists a value

of a, a∗ such that for a < a∗,
d2S

dt2
< 0 and for a <

a∗,
dS

dt
≤

S0

aT
for all t ∈ [0,T ]. Moreover lim

t→T
S(t)−→

ST , where ST = S′T > 0 is the positive definite sym-

metric solution of ARE

A′S +SA−SBR−1B′S +QT = 0

Proof. The proof follows from DRE (5) and Lemma 2

after replacing τ in DRE (5) by its expression given in

(8), denoting V (τ(t)) by S(t) and remarking that

dτ

dt

dV (τ(t))

dτ
=

dV (τ(t))

dt
⇒

dV (τ(t))

dτ
= a(T −t)

dS(t)

dt

When τ→ ∞, t → T and τ→ 0, t → 0. To prove ii),

remark that

a(T − t)2 d2S

dt2
=

dS

dτ
+

1

a

d2S

dτ2

Because
dS

dτ
> 0 and

d2S

dτ2
< 0 for all τ > 0 (from ii)

in Lemma 4), there exists a value of a, a∗ such that

d2S

dt2
< 0 for 0 ≤ t < T. To obtain the value a∗, note

that






dS(τ)

dτ
= A′S(τ)+S(τ)A−S(τ)BR−1B′S(τ)+QT

S0

and


























d2S(τ)

dτ2
= (A−BR−1B′S(τ))′

dS(τ)

dτ

+
dS(τ)

dτ
(A−BR−1B′S(τ))

dS(τ)

dτ

∣

∣

∣

∣

τ=0

= S0

a∗ can be defined by

a∗ = min
τ>0

a(τ) (13)

= min
τ>0

λmin

[

−

(

dS(τ)

dτ

)−1/2
d2S(τ)

dτ2

(

dS(τ)

dτ

)−1/2
]

It is clear that because
dS(t)

dt
is maximal for t = 0 for

a fixed a such that 0 < a < a∗,

dS

dt
≤

S0

aT
for all 0 ≤ t < T

�

4. STATE FEEDBACK DESIGN - METHOD 1

Define the following feasibility problem: Find matri-

ces positive definite symmetric matrices W0, S0, WT ,

ST and X such that



(P1)































(

AW0 +W0A′−BXB′ W0

W0 −S0

)

< 0
(

AWT +WT A′−BXB′ WT

WT −ST

)

< 0

W0 >
δ2

γ2
I ; 0 <WT ≤ I ; W0 <WT

We can deduce the following result.

Lemma 3. Suppose that there exist positive definite

symmetric matrices W0, WT , S0, ST and X solutions

of problem (P1). Let

QT = −(A′W−1
T +W−1

T A−W−1
T BXB′W−1

T ) > 0

Q0T = −(A′W−1
0 +W−1

0 A−W−1
0 BXB′W−1

0 ) > 0

If Q0T > QT then there exist positive definite symmet-

ric matrices P0, PT , Q0 and R such that the following

Riccati equations are satisfied

A′P0 +P0A−P0BR−1B′P0 +Q0 +QT = 0

A′PT +PT A−PT BR−1B′PT +QT = 0

with

P0 = W−1
0 < γ2δ−2I, PT = W−1

T ≥ I, R = X−1

Q0 = −(A′W−1
0 +W−1

0 A−W−1
0 BXB′W−1

0 +QT ) > 0

Proof. By Schur complement and the second inequal-

ity of (P1), we have

AWT +WT A′−BXB′ +WT ST
−1WT < 0 ⇔

A′W−1
T +W−1

T A−W−1
T BXB′W−1

T +S−1
T < 0 ⇔

∃ QT = Q′
T > 0 such that

A′W−1
T +W−1

T A−W−1
T BXB′W−1

T +QT = 0

By Schur complement and matrix inversion lemma,

the first inequality of (P1), we have

AW0 +W0A′−BXB′ +W0S−1
0 W0 < 0 ⇔

A′W−1
0 +W−1

0 A−W−1
0 BXB′W−1

0 +S−1
0 < 0 ⇔

∃ Q0T = Q′
0T > 0 such that

A′W−1
0 +W−1

0 A−W−1
0 BXB′W−1

0 +Q0T = 0

and W−1
0 > W−1

T . By third inequalities of problem

(P1), we have

P0 = W−1
0 <

γ2

δ2
I, PT = W−1

T ≥ I

with in addition Q0 = Q0T −QT . �

Theorem 3. Consider a stabilizable system (1) and

given some specified positive real numbers δ, γ and

T with γ > δ. Let P(0) and P(T ) positive definite

symmetric matrices respectively solutions to AREs

A′P(0)+P(0)A−P(0)BR−1B′P(0)+QT +Q0 = 0

(14)

A′P(T )+P(T )A−P(T )BR−1B′P(T )+QT = 0

satisfying

P(T ) ≥ I ; P(0) < γ2δ−2I ; P(0) > P(T ) (15)

for some positive definite symmetric matrices Q0

and QT . These matrices, if there exist, can be found

by solving the LMI feasibility problem (P1) letting

P(0) = W−1
0 and P(T ) = W−1

T . Then the controller

u(t) = −R−1B′P(t)x(t), where P(t) ∈ PC 1
Ω is the so-

lution of the DRE










(T − t)
dP(t)

dt
= A′P(t)+P(t)A

−P(t)BR−1B′P(t)+QT

P(0), t ∈Ω

(16)

solves Problem 1.

Proof. By Theorem 2 part i), the solution P(t) to

DRE (16) varies monotonously from P(0) to P(∞)

and
dP(t)

dt
< 0 for all t ∈ [0,T ]. Then

dP(t)

dt
+

[A−BR−1B′P(t)]′P(t)+P(t)[A−BR−1BP(t)]+QT +

P(t)BR−1B′P(t)<−(T − t)
dP(t)

dt
+A′P(t)+P(t)A−

P(t)BR−1B′P(t)+QT = 0, for t ∈ [0,T ]. We can con-

clude that

dP(t)

dt
+[A−BR−1B′P(t)]′P(t)

+P(t)[A−BR−1B′P(t)] < 0

for t ∈ [0,T ] with P(0) < γ2δ−2I and P(T ) ≥ I. By

Theorem 1, the system

ẋ = [A−BR−1B′P(t)]x

is FTS with respect to (Ω,δ,γ). �

Example 1. Consider system (1) with the data:

A =

(

0 1

0 0

)

;B =

(

0

1

)

with δ = 1, γ = 2 and T = 1. From Lemma 3, solving

the feasibility problem (P1), we obtain:

P(0) =

(

2.0564 0.6981

0.6981 2.1123

)

;P(T ) =

(

1.5640 0.4640

0.4640 1.5419

)

QT =

(

0.7105 0.7968

0.7968 6.9160

)

;Q0 =

(

0.8975 2.0123

2.0123 6.4099

)

R = 0.3031

By Theorem 3, the FTS control is u = −
(

0 3.2996
)

P(t)x, where P(t) is the solution to










(1− t)
dP(t)

dt
= A′P(t)+P(t)A−P(t)BR−1B′P(t)

+QT

P(0), t ∈ [0,1]

The eigenvalues of P(t) are represented in Fig.1.

Remark 1. We can note that when there exist P(0)
and P(T ) positive definite symmetric matrices re-

spectively solutions to AREs (14) and satisfying (15),

there exists a positive definite matrix P such that

λmax(P)

λmin(P)
< γ2δ−2 (17)

For example, a matrix P with this property satisfies the

following ARE

A′P+PA−PBR−1B′P+QT +
Q0

2
= 0
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b

Fig. 1. a) Eigenvalues of P(t), b) Eigenvalues of
dP(t)

dt

By monotony properties of the solutions of ARE, we

have

P < P(0) < γ2δ−2I and P > P(T ) ≥ I

leading to (17). We have

(A−BR−1B′P)′P + P(A−BR−1B′P)+ PBR−1B′P

+QT +
Q0

2
= 0

and by Lemma 1, u(t) =−R−1B′Px(t) solves Problem

1 for all Ω.

5. STATE FEEDBACK DESIGN - METHOD 2

Theorem 3 gives a method to solve the FTS stabiliza-

tion problem using the solution to a DRE initialized

with a constant matrix P(0) and converging to the

matrix P(T ) < P(0). In this paragraph, an alternate

approach is proposed also using a DRE initialized

with a constant matrix P(0) and converging now to a

matrix P(T )>P(0). In this last case, some restrictions

exist as we will see below. We begin by introducing

a lemma on the behavior of the solutions of an ARE

used to find matrices P(0) and P(T ) satisfying some

specific conditions. Thus, we try to find matrices P(0)
and P(T ) satisfying

P(0) < γ2δ−2I, P(T ) ≥ I and P(0) < P(T ) (18)

Lemma 4. If pair (A,B) is stabilizable and A has

eigenvalues with non positive real part, there exists a

positive definite symmetric matrix P(0) < γ2δ−2I (γ
and δ given positive numbers) solution to the follow-

ing Riccati equation

A′P(0)+ P(0)A−P(0)BR−1B′P(0)−P(0)+ QT = 0

for some QT = Q′
T > 0 such that QT > P(0) and

some R = R′ > 0.

Proof. By stabilizability property, for any Y = Y ′ > 0

and any Q = Q′ > 0, there exists a positive definite

symmetric solution Z(ρ) to Riccati equation

A′Z(ρ)+ Z(ρ)A−Z(ρ)BY−1B′Z(ρ)+(1−ρ)Q = 0

for 0 ≤ ρ< 1. Because A has non positive real part, it

is well-known that (Anderson and Moore, 1990)

lim
ρ→1

Z(ρ) → 0

Then we can conclude that there exists a value of ρ
denoted ρ such that for ρ> ρ

Z(ρ) < ρQ

and then there exists a positive definite symmetric

matrix X(ρ) such that

ρQ = Z(ρ)+ X(ρ) ⇒ X(ρ) < ρQ

⇒ Q−X(ρ) > (1−ρ)Q ≥ 0
(19)

We have

A′Z(ρ)+ Z(ρ)A−Z(ρ)BY−1B′Z(ρ)−Z(ρ)
+Q−X(ρ) = 0

(20)

As ρ increases, Z(ρ) decreases. Then there exists a

value of ρ : ρ∗ > ρ such that Z(ρ∗) < γ2δ−2I and

P(0) = Z(ρ∗), R = Y, QT = Q−X(ρ∗)

By (19), we have Z(ρ∗) = P(0) = ρ∗Q−X(ρ∗) < QT .

�

Algorithm 1

Step 1. Choose matrices R = R′ > 0, Q = Q′ > 0 and

initialize ρ, 0 < ρ≤ 1.

Step 2. Increase the value of ρ until the ARE

A′Z(ρ)+ Z(ρ)A−Z(ρ)BR−1B′Z(ρ)+(1−ρ)Q = 0

has a solution Z(ρ) < ρQ and Z(ρ) < γ2δ−2I. This is

possible from Lemma 4 if A has eigenvalues with non

positive real part. Then compute X(ρ) = ρQ− Z(ρ)
and solve

A′S + SA−SBR−1B′S + Q−X(ρ) = 0

If S ≥ I, stop. P(0) = Z(ρ)< γ2δ−2I, P(T ) = S, QT =
Q−X(ρ). By monotony results (Ran and Vreugden-

hill, 1988) we have S = P(T ) > P(0) = Z(ρ). Other-

wise increase Q and go to step 1.

The previous algorithm, suggested from Lemma 4,

allows to obtain matrices P(0) and P(T ) with the

required properties (18). It is possible that matrices

with the required properties do not exist. Obviously

in this case, the algorithm fails.

Theorem 4. Suppose that pair (A,B) is stabilizable.

Then there exists a gain K such that the matrix Ac =
A−BK has all its eigenvalues with non positive real

part. Suppose that there exist positive definite symmet-

ric matrices P(0), P(T ), QT , satisfying

A′
cP(T )+ P(T )Ac −P(T )BR−1B′P(T )+ QT = 0

A′
cP(0)+ P(0)Ac −P(0)BR−1B′P(0)−P(0)+ QT = 0

with

P(0) < P(T ) ; P(0) < QT ; P(T ) ≥ I

P(0) < γ2δ−2I ; γ> δ> 0



The control u(t) = −[K +R−1B′P(t)]x(t), where P(t)
∈ PC

1
Ω is the solution to the DRE











a(T − t)
dP(t)

dt
= A′

cP(t)+P(t)Ac

−P(t)BR−1B′P(t)+QT

P(0), t ∈Ω

(21)

with a < a∗, a∗being defined in Theorem 2, solves

Problem 1 for

T >
1

a
λ−1

min

[

P(0)−1/2(QT −P(0))P(0)−1/2
]

Proof. The solution P(t) of DRE (21) varies from

P(0) to P(T ) and
dP(t)

dt
> 0 for all t ∈ [0,T ]. Then

we have
dP(t)

dt
≤

P(0)
aT

for all t ∈Ω and
dP(t)

dt
+[Ac −

BR−1B′P(t)]′P(t)+P(t)[Ac −BR−1BP(t)] =
dP(t)

dt
+

a(T − t)
dP(t)

dt
− QT − P(t)BR−1B′P(t) ≤

dP(t)

dt
+

a(T − t)
dP(t)

dt
−QT ≤

P(0)
aT

+P(0)−QT < 0, for T >

1

a
λ−1

min

[

P(0)−1/2(QT −P(0))P(0)−1/2
]

. We can con-

clude that
dP(t)

dt
+[Ac−BR−1B′P(t)]′P(t)+P(t)[Ac−

BR−1B′P(t)] < 0, for t ∈ [0,T ] with P(0) < γ2δ−2I and

P(T ) ≥ I. By Theorem 1 the closed-loop system

ẋ = [A−BK −BR−1B′P(t)]x

is FTS with respect to (Ω,δ,γ). �

Example 2. Consider system (1) with the data:

A =

(

0 1

α β

)

;B =

(

0

1

)

with δ = 1 and γ = 2. Consider first the state feed-

back K =
(

α β
)

leading to Ac = A−BK =

(

0 1

0 0

)

.

Applying Algorithm 1 with Q = 10I and R = 1, for

ρ = 0.7, the solution of Ricatti equation is such that

Z(0.9) < 0.9 Q and Z(0.9) < γ2δ−2I = 4I with

X(0.9) = 0.9Q−Z(0.9) =

(

7.2679 −1.0000

−1.0000 7.2679

)

Z(0.9) =

(

1.7321 1.0000

1.0000 1.7321

)

;P(0) = Z(0.9) < 4I

QT = Q−X(0.9) =

(

2.7321 1.0000

1.0000 2.7321

)

P(T ) =

(

3.0615 1.6529

1.6529 2.4572

)

≥ I

For these matrices, we have a∗ = min
τ

a(τ) = 1.0249.

By Theorem 4, for a = 1.02, we have

T ≥
1

a
λ−1

min

[

P(0)−1/2(QT −P(0))P(0)−1/2
]

= 0.2591

The FTS control is u(t)=−
(

α β
)

x−
(

0 1
)

P(t)x(t),
where P(t) is the solution of the differential system











1.02(T − t)
dP(t)

dt
= A′

cP(t)+P(t)Ac

−P(t)BR−1B′P(t)+QT

P(0), t ∈ [0,T ], T ≥ 0.2591

6. CONCLUSION

In this paper, the problem of finite time stabilization

of linear system has been considered. A solution to

this problem is proposed from the solution of a Riccati

Differential Equation used in the expression of a time-

varying FTS state feedback. Moreover, in practice,

it is well-known that stability is not sufficient and a

certain performance level has to be imposed. One way

consists of associating to FTS concept, the concept

of finite time boundedness which takes into account

possible norm bounded L2 disturbances affecting the

system. This problem more involved is under study.
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239, 54506 Vandœuvre-lès-Nancy Cedex, FranceåLå LAAS-CNRS, 7 avenue du colonel Roche,
31077 Toulouse, France

Abstract:We consider a Bernoulli-Euler beam, which is clamped at one boundary and free

at the other, and to which are attached a piezoelectric actuator and a collocated sensor. We

provide an output feedback law and characterize the sensor/actuator location for which

the strong stabilization holds. Copyright c
æ

2006IFAC

Keywords: Bernoulli-Euler beam equation, collocated piezoelectric sensor/actuator,

strong stabilization.

1. INTRODUCTION

There exists now an important literature devoted to the

controllability and stabilizability of flexible structures.

We focus in this paper on the use of piezoelectric de-

vices to control flexible structures, as it has been mod-

eled in (Destuynder et al., 1992; Destuynder, 1999)
with second order infinite dimensional models.

The controllability of a PDE is often considered as

a first step towards the stabilization of the system.

Classical controllability results for the beam (or plate)

equation may be found in (Komornik, 1994). See also

(Rebarber, 1989), where the eigenvalue specification

problem is studied for the Bernoulli-Euler beam (with

the same boundary condition but with different control

than in our paper), and (Fliess et al., 1997), where flat-
ness technics are used for approximate controllability

problems.

The main purpose of our paper is to study the strong

stabilization of a clamped-free beam, i.e. a beam

clamped at one end and free at the other end. There

exist technological and industrial motivations to study

the stabilization of a beam equipped with piezoelectric

actuators/sensors with such boundary conditions (see

(Leleu, 2002)).

A very importantwork related to our study is (Crépeau

and Prieur, to appear), where the exact controllability

of a clamped-free beam equipped with a piezoelectric

actuator is studied in detail. Another important work

related to our study is (Ammari and Tucsnak, 2000),

where an unbounded feedback is designed for the

Bernoulli-Euler beam equation with different bound-
ary conditions.

Here, we consider the control problem modelling the

vibrations of a Bernoulli-Euler beam that is subject to

the action of an attached piezoelectric actuator. If we

assume that the beam is clamped at one boundary and

free at the other we obtain the system:

wtt ç x è t é�ê wxxxx ç x è t é�ë h ç t é d
dx ì δη ç x é�í δξ ç x éïî�è

w ç 0 è t éCë wx ç 0 è t é�ë wxx ç π è t é7ë wxxx ç π è t é-è
w ç x è 0 é�ë w0 ç x é-è wt ç x è 0 é�ë w1 ç x é

In the above equations, x ð ç 0 è π é is the spatial coordi-
nate, t is time, w stands for the transverse deflection of
the beam, wt ë ∂w ñ ∂t , etc., η and ξ stand for the ends
of the actuator (0 ò η ó ξ ò π), δy is the Dirac mass
at the point y, and h stands for the control input (see
Figure 1).



beam

sensor

0

actuator

ξ πη

Fig. 1. A beam equipped with two piezoelectric de-

vices.

We are interested in the stabilization of the above

system, the control h being expressed as a function

of the output wx ô η õCö wx ô ξ õ . This corresponds to the
situation where the output comes from a piezoelectric

sensor located on the same interval ô η ÷ ξ õ as the ac-
tuator. Formal computations on the variations of the

energy

E ô w õ�ø)ù π

0
ôUúwxx ú 2 û úwt ú 2 õ dx

lead to take

h : ø k ô wxt ô η õ�ö wxt ô ξ õ�õ
where k is some number whose range will be specified
later. Summing up, we will investigate the stability

property of the system

wtt ô x ÷ t õ û wxxxx ô x ÷ t õCø
k ô wxt ô η õ�ö wxt ô ξ õXõ d

dx ü δη ô x õ�ö δξ ô x õ�ý�÷ (1)

w ô 0 ÷ t õCø wx ô 0 ÷ t õ�ø wxx ô π ÷ t õ7ø wxxx ô π ÷ t õCø 0 ÷ (2)

w ô x ÷ 0 õ�ø w0 ô x õ@÷ wt ô x ÷ 0 õ�ø w1 ô x õ@þ (3)

2. WELL-POSEDNESS OF (1)-(3)

The well-posedness of (1)-(3) in the standard energy

space is obtained in this section as a direct application

of the classical semi-group theory. To specify the

operator, we have to see for which function w the

r.h.s. of (1) belongs to L2 ô 0 ÷ π õ . Let us introduce some
notations. If w is any function in H1 ô 0 ÷ η õ¥ÿ H1 ô η ÷ ξ õ¥ÿ
H1 ô ξ ÷ π õ , we define � wx ��� L2 ô 0 ÷ π õ by� wx ��ô x õ : ø ��� �� w �
	�� 0  η �x ô x õ if x �+ô 0 ÷ η õ@÷

w �
	�� η  ξ �x ô x õ if x �+ô η ÷ ξ õ-÷
w � 	 � ξ  π �x ô x õ if x �+ô ξ ÷ π õ-þ

We set also üw ý η : ø w ô η ��õ?ö w ô η ��õ , and üw ý ξ : ø
w ô ξ �õ�ö w ô ξ �õ . Then it follows that

wx ø�� wx � û ü w ý ηδη
û üw ý ξδξ in ��� ô 0 ÷ π õ-þ

Assume now that w � H2 ô 0 ÷ π õ and that v � H2 ô 0 ÷ π õ ,
and define u � � � ô 0 ÷ π õ by u : ø2ö wxxxx

û k ô vx ô η õ®ö
vx ô ξ õ�õ d

dx ô δη ö δξ õ . If u � L2 ô 0 ÷ π õ , then the restric-

tion of u to each of the intervals ô 0 ÷ η õ , ô η ÷ ξ õ andô ξ ÷ π õ has also to be a square integrable function. The

same conclusion holds forwxxxx, hencew � H4 ô 0 ÷ η õ¥ÿ
H4 ô η ÷ ξ õ ÿ H4 ô ξ ÷ π õ . We may then compute wxxx, wxxxx
and u. We obtain

wxxx ø�� wxxx � û üwxx ý ηδη
û üwxx ý ξδξ ÷

wxxxx ø�� wxxxx � û ü wxxx ý ηδη
û üwxxx ý ξδξû üwxx ý η d
dx δη

û üwxx ý ξ d
dx δξ ÷

and

u ø ö�� wxxxx �ö üwxxx ý ηδη ö ü wxxx ý ξδξö üwxx ý η d
dxδη ö üwxx ý ξ d

dxδξû k ô vx ô η õ�ö vx ô ξ õXõ d
dx ô δη ö δξ õ@þ

Then u � L2 ô 0 ÷ π õ provided that all the coefficients in
front of the Dirac masses vanish, i.e.üwxx ý η ø k ô vx ô η õ�ö vx ô ξ õXõø ö ü wxx ý ξ
and ü wxxx ý η ø üwxxx ý ξ ø 0 þ
We are now in a position to define the operator associ-

ated with (1)-(3).

LetV ø�� w � H2 ô 0 ÷ π õ ú w ô 0 õ�ø w � ô 0 õ�ø 0 � , ô w1 ÷ w2 õ V ø� π
0 w � �1w � �2dx, and H ø L2 ô 0 ÷ π õ , ô v1 ÷ v2 õ H ø � π

0 v1v2dx.
Then � ø V � H endowed with the usual product

norm is a (complex) Hilbert space. If we introduce

v : ø wt and define the operator A with domain� ô A õ�ø�� z ø ô w ÷ v õ ú¥ô w ÷ v õ � H2 ô 0 ÷ π õ 2 ÷
w � H4 ô 0 ÷ η õ�ÿ H4 ô η ÷ ξ õ�ÿ H4 ô ξ ÷ π õ-÷
w ô 0 õCø wx ô 0 õø wxx ô π õø wxxx ô π õ�ø 0 ÷
v ô 0 õ�ø vx ô 0 õ�ø 0 ÷üwxx ý η ø k ô vx ô η õ�ö vx ô ξ õ�õ�ø)ö üwxx ý ξ ÷üwxxx ý η ø üwxxx ý ξ ø 0 �

and defined by

Az ø�� v ÷Xö wxxxx
û k ô vx ô η õ�ö vx ô ξ õXõ d

dx ô δη ö δξ õ! ø ô v ÷Xö�� wxxxx � õ�÷
then the closed-loop system (1)-(3) may be seen as

the initial value problem for the abstract first-order

evolution equation in ��� � dz
dt ø Az ÷ t " 0

z ô 0 õ�ø ô w0 ÷ w1 õ-þ
The first main result in this paper is the following one.

Theorem 1. If k # 0, then $ generates aC0-semigroupô S ô t õXõ t % 0 of contractions on � .



Proof: Obviously, &(' A ) is dense in * . According to
a classical result (see e.g. (Liu and Zheng, 1999, Thm

1.2.4)), the theorem is proved if we show that A is
dissipative and that 0 + ρ ' A ) , the resolvent set of A.
Let us begin with the dissipativity property.

Lemma 1. For any z ,�' w - v ).+/&0' A ) we have that' Az - z )213, 2i Im '54 π

0
vxxwxx dx )76 k 8 vx ' η )76 vx ' ξ )98 2 :

In particular, Re ' Az - z );1<,=6 k 8 vx ' η )>6 vx ' ξ )98 2 ? 0,
i.e. A is dissipative.

Proof of Lemma 1: Pick any pair of functions ' w - v )
+* . Then' A ' w - v )@-A' w - v )B) 1, 4 π

0
vxxwxx dx 6 4 π

0 C wxxxx D vdx :
After some integrations by parts on the intervals' 0 - η ) , ' η - ξ ) , ' ξ - π ) , we obtain that6 4 π

0 C wxxxx D v,�6(4 η

0 C wxxxx D v 6E4 ξ

η C wxxxx D v 6E4 π

ξ C wxxxx D v,�6(4 π

0
wxxvxx dx FHGwxxvx I ηx J 0 F�Gwxxvx I ξx J ηFKGwxxvx I πx J ξ,�6(4 π

0
wxxvxx dx 6LGwxx I ηvx ' η )76LGwxx I ξvx ' ξ ) :

Hence' A ' w - v )@-A' w - v )M)21,N4 π

0
' vxxwxx 6 wxxvxx ) dx6�Gwxx I ηvx ' η )76LGwxx I ξvx ' ξ ), 2i Im ' 4 π

0
vxxwxx dx )O6 k 8 vx ' η )76 vx ' ξ )98 2 :

This completes the proof of Lemma 1.

We now proceed to the study of A P 1. The following
result holds true.

Proposition 1. 0 + ρ ' A ) .
Proof: We have to prove that the operator A : &0' A )RQ* is one-to-one and onto, and that its inverse A P 1 :*SQT* is continuous. Let a pair ' f - g )R+U* be given,
and let us investigate the equation A ' w - v )V,�' f - g ) ,
where ' w - v ) has to be found in &(' A ) . We have to solve
the system W

v , f6 C wxxxx D , g
supplemented by adequate boundary conditions. To

eliminate g, we introduce the (unique) solution w̃ +
H4 ' 0 - π ) of the following elliptic problem

W 6 w̃xxxx , g
w̃ ' 0 )
, w̃x ' 0 )
, w̃xx ' π )
, w̃xxx ' π )
, 0 :

Setting w , w̃ F ŵ and K : , k ' vx ' η )�6 vx ' ξ )B)U,
k ' fx ' η )76 fx ' ξ )M) , we have to solve

C ŵxxxx D , 0 (4)

ŵ ' 0 )
, ŵx ' 0 )
, ŵxx ' π )
, ŵxxx ' π )
, 0 (5)G ŵxx I η , K ,�6�G ŵxx I ξ (6)G ŵxxx I η ,�G ŵxxx I ξ , 0 (7)

where ŵ is to be found in H2 ' 0 - π )
X H4 ' 0 - ξ )YX
H4 ' ξ - η )ZX H4 ' η - π ) . In particular,G ŵ I η ,�G ŵ I ξ ,�G ŵx I η ,[G ŵx I ξ , 0 : (8)

We infer from (4) and (5) that there exist some con-

stants a2 - a3 - b0 - b1 - b2 - b3 - c0 and c1 such that

ŵ ' x ).,]\^ _ a2x2 F a3x3 if 0 ` x ` η -
b0 F b1x F b2x2 F b3x3 if η ` x ` ξ -
c0 F c1 ' x 6 π ) if ξ ` x ` π :

It follows from (7) that a3 , b3 , 0. (6) gives 2b2 6
2a2 , K , 2b2, hence a2 , 0 and b2 , K a 2. Finally,
it is easily seen that b0 - b1 - c0 and c1 are uniquely de-
termined by the following system of linear equations

(coming from (8))\bbbb^ bbbb_
b0 F b1η F K

2
η2 , 0

b1 F Kη , 0
b0 F b1ξ F K

2
ξ2 , c0 F c1 ' ξ 6 π )

b1 F Kξ , c1
This proves the existence and uniqueness of ŵ, and the
existence and uniqueness of a pair ' w - v ).+E&0' A ) such
that A ' w - v )Y,[' f - g ) . To see that 0 + ρ ' A ) , it remains
to prove that the map A P 1 : *SQT* is continuous. Let' w - v )R, A P 1 ' f - g ) . Then 8c8 v 8c8 H ,d8c8 f 8e8 H, 8c8 w̃ 8c8 H4 f 0 g π h ?
Const 8c8 g 8c8H, 8c8 ŵ 8e8V ? Const 8K 8 ? Const 8c8 f 8c8V . There-
fore 8c8i' w - v )j8c8 1 ? Const 8c8i' f - g )j8c8 1 :
This completes the proof of Proposition 1 and of The-

orem 1.

Proposition 2. The operator A P 1 : *kQl* is com-
pact.

Proof: Since8c8A P 1 ' f - g )j8e8 m f A h ,n8c8A P 1 ' f - g )98c8 1oFp8e8i' f - g )j8c8 1q-
we see that A P 1 is continuous from * into &(' A ) ,
hence it is sufficient to prove that the embedding&(' A )�Qr* is compact. Let st' wn - vn )!u n v 0 be any
bounded sequence in &0' A ) . We have to prove that a
subsequence s ' wn w - vn w ) u converges (strongly) in * .
As 8c8 vn 8c8 H2 f 0 g π h ? Const , there exists a subsequence' vn w ) and some function v + H , L2 ' 0 - π ) such that



vx n yVz v in H. On the other hand, {c{wn {c{ H2 | 0 } π ~
�{c{�� wn
xxxx � {e{ L2 | 0 } π ~>� Const , so{c{wn {c{ H4 | 0 } η ~ � {e{wn {c{ H4 | η } ξ ~ � {c{wn {e{ H4 | ξ } π ~ � Const �

Extracting a subsequence once again, we infer that

there exists a function w � V such that wn y�� w in V ,
and wn y � w in H4 � 0 � η � , in H4 � η � ξ � and in H4 � ξ � π � .
It follows that wn y�z w in H2 � 0 � η � , in H2 � η � ξ � and in
H2 � ξ � π � . We conclude that wn y z w in V .

3. STRONG STABILITY

3.1 Free evolution

In this section we recall some useful facts about the

free evolution of (1)-(3) (i.e., when k � 0). Thus we
consider the homogeneous Cauchy problem

φtt � φxxxx � 0 � (9)

φ � 0 � t �O� φx � 0 � t �O� φxx � π � t �R� φxxx � π � t �R� 0 � (10)
φ � �c� 0 �O� φ0 � φt � �c� 0 �O� φ1 � (11)

Let � : � � �K� z L2 � 0 � π � be the operator with domain� � �K� : ��� φ � H4 � 0 � π � ; φ � 0 �
� φx � 0 �
�� φxx � π �
� φxxx � π �
� 0 �
and defined by � φ � φxxxx. Obviously, �K� 1 is a com-
pact symmetric operator on � , hence there exists a
countable orthonormal basis of � consisting of eigen-
vectors of � � 1. The following result (Crépeau and
Prieur, to appear, Lemma 2.1) provides useful results

about the eigenvectors of � .
Proposition 3. The L2 � 0 � π � -normalizedeigenfunctions
of � are the functions � ψk � k � 1, defined by

ψk
� x �Y� γk � cos � αkx �7� cosh � αkx �� µk

� sinh � αkx �7� sin � αkx �M���O� (12)
where αk is the k-th positive root of

1 � cos � αkπ � cosh � αkπ �
� 0 � (13)

and

µk � cos � αkπ � � cosh � αkπ �
sin � αkπ � � sinh � αkπ � �

γk � 1�
π
�

and the eigenvalue associated with ψk is λk � α4k .
Moreover, we have as k z � ∞

αk � k � 1
2 � � � 1 � k � 1 2e π

2

π
e � πk � o � e � πk �@� (14)

µk � 1 � 2 � � 1 � ke � αkπ � o � e � αkπ �@� (15)

and� sinh � αkρ � � µk cosh
� αkρ �
��� � e � αkρ � o � e � αk ρ � if 0 � ρ � π

2
�� � 1 � ke � αk | π � ρ ~ � o � e � αk | π � ρ ~ � if π

2
� ρ � π �

(16)

It is easily seen that if φ0 � ∑k � 1φ0kψk , and φ1 �
∑k � 1φ1kψk, then the solution φ � φ � x � t � of (9)-(11)
reads

φ � x � t �
� � ∞

∑
k � 1 � φ0k cos

� α2kt � � φ1k
α2k
sin � α2kt �!� ψk

� x ���
(17)

Let L : � ξ � η denote the length of the actuator/sensor.
For any k   1 and any L � � 0 � π ¡ , let¢

k
� L � : �� η �¤£ 0 � π � L¡�{ ψ ¥k � η �7� ψ ¥k � η � L �Y� 0 � � � 18 � and

set ¢ � L � : �p¦ k � 1¢ k
� L �@�

Definition 1. We say that (1)-(2) is strongly stable in� , if for any � w0 � w1 �§�¨� we have that
E � w � t �@� wt � t �M�R�3{c{ � w � t �@� wt � t �M�9{c{ 2© z 0

as t z � ∞.

The following theorem provides a characterization of

the location of the actuator/sensor for which the strong

stability holds. Its proof rests on LaSalle principle (see

also (Ammari and Tucsnak, 2000) for strong stability

results obtained this way).

Theorem 2. The system (1)-(2) is strongly stable in �
if and only if k ª 0 and η «� ¢ � L � .
Proof: First of all, it follows from Lemma 1 that for
any � w0 � w1 �.�¤� � A � and for any t   0,

E � w � T �@� v � T �M�7� E � w0 � w1 ���� k ¬ T

0
{ vx � η � t �7� vx � ξ � t �j{ 2dt � (19)

Thus, the condition k ª 0 is needed for the energy
to decrease. Moreover, the relation (19) shows that

the trace vx � η �A� �7� vx � ξ �t��� exists in L2 � 0 � T � for any
T ª 0 and any � w0 � w1 ��q� . Furthermore, a density
argument shows that (19) still holds true for � w0 � w1 �R�� . Since the embedding � � A �¯®p� is compact, we
obtain that the set orb � w0 � w1 � : �=� � w � t ��� v � t �M�9{ t  
0 ��� is precompact in � for any � w0 � w1 �°��� � A � .
Therefore, the ω � limit set of � w0 � w1 � , defined as

ω � w0 � w1 �.��� z �K�±{² � tn � z ∞ � lim
n ³ ∞

S � tn � � w0 � w1 �
� z � �
is nonempty.On the other hand, according to LaSalle’s

invariance principle (see (Cazenave and Haraux, 1998)),



for any ´ φ0 µ φ1 ¶R· ω ´ w0 µ w1 ¶ , we have that S ´ t ¶ ´ φ0 µ φ1 ¶O¸´ φ ´ t ¶�µ φt ´ t ¶B¶R· ω ´ w0 µ w1 ¶ and E ´ φ ´ t ¶@µ φt ´ t ¶M¶7¸ E ´ φ0 µ φ1 ¶ .
The above relation and (19) imply that φ is a solution
of (9)-(11) and fulfills

φxt ´ η µ t ¶7¹ φxt ´ ξ µ t ¶º¸ 0 » t ¼ 0 ½
Derivating w.r.t. x and t in (17), we obtain

0 ¾ φxt ´ η µ t ¶7¹ φxt ´ ξ µ t ¶R¸�¹H¿ ∞

∑
k À 1 Á α2kφ0k sin ´ α2kt ¶¹ φ1k cos ´ α2kt ¶�Â Á ψ Ãk ´ η ¶7¹ ψ Ãk ´ ξ ¶!Â ½

Since α2k ¿ 1 ¹ α2k Ä ∞, we infer from a generalization
of Ingham’s inequality that for any T Å 0
0 ¸�Æ T

0 Ç φxt ´ η µ t ¶7¹ φxt ´ ξ µ t ¶ Ç 2dt¼ CT ¿ ∞

∑
k À 1 Á Çα2kφ0k Ç 2 È Ç φ1k Ç 2 Â Çψ Ãk ´ η ¶7¹ ψ Ãk ´ ξ ¶ Ç 2 ½

Therefore, if η É·°Ê ´ L ¶ , then φ0k
¸ φ1k

¸ 0 for all k ¼ 1
and S ´ t ¶ ´ w0 µ w1 ¶ Ä ´ φ0 µ φ1 ¶O¸ ´ 0 µ 0 ¶ in Ë . Conversely,
if η ·ÌÊ k ´ L ¶ for some k ¼ 1, then any state of the form´ φ0 µ φ1 ¶Y¸ ´ φ0kψk

µ φ1kψk
¶ gives rise to a solution of (1)-

(3) (or (9)-(11)) whose energy does not tend to 0. The

proof of Theorem 2 is achieved.

Remark 1. (1) In sharp contrast to (Tucsnak, 1996)
and (Crépeau and Prieur, to appear), the length of

the actuator/sensor may take here any real value.
Furthermore, the position of the left endpoint for

which the strong stability holds is given explic-

itly, and the theory of Diophantine approxima-

tion is not involved here.

(2) When η ·�Ê ´ L ¶ , then there is also a strong sta-
bility in the quotient space Ë�Í Span ÎZ´ ψk

µ 0 ¶ ,´ 0 µ ψk
¶AÏ if Ê k Ð ´ L ¶�Ñ¯Ê k ´ L ¶.¸ /0 for any k Ã É¸ k.

As the set Ê ´ L ¶ plays a crucial role in the stability re-
sults, we collect some of its properties in the following

proposition.

Proposition 4. For any L · ´ 0 µ π ¶ the set Ê ´ L ¶ of crit-
ical values of η is countable and dense in Ò 0 µ π ¹ L Ó .
To prove that Ê ´ L ¶ is countable, it is sufficient to prove
that each set Ê k ´ L ¶ is finite. But Ê k ´ L ¶Ì¸ f Ô 1k ´ 0 ¶ºÑÒ 0 µ π ¹ LÓ , where fk ´ η ¶ : ¸ ψ Ãk ´ η ¶R¹ ψ Ãk ´ η È L ¶ . As the
function fk is analytic, we infer that it has only a finite
number of zeros in the interval Ò 0 µ π ¹ LÓ (i.e., Ê k ´ L ¶
is finite) if it is not identically null. To check the last

property, we need first to establish the following

CLAIM 1. µk É¸ 1 » k ¼ 1.
Argue by contradiction. If the claim is false, then there

exists some k ¼ 1 with
µk
¸ cos ´ αkπ ¶ È cosh ´ αkπ ¶
sin ´ αkπ ¶ È sinh ´ αkπ ¶ ¸ 1 ½ (20)

Let x ¸ cos ´ αkπ ¶ . Using (13) and (20), we arrive to
the equation

x ¹ x Ô 1 ¸NÕKÖ 1 ¹ x2 È Ö x Ô 2 ¹ 1
whose solutions are easily found to be Õ 1. Now, the
equation (13) has no solution if cos ´ αkπ ¶§¸�Õ 1. The
claim is proved. ×
Derivating in (12) we obtain

ψ Ãk ´ x ¶
¸ γk Á ¹ αk sin ´ αkx ¶7¹ αk sinh ´ αkx ¶È µk ´ αk cosh ´ αkx ¶7¹ αk cos ´ αkx ¶B¶ ÂØ γkαk ´ µk cosh ´ αkx ¶7¹ sinh ´ αkx ¶B¶Ø γkαk ´ µk
¹ 1 ¶ eαkx Í 2

as x Ä È ∞. Therefore, fk ´ η ¶OØ�¹ γkαk ´ µk
¹ 1 ¶ eαk Ù η ¿ L Ú Í 2

as η Ä È ∞, which shows that fk É¾ 0. The proof thatÊ ´ L ¶ is countable is achieved.
Let us now check that Ê ´ L ¶ is dense in Ò 0 µ π ¹ LÓ .
The idea is that fk ´ η ¶ oscillates like the function
sin ´ αk ´ η È L

2
¶Û¹ π

4
¶ , so that the set Ê k ´ L ¶ is constituted

of O ´ k ¶ points “almost equidistributed” in Ò 0 µ π ¹ LÓ .
In a less formal way, using (20) and (16), we have that

fk ´ η ¶
¸ ψ Ãk ´ η ¶7¹ ψ Ãk ´ η È L ¶¸ γkαk Á sin ´ αk ´ η È L ¶M¶7¹ sin ´ αkη ¶È µk ´ cos ´ αk ´ η È L ¶M¶7¹ cos ´ αkη ¶M¶¹ sinh ´ αkη ¶ È µk cosh ´ αkη ¶È sinh ´ αk ´ η È L ¶M¶7¹ µk cosh ´ αk ´ η È L ¶M¶ Â¸ γkαk Á 2cos ´ αk ´ η È L
2
¶M¶ sin ´ αk

L
2
¶¹ 2µk sin ´ αk ´ η È L

2
¶B¶ sin ´ αk

L
2
¶ È o ´ e Ô δαk ¶�Â¸ 2 Ü 2γkαk Á sin ´ π4 ¹ αk ´ η È L

2
¶M¶ sin ´ αk

L
2
¶È o ´ e Ô δαk ¶�Â

for some positive constant δ · ´ 0 µ π Í 2 ¶ , provided that
η and η È L are both different from π

2
. The following

claim is needed.

CLAIM 2. » L · ´ 0 µ π Ó µ » k0 ¼ 1 µ°Ý k ¼ k0 such thatÇ sin ´ αk
L
2
¶ Ç ¼ e Ô δαk ½

If the claim is false, then there exists an integer k0 ¼ 1
such that Ç sin ´ αk

L
2
¶ eδαk ÇjÞ 1 » k ¼ k0 ½

As Ç sin ´ αk
L
2
¶>¹ sin ´B´ k ¹ 1

2
¶ L
2
¶ Çàß Ce Ô πk by (14), we

infer thatÇ sin ´B´ k ¹ 12 ¶ L2 ¶ eδαk Çjß C Ã » k ¼ k0 µ (21)

where C and C Ã denote some positive constants. If
L · π á , then the sequence Á sin ´B´ k ¹ 12 ¶ L

2
¶�Â

k â 0 is peri-
odic (not constant). If L É· π á , then the same sequence
is dense in Ò ¹ 1 µ 1 Ó . In both cases, (21) cannot hold.
Claim 2 is proved. ×



With Claim 2 we conclude that for a sequence k ãåä ∞,
fk æ vanishes between any pair of successive extrema
of sin ç π

4 è αk æ ç η é L
2 êMê . The density of ëìç L ê follows at

once.

The sets ë k ç L ê have been numerically computed for
L í π

2
and k î 6. This choice corresponds to the case

of an actuator/sensor which covers half of the length

of the beam. The repartition is sketched out in Table

1.

Table 1. Sk ç L ê for small values of k and for
L í π

2

S1 0.15

S2 0.48

S3 0.07 0.62 1.28

S4 0.21 0.67 1.1

S5 0.04 0.35 0.7 1.05 1.41

S6 0.13 0.43 0.71 1 1.28

4. CONCLUSION

The paper was devoted to the output stabilization

of a clamped-free beam with collocated piezoelectric

sensor/actuator. It was proved that for any length of

the actuator, the strong stability holds provided that

the left endpoint η of the actuator does not belong to
a dense countable set ë�ç L ê . The determination of the
decay rate will be the purpose of further research in a

near future.
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Euŕıpedes G. de Oliveira Nóbrega ∗
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Abstract: Mechanical structures are modelled in general with a high number of
degrees of freedom, in order to properly describe their behavior. H∞ techniques
are commonly used to design vibration controllers, but for the usual techniques
the controller order is the same of the plant model, rendering solutions difficult to
implement and often infeasibility. One obvious way to deal with this problem is
to design a fixed (reduced) order controller. But, due to the rank restriction, the
reduced order controller design is a non-convex problem. A methodology to design
a fixed order H∞ controller is presented here, and experimental results applied
to a cantilever beam are reported. To overcome the difficulties, the Augmented
Lagrangian method allows the problem to become a convex one, and linear matrix
inequalities are used to solve it. Based on the Finite Element Method, a cantilever
beam truncated model is used to design the controllers. It is known to be a very
difficult task to assure stability and performance to vibration controllers, due to the
several sources of modelling uncertainties. Adequately designed weighing filters are
used to attain the necessary robustness of the controller, preventing the excitation
of the uncertain modes and so avoiding the spillover phenomenon (Balas, 1990).
Using the methodology, two types of H∞ controllers were designed, of complete
and fixed order, and implemented over an experimental testbed. Simulated and
experimental results are presented and compared. These results permit to conclude
that the method achieves the objectives of reducing the vibration level, maintaining
robust stability and performance, even for a first order controller. Copyright c©2006
IFAC

Keywords: Vibration Control, Flexible Structures, Linear Matrix Inequalities,
Fixed Order H∞ Control, Augmented Lagrangian Method.

1. INTRODUCTION

Flexible structures present an infinite number
of degrees of freedom and respective resonances.
Controlling these structure vibrations are a dif-
ficult problem because the frequency range of
interest is limited by the sample rate, implying
reduced mathematical models (Gawronski, 1998).

Dynamic uncertainties are originated due to dif-
ferences between the real structure and the trun-
cated model in terms of high frequency dynamics,
and structured uncertainties are related to varia-
tions of estimated or identified parameters of the
structure. Although the controllers are designed
using the truncated model of the structure, they
must be able to control the real structure un-



der parametric and dynamic uncertainties, accom-
plishing robust performance and stability (Ma-
ciejowski, 1989).

TheH∞ control framework (Zames, 1981) consists
of a frequency domain method where the peak of
singular value of the transfer matrix between the
disturbance inputs and the performance outputs
should be minimized (Maciejowski, 1989). In other
words, the closed-loop system must minimize the
external disturbances and the uncertainties effect
for a desired performance output.

Designing and implementing an experimental con-
troller even with the same order of the plant
model frequently is always a hard task. Most
active vibration control problems present a great
number of degrees of freedom even for a truncated
model, and it is desirable to design a reduced
order controller in order to effectively control the
plant (Sarracini and Serpa, 2005). But designing
reduced order controllers is a complex issue due to
the rank restriction, rendering the problem non-
convex. One approach to design a fixed (reduced)
order controller was proposed by (Apkarian and
Tuan, 1999), based on a combination of the Aug-
mented Lagrangian Method and Linear Matrix
Inequalities (Apkarian, Tuan and Noll, 2003).

In this work, the mathematical model of a can-
tilever beam is obtained through the Finite El-
ement Method (FEM) (Desai and Abel, 1972),
and a full order and a fixed order controllers
are designed based on a three modes model. The
controllers are simulated to control an extended
model with seven modes. Weighing filters are used
to ensure that the non-modelled modes are not
excited, avoiding the ubiquitous spillover phe-
nomenon. Experimental tests of the controllers
using piezoelectric actuators are also presented,
and the results show the potential of the approach.

The notation ‖V‖F =
√

∑n

i=1

∑n

j=1 v
2

ij =
√

tr(VTV) denotes the Frobenius norm of a real

matrix V. The notation A◦B = (AijBij) denotes
the Schur (or Hadamard) product. The notation
vec is an operator that piles up the columns of a
matrix in a vector.

2. FINITE ELEMENT MODEL OF THE
STRUCTURE

The mathematical model of the cantilever beam
is based on the Finite Element Method. The bi-
dimensional Hermitian beam element with four
degrees of freedom is used to test the control
formulation (Desai and Abel, 1972; Kwon and
Bang, 1997).

Structural modelling presents the difficulty in the
determination of the damping. When possible,

the damping can be determined experimentally
through specific measurements in the identifica-
tion phase. Although, when the structure is not
available for identification, the damping should be
estimated. It is usual to consider proportional (to
mass and stiffness) damping because the math-
ematical treatment is simpler (Ewins, 1984). In
this work, the mathematical model was written
in the modal basis and the damping factor of
each mode was adjusted based on experimental
measurements.

Linear vibration problems present the dynamic
equations as (Inman, 1989):

Mq̈+Dq̇+Kq = f, (1)

where M, D, K and f are mass matrix, damping
matrix, stiffness matrix and external forces vector
respectively, obtained through the FEM model.
This equation can be written in the state-space
model form as (Kwon and Bang, 1997):

ẋ = A x + B f; y = C x , (2)

where C is the output matrix (the acceleration is
the output in this work),

A =

[

0 I

−M−1K −M−1D

]

, Bf =

[

0

M−1

]

f. (3)

3. WEIGHING FILTERS

Fig. 1 shows the Plant P with two external inputs,
the disturbance and control inputs, the controller
K and the three weighing filters. The adopted
filters are:

Wp =
50s+ 100000

s+ 100
, Wu =

400s+ 40000

s+ 4000
, Wn = 0.01.

Fig. 1. Block diagram of the system including the weigh-
ing filters

One can see that Wu is a high-pass filter, respon-
sible for avoiding a control signal with energy in
the out-of-interest frequency range. The weighing
filter Wp is a low-pass filter responsible for min-
imizing the disturbance in the desired frequency
range. Wn is a gain that multiplies the measure-
ment noise and bounds its amplitude.



4. FIXED ORDER H∞ CONTROLLER

The state-space model of the plant is below, where
each matrix has suitable dimension.

ẋ =Ax+B1w+B2u, A ∈ <n×n (4)

z =C1x+D11w+D12u, (5)

y =C2x+D21w. (6)

It is desirable to obtain a dynamic controller with
the following state-space model:

ẋK =AKxK +BKy, AK ∈ <k×k, k ≤ n, (7)

u =CKxK +DKy. (8)

The closed-loop state-space model can be written
as:

ẋcl = Aclxcl +Bclw, (9)

z = Cclxcl +Dclw, (10)

where:

xcl =
[

x xK
]T
, (11)

Acl =Aa +BaKaCa, (12)

Bcl =B1,a +BaKaD21,a, (13)

Ccl =C1,a +D12,aKaCa, (14)

Dcl =D11 +D12,aKaD21,a, (15)

Ka =

[

AK BK

CK DK

]

, Aa =

[

A 0

0 0K

]

,

B1,a =

[

B1

0

]

, C1,a =
[

C1 0
]

,

Ba =

[

0 B2

IK 0

]

,Ca =

[

0 IK
C2 0

]

,

D12,a =
[

0 D12

]

, D21,a =

[

0

D21

]

.

Using the Bounded Real Lemma and the Projec-
tion Lemma (Boyd et al, 1994), the problem of ob-
taining a fixed order H∞ controller may be cast as
the following optimization problem P (Apkarian,
Tuan and Noll, 2003):

P :

{

minimize γ

subject to :

h(ξ) = XY− I = 0, (16)

NT
Q

[

AT
aX+XAa XB1,a C

T
1,a

BT
1,aX −γI DT

11

C1,a D11 −γI

]

NQ < 0, (17)

NT
R

[

YAT
a +AaY B1,a YC

T
1,a

BT
1,a −γI DT

11

C1,aY D11 −γI

]

NR < 0, (18)

[

X I

I Y

]

≥ 0, (19)

where ξ are the unknowns of the problem
(X,Y, γ) in the vector form. The expression (16)

is a non-convex restriction that must be satisfied
to assure the existence of the fixed order con-
troller.

After getting X, Y and γ, the matrix Ka, and
consequently the controller, can be built through
the following feasibility problem (Gahinet and
Apkarian, 1994):

Ψ +QTKT

a
RX +RT

X
KaQ < 0, (20)

where:

RX =
[

BT
aX 0 D

T
12,a

]

, Q =
[

Ca D21,a 0
]

,

Ψ =

[

AT
aX+XAa XB1,a C

T
1,a

BT
1,aX −γI DT

11

C1,a D11 −γI

]

.

Using the Augmented Lagrangian Technique, the
equality restriction (16) can be introduced in the
objective function of the optimization problem:

Φc(ξ,Λ) = γ + Tr(ΛT (XY− I))+

+
1

2
vecT (XY− I)C vec(XY− I), (21)

where Λ are the Lagrange multipliers and C is a
diagonal matrix containing the penalty parame-
ters.

The objective function (21) can be linearized using
the Taylor series:

Πc(ξ,Λ) = ∇Φc(ξ,Λ)
Tdξ +

1

2
dξTHdξ, (22)

where H is the hessian of Φc(ξ,Λ) and dξ can
be interpreted as the descent direction (Apkarian,
Tuan and Noll, 2003).

Because the above optimization problem is a non-
convex one, the hessian is indefinite and the
Cholesky indefinite factorization is used to make
it possible to be solved through linear matrix
inequalities. So, the hessian can be written as
H = PTL(D+E)LTP, where P is a permutation
matrix, L is an lower triangular matrix, D is a
diagonal matrix containing the eigenvalues of H

and E is a diagonal matrix responsible for making
the hessian positive-definite (Cheng and Highaam,
1998).

Thus, introducing an unknown t and using the
Schur complement, the minimization of the objec-
tive function (22) can be written as the problem of
minimizing t with the following LMI restriction:
[

t−∇Φc(ξ,Λ)
Tdξ dξTPTL

LTPdξ 2(D+E)−1

]

> 0. (23)

Therefore, the problem P becomes:

P1 :







minimize t

subject to : (23);
ξ + dξ ∈ LMIs (17), (18), (19).



After obtaining dξ of the optimization problem
P1, it is possible to replace ξ + α dξ in (21), i.e.,

Φc(ξ+α dξ,Λ) = a4α
4+a3α

3+a2α
2+a1α+a0.

(24)

In this way, it is possible to find the optimal value
of α that minimize the objective function (21)
through the derivative of (24):

4a4α
3 + 3a3α

2 + 2a2α+ a1 = 0.

The algorithm can be summarized as:

Step 1 - Initialization phase. A feasible point
is obtained solving the feasibility problem de-
scribed by the LMIs (17), (18) and (19). The
diagonal matrix of the penalty parameters is
initialized with values higher than zero. The
matrix of Lagrange multipliers is initialized.
The following parameters are defined: ρ > 1
and ε > 0.

Step 2 - Minimization phase. φcj (ξ,Λ
j) is min-

imized subject to (17), (18) and (19). Thus, it
is obtained ξj+1. The feasible point obtained in
step 1 is used as the starting point of this step.

Step 3 - Updating phase. The lagrange mul-
tipliers are updated as follows:

Λj+1 = Λj +Rj ◦ (Xj+1Yj+1 − I),

where Rj is a matrix containing the penalty
parameters.
Each penalty parameter is updated as fol-

lows:

c
j+1
ij =

{

ρc
j
ij if |(XY− I)j+1ij | > 10−8,

c
j
ij if |(XY− I)j+1ij | ≤ 10−8.

(25)

Step 4 - Termination phase. If ‖XY− I‖F >

ε, do j = j + 1 and return to step 2. Other-
wise, try to reconstruct the H∞ controller (see
(Gahinet and Apkarian, 1994)). If the recon-
struction fails, the adopted value of ε must be
decreased and the algorithm must be restarted.

It is important to outline two points: each restric-
tion presents an independent penalty parameter,
which is a different approach from (Apkarian,
Tuan and Noll, 2003), and the choice of the initial
parameters of the Augmented Lagrangian Method
depends on the designer’s experience (a good
choice assure the convergence of the method).

5. NUMERICAL RESULTS

The H∞ controllers simulated and experimental
results are presented in this section. As already
mentioned, the controllers are designed based on
a six order (three vibration modes) model, trun-
cated according to the frequency range of inter-
est (from 0 Hz until 156 Hz). It is important to
mention that the static condition of the truncated
model is maintained equal to the full order model.

The controllers are simulated using the plant
model with seven modes, two of them outside the
frequency band of interest. There are two modes
inside the frequency range of interest that are not
considered to design the controllers because they
are in a very low frequency (until 13 Hz) and
present a very little amplitude if compared with
other modes inside the frequency range of interest.
The weighing filters are tuned in order to satisfy
the stability and performance requirement.

A photo of the testbed may be seen in Fig. 2). It
presents the following components: 1 accelerom-
eter made by PCB Piezotronics, 4 piezoeletric
actuators model QP10N made by Quickpack, 3
low-pass filters made by Frequency Devices model
900C/9L8B, 1 signal conditioner PCB model
482A05, 2 power amplifiers model EL-1224 made
by Quickpack, 1 computer with DSpace boards
model DS2003 and DS2103.

Fig. 2. Experimental testbed

Fig. 3 shows the cantilever beam used in this
application. It is possible to see that the system
presents two inputs (one disturbance input and
one control input) and one output (one point of
measurement of acceleration).

Fig. 3. Control scheme

The cantilever beam was discretized initially with
44 elements, obtaining a mathematical model with
88 modes (each node has two degrees of freedom,
one of displacement and one of rotation). This
mathematical model was truncated and the bode
diagrams of the plant may be seen in Fig. 4 and
in Fig. 5, respectively from the disturbance input
to the acceleration output, and from the control
input to the acceleration output. The selected



modes used to design the controllers are located
in the frequency range of 30 Hz until 120 Hz.

Fig. 4. Bode diagram from disturbance input to acceler-

ation output

Fig. 5. Bode diagram from control input to acceleration

output

The controllers were designed in continuous time
and converted to discrete time through the bi-
linear transformation. Simulations and implemen-
tations were performed with a sample time of 0.5
ms. The full order controller was obtained us-
ing the hinflmi MATLAB LMI toolbox command
(Gahinet et al, 1995). The fixed order controller
was obtained using the following criteria of con-
vergence and parameters:

ρ = 1.5, C0 = 1e− 10 I, Λ0 = 0, ε = 1e− 3,

where I is a identity matrix of dimension (n+k)×
(n + k). Recall that n is the plant order and k is
the controller order.

A Schroeder signal (with 16.383 seconds of period
and frequency range from 0 Hz until 156 Hz) is
used as disturbance input (Schroeder, 1970).

The state space model of the full order controller
is:

AK =











−3.1789 447.4708 −0.0090 0.0646 0.0185 . . .

−447.5073 −3.0862 0.0060 −0.0357 0.0100 . . .

0.0028 −0.0021 −89.2623 −100.6153 102.7984 . . .

0.0132 0.0256 5.0013 −119.7109 −98.7526 . . .

0.0135 −0.0061 0.7108 0.9473 −23.7741 . . .

0.0087 −0.0055 1.3976 −6.5734 198.1569 . . .

−0.0645 0.0360 −4.2533 8.8387 123.8499 . . .

−0.0737 0.0416 −7.2732 25.6223 138.9773 . . .

. . .− 0.0010 −0.0449 −0.0189

. . .− 0.0037 −0.0280 −0.0146

. . . 14.4661 854.1972 −36.6044

. . . 29.1691 394.4757 116.5444

. . .− 214.8641 51.2070 20.7852

. . . 3.0551 60.4542 35.9050

. . .− 28.8360 −347.3605 293.8773

. . .− 38.9327 −820.9158 −173.8892











; BK =











0.0080

−0.0093

−5.2404

60.3584

−44.8241

−47.5508

285.8644

300.4465











;

CK =

[

1.6126e− 005 1.0137e− 005 3.7946 0.3604 0.0714 . . .

Fig. 6. Simulated full order frequency response

Fig. 7. Experimental full order frequency response

. . . 0.0168 0.8445 −0.0268

]

; DK =

[

0

]

.

Fig. 6 shows the simulated frequency response.
The H∞ norm was reduced by 8.85 dB with the
full order controller.

Fig. 7 shows the experimental frequency response.
The H∞ norm was reduced by 8.80 dB with the
full order controller.

The state space model of the fixed order controller
(fist order) is:

AK =
[

−257.9154
]

; BK =
[

435.7875
]

;

CK =
[

7.3239
]

; DK =
[

−3.2254
]

.

Fig. 8 shows the simulated frequency response.
The H∞ norm was reduced by 8.20 dB with the
fixed order controller.

Fig. 9 shows the experimental frequency response
function. The H∞ norm was reduced by 10.20 dB
with the fixed order controller.

The maximum experimental amplitude value of
the control signal for the full order controller was
2.4 V, and for the fixed order controller was 0.9
V.



Fig. 8. Fixed order simulated frequency response

Fig. 9. Experimental fixed order frequency response

6. CONCLUSION

The presented results point out that the imple-

mentation of fixed order controllers applied to

active control of flexible structures is viable and

indeed a very effective method. Further studies

are necessary to generalize the results to more

complex structures. Besides, the Finite Element

Method model was successful in modelling the

cantilever beam, in order to design the controller.

Both the full order and the fixed order controllers

were able to ensure the closed-loop stability and

to provide a good performance. Surprisingly, the

first order controller presents a better result than

the full order controller, attenuating more the

vibration with a smaller control signal.
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A continuation like Algorithm for Static Output Feedback Stabilization
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An algorithm to find a stabilizing controller with any order and structure for continuous linear time invariant

systems is presented. The control framework is based on generalized systems, numerical minimization of a modified

H2 cost functional and a static output feedback controller. The underlying strategy consists of solving a series

of optimization problems on the original system with its closed loop pole map shifted to the left half complex

plane by an amount specified by the algorithm, until a stabilizing controller is found for the original, non shifted

system.
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1. Introduction

As computing power is becoming more and
more available to desktop personal computers,
numerical optimization based methods for con-
troller synthesis are becoming more attractive
and viewed as a viable alternative of current us-
age. An advantage of these methods is the extra
flexibility in specifying the control objectives and
the structure of the desired controller, since they
are not constrained by the type of optimal solu-
tion attached to the problem formulation, such as
full order controllers in LQG problems. A prob-
lem shared by all numerical based methods [4]
is that they require a stabilizing controller as a
starting point to the numerical optimization pro-
cedure. Such an initial controller can be easy to
find in simple problems, but can be difficult or
very time consuming for moderate and complex
problems. This paper presents an algorithm that
aims to contribute to solve this problem, provid-
ing a full automated procedure to find a stabiliz-
ing custom controller. As the procedure is based
on the H2 cost functional, its natural outcome is
a local optimal H2 controller with the specified
order and structure.
The structure of the paper is as follows. Sec-

∗Corresponding author: pos@univ-ab.pt. Part of this
work was supported by FCT under contract FLOW-
POSC/EEA-SRI/61188/2004

tion 2 presents theH2 control setup used. Section
3 presents the algorithm and its inner workings.
Section 4 shows trough an example the applica-
tion of the method and section 5 presents the con-
clusions.

2. The Control Setup

Consider the control setup shown in Figure 1,
where w ∈ Rnw is a disturbance input (such

PSfrag replacements
G0

F

w z

u y

Figure 1. Control setup.

as tracking signals, measurable and non measur-
able disturbances), u ∈ Rnu is the control input,
z ∈ Rnz is the controlled output (such as error
and control signals) and y ∈ Rny is the measured
output. The generalized plant G0 includes the
system to be controlled and the additional ele-
ments to generate the signals involved. It is as-
sumed that G0 does not have direct terms from w

to z and y. The F block is a matrix gain and im-
plements the Static Output Feedback (SOF) [3]

1



2

control law u = Fy. This law is not a limita-
tion since a fixed order control problem can be
recasted as a SOF control problem [2].
The generalized systemG0 admits the following

state space representation

G0 ↔







ẋ = Ax +B1w + B2u
z = C1x +D12u
y = C2x

(1)

The closed loop system when u = Fy is given by

G0(F ) ↔

{

ẋ = AFx +B1w
z = C1Fx

(2)

AF = A+B2FC2, C1F = C1 +D12FC2

Define the matrices W =
∑nw

i=1 wiw
′
i = W ′ ≥ 0,

Q = Q′ ≥ 0, δwi as wiδ(t), and the vector norm

‖v(t)‖22Qα =

∫ +∞

0

e−2ατv′(τ)Qv(τ)dτ

with α ≥ 0 a parameter. The cost functional is
the H2 type norm

J(F, α) =

nw
∑

i=1

‖G0(F )δwi‖
2
2Qα (3)

= tr(B′
1XB1W ) (4)

= tr(C1FY C
′
1FQ) (5)

where tr(.) is the trace operator and the matri-
ces X and Y are the solutions of the “shifted”
continuous time algebraic Lyapunov equations

(AF − αI)′X +X(AF − αI) + C ′
1FQC1F = 0

(AF − αI)Y + Y (AF − αI)′ +B1WB′
1 = 0

The α parameter implements a H2 “α-shifted”
norm. If a system has a transfer function G(s),
its H2 α-shifted norm ‖G(s)‖2α is related with
the standard H2 norm by

‖G(s)‖2α = ‖G(s+ α)‖2 (6)

that is, the pole-zero map of G(s+α) in the com-
plex plane is equal to the one of G(s) but shifted
to the left or to the right by an amount |α|, re-
spectively as α > 0 or α < 0. For α = 0, the
cost functional (3) correspond to the standard H2

norm. The α parameter provides a tool to deal

with unstable systems. If an initial controller F0

is not stabilizing, the idea is to start with a sta-
bilizing α and manipulate it while the numerical
optimization proceeds in order to reach α = 0.
The next section describes this strategy in detail.
For solving optimization problems with J(F, α)

with numerical techniques, the first order deriva-
tives with respect to F , in matricial form, are
given by [5]

∂J(F, α)

∂F
= 2(D′

12QC1F +B′
2X)Y C ′

2 (7)

3. The Algorithm

Let θ be a vector that collects the relevant co-
efficients in F , that is, the variables to be opti-
mized. Then, the closed loop system (2) writes
as G(θ), its system matrix as A(θ) and the cost
functional (3) as J(θ, α). For each value of α,
define the optimization problem,

θ∗(α) = argmin
θ

J(θ, α) (8)

The stabilization problem consists of finding a
vector θ, if one exists, such that G(θ) is stable,
that is, λ̄[A(θ)] < 0, where λ̄(.) represents the
maximum real part of the eigenvalues. Consider
the following definitions,

Definition 1 Define Sθ(α) as the set of all val-
ues of θ that stabilizes the matrix A(θ) − αI,

Sθ(α)
4
= {θ : λ̄[A(θ) − αI] < 0} (9)

Definition 2Define S(θ,α) as the set of all pairs
(θ, α) for α ≥ 0 such that θ ∈ Sθ(α),

S(θ,α)
4
= {(θ, α) : α ≥ 0∧θ ∈ Sθ(α)} =

⋃

α≥0

(Sθ(α), α)

(10)

and the following implications,

α1 > α2 ⇒ λ̄[A(θ) − α1I] < λ̄[A(θ) − α2I] (11)

α1 > α2 ⇒ Sθ(α2) ⊆ Sθ(α1). (12)

Suppose one wants to solve the optimization
problem (8) with α = 0 and a stabilizing value
for θ is not available, so one has to start the
optimization from a non stabilizing initial point
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θ0 6∈ Sθ(0). Let α0 > 0 be such that θ0 ∈ Sθ(α0)
and suppose that exists θ̄ ∈ Sθ(0). Then the
line parameterized by α, defined by (θ(α), α) for
θ(α) = θ̄ and 0 ≤ α ≤ α0 belongs to S(θ,α), that
is, there exists at least one continuous line in
S(θ,α) parameterized by α between the stability
regions (Sθ(α0), α0) and (Sθ(0), 0). This prop-
erty is a direct consequence of (12), and means
that Sθ(α) is a non decreasing hipervolume with
α. To solve the stabilization problem, one tries
to find a trajectorie (θ∗(α), α) parameterized by
α between (Sθ(α0), α0) and (Sθ(0), 0) based on
(8). The main difficulty with this strategy is that
for some intermediate value 0 < α̃ ≤ α0, the set
Sθ(α̃) can be not connected, resulting from the
union of several disjoint subsets,

Sθ(α̃) =
⋃

i

Si
θ(α̃) (13)

separated by instability regions. Then, it could
not exist a continuous line in S(θ,α) for 0 ≤ α ≤ α̃

between (Si
θ(α̃), α̃) and (Sθ(0), 0) for some of the

subsets Si
θ(α̃). Figure figure 2 shows this con-

cepts for an hypothetical example with a scalar
θ. The S(θ,α) region is delimited by the func-

PSfrag replacements
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Figure 2. Hypothetical example of S(θ,α).

tion max(0, λ̄[A(θ)]), agreeing with (12). The set
Sθ(α̃) is given by the union of 3 subsets. In each
subset Si

θ(α̃) there exists at least one local mini-
mum of J(θ, α̃), as each subset is bounded by an
instability region or extends itself to the infinite.
These local minimums guarantee at least the ex-
istence of the 3 trajectories (θi∗(α), α) indicated

with dash lines. These could extend themselves
for greater values of α or extinguish. Note that in
this example it does not exists a continuous line
in S(θ,α) for 0 ≤ α ≤ α̃ between (S1

θ (α̃), α̃) and
(Sθ(0), 0). If in the optimization problem (8) one
only requires a local minimum and this happens
to be found in S̃1

θ (α̃), then the trajectorie defined
by (θ1∗(α), α) for decreasing values of α will not
end in (Sθ(0), 0), but in a point (θ

1∗(α∗), α∗) with
α∗ > 0 such that θ1∗(α∗) is a local minimum of
λ̄[A(θ)]. If on the other end, one requires a global
minimum for (8), then one can guarantee that the
path defined by (θ∗(α), α) will end in (Sθ(0), 0),
because jumps between the sets Si

θ(α) can occur,
depending on the localization of the global mini-
mum. However, finding a global minimum is only
possible for very simple cases, since Sθ(α) is un-
known and probably unbounded.
The algorithm presented in this section em-

ploys only local minimums of (8), establish-
ing a path (θ∗(α), α) between (Sθ(α0), α0) and
(Sθ(0), 0), possibly using values α > α0, through
the “net” of trajectories constituted by all local
minimums of (8) in S(θ,α) for α ≥ 0.
The algorithm is heuristic in its nature and goes

through the branch (θ∗(α), α) starting from the
point (θ∗(α0), α0) in the decreasing direction. If
convergence is detected at a point (θ∗(α∗), α∗)
with α∗ > 0 the algorithm reverses the direction
of the trajectory going trough the same branch
but in the increasing direction of α, until the
branch extinguish and a transition to another
branch is detected. The direction is changed to
decreasing again and verified if the new branch
ends in (Sθ(0), 0) and so on. With this kind of
algorithm, the solution of (8) for α = 0 is just
the last step and is included in the algorithm.
The following function φ(λ, ε) is most useful for

the algorithm implementation,

φ(λ, ε) =

{

0 λ < 0

λ+ ε λ ≥ 0
(14)

If θ is a non stabilizing vector, then

α = φ(λ̄[A(θ)], ε) ⇒ λ̄[A(θ) − αI] = −ε (15)

which means that ε is the distance that λ̄[A(θ)−
αI] is placed from the imaginary axis by the ac-
tion of α and can be seen as a stability margin.
If θ is a stabilizing vector, one gets α = 0. Fig-
ure 4 shows the algorithm in pseudo-code. The
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DOWN mode is associated in going trough a
branch (θ∗(α), α) in the decreasing direction of α
and the UP mode in the increasing direction of α.
To go through a branch, one alternates between
the computation of α,

αn = φ(λ̄[A(θn)], εn) (16)

with an optimization with respect to θ,

θn+1 = argmin
θ

J(θ, αn) (17)

using θn as a starting point, since J(θn, αn) <
+∞ by construction. Depending how the values
of {εn} are chosen, one can go down or up through
a branch. Figure 3 shows the values of ε to be
implemented.PSfrag replacements

(θ∗(α), α)

max(0, λ̄[A(θ)])

A

B
C

D
E

ε = εmin

ε = a(αA − λ̄[A(θA)])

α

θ

Figure 3. Values of ε to go through a trajectory
(θ∗(α), α) in the decreasing or increasing direc-
tion of α.

Starting from point A, to go down one follows
the path ABC. The segment AB corresponds to
(16) with ε = εmin and the segment BC corre-
sponds to (17). From a pole map point of view,
a step down can be interpreted as the positioning
of the real part of the right most pole λ̄[A(θ)−αI]
very close to the imaginary axis, inducing an high
cost for J(θ, α). Then, one gets as the result
of the optimization the displacement of the right
most poles to the left. The imaginary axis is used
as a repulsive agent of the dominant closed loop
poles. This allows in the next iteration to reduce
the value of α and so on.
To go up through a branch one follows the path

ADE. The segment AD corresponds to (16) with
ε = a · (αA − λ̄[A(θA)]) and a > 1 in order to
guarantee that αD > αA. The segment DE corre-
sponds to (17). Practical values are a ∈ [1.1 ; 2].

As one only goes up through a branch after hav-
ing gone down, the initial value of α is stored in
αs in order to be reused as a starting point for
going up if needed.
Last but not least, the algorithm relies in the

detection of two fundamental conditions. For the
DOWN mode, convergence detection of λ̄n can
be implemented by the test (|λ̄n− λ̄n−1| < β1 ∧
‖θn − θn−1‖ < β2). Practical values are β1 '
10εmin and β2 ∈ [10−8 ; 10−5]. For the UP mode,
it is not clear how to detect a branch transition.
The option made is to detect λ̄n < λ̄n−1, which is
interpreted as passing by an extreme of λ̄[A(θ)],
that is, a jump from a set Si

θ
(α) to another (see

also figure 2).

Algorithm

1. Given θ0, choose a > 1, 0 < εmin � 1,
0 < β < εmin, αmax

2. mode = DOWN, ε0 = εmin, λ̄0 = λ̄[A(θ0)],
α0 = φ(λ̄0, ε0), αs = α0, n = 1

3. Solve the optimization problem
θn = argminθ J(θ, αn−1)
using θn−1 as a starting point

4. λ̄n = λ̄[A(θn)]

5. If λ̄n ≥ 0
If mode = DOWN

If λ̄n converges
mode = UP, εn = a · (αs − λ̄n)

else
εn = εmin

else
If branch transition occurs

mode = DOWN, αs = αn−1,
εn = εmin

else
εn = a · (αn−1 − λ̄n)

else
εn = 0

6. αn = φ(λ̄n, εn)

7. If |αn−αn−1| < β ∨ αn > αmax, finnish,
else n = n+ 1, goto step 3

Figure 4. Algorithm for solving the optimization
problem (8) with α = 0 starting from any initial
point, stabilizing or not.



5

4. Example

This example shows the application of the al-
gorithm described in the previous section for the
manipulation of the α parameter in order to solve
the stabilization problem.
Consider the system described by the block di-

agram of figure 5, where P is defined by the trans-

1

P1
s+0.01

Hw

f1

PSfrag replacements

δr er up yp

Figure 5. System for example 4.1.

fer function,

P (s) =
(s − 2)2 + 52

(s − 12)3
(18)

The objective is to tune the f parameter in order
to minimize the system impulse response given by
the cost functional

J(f, α) =

∫ +∞

0

e−2ατ [e2r(τ, f) + ρu2
p(τ, f)] dτ

(19)

The optimal value of f is given by the minimiza-
tion problem

f∗(α) = argmin
f

J(f, α) (20)

for α = 0. The control setup of figure 1 is given
with F = f and the generalized system G0 is
obtained reorganizing the block diagram of fig-
ure 5 into the one in figure 6, where w = δr,
u = up, z = [er up]

′ and y = er. The cost func-

2

1

P

1
s+0.01

Hw

2

1

PSfrag replacements
w

u

z

yyp er

Figure 6. Generalized system.

tional (19) is defined with Q =
[

1 0
0 ρ

]

, ρ = 10−6

and W = 1 in (3). Figure 7 shows the root-
locus for the closed loop of P with f , which is
stabilizable for f ∈]59.59; 103.29[. In order to il-
lustrate the behavior of the algorithm, the non
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Figure 7. Root-locus for the closed system with
P and f .

stabilizing initial value f = 0.1 is chosen. Fig-
ure 8 is the analog of figure 2, showing the sta-
bilizing region S(f,α), which is delimited by the

curve α(f) = max(0, λ̄[A(f)]), where A(f) is the
dynamic system matrix of the closed loop sys-
tem. For this example, associated with the min-
imums of J(f, α) are two trajectories (f 1∗(α), α)
and (f2∗(α), α), where the former extinguish for
α ≥ 16.68. Figure 9 shows the evolution of the
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Figure 8. S(f,α) region and trajectories associated
to the minimums of J(f, α).

algorithm in the (f, α) plane. The optimization
is started from the initial point f0 = 0.1, marked
as the point A. An horizontal movement corre-
sponds to the optimization of J(f, α) with respect
to f with constant α. A vertical movement cor-
responds to a change in α as computed by the
algorithm. The algorithm starts to go down the
branch (f1∗(α), α) until convergence is detected
at point B, which is not a stabilizing point. The
algorithm proceeds on the same branch but in
the up direction starting on point C with a value
of α greater than in point A, which was memo-
rized. In point D a branch transition is detected
and a new descent is started, now in the branch
(f2∗(α), α), which leads to the desired stabilizing
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Figure 9. Evolution of the algorithm in the (f, α)
plane.

solution (f2∗(0), 0) marked by point E. Figure 10
shows details of the final steps of the optimization
procedure. The final point value is f∗ = 103.066.
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Figure 10. Zoom of the final steps of the opti-
mization.
Figure 11 shows the evolution of the cost func-

tional J(f, α) and of the parameter α, where the
index n means a line search performed by the
numeric minimization algorithm BFGS [1]. Note
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Figure 11. Graphics of log10 J(fn, αn) and αn.

that a reduction in the α parameter causes an
increase of the cost functional (less exponential
weight) and that an increase in the α parameter
or a minimization causes a decrease in the cost
functional.
A minimization of the cost functional with con-

stant α requires several numeric iterations, how-
ever, while α > 0 an exact minimization is not

necessary, since the objective is only to be able
to reduce the value of α.

5. Conclusions

Numerical optimization based methods for con-
troller synthesis need a stabilizing controller as a
starting point. An algorithm to find such a sta-
bilizing controller has been presented. Together
with a method for reduced order controllers syn-
thesis, the developed methodology allows to find
a stabilizing controller with any order and struc-
ture without requiring any initial guess about the
controller parameters. The procedure can be fully
automated leaving only to the user the task to
specify the system to be controlled and the de-
sired type of controller.
As is clear from the given example, most of the

computational effort is spent in finding a stabiliz-
ing controller. However, in a project of an opti-
mal controller, this type of effort is typically made
only once. Final optimizations of the controller
can be made with relatively small effort. In a
complex problem where the knowledge about the
system, the intuition or the classical linear control
synthesis methods are all unable to find an initial
stabilizing custom controller, this algorithm re-
veals itself most useful. Experiments made by
the authors with more complex systems, includ-
ing multivariable ones, confirm these assertions.
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Abstract: Dynamic cooperation represents one of the most complex forms of
decision-making analysis under uncertainty. The complexity leads to great dif-
Þculties in the derivation of dynamically stable solutions. An essential factor for
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compensations leading to a subgame consistent solution. In this paper, we derive
and examine the rationale behind the working of transitory compensation by
discomposing the subgame consistent payo! distribution.
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1. INTRODUCTION

Interactive behavior in stochastic dynamic envi-
ronments constitutes a highly complex form of
decision making under uncertainty. This has re-
sulted in a situation where such problems are not
extensively studied. Examples of solvable prob-
lems include Clemhout and Wan (1985), Kaitala
(1993), Jørgensen and Yeung (1996 and 2005),
and Yeung (1999 and 2001). Cooperative actions
hold out the promise of more socially optimal
and group e"cient solutions to problems involving
strategic actions. Stochastic dynamic cooperation
represents one of the most complex forms of op-
timization analysis. In dynamic cooperation, a
stringent condition on the cooperative agreement
is required: The solution optimality principle must
remain optimal at any instant of time through-
out the game along the optimal state trajectory

1 Financial support from the Research Grant Council

of Hong Kong (Grant HKBU2103/04H) and Hong Kong

Baptist University (Grant FRG/04-05/II-03) is gratefully

acknowledged.

chosen at the outset. This condition is known as
dynamic stability or time consistency. In the pres-
ence of stochastic elements, subgame consistency
(formally deÞned in Yeung and Petrosyan (2004))
is required in addition to dynamic stability for a
credible cooperative solution. A cooperative solu-
tion is subgame consistent if an extension of the
solution policy to a situation with a later starting
time and any feasible state brought about by prior
optimal behaviors would remain optimal.

An essential factor for a dynamically stable coop-
erative solution is availability of a system of tran-
sitory compensations leading to a subgame con-
sistent solution. In this paper, we derive and ex-
amine the rationale behind the working of transi-
tory compensation by discomposing the subgame
consistent payo! distribution. Section 2 presents
the basic formulation of a cooperative stochastic
di!erential game. Section 3 examines the notion of
subgame consistency. Subgame consistent payo!
distributions in the form of equilibrating tran-
sitory compensations are obtained in Section 4.
In Section 5 the rationale behind the working of



transitory compensation is derived by discompos-
ing the subgame consistent payo! distribution.
Concluding remarks are provided in Section 6.

2. GAME FORMULATION AND
NONCOOPERATIVE EQUILIBRIA

Consider the situation in which there exist two
players/agents (Þrms or nations). The planning
horizon of the agents begins at time t0 and ends at
time T , where T can be Þnite or inÞnite. The state
space of the game is X ! Rn, with permissible
state trajectories {x(s), t0 " s " T}. The state
dynamics of the problem is characterized by

dx (s) =

f
!

s, x (s) , u1 (s) , u2 (s)
"

ds+ ! [s, x (s)] dz (s) ,

x (t0) = x0. (1)

where ! [s, x (s)] is an n × # matrix and z (s) is
a #-dimensional Wiener process, and the initial
state x0 is given.

Let $ [s, x (s)] = ! [s, x (s)] ! [s, x (s)]
"

denote the
covariance matrix with its element in row h and
column " denoted by $h! [s, x (s)]. ui ! Ui #

comp Rl is the control vector of player i ! {1, 2}.

The instantaneous payo! of player i is denoted
by gi [s, x (s) , u1 (s) , u2 (s)], and when the game
terminates at time T , player i receives a terminal
value of qi (x (T )). Given a time-varying instan-
taneous discount rate r (s), for s ! [t0, T ], values
received at time t have to be discounted by the

factor e
#

#

t

t0

r(y)dy
. Hence at time t0, the payo!

function of player i is given as:

Et0

$

%

&

T
'

t0

gi [s, x (s) , u1 (s) , u2 (s)] e
#

#

s

t0

r(y)dy
ds

+ e
#

#

T

t0

r(y)dy
qi (x (T ))

(

)

*

. (2)

We use % (x0, T $ t0) to denote the noncoopera-
tive game (1)�(2).

Definition 1. A set of feedback strategies
+

#
(t0)!
i (t, x) ! &i, for i ! {1, 2}

,

provides a Nash

equilibrium solution to the game % (x0, T $ t0),
if there exist continuously di!erentiable functions
V (t0)i (t, x) : [t0, T ] × R

n % R, i ! {1, 2} satis-
fying the following (Fleming-Bellman-Isaacs) par-
tial di!erential equations.

$V
(t0)i
t (t, x)$

1

2

n
-

h,!=1

$
h! (t, x)V (t0)ixhx!

(t, x) =

max
ui

.

gi
/

t, x, ui (t, x) ,#
(t0)!
j (t, x)

0

e
#

#

t

t0

r(y)dy

+ V (t0)ix (t, x) f
/

t, x, ui (t, x) ,#
(t0)!
j (t, x)

0

1

,

and V (t0)i (T, x) = e
#

#

T

t0

r(y)dy
qi (x) ,

i ! {1, 2} and j ! {1, 2} and j &= i.

Consider the alternative game % (x" , T $ $) with
payo! structure (2) and dynamics (1) starting at
time $ ! [t0, T ] with initial state x" ! X.

A set of feedback strategies
+

#
(")!
i (t, x) ! &i,

i ! {1, 2} and t ! [$, T ]} provides a Nash equi-
librium solution to the noncooperative game
% (x" , T $ $) if there exist suitably smooth func-
tions V (")i (t, xt) : [$, T ] × Rn % R, for
i ! {1, 2}, satisfying the corresponding Isaacs-
Bellman-Fleming equations in DeÞnition 1.

Remark 2. Examining the Isaacs-Bellman-Fleming
equations of the game % (x" , T $ $) for di!erent
values of $ ! [t0, T ], one can readily verify that:

#
(")!
i (s, x (s)) = #

(t0)!
i (s, x (s)) which is deÞned

as #!i (s, x (s)) , s ! [$, T ],

V (")i ($, x" ) = e

#

"

t0

r(y)dy
V (t0)i ($, x" ) , and

V (t)i (t, xt) = e

#

t

"
r(y)dy

V (")i (t, xt) ,

for t0 " $ " t " T and i ! {1, 2} .

3. SUBGAME CONSISTENCY

The notions of time consistency or subgame con-
sistency guarantees the dynamic stability for a
credible cooperative solution. In particular, the
dynamic stability of a solution of a cooperative
di!erential game ascertains the condition that
when the game proceeds along an optimal trajec-
tory, at each instant of time the players are guided
by the same optimality principle, and hence do not
have any ground for deviation from the previously
adopted optimal behavior throughout the game.
Central to a successful cooperative scheme is the
property of subgame consistency.

The question of dynamic stability in di!erential
games has been explored rigorously in the past
three decades. See for instance, Haurie (1976),
Petrosyan (1997 and 2003) and Petrosyan and
Zaccour (2003). In the presence of stochastic el-
ements, a more stringent condition � subgame

consistency � is required for a credible coopera-
tive solution. A cooperative solution is subgame
consistent if an extension of the solution policy
to a situation with a later starting time and any



feasible state brought about by prior optimal be-
haviors would remain optimal. The recent work of
Yeung and Petrosyan (2004) developed a general-
ized theorem for the derivation of an analytically
tractable payo! distribution procedure supporting
a subgame consistent solution.

Let %c (x0, T $ t0) denote a cooperative game
with the game structure of % (x0, T $ t0) in which
the players agree to act according to a particu-
lar optimality principle. The solution optimality
principle for a cooperative game %c (x0, T $ t0)
includes

(i) an agreement on a set of cooperative strate-

gies
/

%
(t0)!
1 (t, x) ,%

(t0)!
2 (t, x)

0

, for s ! [t0, T ],

and
(ii) a mechanism to distribute total payo! among

players.

Under the solution optimality principle, both
group rationality and individual rationality are
required to be satisÞed.

3.1 Group Rationality and Optimal Trajectory

Consider the cooperative game %c (x0, T $ t0)
with transferable payo!s. To achieve group ratio-
nality, the players can agree to act so that the
sum of the expected payo!s is maximized. We

use
+

%
(t0)!
i (t, x) ! &i, i ! {1, 2} and t ! [t0, T ]

,

to denote a set of controls that maximizes their
joint expected payo!, and W (t0) (t, x) : [t0, T ] ×
Rn % R to denote the corresponding optimal
value function that satisÞes the stochastic dy-
namic programming equation of Fleming and
Rishel (1975). We delineate the corresponding tra-
jectory by the stochastic process:

x! (t) = x0 +
t
'

t0

f
/

s, x! (s) ,%
(t0)!
1 (s, x! (s)) ,%

(t0)!
2 (s, x! (s))

0

ds

+

t
'

t0

! [s, x! (s)] dz (s) . (3)

We use X!

t to denote the set of realizable values of
x! (t) at time t generated by (3). The terms x! (t)
and x!t are used interchangeably.

Consider the alternative cooperative game
%c (x

!

"
, T $ $) which begins at time $ ! [t0, T ]

with initial state x!
"
! X!

"
and the same solution

optimality principle. We use
+

%
(")!
i (t, x) ! &i, for

i ! {1, 2} and t ! [$, T ]} to denote a set of con-
trols that yields the optimal trajectory of
%c (x

!

"
, T $ $), and W (") (t, x) : [$, T ] × Rn % R

to denote the optimal value function that satisÞes
the stochastic dynamic programming equation.

Remark 3. Examining the stochastic dynamic pro-
gramming equations for %c (x0, T $ t0) and
%c (x

!

"
, T $ $), one can readily verify that:

%
(")!
i (s, x (s)) = %

(t0)!
i (s, x (s)) , for s ! [$, T ] ,

W (") ($, x" ) = e

#

"

t0

r(y)dy
W (t0) ($, x" ) ,

W (t) (t, xt) = e

#

t

"

r(y)dy
W (") (t, xt) ,

for t0 " $ " t " T.

Hereafter we adopt the notation %
(")!
i (s, x (s)) =

%
(t)!
i (s, x (s)) = %!i (s, x (s)), for i ! {1, 2}
and t0 " $ " t " s " T . An optimal-
ity principle satisfying group rationality would
involve an agreement of the players to adopt
[%!1 (s, x

! (s)) ,%!2 (s, x
! (s))], for s ! [t0, T ]. A

corollary of Remark 3 is:

Corollary 4. Any optimal trajectory of the game
%c (x

!

"
, T $ $) is a continuation of some optimal

trajectories of the game %c (x0, T $ t0).

Hence the optimal (stochastic) trajectory is char-
acterized by (3) .

3.2 Individual Rationality

The solution optimality principle would also pro-
vide a mechanism to distribute total expected
payo! among players. Denote by &(") ($, x!

"
) =

!

&(")1 ($, x!
"
) , &(")2 ($, x!

"
)
"

the expected shares of
the players over the interval [$, T ] in the game
%c (x

!

"
, T $ $) according to the optimality princi-

ple. Following Yeung and Petrosyan (2004), we
formulate a payo! distribution procedure (PDP)
over time so that the agreed upon shares can
be realized. Let B"

i (s) denote the instantaneous
payment given to player i in the cooperative game
at time instant s ! [$, T ] for the cooperative game
%c (x

!

"
, T $ $). A terminal value of qi (x! (T )) is

received by player i at time T .

In particular, for i ! {1, 2} and $ ! [t0, T ], B
"

i (s)
and qi (x! (T )) constitute a PDP for the game
%c (x

!

"
, T $ $) in the sense that &(")i ($, x!

"
) equals:

E"

$

%

&

2

3

T
'

"

B"

i (s) e
#

#

s

"

r(y)dy
ds

+ qi (x! (T )) e
#

#

T

"

r(y)dy

4

5

6

6

6

6

6

6

x ($) = x!
"

(

)

*

,

(4)



Definition 5. The vector &(") ($, x!
"
) =

!

&(")1 ($, x!
"
) , &(")2 ($, x!

"
)
"

is an imputation of the
cooperative game %c (x

!

"
, T $ $), for $ ! [t0, T ], if

it satisÞes:

(i)
72
j=1 &

(")j ($, x!
"
) =W (") ($, x!

"
),

(ii) &(")i ($, x!
"
) ' V (")i ($, x!

"
) for i ! {1, 2}.

Part (i) of DeÞnition 5 ensures Pareto optimality
and hence group rationality throughout the game.
Part (ii) guarantees individual rationality in the
sense that each player receives at least the payo!
he will get if there is no agreement and the game
is played noncooperatively.

Moreover, for i ! {1, 2} and t ! [$, T ], we
introduce the term &(")i (t, x!t ) which equals

E"

$

%

&

2

3

T
'

t

B"

i (s) e
#

#

s

"

r(y)dy
ds

+ qi (x! (T )) e
#

#

T

"

r(y)dy

4

5

6

6

6

6

6

6

x (t) = x!t

(

)

*

,

(5)

to denote the expected value of player i�s coop-
erative payo! over the time interval [t, T ], given
that the state is x!t ! X

!

t at time t ! [$, T ], in
the game %c (x

!

"
, T $ $). The vector &(") ($, x!t ) =

!

&(")1 ($, x!t ) , &
(")2 ($, x!t )

"

can be regarded as the
dynamic imputation vector over the interval [t, T ]
of the game %c (x

!

"
, T $ $) so that &(")i ($, x!

"
) is

attained.

Definition 6. The vector &(") (t, x!t ) =
!

&(")1 (t, x!t ) , &
(")2 (t, x!t )

"

, for t ! [$, T ], satisfying
DeÞnition 5 and the condition that

&(")i (t, x!t ) = e
#

#

t

"

r(y)dy
&(t)i (t, x!t ) ,

for i ! {1, 2} and x!t ! X
!

t ,

is a subgame consistent imputation of %c (x
!

"
, T $ $).

Subgame consistency as deÞned in DeÞnition 6
guarantees that the solution imputations through-
out the game interval in the sense that the exten-
sion of the solution policy to a situation with a
later starting time and any possible state brought
about by prior optimal behavior of the players
remains optimal.

4. SUBGAME CONSISTENT PAYOFF
DISTRIBUTION

In this section, a proÞt distribution mecha-
nism will be developed to compensate transitory

changes so that &(") (t, x!t ) based on the solution
optimality principle can be realized at every in-
stant t ! [t0, T ]. Hence a subgame consistent so-
lution can be obtained. For DeÞnition 6 to hold, it
is required that B"

i (s) = B
t
i (s), for i ! [1, 2] and

$ ! [t0, T ] and t ! [t0, T ] and $ &= t. Adopting the
notation B"

i (s) = Bti (s) = Bi (s) and applying
DeÞnition 6, the PDP of the subgame consistent
imputation vectors &(") (t, x!t ) has to satisfy the
following condition.

Condition 7. The PDP with B (s) and q (x! (T ))
corresponding to the subgame consistent imputa-
tion vectors &(") (t, x!t ) must satisfy the following
conditions:

(i)
72

j=1Bi (s) =
72

j=1 g
j [s, x!s,%

!

1 (s, x
!

s) ,%
!

2 (s, x
!

s)] ,
for s ! [t0, T ];

(ii) E"

.8

# T

"
Bi (s) e

#

#

s

"

r(y)dy
ds+

qi (x! (T )) e
#

#

T

"

r(y)dy
96

6

6

6

x ($) = x!
"

1

' V (")i ($, x!
"
); and

(iii) &(")i ($, x!
"
) =

E"

.8

#

"+!t

"
Bi (s) e

#

#

s

"

r(y)dy
ds

+e
#

#

"+!t

"

r(y)dy

&("+!t)i ($ +'t, x!
"
+'x" )

96

6

6

6

x ($) = x!
"

1

,

for $ ! [t0, T ] and i ! {1, 2};

where 'x" = f [t, x!
"
,%!1 ($, x

!

"
) ,%!2 ($, x

!

"
)]'t +

! [$, x!
"
]'z" + o ('t) ,

x ($) = x!
"
! X

(t0)!
" , 'z" = z ($ +'t) $

z ($) , and E" [o ('t)] /'t% 0 as 't% 0.

Consider the following condition concerning sub-
game consistent imputations &(") ($, x!t ), for $ !
[t0, T ]:

Condition 8. For i ! {1, 2} and t ' $ and
$ ! [t0, T ], &

(")i (t, x!t ) are functions that are
continuously twice di!erentiable in t and x!t .

If the dynamic imputation &(") (t, x!t ), for $ !

[t0, T ] and t ! [$, T ], satisfy Conditions 7 and 8,
a PDP with B (s) and q (x! (T )) will yield the
relationship:

E"

$

%

&

"+!t
'

"

Bi (s) e
#

#

s

"

r(y)dy
ds

6

6

6

6

6

6

x ($) = x!
"

(

)

*



= E"

.

&(")i ($, x!" )$ e
#

#

"+!t

"
r(y)dy

×

&("+!t)i ($ +'t, x!" +'x" )

6

6

6

6

x ($) = x!"

1

= E"

+

&(")i ($, x!" )

$&(")i ($ +'t, x!" +'x" )
6

6

6
x ($) = x!"

,

, (6)

for all $ ! [t0, T ] and i ! [1, 2] .

Theorem 9. If the solution imputations &(")i ($, x!" ),
for i ! {1, 2} and $ ! [t0, T ], satisfy Conditions 7
and 8, a PDP with a terminal payment qi (x (T ))
at time T and an instantaneous imputation rate
at time $ ! [t0, T ]:

Bi ($) = $

:

&
(")i
t (t, xt)

6

6

6

t="

x"=x
!

"

;

$

:

&(")ixt
(t, xt)

6

6

6

t="

x"=x
!

"

;

f [$, x!" ,%
!

1 ($, x
!

" ) ,%
!

2 ($, x
!

" )]

$
1

2

n
-

h,!=1

$
h! ($, x!" )

:

&
(")i

xh
t
x
!
t

(t, xt)
6

6

6

t="

x"=x
!

"

;

,

for i ! {1, 2} , (7)

yields a subgame consistent solution to the coop-
erative game %c (x0, T $ t0).

Proof. With 't % 0, equation (6) can be ex-
pressed as:

E" {Bi ($)'t+ o ('t)} =

E"

<

$

:

&
(")i
t (t, xt)

6

6

6

t="

x"=x
!

"

;
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6
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$
1

2

n
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$
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:

&
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xht x
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"

;

't,

$

:

&(")ixt
(t, xt)

6

6

6

t="

x"=x
!

"

;

! [$, x!" ]'z" $ o ('t)

=

. (8)

Taking expectation and dividing (8) throughout
by 't, with ' % 0, yield (7). Hence Theorem 9
follows.

5. THE TENET OF TRANSITORY
COMPENSATION

In this section, we derive and examine the ra-
tionale behind the working of transitory com-
pensation by discomposing the subgame consis-
tent payo! distribution. Consider a cooperative
scheme %c (x0, T $ t0) in which the players agree

to maximize the sum of their expected payo!s
and divide the total cooperative payo! according
to a certain imputation mechanism (for example
the Nash bargaining scheme). In a more general
setting, &(")i ($, x!" ) may be expressed as a func-
tion of the cooperative payo! and the individual
noncoopeative payo!s. In particular

&(")i ($, x!" ) =

'(")i
/

W (") ($, x!" ) , V
(")i ($, x!" ) , V

(")j ($, x!" )
0

,

and &(")i (t, x!t ) =

'(")i
/

W (") (t, x!t ) , V
(")i (t, x!t ) , V

(")j (t, x!t )
0

,

for i ! {1, 2} . (9)

If '(")i (t, x!t ) is continuously di!erentiable in
W (") (t, x!t ), V

(")i (t, x!t ), and V
(")j (t, x!t ), then

Condition 8 is satisÞed because the latter three
expressions are continuously di!erentiable in t and

x!t . Moreover, '
(")i
W (t, x!t ) ' 0, '

(")i
V i (t, x

!

t ) ' 0

and '
(")i
V j (t, x

!

t ) " 0.

Using Theorem 9 we obtain the following princi-
ple.

Principle 10. Tenet of Transitory Compensation.
The subgame consistent payment Bi ($) can be
expressed as:

Bi ($) =

'
(")i
W ($, x!" )

2
-

j=1

gj [$, x!" ,%
!

1 ($, x
!

" ) ,%
!

2 ($, x
!

" )]

+'
(")i
V i ($, x

!

" )

$

%

&

gi [$, x!" ,#
!

1 ($, x
!

" ) ,#
!

2 ($, x
!

" )]

+

:

V (")ixt
(t, xt)

6

6

6

t="

x"=x
!

"

;

× (f [$, x!" ,#
!

1 ($, x
!

" ) ,#
!

2 ($, x
!

" )]

$f [$, x!" ,%
!

1 ($, x
!

" ) ,%
!

2 ($, x
!

" )])

(

)

*

+'
(")i
V j ($, x

!

" )

$

%

&

gj [$, x!" ,#
!

1 ($, x
!

" ) ,#
!

2 ($, x
!

" )]

+

:

V
(")j

xh
t
x
!
t

(t, xt)
6

6

6

t="

x"=x
!

"

;

× (f [$, x!" ,#
!

1 ($, x
!

" ) ,#
!

2 ($, x
!

" )]

$f [$, x!" ,%
!

1 ($, x
!

" ) ,%
!

2 ($, x
!

" )])

(

)

*

.



Proof. First apply (9) in (7). Invoking Flem-
ing�s stochastic control equation and the Isaacs-
Bellman-Fleming equation yields Principle 10.

Principle 10 provides the components of the equi-
librating transitory compensation in economically

interpretable terms. '
(")i
W ($, x!

"
) is the marginal

share of total cooperative payo! that player i
is entitled to received according to agreed upon

optimality principle. '
(")i
V i ($, x

!

"
) is the marginal

share of his own payo! that player i is entitled
to received according to agreed upon optimality

principle. '
(")i
V j ($, x

!

"
) is the marginal share of

the other player�s payo! that player i is entitled
to received according to agreed upon optimality
principle.

The term
72
j=1 g

j [$, x!
"
,%!1 ($, x

!

"
) ,%!2 ($, x

!

"
)] is

instantaneous cooperative payo! and gi [$, x!
"
,

#!1 ($, x
!

"
) ,#!2 ($, x

!

"
)] is the instantaneous nonco-

operative payo!s of player i. The term

:

V (")ixt
(t, xt)

6

6

6

t="

x"=x
!

"

;

(f [$, x!
"
,#!1 ($, x

!

"
) ,#!2 ($, x

!

"
)]

$f [$, x!
"
,%!1 ($, x

!

"
) ,%!2 ($, x

!

"
)])

reßects the instantaneous e!ect on player i�s non-
cooperative payo! when the change in the state
variable x follows the optimal trajectory governed
by (3) instead of the noncooperative path (1).

Therefore the compensation Bi ($) player i re-
ceives at time $ is the sum of

(i) player i�s agreed upon marginal share of total
cooperative proÞt,

(ii) player i�s agreed upon marginal share of his
own nonccoperative proÞt plus the instan-
taneous e!ect on his noncooperative payo!
when the change in the state variable x fol-
lows the optimal trajectory instead of the
noncooperative path, and

(iii) player i�s agreed upon marginal share of
player j�s nonccoperative proÞt plus the in-
stantaneous e!ect on player j�s noncoopera-
tive payo! when the change in the state vari-
able x follows the optimal trajectory instead
of the noncooperative path.

6. CONCLUDING REMARKS

Stochastic dynamic cooperation represents one of
the most complex forms of decision-making anal-
ysis under uncertainty. In this paper, we examine
an integral factor leading to subgame consistent
solutions of cooperative di!erential games � tran-
sitory compensation � and derive the rationale be-
hind the working of transitory compensation. The
analysis can be readily applied to the determinis-
tic version of the class of cooperative stochastic

di!erential games introduced by setting ! equal
zero. Since analytically tractable subgame consis-
tent solutions of cooperative stochastic di!erential
games have been found recently, further research
along this line is expected.
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ON OPTIMALITY OF A DISCONTINUOUS
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Abstract: In this paper, a differential game is considered where the payoff is the
time required to reach a given terminal set. Sufficient conditions for coincidence a
given discontinuous function (tested function) with the value function of the game
are derived. The conditions are formulated in terms of classical notions of u- and
v-stable functions, but additionally fulfillment of so-called correct compressibility
condition for closed level sets of the tested function is demanded.
A given example shows that the correct compressibility condition is not excessive.

Keywords: Differential game, Time-optimal control, Value function

1. INTRODUCTION

This work is devoted to a problem of deriving
conditions on a given discontinuous function to
provide its coincidence with the value function of
a time-optimal differential game under investiga-
tion. The research is carried out in the frame of
the positional formalization of differential games
introduced in (Krasovskii and Subbotin, 1988).

In the theory of differential games, problems of
feedback control under uncertainty and distur-
bance are investigated. The useful control is con-
sidered as an action of the first player, which
minimizes a payoff functional on the set of all
trajectories of a dynamical system. The distur-
bance is regarded as a result of control action of
the second player, which is aimed to maximize the
same functional. The classical approach to solving
a differential game consists of finding the value
function, which puts an optimal guaranteed result
into correspondence with the initial position of the

1 The work was supported by the Russian Foundation for

Basic Research, project no. 03-01-00415

game. On the base of the value function, feedback
strategies of the players are constructed.

In case of differentiable value function, the prob-
lem of its searching is reduced (Isaacs, 1965) to
solving a boundary value problem for a partial dif-
ferential equation (PDE) of the first order (Isaacs-
Bellman equation).

If the value function is non-smooth but con-
tinuous, then basic notions for its characteriza-
tion are continuous u-stable and v-stable func-
tions (Krasovskii and Subbotin, 1988, p. 145)
introduced in the theory of positional differen-
tial games. In this case, u-stable (v-stable) func-
tions under corresponding boundary conditions
majorize (minorize) the value function of differ-
ential game, which is the only possesses the both
properties.

Discontinuous value functions arise, for example,
in time-optimal problems. It leads to notions of
semicontinuous u-stable and v-stable functions.
With that, the characterization of value functions
becomes more complex. Namely, in time-optimal
game problem, the value function is the only



lower semicontinuous u-stable function satisfying
zero boundary condition on the border of the
terminal set, and the function is a pointwise limit
of a sequence of upper semicontinuous v-stable
functions satisfying the same boundary condition.
Verification of existence of the sequence as far
as its construction are difficult enough even for
problems in plane.

In this work, sufficient conditions are suggested
for coincidence a discontinuous tested function
with the value function of a time-optimal differ-
ential game under investigation. The conditions
include u-stability of lower semicontinuous tested
function, v-stability of upper closure of the tested
function, and fulfilment of correct compressibility
condition for the level sets of the tested function.

Properties of u- and v-stability were researched
very well in the theory of differential games. Vari-
ous infinitesimal criterions of u- and v-stability of
semicontinuous functions were derived (Subbotin,
1995). Let us also remark that the notion of u-
stable (v-stable) function corresponds to the no-
tion of upper (lower) generalized viscosity solution
of the first order PDEs (see, for example, (Bardi
and Capuzzo-Dolcetta, 1997)).

Checking correct compressibility of a closed set is
a self-sufficient problem. Its solving is not obvious
in a general case. In this work, the problem of
checking correct compressibility of sets is not
investigated.

In optimal control theory, the method of dynam-
ical programming is analogues to the approach
based on the value function in differential games.
If the optimal result function (Bellman function)
is differentiable, then the problem of its search-
ing is reduced to solving a corresponding bound-
ary value problem for a PDE of the first or-
der (Bellman equation). In this case, the Bell-
man function defines an optimal feedback con-
trol. If the Bellman function is non-smooth but
continuous, then a regular synthesis by Boltyan-
ski (Boltyanski, 1969) can be used to solve the
problem in a class of feedback controls. Justifi-
cation of the regular synthesis is based on the
well-known PontryaginMaximum Principle. If the
Bellman function is discontinuous, then construc-
tion of an optimal feedback control usually takes
into account dynamics peculiarities of each par-
ticular problem.

The sufficient conditions suggested in this article
are also valid for control problems, which can be
considered as special cases of differential game
problems (with null constraint on control of the
second player). But there are no any simplifica-
tions in formulation of the conditions, i.e. checking
v-stability of the upper closure of a tested function
is required despite the second player’s absence.

2. PROBLEM STATEMENT

A dynamical control problem is considered where
the motion of a system is described by the follow-
ing equation

ẋ(t) = f(x(t), u(t), v(t)), t ≥ 0. (1)

Here, x(t) ∈ Rn is a phase state of the system
at an instant t; u(t) ∈ P and v(t) ∈ Q are
controls of the first (minimizing) and the second
(maximizing) players; P and Q are compact sets.

Assume that the function f(x, u, v) is continuous
in totality of variables, it satisfies the inequality

‖f(x, u, v)‖ ≤ κ(1 + ‖x‖), κ = const > 0,

and the Lipschitzian condition in variable x is
fulfilled in any bounded set X ⊂ Rn, i.e.

‖f(x(1), u, v)− f(x(2), u, v)‖ ≤ λ(X )‖x(1) − x(2)‖

for all x(1), x(2) ∈ X , u ∈ P , v ∈ Q. In addition,
let us suppose that the following saddle-point
condition is satisfied for all x, p ∈ Rn:

min
u∈P

max
v∈Q

〈p, f(x, u, v)〉 = max
v∈Q

min
u∈P

〈p, f(x, u, v)〉.

The aim of the first player is to approach the phase
point x(t) from an initial position x0 to a given
closed setM ⊂ Rn. The second player tries either
to prevent an encounter with M or to maximize
the time till it occurs.

A positional strategy U for the first player is an
arbitrary function U : Rn → P . The strategy
U generates a bundle X1(x0, U) of constructive
motions. A constructive motion x(·) is defined
as a function, which is, in any bounded interval
(0, ϑ̄), a uniform limit of a sequence of trajectories
{x(k)(·)}∞1 , such that x(k)(0) = x0 and for t ∈

[τ
(k)
i , τ

(k)
i+1), i = 1, 2, . . ., the equation

ẋ(k)(t) = f(x(k)(t), U(x(k)(τ
(k)
i )), v(k)(t))

is hold. Here, v(k)(·) : [0,∞)→ Q is a measurable

function, the sequence {τ
(k)
i }∞i=0 is such that

0 = τ
(k)
0 < τ

(k)
1 < . . . < τ

(k)
i < τ

(k)
i+1 < . . . ,

and supi(τ
(k)
i+1 − τ

(k)
i )→ 0 as k →∞.

A positional strategy V : Rn → Q for the second
player and the bundle X2(x0, V ) of constructive
motions generated by V are defined similarly.

Let J(x(·)) = min{t ≥ 0 : x(t) ∈ M}. Under the
conditions assumed for the function f(x, u, v), the
value

T (x0;M) = min
U
sup{J(x(·)) : x(·) ∈ X1(x0, U)}

= sup
V

inf{J(x(·)) : x(·) ∈ X2(x0, V )}

of the game exists for any x0 ∈ Rn. The function
T ( · ;M) : Rn → [0,∞] is known as the value

function of the time-optimal differential game.



The purpose of the work consists of finding such
conditions on a function ϕ( · ) : Ω → [0,∞], that
the equation ϕ(x) = T (x;M) is valid for x ∈ Ω.
Here, Ω ⊆ Rn is a closed set and M ⊂ Ω.
Desirable conditions should use the properties of
the function ϕ( · ) only and should not require any
additional constructing.

3. PROPERTIES OF THE VALUE FUNCTION

Let us give main properties of the value function
to use later on.

Let us introduce level sets of the value function:

W (t;M) = {x ∈ Rn : T (x;M) ≤ t}, t ≥ 0.

For any τ > 0 and x 6∈ W (τ ;M), the equation

T (x;M) = T (x;W (τ ;M)) + τ

is valid. The fact is easily seen taking into account
the definition of the value function.

From the results of (Krasovskii and Subbotin,
1988; Subbotin, 1995), it follows that T ( · ;M) is
a lower semicontinuous function, M = W (0;M),
and the u-stability property is fulfilled:

(Tu) for any y0 ∈ Rn\M and v∗ ∈ Q, there exists
τ > 0 and such a solution y(·) : [0, τ ]→ Rn of the
differential inclusion

ẏ(t) ∈ co {f(y(t), u, v∗), u ∈ P}, y(0) = y0,

that either the inequality

T (y(t);M) ≤ T (y0;M)− t

holds for all t ∈ [0, τ ], or x(t) ∈ M for a certain
t ∈ [0, τ ].

For the upper closure

T ∗(x;M) = lim sup
y→x

T (x;M)

of the value function the following v-stability
property is fulfilled (Subbotin, 1995):

(Tv) for any y0 ∈ Rn\M and u∗ ∈ P , there exists
τ > 0 and such a solution y(·) : [0, τ ]→ Rn of the
differential inclusion

ẏ(t) ∈ co {f(y(t), u∗, v), v ∈ Q}, y(0) = y0,

that the inequality

T ∗(y(t);M) ≥ T ∗(y0;M)− t

holds for all t ∈ [0, τ ].

4. CORRECTLY COMPRESSIBLE SETS

Let D ⊂ Rn be a closed set and intD denotes
interior of D. Under the condition intD 6= ∅,
define

D[ε] = {x ∈ D : B(x, ε) ⊆ D}, ε > 0,

εD = max{ε > 0 : D
[ε] 6= ∅}.

Here, B(x, ε) is a ball of radius ε with the center
in x.

The following assertion will be useful.

Lemma 1. Let D be a closed set, intD 6= ∅,
x∗ ∈ Rn, and

lim
ε→+0

T (x∗;D
[ε]) = T (x∗;D).

Then the function T (·;D) is continuous at x∗.

The proof of Lemma 1 is omitted.

Definition. A set D ⊂ Rn is called correctly

compressible with respect to the dynamic (1) if
there exists ϑ > 0, such that

(C1) W (ϑ;D) 6= D and W (t;D) = intW (t;D) for
any t ∈ [0, ϑ];

(C2) for any x ∈ intW (ϑ;D) \ D, it holds

lim
ε→+0

T (x;D[ε]) = T (x;D).

Observe that if W (ϑ;D) 6= D, then the condition
(Tu) of u-stability implies the function T (·;D)
takes all values from the interval (0, ϑ). This
allows to choose the value ϑ > 0, satisfying
conditions (C1) and (C2), as near to zero as
desired.

Let us give simple conditions, which provide the
property of correct compressibility of a set D.

Let the set D has a smooth boundary ∂D, D =
intD, and for any point x ∈ ∂D the equation

min
u∈P

max
v∈Q

〈ν(x), f(x, u, v)〉 < 0 (2)

is fulfilled, where ν(x) is an exterior normal to the
set D at point x ∈ ∂D.

Choose ϑ > 0 and x∗ ∈ W (ϑ;D). Condition (2)
and the definition of the value function imply
that for any τ > 0 the first player guarantees
approaching the set intD from the point x∗ within
the time interval [0, T (x∗;D) + τ ]. It means that
there exists ε∗ > 0, such that

T (x∗;D
[ε∗]) ≤ T (x∗;D) + τ.

From here, taking into account lack of increase of
the quantities T (x∗;D[ε]) as ε→ +0, we have the
limit relation

lim
ε→+0

T (x∗;D
[ε]) = T (x∗;D).

So, condition (C2) from the definition of correctly
compressible set is fulfilled for any ϑ > 0.

For any x∗ ∈ Rn \ ∪ϑ≥0W (ϑ;D) we get

T (x∗;D) = T (x∗;D
[ε]) =∞, ε ∈ (0, εD].

Due to Lemma 1, the value function T (·;D) is
continuous on Rn. Let us remark that conditions



of continuity of the value function under weaker
assumptions on the set D was proved in (Bardi
and Capuzzo-Dolcetta, 1997).

The validity of condition (C1) for any ϑ > 0
follows from continuity of the function T (·;D) and
the property (Tu).

Thus, the set D is correctly compressible.
More complicated sufficient conditions for correct
compressibility are connected with a discontinu-
ous value function and not investigated here.

5. THEOREM ABOUT SUFFICIENT
CONDITIONS

Theorem. Let Ω ⊆ Rn and M ⊂ Ω be closed
sets, a function ϕ( · ) : Ω → [0,∞] is lower
semicontinuous, and the following conditions are
fulfilled:

(A1) ϕ(x) = 0, x ∈M ;

(A2) (u-stability) for any y0 ∈ Ω \ M and
v∗ ∈ Q, there exists τ > 0 and such a solution
y(·) : [0, τ ]→ Ω of differential inclusion

ẏ(t) ∈ co {f(y(t), u, v∗), u ∈ P}, y(0) = y0,

that either the inequality

ϕ(y(t)) ≤ ϕ(y0)− t, t ∈ [0, τ ],
is valid, or y(t) ∈M for a certain t ∈ [0, τ ];

(A3) (v-stability) for any y0 ∈ Ω \ M and
u∗ ∈ P , there exists τ > 0 and such a solution
y(·) : [0, τ ]→ Rn of differential inclusion

ẏ(t) ∈ co {f(y(t), u∗, v), v ∈ Q}, y(0) = y0,

that the inequality

ϕ∗(y(t)) ≥ ϕ∗(y0)− t, t ∈ [0, τ ],
is valid, where

ϕ∗(x) =







lim sup
z→x

ϕ(z), if x ∈ int Ω,
sup
z∈Ω

ϕ(z), if x 6∈ int Ω; (3)

(A4) the level sets

D(t) = {x ∈ Ω : ϕ(x) ≤ t}, 0 < t < sup
z∈Ω

ϕ(z),

are correctly compressible.

Then ϕ(x) = T (x;M), x ∈ Ω.

The upper semicontinuous function ϕ∗(·) : Rn →
[0,∞] defined by (3) will be called upper closure
of the function ϕ(·) : Ω→ [0,∞].
Remark 1. Let conditions (A1)–(A3) are fulfilled
for the function ϕ(·) and the property of correct
compressibility of the level sets D(t) defaults only

Fig. 1. Example: the terminal set M and the set
of solvability l.

in a single point a ∈ (0, sup
z∈Ω ϕ(z)). In this case,

the theorem about sufficient condition can firstly
be applied to the function ϕ(·) : D(a) → [0,∞).
It gives the equality ϕ(x) = T (x;M), x ∈ D(a).
Secondly, introducing a notation

M1 = D(a), ϕ1(x) =

{

ϕ(x)− a, if x 6∈M1,

0, if x ∈M1,

one can apply the theorem to the function ϕ1(·) :
Ω → [0,∞] and a time-optimal differential game
with the terminal set M1. From here, using the
relation T (x;M1) = T (x;M) − a, one gets the
equality ϕ(x) = T (x;M) for all x ∈ Ω.
Remark 2. Properties (Tu) and (Tv) show that
conditions (A1)–(A3) are necessary for the value
function. If the function ϕ(·) is continuous, then
conditions (A1)–(A3) are necessary and suffi-
cient (Subbotin, 1995) for the equality ϕ(x) =
T (x;M), x ∈ Ω.
Let us give an example to show that in case
of discontinuous function ϕ(·) one cannot refuse
condition (A4).

Consider a linear dynamical system

ẋ1 = x2 + v1, ẋ2 = −x1 + u+ v2,

x ∈ R2, |u| ≤ 1, v ∈ Q,

where

Q = {v ∈ R2 : |v1|+ |v2| ≤ 1}.
The set M is defined by the following system of
inequalities (Fig. 1):

(x1 − 1)2 + (x2 − 1)2 ≥ (
√
2)2, x1 ≥ 2,

(x1 + 1)
2 + (x2 + 1)

2 ≤ (3
√
2)2, x2 ≥ 1.

Set m1 = (2, 2)T and m2 = (−2, 2)T . Let us
denote by l the smaller arc of a circle by radius
2
√
2 with the center in the origin, joining the

points m1 and m2 (Fig. 1). It can be proved that



the value function T (·;M) is finite on the set l∪M
only. The proof of the fact is omitted here.

Define the value ϕ(x) = 2T (x;M), x ∈ R2.
The property of u-stability of the value func-
tion T (·;M) implies that the function ϕ(·) also
possesses the u-stability property. Since ϕ∗(x) =
T ∗(x;M), x ∈ R2, the function ϕ∗(·) have the
v-stability property. Here, T ∗(·;M) and ϕ∗(·) are
upper closures of the functions T (·;M) and ϕ(·)
defined by (3), where Ω = R2.

Thus, the function ϕ(·) : R2 → [0,∞] satisfies
conditions (A1)–(A3), but ϕ(x) 6= T (x;M), x ∈
l \ {m1}. Condition (A4) is not fulfilled for ϕ(·).

6. PROOF OF THE THEOREM

The following lemmas will be used in the proof.

Lemma 2. Let a closed set M ⊂ Rn and a lower
semicontinuous function ϕ( · ) : Ω→ [0,∞] satisfy
conditions (A1), (A2). Then

T (x0;M) ≤ ϕ(x0), x0 ∈ Ω.

Proof. If x0 ∈ M , then condition (A1) gives
ϕ(x0) = T (x0;M) = 0. If x0 ∈ Ω \ M and
ϕ(x0) =∞, then T (x0;M) ≤ ∞ = ϕ(x0).

Choose x0 ∈ Ω \ M and set ϑ∗ = ϕ(x0) < ∞,
ϑ0 = T (x0;M). Let us prove that ϑ0 ≤ ϑ∗.

Define

W∗ = {(t, x) ∈ [0, ϑ∗]×Rn \M : ϕ(x) ≤ ϑ∗ − t}.

Condition (A2) implies that W∗ is a u-stable
bridge (Krasovskii and Subbotin, 1988) in a prob-
lem of approaching a point (t, x(t)) with the set
[0, ϑ∗] × M . Since (0, x0) ∈ W∗, the first player
has (Krasovskii and Subbotin, 1988) a positional
strategy, which guarantees approaching the setM
in the time interval [0, ϑ∗].

The definition of the value function gives that for
any δ > 0 the second player has a positional strat-
egy, which guarantees avoidance a neighbourhood
of the set M in the time interval [0, ϑ0 − δ]. This
implies the inequality ϑ0 − δ < ϑ∗ for any δ > 0.
Thus, ϑ0 ≤ ϑ∗, which completes the proof.

Lemma 3. Let a closed set M ⊂ Rn and a lower
semicontinuous function ϕ( · ) : Ω→ [0,∞] satisfy
conditions (A1), (A3). Besides, let intM 6= ∅.
Then ϕ∗(x0) ≤ T (x0;M

[ε]) for any x0 ∈ Rn and
ε ∈ (0, εM ].

Proof. Let x0 ∈ Rn and ϑ∗ = ϕ∗(x0) < ∞. Define

W ∗ = {(t, x) ∈ [0, ϑ∗]×Rn : ϕ∗(x) ≥ ϑ∗ − t}.

Condition (A3) implies that W ∗ is v-stable
set (Krasovskii and Subbotin, 1988). As (0, x0) ∈
W ∗, the second player has (Krasovskii and Sub-
botin, 1988) a positional strategy, which guaran-
tees keeping the system in the set W ∗ in the time
interval [0, ϑ∗]. Since

([0, ϑ∗]×M [ε]) ∩W ∗ = ∅, ε ∈ (0, εM ],

the second player avoids a neighbourhood of the
set M [ε] in the time interval [0, ϑ∗]. But the first
player possesses a positional strategy, which leads
the system to the set M [ε] in the time interval
[0, T (x0;M

[ε])]. Thus, ϑ∗ < T (x0;M
[ε]) for any

ε ∈ (0, εM ].

Let x0 ∈ Rn and ϕ∗(x0) =∞. Define

W∞ = [0,∞)× {x ∈ Rn : ϕ∗(x) =∞}.

The set W∞ is closed and (0, x0) ∈ W∞. Condi-
tion (A3) implies that W∞ is a v-stable set. Since
ϕ∗(x) = 0 for any x ∈ intM , we have

([0,∞)× intM) ∩W∞ = ∅.

Then ([0,∞) × M [ε]) ∩ W∞ = ∅ for any ε ∈
(0, εM ]. Consequently, for any ϑ > 0 the second
player has a positional strategy, which guarantees
avoidance a neighbourhood of the set M [ε] in the
time interval [0, ϑ]. So, T (x0;M

[ε]) = ∞ for all
ε ∈ (0, εM ]. The lemma is proved.

Lemma 4. Let closed sets Dτ ⊂ Rn, τ > 0, be
decreasing by inclusion as τ → +0 and ∩τ>0Dτ =
M . Then

lim
τ→+0

T (x;Dτ ) = T (x;M), x ∈ Rn. (4)

The proof of Lemma 4 is omitted.

Proof of the Theorem. The conclusion of the
Theorem is obviously true if M = Ω.

Let M 6= Ω. Condition (A1) gives the relation
W (0;M) = M ⊆ D(0). Condition (A2) of u-
stability implies absence of local minimum points
of the function ϕ(·), where it takes finite val-
ues, outside of the set M . Thus, the equality
W (0;M) = D(0) is valid.

Since M 6= Ω and D(0) = M , we have
supx∈Ω ϕ(x) > 0.

Choose τ ∈ (0, supx∈Ω ϕ(x)). Define the function
ϕτ (·) : Ω→ [0,∞] as follows

ϕτ (x) =

{

ϕ(x) − τ, if x 6∈ D(τ),
0, if x ∈ D(τ).

Let us show that

T (x;D(τ)) = ϕτ (x), x ∈ Ω. (5)

For brevity let Dτ = D(τ). The set Dτ and the
lower semicontinuous function ϕτ ( · ) : Ω→ [0,∞]



satisfy conditions (A1)–(A4), where the notations
M and ϕ( · ) are replaced by Dτ and ϕτ (·).

Define

Θ = sup
x∈Ω

ϕτ (x), E(t) = {x ∈ Ω : ϕτ (x) ≤ t},

γ = sup{ϑ ∈ [0,Θ): W (t;Dτ ) = E(t) ∀ t ∈ [0, ϑ]}.

Let us remark, that for any ϑ ∈ [0, γ) and x ∈
E(ϑ) the equality ϕτ (x) = T (x;Dτ ) is valid. In
fact, set t = T (x;Dτ ). Since E(ϑ) = W (ϑ;Dτ ),
we have t ∈ [0, ϑ] and x ∈ W (t;Dτ ) = E(t). Due
to Lemma 2, the equation t ≤ ϕτ (x) is fulfilled.
On the other hand, the relation x ∈ E(t) implies
ϕτ (x) ≤ t. Thus, ϕτ (x) = T (x;Dτ ).

Consider the following cases.

Case 1: γ = ∞. For any ϑ ≥ 0 and x ∈ E(ϑ) we
have ϕτ (x) = T (x;Dτ ). If x ∈ Ω\∪ϑ≥0E(ϑ), then
taking into account the definition of γ we get x 6∈
∪ϑ≥0W (ϑ;Dτ ), and, therefore, T (x;Dτ ) =∞. By
Lemma 2, the equality ϕτ (x) =∞ is valid.

Case 2: γ < ∞ and γ = Θ. If x ∈ E(ϑ) for
a certain ϑ ∈ [0, γ), then the equation ϕτ (x) =
T (x;Dτ ) is valid.

Let x ∈ Ω \
⋃

ϑ∈[0,γ) E(ϑ). Taking into account

Lemma 2, we have ϕτ (x) ≥ T (x;Dτ ) ≥ γ = Θ.
By definition of the value Θ, we get the equation
T (x;Dτ ) = γ. The property (Tu) of u-stability of
the value function implies the existence of such a
sequence {xk}∞1 , that tk = T (xk;Dτ ) < γ and
xk → x as k → ∞. Since W (tk;Dτ ) = E(tk) and
xk ∈ E(tk), the equation ϕτ (xk) = T (xk;Dτ ) is
true. Lemma 2 and lower semicontinuity of the
function ϕτ (·) give

γ = T (x;Dτ ) ≤ ϕτ (x) ≤ lim sup
k→∞

ϕτ (xk)

= lim sup
k→∞

T (xk;Dτ ) = lim sup
k→∞

tk ≤ γ.

Thus, the equality ϕτ (x) = T (x;Dτ) is valid for
all x ∈ Ω.

Case 3: γ ∈ [0,Θ). Let us introduce a notation:

D = E(γ), ϕ̃(x) =

{
ϕτ (x) − γ, if x 6∈ D,

0, if x ∈ D,

D(t) = {x ∈ Ω : ϕ̃(x) ≤ t}.

Observe that supx∈Ω ϕ̃(x) = Θ− γ.

The set D and the lower semicontinuous function
ϕ̃( · ) : Ω → [0,∞] satisfy conditions (A1)–(A3),
where the notations M and ϕ( · ) are replaced by
D and ϕ̃( · ). Taking into account condition (A4)
of the Theorem and the equality D = D(τ + γ),
where 0 < τ + γ < supx∈Ω ϕ(x), we find that the
set D is correctly compressible. Choose the value
ϑ > 0, satisfying conditions (C1) and (C2), in a
way that ϑ < Θ− γ.

Let us show that

W (t;D) = D(t), t ∈ (0, ϑ). (6)

Choose t ∈ (0, ϑ). Taking into account Lemma 2,
we have

D(t) ⊆W (t;D) = intW (t;D).

Assume that W (t;D) \ D(t) 6= ∅. Since ϕ̃( · ) is
a lower semicontinuous function, D(t) is a closed
set. Thus, there exists x ∈ intW (t;D) \D(t). We
have T (x;D) ∈ (0, t].

If x ∈ Ω, then the relation x 6∈ D(t) implies
t < ϕ̃(x). So, t < ϕ̃∗(x), where ϕ̃∗(·) is the
upper closure of the function ϕ̃(·). If x 6∈ Ω, then
ϕ̃∗(x) = Θ− γ > t. Hence,

T (x;D) ≤ t < ϕ̃∗(x). (7)

On the other hand, Lemma 3 implies the inequal-
ity

ϕ̃∗(x) ≤ T (x;D[ε]), ε ∈ (0, εD].

From condition (C2) of correct compressibility of
the set D, it follows that

T (x;D) = lim
ε→+0

T (x;D[ε]).

Therefore, ϕ̃∗(x) ≤ T (x;D), that contradicts (7).
Hence, the property (6) is proved.

Taking into account that

W (t;D) = W (γ + t;Dτ ), D(t) = E(γ + t)

for any t ∈ (0, ϑ), we get W (t;Dτ ) = E(t) for any
t ∈ [0, γ +ϑ). This contradicts the definition of γ.
Consequently, Case 3 is impossible.

Thus, the relation (5) is proved.

Choose x∗ ∈ Ω \M . For any rather small τ > 0
we have ϕτ (x∗) = ϕ(x∗)−τ . Due to Lemma 4 and
the equality (5), we get

T (x∗;M) = lim
τ→+0

T (x∗;D(τ)) = ϕ(x∗).

The last relation completes the proof.
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CAPTURE ZONES OF CHEAP CONTROL

INTERCEPTION STRATEGIES
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Abstract: The interception of maneuverable targets is considered using a linearized
kinematical model with first order acceleration dynamics. This study concentrates
on control strategies, based on the solution of a linear-quadratic differential
game with cheap controls, that guarantee capture without exceeding prescribed
(physical) limits are used. The conditions of having a nontrivial capture zone are
derived. Detailed description of these capture zones is obtained in the space of the
problem parameters.
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1. INTRODUCTION

The pursuit-evasion problem of intercepting one
moving object (target) by another (interceptor)
can be analyzed in different mathematical for-
mulations: as a one-sided optimal control prob-
lem with known disturbances, as a robust control
problem with arbitrary disturbances or as a dif-
ferential game with an independently controlled
target.

At the dawn of the optimal control era, Letov
(1960) and Kalman (1960) have solved the linear-
quadratic regulator (LQR) problem that assumes
no limitation on the control. Based on this epoch-
making solution, various interceptor guidance
laws can be derived by manipulating the perfor-
mance index coefficients. Imposing a negligible
penalty on the control effort one can obtain a
guidance law that guarantees zero miss distance.
This approach leads to a so-called cheap control

1 Research Scientist
(e-mail: turetsky@aerodyne.technion.ac.il)
2 Professor Emeritus
(e-mail: aer4301@aerodyne.technion.ac.il)

LQR solution. Proportional Navigation (PN) and
Augmented Proportional Navigation (APN) guid-
ance laws (see (Zarchan, 1994)) are cheap control
LQR strategies against non-maneuvering target
and constant target maneuvers respectively, as-
suming ideal interceptor dynamics. The Optimal
Guidance Law (OGL), derived by Cottrell (1971),
is a cheap control strategy in the case of a single
lag interceptor dynamics against constant target
maneuvers.

If an intercepted target can be independently con-
trolled, the natural formulation of the problem
has to be of a pursuit-evasion differential game.
For deriving interceptor guidance laws, both the
game version with bounded controls (Shinar,
1981; Shima and Shinar, 2002) and the linear-
quadratic differential game (LQDG) (Bryson and
Ho, 1975; Ben-Asher and Yaesh, 1998), were used.
A cheap control LQDG solution (Petersen, 1986)
allowed improving the guidance laws performance
(Turetsky and Shinar, 2003; Turetsky, 2004).

Cheap control LQDG strategies guarantee zero
miss distance robustly against any admissible tar-
get maneuver. Nevertheless, their time realiza-



tions can violate the physical control constraint
not included in the LQDG formulation. Hence,
the construction of their capture zone, i.e. the set
of initial positions, from which both zero miss dis-
tance and satisfaction of the control constraint are
guaranteed, becomes an issue of practical impor-
tance. In this paper, the construction and detailed
description of such capture zones are performed.
The analysis is based on the general properties of
the capture zones of linear strategies obtained by
Turetsky and Glizer (2005), Turetsky (2005).

2. INTERCEPTION PROBLEM

The engagement between two moving objects -
an interceptor (pursuer) and a target (evader) -
is considered. The interception scenario model is
based upon the following assumptions:

• the engagement takes place in a plane;
• both objects have constant velocities and
bounded lateral accelerations;

• the dynamics of each object is expressed by
a first-order transfer function;
• the trajectories of both objects can be lin-

earized with respect to the initial line of
sight;

• perfect state information is available.

In Fig. 1 a schematic view of the interception
geometry is shown. The X axis of the coordinate
system is aligned with the initial line of sight.
The origin is collocated with the initial pursuer
position. The points (xp, yp), (xe, ye) are current
coordinates of the objects; Vp and Ve are the
velocities of the pursuer and evader; ap, ae are
the lateral accelerations of the pursuer and evader,
respectively; ϕp, ϕe are the respective angles be-
tween the velocity vectors and the reference line
of sight; and y = ye − yp.
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Fig. 1. Interception geometry

It is assumed that the angles ϕp, ϕe are suffi-
ciently small, yielding the approximation cosϕi ≈
1, sinϕi ≈ ϕi, i = p, e. As a consequence, the
trajectories of the pursuer and the evader can be
linearized with respect to the nominal collision
geometry, leading to a constant closing velocity
Vc. The final interception time tf can be easily

calculated for any given initial conditions: tf =
r0/Vc, where r0 is the initial distance between the
objects and the initial time t0 = 0.

The assumptions lead to the following linearized
model

ẋ = Ax+ bu+ cv, x(0) = x0, 0 ≤ t ≤ tf , (1)

where xT = (x1, x2, x3, x4) = (y, ẏ, ae, ap), x
T
0

=
(0, Ve sinϕ

0

e − Vp sinϕ
0

p, 0, 0),

A =









0 1 0 0
0 0 1 −1
0 0 −1/τe 0
0 0 0 −1/τp









, (2)

bT = (0, 0, 0, amaxp /τp), c
T = (0, 0, amaxe /τe, 0); (3)

τp and τe are the pursuer and evader time con-
stants, respectively; amaxp and amaxe are the respec-
tive maximal lateral accelerations; the superscript
T denotes the transposition.

The respective non-dimensional controls u(t) and
v(t) of the pursuer and evader are measurable on
[0, tf ] and satisfy the constraints

|u(t)| ≤ 1, |v(t)| ≤ 1, 0 ≤ t ≤ tf . (4)

The objective of the pursuer is to guarantee zero
miss distance |x1(tf )| by using a feedback strategy
u(t, x) robustly with respect to v, i.e. against any
admissible evader control v(t).

Due to (Krasovskii and Subbotin, 1988), (1) can
be reduced to a non-dimensional scalar equation
by introducing the new independent variable τ =
τ(t) = (tf − t)/τp, and the new state variable

z = z(t, x) = dTΦ(tf , t)x(t)/(τ
2

pa
max

e ), (5)

where dT = (1, 0, 0, 0) and Φ(tf , t) is the transi-
tion matrix of the homogeneous system ẋ = Ax.

The state variable z satisfies

z′ = h1(τ)u− h2(τ)v, (6)

where the derivation with respect to τ is denoted
by prime,

h1(τ)=
∆

µ(exp(−τ) + τ − 1) = µh(τ), (7)

h2(τ)=
∆

ε(exp(−τ/ε) + τ/ε− 1) = εh(τ/ε), (8)

h(ξ) = exp(−ξ) + ξ − 1, (9)

µ = amaxp /amaxe , ε = τe/τp. (10)

The initial condition, associated with (6), is

z(τ0) = z0 =
(Ve sinϕ

0

e − Vp sinϕ
0

p)τ0

τpamaxe

, (11)

where τ0 = tf/τp.



Due to (5), the controls u(t) and v(t) become
u(tf − τpτ) and v(tf − τpτ), respectively, denoted
in the sequel as u(τ) and v(τ). The constraints (4)
in the non-dimensional formulation become

|u(τ)| ≤ 1, |v(τ)| ≤ 1, 0 ≤ τ ≤ τ0. (12)

Since z(0) = x1(tf )/(τ
2
pa

max
e ) (see (5)), the origi-

nal pursuer objective can be reformulated for the
scalar system (6): to guarantee z(0) = 0 by using
a feedback strategy u(τ, z) robustly with respect
to v(τ). If a strategy u∗(τ, z) solves the scalar
interception problem, then the strategy u(t, x) =
u∗(τ(t), z(t, x)) solves the original problem for (1).

3. PREVIOUS RESULTS

3.1 Capture zones of linear feedback strategies

In this subsection, the general results of (Turetsky,
2005) on capture zones of linear strategies are
briefly summarized.

Let u(τ, z) = K(τ)z be a linear pursuer strategy,
such that

(K1) K(τ) > 0 for τ > 0;
(K2) K(τ) is continuously differentiable for τ > 0;
(K3) for some α = α(K(·)) > 0 there exist finite

limits

lim
τ→0

K(τ)τα = C = C(α) > 0, (13)

lim
τ→0

K ′(τ)τα+1 = −αC. (14)

Note that for any K(·), satisfying (K1) – (K3),
there exist a unique solution zK(τ) of (6) on
(0, τ0] for zK(τ0) = z0, u = K(τ)z and any
admissible evader control v(τ), and a finite limit
lim
τ→0

zK(τ)=
∆

zK(0).

The set C = C(K(·)) of initial positions (τ0, z0) is
called a (robust) capture zone of a linear strategy
u(·) if for (τ0, z0) ∈ C and for any admissible
evader control v(τ),

(C1) zK(0) = 0 for u = K(τ)z, zK(τ0) = z0;
(C2) the realizations of the pursuer control uK(τ) =

uK(τ ; τ0, z0, v(·)) = K(τ)zK(τ) satisfy the
constraint (12).

It was shown by Shima and Shinar (2002); Turet-
sky and Glizer (2005) that if either µε < 1, or
α < 3, then C is trivial, i.e. C(K(·)) = (0, 0). In
the sequel, it is supposed that µε ≥ 1 and α ≥ 3.

Let define a perfectness function

P(τ)= P(τ,K(·)) = [1/K(τ)]
′
− h1(τ) + h2(τ).(15)

Theorem 1. If for some β = β(K(·)) ≥ 0, there
exists a finite limit

lim
τ→0
P(τ)/τβ = Pβ < 0, (16)

then C(K(·)) is nontrivial.

Moreover, if Pβ > 0 and either β = 2, or β > 2
and there exist δ > 0, γ = γ(τ0) > 0 such for
τ0 ∈ (0, δ),

lim
τ→0

uK(τ ; τ0, 0, 1)− uK(0, τ0, 0, 1)

τγ
= U01

γ > 0,(17)

then C(K(·)) is trivial.

Remark 1. If P(τ) is differentiable for a sufficient
number of times, then β is the order of the first
derivative with nonzero limit at τ = 0.

Remark 2. If β > 2, then (Turetsky, 2005)
lim
τ→0

uK(τ ; τ0, 0, 1) = 1. Thus, the condition (17)

has a clear geometric interpretation: it guaran-
tees that uK(τ, τ0, 0, 1) increases in the vicinity
of τ = 0, i.e. the constraint (12) is violated.
If uK(τ ; τ0, 0, 1) is differentiable for a sufficient
number of times, then γ is the order of the first
derivative with nonzero limit at τ = 0.

The construction of a nontrivial capture zone is
based on the following theorem. Let T∗ be the set
of the zeros of P(τ), such that for τ = τ∗ ∈ T∗,
the function P(τ) changes the sign from negative
to positive. Let K be the class of gains satisfying
(K1) – (K3), α ≥ 3 and (16), such that the set T∗
is finite.

Theorem 2. Let K(·) ∈ K. Let Z∗(τ0; τ∗) satisfy
for τ0 > τ∗ > 0, τ∗ ∈ T∗, the differential equation

dZ/dτ0 = K(τ0)h1(τ0)Z − h2(τ0), (18)

with the initial condition

Z(τ∗; τ∗) = 1/K(τ∗), (19)

and Z∗(τ0) = min
τ∗∈T∗,τ∗≤τ0

Z∗(τ0; τ∗). Then

C(K(·)) =

{(τ0, z0) : 0 ≤ τ0 ≤ τc, |z0| ≤ Zc(τ0)} , (20)

where

Zc(τ0) = min {Z∗(τ0), 1/K(τ0)} (21)

τc = sup{τ0 : Z∗(τ0) ≥ 0}. (22)

Thus, the capture zone boundary is constructed
as follows. First, find all the zeros τ∗ of P(τ),
where P(τ) changes the sign from negative to
positive. Then construct the trajectories of (18)
emanating from the points (τ∗, 1/K(τ∗) for τ0 >
τ∗. The upper capture zone boundary is the lower
envelope of these trajectories and z0 = 1/K(τ0).
Note that (18) coincides with (6) in the plane
(τ0, z0) for u = K(τ)z, v(τ) ≡ 1.



The gain K(τ) and the respective capture zone,
are called perfect on (0, τ0) (Turetsky and Glizer,
2005; Turetsky, 2005) if for τ0 ∈ (0, τ0),

Zc(τ0) = 1/K(τ0). (23)

If (23) holds for all τ0 > 0, the gain and the
capture zone are called perfect.

3.2 Cheap control strategies

Linear capture-guaranteeing strategies were con-
structed by Turetsky and Shinar (2003); Turet-
sky (2004) based on an auxiliary linear-quadratic
differential game (LQDG) for (6). The strategies
were constructed in two stages.

At the first stage, the LQDG is solved. The cost
functional in this game, to be minimized by the
pursuer and to maximized by the evader, is

Jlq = [z(0)]2 + cp

τ0
∫

0

u2(τ)dτ − ce

τ0
∫

0

v2(τ)dτ, (24)

where cp, ce > 0 are (small) penalty coefficients on
the pursuer and evader control respectively. The
quadratic integral penalty terms of (24) impose
the so-called soft constraints on the pursuer and
evader controls, in spite of the lack of the rigid
constraints in the game formulation.

The solution of the LQDG defined by (6), (24) can
be obtained based on the well-known solution of
general linear-quadratic differential games Bryson
and Ho (1975). The pursuer optimal strategy is
given by

u0lq(τ, z) = Klq(τ)z, (25)

where

Klq(τ) =
h1(τ)

cp(1− Flq(τ))
, (26)

Flq(τ) =
1

ce
H2(τ)−

1

cp
H1(τ), (27)

Hi(τ) =

τ
∫

0

h2i (ξ)dξ, i = 1, 2. (28)

This solution exists if and only if Flq(τ) < 1 for
τ ∈ [0, τ0]. The sufficient condition for this (Turet-
sky and Shinar, 2003) is given by the inequality

λ=
∆

cp/ce ≤ min{µ2ε2, µ2} = λ0. (29)

At the second stage, the family of the pursuer
strategies are obtained as the limit of (25) for

cp → 0, ce → 0, λ = const < λ0, (30)

yielding

uν(τ, z) = Kν(τ)z, (31)

where

ν=
∆

λ/λ0 ∈ [0, 1), (32)

Kν(τ) = h1(τ)/
[

H1(τ)− νλ0H2(τ)
]

, (33)

H1(τ)− νλ0H2(τ) > 0, τ > 0. (34)

In the sequel, (31) is called the cheap control

strategy (CCS).

In this paper, the general Theorems 1,2 are ap-
plied to the CCS. As a result, a detailed analytical
and numerical description of the CCS capture
zone is obtained for all admissible values of the
parameters µ, ε and ν.

4. EXISTENCE OF NONTRIVIAL CAPTURE
ZONE

In the following lemmas, proven by direct calcu-
lation, the values of Pβ and U01γ for the CCS are
analyzed.

Lemma 1. For the CCS, β = 2 and P2 < 0 if

and only if

(µ, ε, ν) ∈ Ψ1 =
{

(µ, ε, ν) : µ > µc(ε, ν), ε > 0, ν ∈ [0, 1)
}

, (35)

where

µc(ε, ν) = 5ε/(2ε2 + 3νψ(ε)), (36)

ψ(ε) = min(ε2, 1). (37)

Lemma 2. For the CCS, β = 3 and P3 < 0 if

and only if

(µ, ε, ν) ∈ Ψ2 =
{

(µ, ε, ν) : µ = µc(ε, ν), νc(ε) < ν < 1
}

, (38)

where

νc(ε) =



















7ε− 6

12ε− 11
, ε ≤ 6/7,

0, 6/7 < ε ≤ 11/12,
ε2(7ε− 6)

12ε− 11
, 1 < ε < (

√
309− 1)/14.

(39)

Lemma 3. For the CCS, β = 4 and P4 < 0 if

and only if

(µ, ε, ν) ∈ Ψ3 =
{

(µ, ε, ν) :

µ = µc(ε, ν), ν = νc(ε), 44/59 < ε ≤ 6/7
}

(40)

Lemma 4. For the CCS, β = 5 if and only if

ε = 44/59, ν = νc(ε), µ = µc(ε, ν). In this case,



P5 > 0. Moreover, for β = 2, 3, 4, if Pβ > 0, then
U01γ > 0, γ = β − 2.

Remark 3. Lemmas 1 – 4 mean that the CCS
capture zone is nontrivial if and only if Pβ < 0,
β = 2, 3, 4, and is trivial for Pβ > 0.

Theorem 3. The CCS capture zone is nontrivial

if and only if

(µ, ε, ν) ∈ Ψ = Ψ1 ∪Ψ2 ∪Ψ3. (41)

Proof. Due to Lemmas 1 – 4, the statement of
the theorem is a direct consequence of Theorem
1.

Corollary 1. For any ε > 0, µ > 1, there exists
νc = νc(µ, ε) ∈ [0, 1) such that there exists a
nontrivial CCS capture zone for all νc ≤ ν < 1.

5. CAPTURE ZONE CONSTRUCTION

Theorem 4. For any ε > 0, ν ∈ [0, 1), there

exists µ0 = µ0(ε, ν) > 0 such that if

µ ≥ µ0, (42)

and (µ, ε, ν) ∈ Ψ, then the CCS capture zone is

perfect.

Proof. Due to Theorem 2 and Remark 3, it is
sufficient to prove the existence of µ0(ε, ν) > 0
such that (42) yields P(τ) ≤ 0 for all τ > 0. It can
be directly shown that the inequality P(τ) ≤ 0 is
equivalent to

h2(τ)h2(τ)−

µ
(

νψ(ε)
(

h(τ)h2
2
(τ)− h′(τ)H2(τ)

)

+

h′(τ)H(τ)
)

≤ 0, (43)

where h2(τ), h(τ) and H2(τ) are defined by (8),
(9) and (28), respectively; H(τ) = H1(τ) for
µ = 1. The function

W (τ)=
∆

h2(τ)h2(τ)

νψ(ε)
[

h(τ)h2
2
(τ)− h′(τ)H2(τ)

]

+ h′(τ)H(τ)
,(44)

is continuous for τ > 0 and, by direct calculation,

lim
τ→0

W (τ) = 5ε/(2ε2 + 3νψ(ε)), (45)

lim
τ→∞

W (τ) = 3/(1 + 2νψ(ε)). (46)

Hence, by virtue of (43),

µ0(ε, ν) = sup
τ≥0

W (τ), (47)

which completes the proof. 2

Remark 4. The function 1/Kν(τ) increases
monotonically for τ > 0. Hence, if the conditions
of Theorem 4 hold, the CCS capture zone is un-
bounded with respect to τ0 and z0.

In Fig. 2 the values of µ0 are presented as func-
tions of ε for different values of ν. It is seen that
for larger values of ν, the perfectness (and, conse-
quently, the unboundedness) of the CCS capture
zone is ensured by smaller values of µ.
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Fig. 2. Graphs of µ0(ε, ν)

Corollary 2. For any ε > 0, µ > µ0(ε, 0), there
exists ν0 = ν0(µ, ε) ∈ [0, 1) such that the CCS
capture zone is perfect for all ν0 ≤ ν < 1.
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Fig. 3. Graphs of ν0(µ, ε)

The examples of perfect capture zones are shown
in Fig. 4 for ε = 1.2 and ν = 0, 0.5, 0.9. In this
case µ = 3 ≥ µ0(1.2, ν) for all chosen values of ν.
It is seen that for the same values of µ and ε, the
capture zone is larger for the smaller values of ν.
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Fig. 4. Perfect capture zones

Observation 1. Extensive numerical study shows
that if (µ, ε, ν) ∈ Ψ, then for µ < µ0(ε, ν) the
function P(τ) = P(τ,Kν(·)) has only a single zero
τ∗ where P(τ) changes its sign from negative to
positive.



Proposition 1. If

µ < µ1(ε, ν) =
∆

3/(1 + 2νψ(ε))), (48)

and (µ, ε, ν) ∈ Ψ, then

Zc(τ0) =

{

1/Kν(τ0), 0 ≤ τ0 < τ∗,
Z∗(τ0; τ∗), τ∗ ≤ τ0 ≤ τc,

(49)

where Z∗(τ0; τ∗) satisfies (18) for K(τ0) = Kν(τ0),
τc = sup{τ0 : Z∗(τ0; τ∗) ≥ 0}

Proof. The inequality (48) is equivalent to
lim

τ→∞

P(τ) > 0. Due to Remark 3 and the Obser-

vation 1, this means that in this case, P(τ) has a
single root. Hence, due to Theorem 2, the capture
zone boundary is given by (49). 2

Remark 5. Numerical simulation shows that
lim

τ0→∞

Z∗(τ0; τ∗) = −∞, yielding a finite value of

τc. This means that in this case, the CCS capture
zone is bounded.

The examples of bounded capture zones are shown
in Fig. 5 for ε = 1.2, ν = 0.5 and µ = 1.47, 1.48,
1.49 ∈ (µc, µ1) = (1.37, 1.5). It is seen that the
capture zone is larger for larger values of µ.
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Fig. 5. Bounded capture zones

Remark 6. Due to (46) – (48), µ1(ε, ν) ≤ µ0(ε, ν)
for any admissible ε, ν.

If µ1 < µ0 and µ ∈ (µ1, µ0), then P(τ) has two
zeros: τ∗ ∈ T∗ and τ∗ > τ∗. In principle, in this
case, the trajectory Z∗(τ0; τ∗) can intersect the
curve z0 = 1/K(τ0) at τ0 = τ̃ > τ∗ (see example
in (Turetsky, 2005)). If so, the capture zone is
perfect on (0, τ∗) and (τ̃ ,∞), i.e. it is unbounded.
Nevertheless, in an extensive numerical search
such a case was not detected.

6. CONCLUSIONS

The existence and structure of the CCS capture
zones were studied depending on two physical
parameters µ, ε, and the design parameter ν. For
all practical values of µ and ε, the interval of ν can
be divided into three subsequent disjoint subinter-
vals, satisfying the respective conditions for either
trivial, or bounded, or perfect (unbounded) CCS
capture zone.
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Abstract: A model of trade between a technological leading country and a develop-
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1. INTRODUCTION

Literature on environment and endogenous growth
suggests that chances of achieving sustainable
growth depend critically on maintaining a steady
flow of technological innovations (Bovenberg and
Smulders (1995) and Aghion and Howitt (1998),
among others). However, empirical evidence shows
that only a small group of developed countries ac-
counts for most of the world’s innovation (Coe et
al. (1997)). Developing countries, typically linked
to the extraction and transformation of natural
resources, rely on underdeveloped R&D sectors.

Endogenous growth models which tackle environ-
mental problems usually study an isolated country
and do not take into account trade relationships.
However, international trade relations encourage
many developing countries to overexploit their

1 The authors have been partially supported by MCYT

and JCYL under projects BEC2002-02361 and VA051/03,
confinanced by FEDER funds.

natural resources. International trade may also
be the transmission link of technological innova-
tions to developing countries. Thus, the pursuit of
sustainability of growth when natural resources
are exploited in countries that do not innovate
needs to take international economic relations into
account.

This paper develops a model of trade between a
technological leading country and a developing
country which exploits a renewable natural re-
source. Following Grossman and Helpman (1991)
and Barro and Sala-i-Martin (1995), technological
progress takes the form of an expansion of inputs
the final output producer has access to. As in
Todo (2003), we exclude imitation and innovation
in the developing country. Technology diffuses
from the technological leader to the developing
country by foreign direct investment (FDI), used
to adapt innovations generated in the former to
the production process of the latter. International
trade allows producers in the technology follower



country to import intermediate goods invented
and produced in the leading country.

Economists are increasingly examining linkages
between trade, the management of natural re-
sources and economic growth. Eĺıasson and Tur-
novsky (2004) prove the coexistence of a bounded
natural resource sector with unlimited economic
growth. The natural resource is extracted and sold
abroad to import consumption goods, but it is
not a productive input. On the contrary, Cabo et
al. (2005) studies an economy where production
depends on a natural resource, which is imported
from a second country. This latter acts as a sup-
plier of the raw material but it does not produce
final output.

The model we present in this paper extends the
literature of endogenous growth and environment
in three ways. First, the paper addresses the
problem of sustainability in an economy endowed
with a renewable natural resource and without
R&D investment. Second, FDI are seen as a key
element to achieve sustainability. Finally, trade
relationship between the leading and the follower
countries allows to endogenize the terms of trade.

The rest of the paper is organized as follows. Sec-
tion 2 develops the model. Section 3 concentrates
on steady-state equilibria, their existence, unique-
ness, stability and sensitivity. Section 4 compares
the results to those when mutual invention is
possible. Section 5 concludes.

2. THE MODEL

Our model is an extension of a two-country en-
dogenous growth model with an expanding variety
of productive inputs of the type described in Barro
and Sala-i-Martin (1995). One of the countries is
a technological leader, called L, which invests in
R&D. Technology diffuses by FDI from the leader
to the follower country, called F . In addition, we
have considered a natural resource sector in the
follower country. This set up allows us to study the
environmental sustainability of growth in coun-
tries which are not devoting effort on R&D. We
also assume that not only productive inputs, but
also final goods are tradable between countries.

2.1 Leading country

2.1.1. The final output sector The economy
comprises a large number of identical firms pro-
ducing final output, Y i

L, using labor, L
i
L, and non-

durable intermediate inputs, Xi
Lj , j ∈ {1, . . . , N}.

Following Dixit and Stiglitz (1977),

Y i
L=AL

(

LiL
)1−α

N
∑

j=1

(Xi
Lj)

α, 0 < α < 1, AL > 0.

Technological progress takes the form of an ex-
pansion in the number of varieties, N .

Final good producers maximize instantaneous
profits. Assuming perfect competition, the de-
mand of intermediate good j, Xi

Lj , and the wage
rate, wL, are the same for every firm:

Xi
Lj=XLj=LL

(

αAL

pj

)
1

1−α

, wL=(1−α)
Y i
L

LiL
, (1)

where pj is the price of the j-th intermediate
input.

2.1.2. Consumers A representative consumer
in country L maximizes her intertemporal utility
subject to her budget constraint:

max
cL,cLF

U =

∞
∫

0

[ln(cL) + ln(cLF )] e
−ρtdt (2)

s.t. : ȧL=raL+wL−cL−pF cLF , aL(0)=aL0, (3)

where cL is the consumption of the final good of
country L, cLF is the consumption of the good
imported from country F at a price pF , aL are
the assets, r is the real rate of return on assets
and ρ is the subjective discount rate. Considering
the price of YL as a numeraire, pL = 1, pF not only
represents the price of the good imported from F ,
but also, the terms of trade that defines commerce
between these two countries.

Necessary conditions for optimization read:

ċL

cL
= r − ρ,

ċLF

cLF
= r − ρ −

ṗF

pF
.

The growth rate of the national good consumption
is given by the well-known gap between the rate of
return on assets, r, and the discount rate, ρ. The
difference between this rate and the terms of trade
growth rate gives the growth rate of the imported
good consumption.

2.2 Follower country

The economy in the follower country has two
sectors: a natural resource sector and a final
output sector. Country F is endowed with a stock
of a renewable resource, S, which is harvested and
used to produce final output. Total labor force,
LF , is allocated between both sectors.

2.2.1. Resource sector As in Eĺıasson and Turnovsky
(2004), the net rate of change of the resource is
given by:

Ṡ = G(S)− R.



The reproduction function, G(S), is assumed to
be of the well-known logistic or Verlhust type,
G(S) = gS (1− S/C), where g denotes the in-
trinsic growth rate of the natural resource and
C represents the carrying capacity or saturation
level (see, for example, Clark (1990)).

The harvesting of the natural resource, R, de-
pends upon labor, LFS , and it is proportional to
the stock of the renewable resource: R = BL1−δ

FS S,
with 0 < δ < 1 and B > 0.

2.2.2. Final output sector Final good produced
by a representative firm, i, in country F is:

Y i
F = AF (L

i
FY )

1−α−β

N
∑

j=1

(Xi
Fj)

α(Ri)β ,

where 0 < α, β, α + β < 1, AF > 0, Li
FY

is the amount of labor input, Xi
Fj is the em-

ployment of the j-th type of intermediate good,
j ∈ {1, . . . , N}, and Ri is an essential resource
input.

Producer i of final output takes prices of inputs
as given and maximizes instantaneous profits:

max
Li
FY

,Xi
Fj

,Ri
Y i
F − wFL

i
FY −

N
∑

j=1

pFj X
i
Fj − pRR

i,

where wF is the wage rate, pR is the price of the
natural resource and pFj represents the units of
output of F paid to innovators in L for one unit
of the j-th intermediate, i.e. pFj = pj/pF .

Maximization of profits needs equating each input
marginal productivity to its price. This gives the
aggregate amounts of j-th intermediate good, the
wage rate and the price of the natural resource:

XFj =LFY

(

αpFAF

pj

)
1

1−α
(

R

LFY

)

β

1−α

,

wF = (1− α− β)
YF
LFY

, pR = β
YF
R

. (4)

2.2.3. Consumers No innovative entrepreneur
exists in country F . Consequently, consumers do
not accumulate assets in the form of ownership
claims on innovative firms. The exploitation of the
resource is managed as a cooperative composed
of identical members. The representative worker
has to decide the fraction of labor devoted to
harvesting, 1− v, and she attains a portion 1/LF

of total returns, pRR. Taking into account her
earnings from labor services in the final output
sector, her budget constraint per unit of time is:
(pRR + vLFwF )/LF = cF + (pL/pF )cFL, where
v ∈ [0, 1] is the fraction of labor in the final output
production, cF is the consumption of the final

good of country F , and cFL is the consumption of
the good imported from country L at a price pL =
1. Given this definition of v, the labor employed
in each sector is redefined as LFY = vLF and
LFS = (1− v)LF .

The optimization problem of a representative con-
sumer is

max
cF ,v

∞
∫

0

[ln(cF )+ln (cFL)] e
−ρtdt (5)

s.t. Ṡ=G(S)−B(LF (1−v))
1−δS, S(0) = S0, (6)

pR
R

LF

+vwF =cF+
1

pF
cFL. (7)

Optimal time paths in country F follow from
Pontryagin’s maximum principle.

2.3 Behavior of innovators in the leading country

Assuming that intellectual property rights are
protected both domestically and internationally,
the production and sale of intermediate non-
durable goods is monopolized by the innovators
in L.

Assuming, once invented, a unitary cost of pro-
ducing a j-th intermediate good, the monopolist
sets the price pj , at each date, to maximize her
instantaneous profit: πj = (pj − 1) (XLj +XFj) .
The profits are maxima at pj = 1/α.

Taking into account the optimal price of the
intermediate goods, we obtain the quantity of
every intermediate in each country:

XLj = XL = LLA
1

1−α

L α
2

1−α ,

XFj=XF =vLF (pFAF )
1

1−αα
2

1−α

(

R

vLF

)

β

1−α

.

Therefore, the amount of intermediate good in
each country is the same for all j ∈ {1, · · · , N}.
While XL is constant, XF depends on v, R and
pF .

The cost of create a new type of product is fixed
at η units of YL. Furthermore, an innovator must
pay a cost ν beyond the initial R&D outlay to
transfer and adapt his product for use in F , with
0 < ν < η. Assuming free entry, the present value
of the profits for each intermediate good must
equal η + ν. That is

∞
∫

t

(

1−α

α

)

(XL+XF )e
−

∫

s

t
r(w)dw

ds = η+ν. (8)

Investment returns are linked to the monopolistic
benefits in the intermediate good sector. Consid-
ering an economy closed to international asset



exchange, total households’ assets, aLLL, equal
the market value of the firms that produce these
intermediate goods, (η+ν)N . The dynamics of the
number of intermediate goods,N , can be obtained
from this equality, taking into account the salary
in L given in (1), the relationship α2YL = NXL,
and the dynamics of the assets in (3):

Ṅ=
1

η+ν
[YL−(cL+pF cLF )LL−NΞ] , N(0)=N0,

where Ξ = XL− 1−α
α
XF (v, S).

3. STEADY-STATE EQUILIBRIUM
EXISTENCE, UNIQUENESS AND STABILITY

The problem for country L, (PL), involves a
representative consumer who chooses cL and cLF
to maximize (2) subject to (3). The salary, wL,
is given by (1) and the rate of return r by (8).
In a symmetric fashion, the problem for country
F , (PF ), involves a representative consumer who
chooses cF and cFL to maximize (5) subject to (6)
and (7). The wage rate, wF , and the price of the
resource, pR, are given by (4).

The trade is balanced if and only if

LLpF cLF = LF cFL + pjNXF . (9)

Definition 1. Given N(0) and S(0), an equilib-
rium consists of time paths for N , S, cL, cF , cLF ,
cFL and pF such that PL and PF are solved and
equation (9) holds for all t ≥ 0.

Definition 2. A steady-state equilibrium would
be an equilibrium where all variables grow at
constant rates (that could be zero in some cases).

Proposition 3. If a steady-state equilibrium ex-
ists, then:

• v, 1 − v, S,R, r and pF , remain constant.
• cL, cLF , cFL, cF , N, YL, YF and pR all grow at
the same rate.

The proofs of all propositions are available from
the authors upon request.

To study the existence, uniqueness and stability
of a steady-state equilibrium, a new variable c̃L =
cL/N is defined. A steady-state equilibrium in the
original variables corresponds to a steady-state in
variables v, s and c̃.

Proposition 4. Any steady-state equilibrium for
the trade model described by the dynamic prob-
lems PL and PF corresponds to a steady-state of
the following three differential equations:

v̇ = Ω(v)Θ(v, s),

Ṡ = G(S) − R(v, S),

˙̃cL = c̃L

{

1

η + ν
[XL(α − 1) + 2LLc̃L] − ρ

}

,

where Ω(v) =
v(1 − v)

1 − v + (1 − δ)v[φv − 1]
,

Θ(v, s)=

[

ρ−G′(S)+
Ṡ

S

]

[φv−1]−
R(v, S)

S
(1−v),

and φ =
1 − α − δβ

1 − α − β
.

This steady-state equilibrium guarantees a sus-
tainable economic growth. That is, a permanent
growth in consumptions without exhausting the
stock of the natural resource in country F.

Proposition 5. Under condition

g ≥ min{ρ,B[LF (1 − 1/φ)]1−δ},

there exists a unique steady-state equilibrium,
(v∗, S∗, c̃∗L), with S∗, c̃∗L > 0, and v∗ ∈ (1/φ, 1).

In the real world, economies are not necessarily on
their steady-state equilibria. Then, we carry out
a stability analysis to know whether a transition
path to the sustained growth solution exists.

Proposition 6. A steady-state (v∗, S∗, c̃∗L) is a sad-
dle point with a one-dimensional stable manifold.

Therefore, given initial conditions for the state
variables some of the imbalances in the relevant
variables can be corrected to catch up with the
steady-state equilibrium.

Proposition 7. Along a steady-state equilibrium
the economies in both the technological leading
and follower countries grow at rate γ given by:

γ=
1

1+α

[

2(1−α)α
1+α

1−α

η+ν
LLA

1
1−α

L −(1 + α2)ρ

]

.(10)

This growth rate is positive if ρ is low enough.
Moreover, γ increases with AL and LL and de-
creases with η, ν and ρ. However, the effect on γ
of changes in α is not completely determined.

Proposition 8. If a steady-state equilibrium ex-
ists, it holds:

∂S∗

∂g
,
∂S∗

∂C
,
∂S∗

∂δ
> 0;

∂S∗

∂α
,
∂S∗

∂β
,
∂S∗

∂ρ
< 0;

∂v∗

∂δ
> 0;

∂v∗

∂g
,
∂v∗

∂α
,
∂v∗

∂β
,
∂v∗

∂ρ
< 0;

∂v∗

∂C
= 0.

A higher intrinsic growth rate, g, leads consumers
in F to devote a larger labor share to the resource



sector, 1 − v∗, harvesting a higher amount of re-
source. Nevertheless, this situation is compatible
with a larger S∗.

The carrying capacity represents the size of the
resource sector. It has a scale effect on S∗. The
effect of C on the labor share devoted to each
productive sector is twofold. A higher C demands
a higher extraction effort, 1− v∗, to maintain the
same resource stock. However, the increment in
C also rises the marginal value of the resource
at the steady-state. Consequently, the stationary
resource stock, S∗, becomes higher, which requires
a lower effort, 1 − v∗. The two effects cancel out
and v∗ remains unchanged to variations in C.

A higher output elasticity of either the interme-
diate goods, α, or the natural resource input, β,
reduces the real wage, wF . The increment in β
also increases the price of the natural resource,
pR. Both effects lead consumers to devote a lower
labor share to the final output sector, v∗. Thus, a
higher extraction effort reduces S∗.

The higher the consumers’ impatience in F, ρ, the
lower the marginal value of the resource at the
steady-state. Consequently, a larger labor share is
assigned to the resource sector, and S∗ decreases.

An increment δ is equivalent to a reduction in
the resource extraction elasticity of labor, 1 − δ.
The price of the natural resource, pR, falls down,
leading consumers to increment their labor share
in the final output sector. At the same time, the
effect of this parameter on S∗ is twofold. The
extraction effort for any v ∈ (0, 1) increases, which
implies a lower S∗. Conversely, the reduction in
pR represents a strong disincentive to extract
resources, pushing S∗ up. The latter effect is
stronger than the former and thus, ∂S∗/∂δ > 0.

Proposition 9. The terms of trade along the
steady-state equilibrium is given by:

p∗F =

[

ρ(η+ν)+LLA
1

1−α

L α
2α

1−α (1−α)

]1−α

(1+α)
1−α
(LF v∗)

1−α−β
α2α(R(v∗, S∗))

β
AF

,(11)

and its sensitivity analysis upon changes in the
parameters values can be summarized as follows:

∂p∗F
∂η

,
∂p∗F
∂ν

,
∂p∗F
∂ρ

> 0;
∂p∗F
∂δ

,
∂p∗F
∂C

< 0.

The effect on p∗F of changes in α, β and g is
ambiguous.

An increment in either the cost of innovation, η,
or the cost of adaptation, ν, implies a reduction
in the rate of return for investors in L. Lower
returns lead consumers to increase c̃L = cL/N
at the steady-state. Similarly, consumers in this

country will increase consumption with respect to
investment if they discount the future to a higher
extent (a larger ρ). In both cases, the increment
in the consumption of the national good in L,
together with equation (9), lead to a gain in the
follower terms of trade, p∗F .

As Proposition 8 establishes, S∗ grows with the
carrying capacity, C, although the labor share, v∗,
is unchanged. Therefore, the extracted amount,
R(v∗, S∗) increases with C. Everything equal,
higher extractions lead to a higher consumption of
the national good in F , as well as larger imports of
intermediate goods. Nevertheless, balanced trade
in (9) requires that the terms of trade, p∗F , drops
in this situation.

By Proposition 8 the increment in δ increases
S∗. It can be easily proved that the slope of the
reproduction rate at the steady-state is positive,
G′(S∗) > 0. Consequently, although labor is less
intensively used in the resource sector, G(S∗)
increases, which coincides with the harvesting at
the steady-state, R(v∗, S∗), leading to a drop in
the terms of trade, p∗F .

Furthermore, the relationship connecting p∗F and
S∗ is not utterly known. It can be proved that
∂p∗F /∂S

∗ > 0 iff εYFLY F ε
v
S > εYFR εGS , where εxy

denotes the elasticity of function y with respect
to x. At the equilibrium, the terms of trade grows
with the stock of the resource if and only if, the
reduction in final output due to the rearrangement
of labor to the resource sector associated with a
higher S∗, is stronger than the increment in final
output due to the increment in the extraction of
the natural resource, possible since the regenera-
tion function grows with S∗.

4. MUTUAL INVENTION

We have assumed, thus far, that the country own-
ing the natural resource never innovates. Suppose
now that this country can also invent new prod-
ucts at the same cost that applied before to tech-
nological leading country, η. In this framework of
mutual invention we rename the countries as 1
and 2, instead of L and F previously used.

At any time, technology allows the production of
Ni varieties of intermediate goods in country i ∈
{1, 2}. An expansion of Ni requires an invention
of new kind of intermediate goods in country i.

Total consumers’ assets equal the market value of
the firms, that is aiLi = ηNi/pi , where pi is the
price of the final good in country i (with p1 as the
numeraire). Consumers earn the rate of return ri
on assets and receive the wage rate wi from their
labor services in the final output sector. Per capita
budget constraint in country 1 is again given by



(3), substituting L and F by 1 and 2. Moreover,
in country 2, consumers receive the profits from
the extraction of the natural resource, thus their
per capita budget constrain per unit of time is

ȧ2=r2a2+vw2+pR
R(v, S)

L2
−c22−

1

p2
c21, (12)

where c22 is the consumption of the final good of
country 2, and c21 is the consumption of the good
imported from country 1 at a price p1 = 1. Now,
consumers of country 2 can hold assets in the form
of ownership claims on intermediate good firms.

On the other hand, with no trade of intermediate
goods, balanced trade is defined as:

L1p2c12 = L2c21. (13)

Taking into account restriction (12) on the con-
sumer maximization problem of country 2 and the
equilibrium condition (13), a steady-state equilib-
rium exists. Along this steady-state equilibrium,
variables behave as described in Proposition 3.
Values of v∗ and S∗ are those given in Proposition
6, while the stationary level for the terms of trade
differs from the value p∗

F in (11):

p∗

2 =
L1−α
1 A1

L1−α−β
2 A2(v∗)1−α−βG(S∗)β

.

The rates of return equate in both countries and
remain constant along the steady-state equilib-
rium, while the number of intermediate goods, Ni,
consumptions, cij , and outputs, Yi, i, j ∈ {1, 2},
all grow at the same constant rate given by:

γ̃ = ri − ρ =
1

η

(

1− α

α

)

α
2

1−αL1A
1/(1−α)
1 − ρ,

which also differs from the growth rate in (10).

If ν < η(1 − α)/(1 + α) then γ̃ < γ. The
steady-state equilibrium growth rate is greater
in the leader-follower model than under mutual
invention when the cost of transfer and adapt a
new product for use in F , ν, is sufficiently low.

On the other hand, if γ, in (10), is positive,
then the terms of trade of the country owing the
natural resource improves when mutual invention
is possible, i.e., p∗

F < p∗

2.

5. CONCLUDING REMARKS

Our model is a new approach for studying the
sustainability of growth in economies of develop-
ing countries, typically linked to the extraction
of a natural resource, with an underdeveloped
or even non-existent R&D sector. The existence,
uniqueness and saddle-point stability of a steady-
state equilibrium have been proved.

We have examined the sensitivity of the main
variables along the steady-state equilibrium to
variations of the parameters of the model. The
last section of the paper compares our findings
to those obtained in the case of both countries
investing in R&D. This analysis concludes that,
despite the stock of natural resource remains the
same, if the cost of adapt new inventions to the
follower country conditions is sufficiently low, the
steady-state equilibrium growth rate in the leader-
follower model is greater than the growth rate
obtained when both countries innovate. Neverthe-
less, the terms of trade between both countries
is better for the resource endowed country when
mutual invention is possible.
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Simulation of the Capital Adequacy Ratio
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Abstract:  An economic model of all members of the United Nations, joined together in 

cooperation and competition, is postulated and constructed.  It uses the principle of 

supply and demand and rational expectations.  The model of several groups of nations 

are confronted with data and the coefficients are identified.  Some details are given for 

the USA, Egypt, Jordan, and Israel.  In a recent book, the system is reported to be 

controllable.  The GDP growth of these group of nations can all be improved by 

cooperation. 
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1  INTRODUCTION 

 

Throughout the world today there is an intense 

longing for peace and universal prosperity.  This 

longing inspires a unique common goal:  �Love for 

all� expressed with a working concept of �goodness� 

� feed the hungry, give drink to the thirsty, welcome 

strangers in our homes, clothe the naked, heal and 

take care of the sick, visit and care for prisoners, all in 

solidarity with all humans.  Implicit in the pursuit of 

goodness is the possibility of high growth of Gross 

Domestic Product, of national �goods and services�, 

full employment, appropriate low interest rate low 

prices (or small inflation) solid high value of capital 

stock and strong and positive cumulative balance of 

payment.  The conquest of scarcity and the 

entrenchment of universal abundance and prosperity 

rest on a good design of a national economic model, 

with realistic mathematical economic state created as 

a dynamical system with interacting solidarity matrix 

and with government and private strategies.  This 

realistic model is then tested for controllability, from 

existing (perhaps miserable) state to a state of 

�paradise� where the practice of goodness is possible.  

With this model one explores the possibility of 

steering to this paradise target with minimum 

investment in minimum time.  Also studied are the 

problems of convergence and permanence and their 

policy implications.  A nation�s economic state is 

linked up with other economic states of all the 

member nations of the UN.  The optimal control 

problem just described is called the �Omega problem� 

of the United Nations of the world, [Chukwu, 2004].   

In [Chukwu, 2001; Chukwu, 2003a] and [Chukwu, 

2003b] a model of a single nation�s economic state 

 

]E,p,k,L,R,y[x , 

 

is constructed where y is the Gross Domestic Product, 

R is the interest rate, L is employment, k is the value 

of capital stock, p represents prices, and E denotes the 

cumulative balance of payment.  Government strategy 

is a vector of eight things -  

 

]f,M,1M,d,,e,s,T[q 010 , 

 

where T denotes generalized taxation and its flows, 

0s  denotes autonomous government outlay, e 

exchange rate,  tariff, d preferential trade agreement 

and/or transportation or trade policy, M1 is money 

supply and 1M  its flow and 0f  denotes foreign 

credit interest equalization tax.  The control 

instrument of the representative firm is a vector of 

nine things, 
 

]p,y,w,n,M,x,I,C[ 0100000 , 

 

where 0C  is autonomous investment, 0x  is 

autonomous net export, 0M  is autonomous money 

demand, n is labor productivity, w is wage rate, 10y  

is autonomous income consumption intercept, and 

0p  is autonomous price intercept.  These terms are 

all defined in [Chukwu, 2001] or [Chukwu 2003b)].  

Using the principle of �supply and demands� and 



�rational expectations�, and using some realistic 

formula for private consumption, C, private 

investment, I, net export, X, and government outlay, 

G, one deduces the equation of the economic state as  

 

)ht(xA)t(xA)ht(xA)t(x 101  

 

 )t(B)t(q)t(B 21  (1) 

 

In [Chukwu 2001, 2003a, 2003b], and [Chukwu 

2005a], we confronted this equation with IMF data to 

identify the coefficients 21101 B,B,A,A,A  for 

several countries including Austria, Australia, 

Nigeria, South Africa, USA, UK, China, Egypt, 

Jordan, Israel, Japan, Canada, Brazil, Germany, Italy 

and India.  From this model one can extract the 

impact of exchange rate on the dynamics of 

employment for example.  See [Chukwu 2001] and 

[Chukwu 2003b]; the chairman of the central bank of 

the US is interested in this problem [Greenspan 

2005]: employment equations, 

 

)t(LL)ht(*yL)ht(LL)t(L 00301  

 

)ht(RI)ht(yI)ht(LL 421  

 

)t(q)t()t(pL)ht(LI 3385 , 

 

004 I10yx)t( , 

 

)t()w(m 43 , 

 

)t(q)w(m)t(q 43 , 

 

)t(ez)t(TzMzg)t(q 15s14s13s04  

 

)t(dz)t(z 17s16s . 

 

The Omega problem demands a similar treatment for 

all the other members of the United Nation.  Each has 

a net export function X as a link with other nations, 

where 

 

)t(yx)ht(yx)t(yxx)t(X 3210  

 

)t(Lx)t(Lx)t(Rx)ht(yx 10854  

 

)t(ex)t(x)t(px)ht(Lx 15161211  

 

)t(dx17 . (2) 

 

Here  is the tariff and e(t) the exchange rate.  Let iy  

be the GDP of a typical nation.  We insert the effects 

of interaction between this country whose GDP is iy , 

and other nations with GDP jy  j = 2, �, N, (j  i) 

(where N is the number of UN member nations) into 

the export function.  Thus we must add the impact

 

)ht(yC)ht(yb)(t(y 1j11j11i  

 

)t(f)ht(yd...,),ht(yd NN2j11 , (3) 

 

on X. 

 

This is the generalized export function, an inflow of 

wealth from outside.  It can also be negative, the 

outflow of wealth in form debt repayment trade 

deficit, etc.  It is a function of GDPs, tariff, exchange 

rate, trade policies, etc. 

 

Let ]y...yy[x N21 , in (1) the impact of 

interaction is the solidarity - competition � interaction 

matrix, )ht(x))t(x(A1 .  In [Chukwu 2005a] the 

full hereditary model 

 

)ht(x))t(x(A)t(xA)ht(xA)t(x 101  

 

)t(B)t(qB 21 , (4) 

 

is derived for four nations (Nigeria, US, UK, and 

China) which are linked up in solidarity or 

competition.  The details are given in [Chukwu, 

2005a].  In a recent book, (in production line) by E. 

N. CHUKWU [Chukwu 2005b)], A Mathematical 

Treatment of Economic Cooperation and Competition 

Among Nations with Nigeria, USA, UK, China, and 

Middle East, Academic Press Elsevier, November 

2005.  A differential system of neutral type was 

derived for the gross domestic product of four 

nations, namely USA, Egypt, Jordan, and Israel.  We 

used MATLAB and Maple Program to identify the 

coefficients.  Suppose EQN(US) is the derived 

equation for the USA, EQN[Egypt] that of Eypt, 

EQN[Jordan] that of Jordan EQN[Israel], the equation 

for Israel, then the following is true by Professor 

Norris� calculations. 

 

> EQN[US]:= D(Y[US])(t)- a[US][- 

1]*D(Y[US])(t-1) = a[US][0]*Y[US](t)  

>  + a[US][1]*Y[US](t-1) + Y[US] 

> (t)*(coeff_aa[US][Egypt]*Y[Egypt] (t-1)   

> +  coeff_aa[US][Jordan]*Y[Jordan](t-1) 

> +  coeff_aa[US][Israel]*Y[Israel](t-1) 

 + p[US] + g[US]); 
 

EQNUS US 
:= D(YUS )(t) - 2.194203600 D(YUS)(t - 1) =  

- 1.735004395 YUS (t) + 2.317222048 YUS(t - 1) 

+ YUS(t)(-.1456557517 10 7 

YEgypt (t - 1)  

-.7086660721 10-5 

YJordan (t - 1) + .1026864688  



  10-6 YIsrael (t - 1) + 4632.985406  

+ 858.6987962 eUS (t) + .02694357803 US (t)  

+ 1.245437531 TUS (t) - 1.628373557 TUS(t - 
 

1) 

- .09843320801 D(TUS )(t) - 1.543489422  

   D(TUS )(t - 1)) 

 

> EQN[Egypt] := D(Y[Egypt])(t)- a[Egypt] 

[-1]*D(Y[Egypt])(t-1) = 

> a[Egypt][0]*Y[Egypt](t) + a[Egypt]  

[1]*Y[Egypt](t-1) 

> + Y[Egypt](t)*(coeff_aa[Egypt]  

[US]*Y[US](t-1) + 

> coeff_aa[Egypt][Jordan]*Y[Jordan]  

(t-1)+ 

> coeff_aa[Egypt][Israel]*Y[Israel](t-1)  

 + p[Egypt] + g[Egypt]); 
 

EQN Egypt  
:= D(YEgypt )(t) + 3.506494781 D(YEgypt ) 

  (t - 1) = 8.327857170 YEgypt (t) - .2917088061 

 YEgypt (t - 1) + YEgypt (t)(- .1118126676 10 5  

 YUS (t - 1) - .00004412652028 YJordan (t - 1) 

 - .1232539606 10 6 YIsrael (t - 1) + 26122.94421  

 + 23577.06585 eEgypt (t) - 3.397252849 Egypt (t)  

-5.016633990 TEgypt (t) + .6904502995 TEgypt (t  

- 1) 

 - 3.372799571 D(TEgypt )(t) + 1.568556948 

 D(TEgypt )(t - 1))  

 

> EQN[Jordan]:= D(Y[Jordan])(t)- a[Jordan] 
[-1]*D(Y[Jordan])(t-1) 

= 

> a[Jordan][0]*Y[Jordan](t) + a[Jordan]  

[1]*Y[Jordan](t-1) 

+ Y[Jordan](t)*(coeff_aa[Jordan] 
[US]*Y[US](t-1) +  

>  coeff_aa[Jordan][Egypt]*Y[Egypt](t-1)  
+ coeff_aa[Jordan][Israel]*Y[Israel](t-1)  

+ p[Jordan] + g[Jordan]);  
 

EQN Jordan := D(YJordan )(t) + 6.065252893 D(YJordan ) 

(t - 1) = - .8074004946 YJordan (t) - 1.779420225 

YJordan (t - 1) + YJordan (t)(- .3532328762 10 5  

YUS (t - 1) + .1103555320 10
5 

YEgypt (t - 1) 

- .9925734476 10 6 

YIsrael (t - 1) - 14415.97999 

- 1119.769687 eJordan (t) - 6.667560030 Jordan (t)  

- 1.897597661 TJordan (t) + 1.737812654  

 TJordan (t - 1) + .3986898661 D(TJordan )(t)  

 + 2.201118565 D(TJordan )(t - 1))  

 

> EQN[Israel]:= D(Y[Israel])(t)- a[Israel] 
[-1]*D(Y[Israel])(t-1) 

= 

> a[Israel][0]*Y[Israel](t) + a[Israel]  

[1]*Y[Israel](t-1) + 

> Y[Israel](t)*(coeff_aa[Israel][US]*Y[US] 
>  t-1) +coeff_aa[Israel][Egypt]*Y[Egypt](t-1) 
> + coeff_aa[Israel][Jordan]*Y[Jordan](t-1)  

+ p[Israel] + g[Israel]); 
 

EQN Israel 
:= D(YIsrael )(t) + 1.027644760 D(YIsrael )(t - 

1) = - 3.639595360 YIsrael (t) - 3.969069969 

YIsrael (t - 1) + YIsrael (t)(- .6575146123 10 6  

YUS (t - 1) - .6790730561 10 7 

YEgypt (t - 1) 

+ .00006435701183 YJordan (t - 1) - 77345.80770  

+ 92.64006350 eIsrael (t) - 15.67604974 Israel (t)  

+ .9243013213 TIsrael (t) + 4.760577195  

TIsrael (t - 1) + 2.196499327 D(TIsrael )(t)  

+ 2.380591892 D(TIsrael )(t - 1)).  

 

Association with Egypt has a negative impact on the 

net current and hereditary US growth rate.  This is 

true with Jordan.  Association with Israel is net 

growth enhancing.  An increase of US exchange rate, 

or tariff increases the net growth rate.  Decreasing the 

flow of current taxes will help.  Egypt�s association 

with the US has negative impact.  This is true with 

Jordan and Israel.  Decreasing tariff and current taxes 

and the flow of current taxes will promote net GDP 

growth rate of Egypt. 

 

Jordan�s association with US and Israel is competitive 

and has negative impact.  Reducing Jordan�s 

exchange rate, tariff or current taxes will enhance net 

growth rate of GDP of Jordan.  Israel�s association 

with the US and Egypt, has negative impact on 

Israel�s GDP.  With Jordan it is positive.  Reduction 

of Israel�s tariff will help net growth rate of GDP. 

 

The program used by Norris is MAPLE.  Because the 

system is controllable the values of iy , i = 1 � 4 can 

be made larger and the cross terms )()( htyty ji  

made positive.  Citizens of country for iy  can allow 

wealth to be transferred to the other countries.  This 

will increase the growth rate.   

 

Let x denote the GDP of the US, y that of Egypt, z 

that of Jordan and w that of Israel. 
 

With MATLAB, E. Chukwu obtained the ordinary 

differential equation 
 

dt

dx
= 50437.2381935296 + x(19.4365512459 

 

 + 0.0481114469.*y + 0.0823037280.*z  

 

+ 0.1006482006.*w); 
 

dt

dy
 = 17.1051675481700 + y*(0.66340825723475 



- 0.00003964533238.*x + 0.06008253158577.*z 

 

+ 0.00599884912641.*w); 

 

dt

dz
= 0.05050958347340 + z* (-0.00604413905119  

 

- 0.00000959476644.*x + 0.00110602650664.*y 

 

+ 0.00084480523961.*w); 

 

dt

dw
 = 2.07597310915128 + w.*(0.14250531775070 

 

+ 0.00001866120246.*x �0.00021562327873.*y 

 

- 0.00896049232283.*z) 

 

(The statistics is based on data from [International 

Financial Yearbook Statistics, 1965-1992]). 

 

Note that in this dynamics, Israel�s GDP is depressed 

by its association with Egypt, and Jordan.  If there is 

more cooperation, Israel�s GDP can grow faster.  

Cooperation is possible because the system is 

controllable.  See [Chukwu, 2005a] and [Chukwu, 

2005b)]. 

 

In [Chukwu, 2005b] with a little different data a full 

hereditary system was derived by E. Chukwu for four 

interacting nations, Egypt, USA, Jordan and Israel.  E. 

Chukwu used MATLAB  and Data from International 

Financial Statistics Yearbook to generate the 

following equations. 

 

% Where, 

 

% zi0  =  Ci0  +Ii0  +  Xi0  +  g0i 

% zi1  =  Ci1  +Ii1  +  Xi1  +  gi0  + ai1 

% zi2  =  Ci2  +Ii2  +  Xi2  +  gi2 

% zi3  =  Ci3  +Ii3  +  Xi3  +  gi3 

% zi4  =  Ci4  +Ii4  +  Xi4  +  gi4 

 

% Hence, 

 

Z1  =  CC (1)  +  II (1)  +  XX (1)  +  GG (1) 

Z2  =  CC (2)  +  II (2)  +  XX (2)  +  GG (3) 

Z3  =  CC (3)  +  II (3)  +  XX (3)  +  GG (3) 

Z4  =  CC (4)  +  II (4)  +  XX (4)  +  GG (4) 

Z5  =  CC (5)  +  II (5)  +  XX (5)  +  GG (5) 

 

a_11= 11.* (CC (5) + II (5) + XX (5) + GG (5))/(1-

11*Z4) 

a0l  =  11*Z2 / (1-11*Z4) 

a11  =  (11*Z3) / (1-11*Z4) 

a12  -XX (8),  

a13  =XX (9), 

a14  =XX (10). 

 

% Also   pi (t) = li (Ci0 + Ii0 + Xi0) / 1-1i*zi4) 

 gi (t) = li (g0i + X15*ei (t) + X16tari (t) 

 + X17*di (t) � (Ci1*Ti (t) + C12*Ti (t-h) 

 C13*T  (t) + Ci4*T I (t-h))/(1-li*zi4) 

 

% Data generated for Egypt�s Economy relative 

% to the other countries interacting yields the follow- 

% ing:   

% dy1(t) / dt � a_11*y1 (t-h) = a0ly1(t) + a11*y1(t-

h) 

% + y1 (t) * (a12*y2 (t-h) + a13*y3(t-h) 

% + a14*y4 (t-h) + p1 (t) + g1 (t) 

 

p1 = 11*(C(1) + II(1) + XX(1))/(1-11*z4) = 13057.97 

g1(t) = (33487.60 + 2150258.87.*e(t) + 

2678.86.*ta(t) 

 + 0.*d(t) + 13.14.*T(t) + 9.54.*T(t-h) +  

 19.88.*T (t) + 0.4630*T (t-h) / (-72.88); 

dy1(t)/dt � 15.33*y1  (t-h) = 4.57*y1 (t) � 2.427*y1  

 (t-h) + y1(t) * (8.463x10-6*y2 (t-h) +  

 0.04778*y3 (t-h) � 0.00563*y4 (t-h) + p1 (t) +  

 g1 (t). 

 

% Data generated for United States� Economy  

% relative to the other countries interacting yields 

% the following:   

% dy2(t) / dt � a_22*y2  (t-h) = a02*y2 (t) + a12*y  

% (t-h) + y2 (t) * (a21*y1 (t-h) + a23*.y3 (t-h)  

% + a24*y4 (t-h) + p2 (t) + g2 (t) 

 

p2 = 11* (CC (1) + II (1) + XX (1)) / (1-11*z4) =  

- 9149350.80 

g2 (t) = (1387064697.04 + 18705028677.37.*e (t)  

- 5650.41.*ta (5) + 0*d (t) + - 275.33.*T (t)  

+ 55.61.*T (t-h) + 81.29.*T´ (t) + 267.86.*T´ 

(t-h) / (3604.1); 

dy2(t)/dt + 1.9190*y2´(t-h) = 2.1286*y2(t)� 0.2742*y 

(t-h) + y2 (t) * (-0.01568*y1 (t-h) � 0.02414*.y3 

(t-h) � 0.07779*y4 (t-h)) + p2 (t) + g2(t). 

 

% Data generated for Jordan�s Economy relative to  

% the other countries interacting yields the 

following: 

% dy3 (t) / dt � a_23*y3´ (t-h) = a03*y3 (t) + a13*y3  

% (t-h) + y3 (t) * (a31*y1 (t-h) + a32*y2 (t-h) +  

% a34*y4 (t-h)) + p3 (t) + g3 (t). 

 

p3 = 11 * (CC (1) + II (1) + XX (1)) / (1-11*z4) =  

- 1906.33 

g3 (t) = (33057.65 + 189381.48.*e (t) + 124.77.*ta (t)  

 + 0*d (t) + -55.659*T (t) � 25.0806*T (t-h) 

 - 23.287*T´ (t) + 56.484*T´ (t-h)) / (37.194); 

dy3 (t) / dt � 1.8569*y3´ (t-h) = 5.5655*y3 (t)  

+ 0.38194*y3 (t-h) + y3 (t) * (-355787.36*y1 

(t-h) + 173677.108*y2 (t-h) + 0.00119*y4 (t-h)) 

+ p3 (t) + g3 (t). 

 

% Data generated for Israel�s Economy relative to 

% the other countries interacting yields the 

following: 

% dy4 (t) / dt � a_44*y4´ (t-h) = a04*y4 (t) + a14*y4  

% (t-h) + y4 (t) * (a41*y1 (t-h) + a42*y2 (t-h)  

% + a43*y3 (t-h)) + p4 (t) + g4 (t). 



p4 = 11 * (CC (1) + II (t) + XX (1)) / (1-11*z4)  

= 2351.71; 

g4 (t) = (233134.44 + 685128218.76.*e (t)  

+ 1043775.59.*ta (t) + 0*d (t) + 66.580*T (t)  

- 41.418*T (t-h) � 67.130*T´ (t) + 47.5014*T´ 

(t-h) / (43773.34); 

dy4 (t) / dt � 0.790596*y4´ (t-h) = 2.05885*y4 (t)  

+ 0.571664*y4 (t-h) + y4 (t) * (-0.070356*y1  

(t-h) + 0.0098393*y2 (t-h) + 4.796997*y3 (t-h))  

+ p4 (t) + g4 (t). 

 

3  Policy 
 

Just as in [Chukwu 2005a], we can observe some 

important facts:  In Israel�s equation the net current 

and hereditary growth rate of GDP experiences a 

negative impact from Egypt�s GDP: 

 

)1t(y)t(y070356.0 14 . 

 

)t(4g  and )t(p4  can be used to make the growth rate 

better; i.e., one uses exchange rate, tariffs and 

generalized tax rates.  Increased cooperation can also 

help.  Also the system is proved to be controllable, 

using all the control variables and the method of 

Pontryagin Difference of sets.  The same type of 

analysis and identification is possible for the GDP of 

all the 191 member states of the UN, with dynamics 

 

)ht(xA)t(xA)ht(xA)t(x 101  

 

 gBpB)ht(x)t(x(A 212 , 

 

(5) 

 

where 2101 A,A,A,A  are N  N matrices and ,B1  

2B  has appropriate dimensions. 

 

]X,I,C.......,..........,X.I,C[p 0N0N0N101010 ; 

 

]Ta,,eN,g...,..........,Ta,,e,g[g NNN01101 . 

 

In all cases increasing the coefficient of cooperation 

is very fruitful. 

 

3.1 Optimality  

 

After reducing the differential game (5) to an 

equivalent control system, 

 

)ht(xA)t(xA)ht(xA)t(x 101  

 

 Bv)ht(x)t(x(A2 , (6) 

 

and using the idea of Pontryagin Difference of Sets, 

we can study the Optimal Control of the Neutral 

System in Function Space by the method of [Chukwu, 

2003b, 11.4]. 

At the level of all UN nations, the Omega problem is 

still open and worthy of pursuit.  Data can be 

extracted from [UN National Account Statistics 1990] 

and [International Financial Statistics Yearbook, 

1965-1992].  Supporting data, computation, and 

output are available from Elsevier CDs prepared by 

[Chukwu, 2005c]. 

 

Professor Gandolfo and Pietro Carlo Padoan, have 

observed in [Gandolfo 1984] that macrodynamic 

medium-term econometric models, small in size 

(from one to a few dozen equations) and embodying 

considerably more economic theory than is usually 

possible, are complimentary, or even preferable to 

large models for the purposes of policy analysis and 

simulation.  See [Gandolfo 1996].  This idea has been 

put to work by Central Banks and International 

Organizations. E.g., Reserve Bank of Australia, Bank 

of Canada, and IMF.  They argued rather persuasively 

that small econometric models have the advantages of 

a well-founded and consistent theoretical structures 

and are amenable to qualitative analysis once a 

satisfactory estimation of their parameters has been 

obtained, since the principle of parsimony in 

interacting systems has been validated experimentally 

by Stephen Elner and his co-workers [Fussmann 

2000] and students.  Elner and his co-workers 

combine theoretical and empirical approaches to 

demonstrate that a few simple mechanistic processes 

underlie complex multispecies dynamics and that a 

corresponding simple model is a sound tool for 

investigating community properties [Fussmann 

2000].  Analogously, if our modeling of the four 

aggregate national incomes are reasonably accurate, 

modeling performed with six state differential 

equations, eight government control variables and 

nine private reactions of the representative firm, it is 

then expected that predictions with the model will be 

useful for policy.  This is true in spite of the size. 
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OPTIMAL MOTIONS OF A BODY

CONTROLLED BY AN INTERNAL MOVING

MASS
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Abstract: Progressive horizontal motion of a body containing an internal oscillating
mass is analyzed in the presence of dry friction forces acting between the body
and the plane. The internal mass performs periodic motions inside the body.
Constraints are imposed on the displacements, velocity, and acceleration of the
mass. Optimal parameters of the relative periodic motion of the internal mass
are determined that correspond to the maximum average speed of the system as
a whole. Results of computer simulation and experimental results are presented.
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1. INTRODUCTION

It is well-known that a rigid body containing a
movable internal mass can move along a hori-
zontal plane, if the internal mass performs pe-
riodic motions inside the body and dry friction
forces act between the body and the plane. Similar
phenomenon exists, if the body moves inside a
resistive medium, for example, in a viscous fluid.

In the paper, a simple mechanical model of
this phenomenon is analyzed. It is assumed that
the internal mass performs special periodic mo-
tions relative to the body and, by contrast to
(Chernousko, 2002), does not interact with the
horizontal plane. Coulomb’s dry friction force acts
between the body and the plane. Certain con-
straints are imposed on the displacement, veloc-
ity, and acceleration of the internal mass. Under
these constraints, the average speed of the system
is maximized with respect to the parameters of
the internal motion. Experimental results were
obtained in (Li et al., 2005).

Fig. 1. Mechanical system.

2. EQUATIONS OF MOTION

Consider a rigid body with a mass M that can
move along a horizontal plane (Fig. 1). A movable
mass m moves horizontally inside the body. For
brevity, the body and the mass will be called
”body M” and ”mass m”, respectively. Denote
by x and v the absolute coordinate and velocity
of the body M , respectively, and by ξ, u, and w
the displacement of the mass m, its velocity and
acceleration relative to the body M , respectively.

The kinematic equations of motion of the mass m
relative to the body M are

ξ̇ = u, u̇ = w. (1)
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Fig. 2. Two-phase motion.

Coulomb’s dry friction force acts between the
plane and the body M . Due to the asymmetry, the
coefficients of friction for the forward and back-
ward motions can be different; they are denoted
by f+ and f

−
, respectively. Denote

a+ = f+g, a
−

= f
−
g, c = a+/a−,

µ = m(M +m)−1 < 1,
(2)

where g is the gravity acceleration.

Equations of motion of the body M can be written
as follows

v̇ = −µw − a+, if v > 0,

v̇ = −µw + a
−
, if v < 0,

v = 0, if − a+ ≤ µw ≤ a
−
.

(3)

We will consider periodic motions of the mass m
relative to the body M inside a fixed interval of
displacements: 0 ≤ ξ(t) ≤ L, where L > 0 is
given. Also, we impose conditions ξ(0) = ξ(T ) = 0
and u(0) = u(T ) = 0, where T is a period of
the motion, and require that the displacement
ξ(θ) = L is attained at a certain θ ∈ (0, T ).

We restrict our analysis with two classes of peri-
odic relative motions of the mass m; they will be
called two-phase and three-phase motions.

In the two-phase motion shown in Fig. 2, the
relative velocity u(t) of the mass m is piecewise
constant, and the period consists of two intervals,
where u(t) is constant.

In the three-phase motion shown in Fig. 3, the rel-
ative acceleration w(t) of the mass m is piecewise
constant. The period consists of three intervals,
where w(t) is constant.

It can be shown that these two-phase and three-
phase motions have, under the imposed conditions
of periodicity, the minimal possible number of
intervals, where the velocity and acceleration,
respectively, are constant.

Denote by τi the durations of the intervals intro-
duced above. For the two-phase motion, we have
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Fig. 3. Three-phase motion.

u(t) = u1, if t ∈ (0, τ1),

u(t) = −u2, if t ∈ (τ1, T ),

T = τ1 + τ2,

(4)

where u1 and u2 are positive constants. Under the
conditions imposed, the two-phase motion is de-
termined by two parameters u1 and u2 subjected
to the constraints

0 < ui ≤ U, i = 1, 2, (5)

where U is the maximal admissible velocity.

Using equations (1) and the periodicity condi-
tions, we express all other parameters through u1

and u2 as follows:

τ1 = θ = L/u1, τ2 = L/u2,

T = L(u−1

1 + u−1

2 ).
(6)

For the three-phase motion, we have

w(t) = w1, if t ∈ (0, τ1),

w(t) = −w2, if t ∈ (τ1, τ1 + τ2),

w(t) = w3, if t ∈ (τ1 + τ2, T ),

T = τ1 + τ2 + τ3.

(7)

The following constraints are imposed on wi:

0 < wi ≤W, i = 1, 2, 3, (8)

where W is the maximal admissible acceleration.
All other parameters can be expressed through
wi by virtue of equations (1) and periodicity
conditions as follows:
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Fig. 4. Modes of two-phase motion.

τ1 =

[

2w2L

w1(w1 + w2)

]1/2

, τ2 =

(

2L

w2

)1/2

×

[

(

w1

w1 + w2

)1/2

+

(

w3

w2 + w3

)1/2
]

,

τ3 =

[

2w2L

w3(w2 + w3)

]1/2

, T =

(

2L

w2

)1/2

×

[

(

w1 + w2

w1

)1/2

+

(

w2 + w3

w3

)1/2
]

.

(9)

By substituting formulas (4) and (7) into equa-
tions (1) and (3) and taking into account the
imposed periodicity conditions and equations (6)
and (9), we will analyze possible motions of the
body M . We will determine the motions that
satisfy the following assumptions:

1) the velocity v(t) of the body M is T -periodic;

2) the conditions v(0) = v(T ) = 0 hold;

3) the average speed V = x(T )/T of the body M
is maximum.

The obtained results of the analysis for the two-
phase and three-phase motions are presented be-
low.

3. TWO-PHASE MOTION

We have proved that for the two-phase motion (4)
the maximum average speed can be reached in one
of two modes of motion shown in Fig. 4. For the
mode a, the velocity of the body M is described
by formulas

v(t) = −µu1 + a−t, if t ∈ (0, τ1),

v(t) = µu2 + a−τ1 − a+(t− τ1), if t ∈ (τ1, T ).

Here, the interval of rest for the body M is absent.

For the mode b, there is an interval of rest (t1, τ1),
and

v(t) = −µu1 + a−t, if t ∈ (0, t1), t1 < τ1,

v(t) = 0, if t ∈ (t1, τ1),

v(t) = µ(u1 + u2) − a+(t− τ1), if t ∈ (τ1, T ).

0 c1

1

( )*

*

x*
1

2 3/
___

Fig. 5. Functions x∗1(c) and Φ∗(c).

Let us introduce non-dimensional parameters:

u0 = (La−/µ)1/2, ui = u0xi, i = 1, 2,

U = u0X, V = 0.5µu0Φ, c = a+/a−.
(10)

Consider first the case where there is no upper
constraint in (5), so that X → ∞. In this case the
maximum average speed is attained in the mode
a, if c ≤ 1, and mode b, if c > 1.

For the optimal motion, we have

x1 = 1, x2 = c, Φ = 1, if c ≤ 1,

x1 = x∗1(c), x2 = c/x∗1(c),

Φ = Φ(x∗1(c)) = Φ∗(c), if c > 1.

(11)

Here, the following notations are introduced

x∗1(c) =

[

c

2(c− 1)

]1/2

×

[

1 − 3c+ (9c2 + 2c− 7)1/2

]1/2

,

Φ(x) =
[

2c+ x2(1 − c)
]

x(c+ x2)−1.

(12)

The functions x∗1(c) and Φ∗(c) are shown in Fig. 5.
Let us note some properties of these functions.
As c increases from 1 to ∞, the function x∗1(c)
decreases monotonically from 1 to (2/3)1/2 =
0.816, whereas Φ∗(c) grows monotonically from
1 to (4/3)(2/3)1/2 = 1.089. Thus, the gain in the
speed of the optimal mode b over mode a does not
exceed 9%.

In the simplest case of the isotopic dry friction
(f+ = f−, a+ = a− = a), we have c = 1 and,
according to (10) and (11),

x1 = x2 = 1, u1 = u2 = u0 = (La/µ)1/2,

τ1 = τ2 = τ0 = (µL/a)1/2,

T = 2τ0, V = 0.5(µLa)1/2.

This case is shown in Fig. 4c.
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Under the constraint (5), the two-phase motions
are realizable, only if

X ≥ max(c1/2, c). (13)

The optimal motion is determined by formulas

x1 = X, x2 = c/X, Φ = Φ(X),

if c1/2
≤ X < 1;

x1 = 1, x2 = c, Φ = 1,

if c ≤ 1 and X ≥ 1;

x1 = c/X, x2 = X, Φ = Φ(c/X),

if 1 < c ≤ X < c/x∗1(c);

x1 = x∗1(c), x2 = c/x∗1(c), Φ = Φ∗(c),

if c/x∗1(c) ≤ X.

(14)

Here, the notations (11) and (12) are used.

Four cases (14) correspond to the domains 1-4 in
Fig. 6. The boundaries of these domains consist of
the lines c = 1, X = 1, X = c as well as the curves
X = c1/2 and X = c/x∗1(c) marked by the letters
K and N , respectively. The mode a is realized in
domain 2, and the mode b takes place in all other
domains. Using formulas (10), one can return to
the original dimensional parameters in equations
(14).

4. THREE-PHASE MOTION

The analysis of the three-phase motion (7) leads
to two possible modes of motion of the body M
shown in Fig. 7. The mode a contains an interval
of the backward motion, where v < 0, whereas the
mode b has no such intervals. It is shown that the
maximum average speed is always attained in the
mode b. We have for this mode
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Fig. 7. Modes of three-phase motion.

v(t) = 0, if t ∈ [0, τ1],

v(t) = (µw2 − a+)(t− τ1), if t ∈ [τ1, τ1 + τ2],

v(t) = (µw2 − a+)τ2 − (µw3 + a+)(t− τ1 − τ2),

if t ∈ [τ1 + τ2, t2],

v(t) = 0, if t ∈ [t2, T ]; t2 ∈ [τ1 + τ2, T ].

Introduce non-dimensional parameters:

yi = µwi/a−, i = 1, 2, 3, W = (a−/µ)Y,

V = (µLa−/2)1/2F.
(15)

First, we find the optimal values of the parameters
in the case where the upper bound in (8) is absent,
so that Y → ∞. We obtain

y1 = 1, y2 = ∞, y3 = c2, F = 1. (16)

For the motion (16), the velocity v(t), according
to the formulas (15) and (9), has a jump equal to
∆v = (2µL/a−)1/2(a+ +a−) at the instant t = τ1.
We have for the motion (16):

τ1 = (2µL/a−)1/2, τ2 = 0,

τ3 = (2µLa−)1/2/a+, t2 = τ1 + τ3 = T.

(17)

The interval of rest of the body M at the end
of the period is absent. The time history of the
velocity v(t) in the optimal motion is shown in
Fig. 7c for the case where the upper bound on the
acceleration is omitted (Y → ∞).

In the case of the isotropic dry friction (f+ = f−,
a+ = a− = a, c = 1) we have, according to
formulas (15)–(17),

w1 = w3 = a/µ, w2 = ∞,

τ1 = τ3 = (2µL/a)1/2, τ2 = 0,

∆v = 2(2µLa)1/2, V = (µLa/2)1/2.

In the presence of the upper bound on the accel-
eration in (8), we restrict ourselves with motions
satisfying the condition

Y > max(1, c). (18)
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The optimal motion is determined by the formu-
las:

y1 = 1, y2 = Y, y3 = 1,

F =
2(Y − c)

(c+ 1)Y 1/2(Y + 1)1/2
,

if max(1, c) < Y ≤ Y ∗,

y1 = 1, y2 = Y, y3 =
c2(Y + 1)

Y − c(c+ 2)
,

F = [Y/(Y + 1)]1/2, if Y > max(1, Y ∗),

(19)

where the notation

Y ∗(c) = c[1 + c+ (2 + 2c+ c2)1/2], (20)

is introduced.

The first case in (19) corresponds to the presence
of the interval of rest at the end of the period:
here, t2 < T , see Fig. 7b. In the second case in
(19), the interval of rest at the end of the period
is absent, as shown in Fig. 7c, and t2 = T .

The domains 1 and 2 in the (c, Y )-plane, see
Fig. 8, correspond to two cases in (19). Here, the
lines c = 1, Y = 1, Y = c as well the curve
Y = Y ∗(c) are shown.

In the case of the isotropic dry friction (a+ =
a− = a, c = 1), the formulas (19) and (20) take
the form

y1 = 1, y2 = Y, y3 = 1,

F =
Y − 1

Y 1/2(Y + 1)1/2
,

if 1 < Y ≤ 2 +
√

5,

y1 = 1, y2 = Y, y3 = (Y + 1)/(Y − 3),

F = [Y/(Y + 1)]
1/2

, if Y > 2 +
√

5.

(21)

Using formulas (15) and (9), we can return to
the original dimensional parameters in equations
(19)–(21).

5. CONCLUSION

Optimal two-phase and three-phase motions are
obtained for the general case of the anisotropic
(asymmetric) dry friction both for the absence
and presence of constraints imposed upon the
relative velocity and acceleration of the internal
moving mass m.

Let us note certain properties of these optimal
motions. Though the assumptions for the two-
phase and three-phase motions are different, the
optimal motions for these cases are rather similar.
If the upper bound (5) on the relative velocity
of the mass m is absent, the maximum average
speed of the body M in the two-phase motion
is, according to (10) and (11), V ∼ (µLa−)1/2/2.
The maximum average speed of the three-phase
motion in the absence of the upper bound (8)
on the relative acceleration is V = (µLa−/2)1/2.
In both cases, the average speed of the body
M is bounded for arbitrary relative velocity and
acceleration of the mass m, and the values of the
maximum average velocity for the two-phase and
three-phase motions differ only by the factor 21/2.

If the relative velocity/acceleration for the two-
phase/three-phase motion is bounded, the motion
is possible only if the condition (13)/(18) holds,
that is, under sufficiently high upper bounds. As
X → ∞ /Y → ∞, the corresponding optimal
motions (14)/(19) tend to the motions (11)/(16)
obtained in the absence of the upper bounds in
(5)/(8).

The principle of motion analyzed in the paper is
of interest for mobile robots, especially for mini-
robots. Experiments (Li et al., 2005) confirm the
practical realizability of this principle.
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Abstract: Linear systems with irrational transfer functions are difficult to simulate
in the time domain. We consider causal systems which can be represented with
poles and cuts in some left half-plane of the Laplace domain. Whereas standard
interpolation methods yield convergent but high-dimensional approximations, it
is possible to derive efficient low-cost approximations thanks to optimization
procedures. Defining the criterion (choice of weightening measure, regularization
and contraints) is however of utmost importance: this must be carefully designed
and driven by each application. Two examples will illustrate the methodology, and
a third one will present an extension to a compound system with delays.

Keywords: infinite-dimensional systems, integral representations, non-uniform
least-square criterion, constrained and regularized optimization, real-time
simulation.

NB: Results described in § 4.3 are to be submitted to the INPI for a patent.

1. INTRODUCTION

Real-time simulation of many complex physical
systems is an issue that has significantly evolved:
as an example, building up a virtual musical in-
strument has now become within reach on home
computers. The purpose of this paper is to shed a
new light on some aspects of the methodological
process which starts from the equations of the

physical model, goes through an exact represen-
tation of the solution from which a well-suited
approximation is optimized, and, ends up with
real-time simulations.

Standard methods of numerical analysis of PDEs
are not so well oriented towards real-time simula-
tion: given a prescribed accuracy, the order of the
finite-dimensional model, coming e.g. from finite



difference schemes or finite element methods, is of-
ten quite large in practice. This situation contrasts
with the so-called optimal approach, for which a
low-order model is being searched for in a certain
class, with a distance to be minimized between
the infinite-dimensional ideal system and the low-
order model. In this approach, two steps are of
main interest, namely the choice of structure of
the finite-dimensional model and the choice of the
distance between these models.

The first step can be viewed as an off-line pre-
processing of the physical model itself: it takes
advantage of the flexibility of state-space rep-
resentations for infinite-dimensional linear sys-
tems (Zwart, 2004). Transfer functions between
inputs and outputs are first computed and then
carefully analyzed using tools of complex variable
theory (Duffy, 1994): for irrational transfer func-
tions, the choice of appropriate cuts and poles,
which are highly not unique, helps establish a
state-space representation which reveals the very
structure of the exact dynamical system to be
simulated.

The second step consists in defining optimal low-
cost representations of the exact one: choosing
useful frequency points together with a mea-
surement scale leads to user-oriented optimiza-
tion procedures, which are carefully designed and
driven by the underlying application. In the very
end, a finite-dimensional discrete-time linear sys-
tem is found to fit best for the on-line real-time
simulation of the original system.

The paper is organized as follows: in § 2, a de-
scription of the systems under consideration is
given; firstly their representation with poles and
cuts is presented in § 2.1, secondly the structure of
their finite-dimensional approximations is recalled
in § 2.2. Based on these structures, specialized
optimization procedures are derived in § 3: care
is taken of the definition of the functional spaces
and measures in § 3.1, whereas regularization pro-
cedures and equality constraints are presented in
§ 3.2. Three applications are then investigated in
§ 4: the first one is a somewhat academic exam-
ple of fractional integral (§ 4.1), while the second
one is a more involved example stemming from
acoustics of ducts with viscothermal losses (§ 4.2).
Finally in § 4.3, we show how to apply the whole
methodology to a compound system decomposed
into pure delays and elementary transfer functions
that can be represented with poles and cuts; this
last example gives rise to real-time simulations.

2. SYSTEMS UNDER CONSIDERATION

2.1 Representations with poles and cuts

2.1.1. General framework We consider linear
systems with transfer functions which can be
decomposed as follows, in some right-half complex
plane C

+
a =

{

s ∈ C | <e(s) > a
}

,

H(s) =
∑

k∈K

Lk
∑

l=1

rk,l
(s− sk)l

+

∫

C

M( dγ)

s− γ
, (1)

where the set of poles K is finite. This translates in
the time domain into the following decomposition
of the impulse response, for t > 0,

h(t) =
∑

k∈K

Lk
∑

l=1

rk,l
l!

tl−1 esk t +

∫

C

eγ tM(dγ), (2)

For systems which map real inputs to real outputs,
transfer functions satisfy the hermitian symmetry
H(s) = H(s), s ∈ C

+
a . In this case, the same

symmetry for the set of poles and the set C can
be chosen for any analytic continuation of (H(s)+
H(s))/2; thus decompositions (1-2) can reduce to:

H(s) =
1

2

∑

k∈K+

Lk
∑

l=1

[

rk,l,+
(s− sk)l

+
rk,l,+

(s− sk)l

]

+
1

2

∫

C+

[

M+( dγ)

s− γ
+
M+( dγ)

s− γ

]

, (3)

h(t) =<e

(

∑

k∈K+

Lk
∑

l=1

rk,l,+
l!

tl−1 esk t

+

∫

C+

eγ tM+(dγ)

)

, (4)

for t > 0, where K+ = K ∩ I+ and C+ = C ∩ I+
with I+ = {s ∈ C | =m(s) ≥ 0}, and where
rk,l,+ = n+(sk) rk,l and M+(dγ) = n+(γ)M(dγ)
with

n+(s) =

{

1 if s ∈ R

2 otherwise
(5)

This latter formulation could appear quite heavy
at first glance, but presents many advantages: it
ensures the hermitian symmetry; it also yields
concise realizations in the time domain without
redundancy; finally, it will prove most useful for
optimization procedures.

The time-domain simulation of the finite-dimen-
sional part of size

∑K

k=1 Lk is really standard
and will not be detailed in the sequel. The time-
domain simulation of the infinite-dimensional part
of these systems can quite easily be done through
the following continuous family of first-order dif-
ferential systems, parametrized by γ ∈ C+:

∂tφ(γ, t) = γ φ(γ, t) + u(t), φ(γ, 0) = 0, (6)

y(t) =<e

(

∫

C+

φ(γ, t)M+(dγ)

)

, (7)

which is nothing but an inputu / stateφ / output y
representation in the sense of systems theory.



In all the integral equations above, C is a contour
in some left-half complex plane and M is a mea-
sure on this contour. Once a parametrization has
been chosen for the contour, the measure can be
decomposed into different parts, such as a purely
discrete part (Dirac measures at some points in
some left-half complex plane) and an absolutely
continuous part µ(γ) with respect to the Lebesgue
measure dγ. A straightforward interpretation can
therefore be proposed: µ(γ) plays the role of the
residue at the pole s = γ.

But of course, these representations make sense
only if a well-posedness condition is fulfilled:

∫

C+

∣∣∣∣
M+(dγ)

a+ 1− γ

∣∣∣∣ <∞ . (8)

We refer to (Staffans, 1994, § 5 and § 6) for the
general theory and (Matignon and Zwart, 2004)
for the implications of the well-posedness condi-
tion.

WhenM has a density µ, and the curve C admits a
C1-regular parametrization ξ 7→ γ(ξ) which is non-
degenerate (γ′(ξ) 6= 0), an analytical computation
of µ can be performed from H with

µ
(
γ
)
= lim

ε→0+

H
(
γ + ı̇γ′ε

)
−H

(
γ − ı̇γ′ε

)

2iπ
. (9)

Note that µ+(γ) = n+(γ)µ(γ), γ ∈ C+ (cf. (5)).

2.1.2. Extension of the framework When the
well-posedness condition (8) is not met, the repre-
sentation (1) fails. Nevertheless, an extension can
be proposed in some larger mathematical frame-
work, that is, when H̆(s) =

(
H(s) − H(0)

)
/s

admits a representation with M̆ satisfying (8).
This yields

H(s) = s

∫

C

M̆(dγ)

s− γ
+H(0) , (10)

which gives rise to the following representation in
the time domain, for t > 0 and γ ∈ C:

∂tφ(γ, t)=γ φ(γ, t) + u(t), φ(γ, 0) = 0, (11)

z(t)=

∫

C

∂tφ(γ, t) M̆(dγ) +H(0)u(t).(12)

In the sequel, the notations K+, C+,M+ and

µ+ are replaced by K, C,M and µ respec-

tively, for sake of conciseness.

2.2 Finite dimensional approximations in continuous
and discrete time domain

2.2.1. Continuous time A first method consists
in approximating φ(γ, t), γ ∈ C by

φ̃(γ, t) =
P∑

p=1

φp(t) Λp(γ), (13)

where φp(t) = φ(γp, t), (γp)0≤p≤P+1 are sorted
with respect to the oriented cut C, and {Λp}1≤p≤P
defines continuous piecewise linear interpolat-
ing functions which are non zero on the piece
]γp−1, γp+1[C of the cut C and such that Λp(γp) =
1. Convergence results can be proven, see e.g.
(Heleschewitz, 2000) for the purely diffusive case
γ = −ξ ∈ R−.

The realizations (6-7) and (12) yield the first-
order linear systems of dimension P (φp(0) = 0),

∂tφp(t) = γp φp(t) + u(t), 1 ≤ p ≤ P, (14)

ỹ(t) =<e

P∑

p=1

µp φp(t) (15)

with µp =

∫

[γp−1,γp+1]C

µ(γ)Λp(γ) dγ. (16)

or z̃(t) =<e

P∑

p=1

(γpµ̆p)φp(t) + λ̆u(t), (17)

with λ̆=H(0) + <e

P∑

p=1

µ̆p (18)

where µ̆p is defined from µ̆(γ) as in (16). Con-
tribution of poles can be performed in the
same way with standard finite-order systems, see
e.g. (Dauphin et al., 2000). Thus, the general
structure of the approximated tranfer function is

H̃µ(s) =
1

2

P∑

p=1

[
µp

s− γp
+

µp
s− γp

]
+ λ̆ (19)

with the convention µp ∈ R whenever γp ∈ R and

where λ̆ = 0 in the non-extended case.

2.2.2. Discrete time We model u(t) as the out-
put of a causal interpolation filter of order Q fed
by
∑

n∈N
unδ(t − nTs). Classical examples are: a

sample and hold filter (SH), namely u(t) ≈ un
for tn ≤ t < tn+1, or a linear interpolation (LI),
namely u(t) ≈ un +

t−tn
Ts

(un+1 − un). Then, ana-
lytical solutions of (14-19) exist and yield discrete-
time models of the form:

φp(tn) = αp φp(tn−1) +

Q∑

q=0

βp,qu(tn−q) (20)

ỹ(tn) =<e

P∑

p=1

νpφp(tn), (21)

z̃(tn) =<e

(
P∑

p=1

αpν̆pφp(tn) + λ̆u(tn)

)
(22)

with the (z-transformed) transfer function H̃λ,α(z) =

1

2

P∑

p=1

[∑Q

q=0 λp,qz
−q

1− αpz−1
+

∑Q

q=0 λp,qz
−q

1− αpz−1

]
+λ̆ (23)



where αp = eγpTs , Q is the order of the filter, and
Ts is the sampling period. Coefficients βp,q and νp
are given in tab.1 for (SH) and (LI). Note that

βp,0 βp,1 νp

SH 0 1
αp−1

γp
µp

LI 1 −

αp(1−γpTs)−1

αp−(1+γpTs)

αp−(1+Tsγp)

Tsγp
µp

Table 1. Coefficients βp,q.

coefficients βp,q only depend on the choice of the
interpolation method, while νp depends moreover
on the transfer function through the weights µp.

3. SPECIALIZED OPTIMIZATION
PROCEDURES

More accurate approximations can be performed
by optimizing the weights µp rather than deriv-
ing them from the interpolated state (13), see
e.g. (Garcia and Bernussou, 1998; Dunau, 2000).
This section is dedicated to define distances that
are adapted to each application, taking the per-
formances of main interest into consideration.

3.1 Functional spaces and measures

Thanks to Parseval equality, the norm of a causal
distribution h in Sobolev spaces Hs, with s ∈ R,
reads:

‖h‖2Hs(Rt)
=

∫

Rf

(1 + 4π2f2)s |H(2ı̇πf)|2 df

where H is the Laplace transform of h. Defining
ds(h, h̃) = ‖h−h̃‖Hs(Rt) gives a family of distances

between ideal (h) and approximated (h̃) systems,
for which spectral weightenings ws(f) = (1 +
4π2f2)s act in very different ways. The case s = 0
corresponds to the classical L2-norm, for which
the weightening is uniform on the whole frequency
range. The H1-norm, which requires h− h̃ to be a
C0-function in the time domain, is more sensitive
to high frequencies than low ones. This is the
opposite for the H−1-norm, which allows h− h̃ to
be a distribution. More generally, s can be seen as
a tuning parameter of the low-and-high frequency
balance.

Weightenings can also be viewed as the result of
scalings: for instance, considering a logarithmic
scale for frequencies, such as in Bode diagrams,
results in choosing the measure dlnf = df/f ,
which amounts to use w(f) = 1/f .

In practice, such considerations can be used to
build weightenings based on each application. For
instance, w(f) can be adapted and modified ac-
cording to the following requirements:

• a bounded frequency range f ∈ [f−, f+]:
w(f)1[f−,f+] (f);

• a frequency log-scale: w(f)/f ;
• a relative error measurement: w(f)/|H(2ı̇πf)|2

• a relative error on a bounded dynamics:

w(f)/
(
SatH,Θ(f)

)2
where the saturation func-

tion SatH,Θ with threshold Θ is defined by

SatH,Θ(f) =

{
|H(2ı̇πf)| if |H(2ı̇πf)| ≥ ΘH
ΘH otherwise

with ΘH = Θ sup{f |w(f)6=0} |H(2ı̇πf)|. Note
that a 80 dB-dynamics corresponds to Θ =
10−4;

• a conversion for the extension § 2.1.2: the
distance between h and h̃ for w(f) is the

same as the distance between h̆ and
˜̆
h for

the adapted weightening 4π2f2 w(f).

All these requirements can be cumulated in the
appropriate order.

3.2 Regularized criterion with equality constraints

Such distances can lead to ill-conditionned prob-
lems. We use standard regularization techniques
to cope with this (Walter and Pronzato, 1997),
introducing the regularized criterion C

R
(µ):

C
R
(µ) = C(µ) +

P∑

p=1

εp|µp|
2, (24)

C(µ) =

∫

R+

∣∣∣H̃µ(2ı̇πf)−H(2ı̇πf)
∣∣∣
2

w(f) df. (25)

The convention in (19) expresses a realness con-
straint. But rather than expressing it by means of
a Lagrange multiplier, it is more straightforward
to decompose the set of poles into the real ones
(1 ≤ p ≤ P1) and others (1 ≤ p − P1 ≤ P2

with P = P1 + P2), and to rewrite and opti-
mize the criterion for the real parameters µ =(
µ

1
, . . . , µ

P1
, <e(µ

P1+1
), . . . , <e(µ

P
), =m(µ

P1+1
), . . . , =m(µ

P
)
)t

∈ R
P+P2 , as detailed in § 3.3.

Nevertheless, in some applications, it is required

for some derivatives H̃µ

(dj)
of an approximation

H̃µ to be exact at prescribed frequency points ηj ,
1 ≤ j ≤ J ≤ 1

2P1 + P2. Such properties are
achieved thanks to a Lagrangian criterion C

R,L
by

adding

<e


`∗




H(d1)(2ı̇πη1)− H̃µ

(d1)
(2ı̇πη1)

...

H(dJ )(2ı̇πηJ)− H̃µ

(dJ )
(2ı̇πηJ)





 ,

(26)
to (24), and optimizing with respect to both the
(P + P2) × 1 vector µ, and J × 1 vector ` =[
`1, . . . , `J

]t
∈ C

J . We denote `∗ , `
t
as the

transpose conjugate.



3.3 Numerical optimization

Numerically, the criterion (25) is computed for
frequencies increasing from f1 = f− to fN+1 =
f+, using the approximation

C(µ) ≈
N∑

n=1

wn

∣∣∣H̃µ(sn) −H(sn)
∣∣∣
2

,

with wn =
∫ fn+1

fn
w(f) df and sn = 2ı̇πfn for

1 ≤ n ≤ N . Thus, with matrix notations, the
criterion rewrites

C
R,L

(µ) =
(
Mµ − h

)∗
W

(
Mµ − h

)
+ µtEµ

+<e
(
`∗ [k − Nµ]

)
, (27)

still with M∗ , M
t

and where

M is an N×(P + P2) matrix, with Mn,p =
1
2

[
1

sn−γp
+ 1

sn−γp

]
for 1 ≤ p ≤ P , and Mn,p =

1
2

[
ı̇

sn−γ
p−P2

− ı̇
sn−γ

p−P2

]
for 1≤p−P ≤P2,

N is a J × (P + P2) matrix, with Nj,p =
(−1)dj

2 dj !

[
1

(2ı̇πηj−γp)
dj+1 + 1

(2ı̇πηj−γp)
dj+1

]
if 1≤p≤P ,

and if P + 1 ≤ p ≤ P + P2, by Nj,p =

(−1)dj

2 dj !

[
ı̇

(2ı̇πηj−γ
p−P2

)dj+1 − ı̇
(2ı̇πηj−γ

p−P2
)dj+1

]
,

E is a (P+P2)×(P+P2) diagonal matrix, with
Ep,p = εp for 1 ≤ p ≤ P and, Ep,p = ε

p−P2

for P+1≤p≤P+P2,
W is the N ×N diagonal matrix diag(wn),
h is the N × 1 vector hn = H(sn),
k is the J × 1 vector kj = H(dj)(2ı̇πηj).

Solving this least squares problem with the con-
straint that µ is real valued yields

µ = M−1 [
H + N tN−1 (

k − NM−1H
)]
, (28)

where M = <e
(
M∗WM +E

)
, H = <e

(
M∗Wh

)

and N =NM−1N t with N t =[<e(N t),=m(N t)]
and kt =[<e(kt),=m(kt)]. Note that (28) reduces
to µ=M−1H without constraints (J=0) and that
N is invertible for non-redundant constraints.

4. APPLICATION TO LOW-COST
SIMULATION OF COMPLEX SYSTEMS

4.1 Example 1: an integral representation on R
−

The causal integral operators of fractional order
have irrational transfer functions H(s) = s−β ,
0 < <e(β) < 1, with impulse response h(t) =
tβ−1/Γ(β). Choosing C = C+= R

− and γ = −ξ
yields µ(−ξ)=µ+(−ξ)= sin(βπ)

π
1
ξβ , which fulfills (8),

see (Matignon, 1998) for details.

The interpolation method (13-16) is applied with
a logarithmic grid from ξmin = 5.10−4 to ξmax =

5.103, first for P =10 (©), second for P =16 (×, see
fig. 1 a©). Optimization is applied with w

BLR
(f)=

1[f−,f+] (f)/(f |H(2ı̇πf)|2), which corresponds to
a bounded frequency range with a logarithmic
scale, combined with a relative error measure-
ment. Results with P = 10 only are much better
than those of interpolation with P = 16 (see
fig. 1 b©). Other examples with the same cut, such

a©
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Fig. 1. a©: interpolation. b©: optimization.

as tanh(
√
s)/

√
s, sα, e−

√
s/
√
s or e−

√
s detailed in

(Hélie and Matignon, 2005b), prove optimization
to be more efficient than interpolation.

4.2 Example 2: an integral representation on C⊂C
−

Some more intricate transfer functions can be
met. This is the case for an acoustic bell, the
transmission of which is accurately modelled (up
to a global delay) by the transfer function H:

H(s)=
2R(s) es−R(s)

s+R(s)
with R(s)=

√
s2+ε s

3
2+1,

where ε > 0 accounts for visco-thermal losses.
This function is derived from a PDE with frac-
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Fig. 2. a©: interpolation. b©: optimization.

tional derivatives (see (Hélie, 2003) for the model
and (Haddar et al., 2003) for its theoretical
study). It has 3 branching points (0, s1, s1
with <e(s1) < 0); two different cuts are inves-
tigated (Hélie and Matignon, 2005a): C = R

− ∪(
s1+R

−
)
∪

(
s1+R

−
)

and C = R
−∪[s1, s1]. Fig. 2

gives results for (P1, P2)=(4, 8). The optimization
yields accurate approximations on more than 7
decades and a dynamics of 80dB, with w

BLR
(f).



4.3 Example 3: a compound system with delays

A trumpet-like intrument has been built by chain-
ing a cup, straight and flared pipes and a radiation
impedance (Hélie et al., 2003). Algebraic calcula-
tions allow to derive a structure composed of pure
delays and quadripoles (Mignot, 2005) (see fig. 3).
Quadripole Q1 involves 7 transfer functions with
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Fig. 3. Trumpet-like instrument

C=R
− optimized on [f−, f+] = [20Hz, 20kHz] with

w
BLR

(f); one is extended (§ 2.1.2) and P1 = 7;
six are not and P1 = 5. Q2 involves 11 transfer
functions; three with C=R

−and P1=5; eight with
C⊂C

− and (P1, P2)=(6, 8). Q3 involves 3 transfer
functions with C⊂C

− and (P1, P2)=(0, 7).

A simulation in real-time has been performed in
the Pure-Data environment, using circular buffers
for delays and systems (20-22) with (LI)-filters.
The impulse response of the transmission (p+0 7→
p4) is given in fig.4 a© for the sampling frequency
fs = 44.1kHz. A comparison between its Fourier
transform (− −) and the exact transmission (-) is
displayed on fig.4 b©. For Single-Input/Multiple-
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Fig. 4. Transmission. a©: time. b©: frequency.

Ouput systems approximated for the same poles, a
cheap state-space representation shares a common
state (20) from which each output is observed (21-
22). This efficiently reduces the cost in Q1,2,3.

5. PERSPECTIVE

The reflexion function is badly approximated in
the low frequency range because of its high sensi-
tivity to both the value and the first derivative of
transfer functions at f=0. So far, adding a high-
pass filter is required. Using equality constraints
at f=0 should properly overcome this problem.
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seconde espèce. DEA Auto. Univ. Toulouse.

Garcia, G. and J. Bernussou (1998). Identification
of the dynamics of a lead acid battery by a
diffusive model. ESAIM: Proc. 5, 87–98.
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Hélie, Th. and D. Matignon (2005a). Diffusive
reprentations for the analysis and simulation
of flared acoustic pipes with visco-thermal
losses. Mathematical Models and Methods in
Applied Sciences (M3AS). to appear.
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temps réel . Master SDI. Univ. Paris VI.

Staffans, O. J. (1994). Well-posedness and stabi-
lizability of a viscoelastic equation in energy
space. Trans. AMS. 345(2), 527–575.

Walter, E. and L. Pronzato, (1997). Identification
of parametric models from experimental data.
Springer-Verlag.

Zwart, H. (2004). Transfer functions for infinite-
dimensional systems. Systems & Control Let-
ters 52(3-4), 247–255.



FLATNESS-BASED COMPUTER-AIDED

DESIGN OF MECHANICAL SYSTEMS

Laurent Pino, Emmanuel Delaleau

Laboratoire de recherche en mécatronique
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C.A.O. est l’acronyme de Conception assistée par ordinateur.
C’est un ensemble de logiciels et de techniques

permettant de concevoir et de réaliser des outils
et des produits manufacturables.

Extracted from: http://fr.wikipedia.org/wiki/CAO

Computer-Aided Design (CAD) is the use of a wide range of
computer-based tools that assist engineers, architects and other

design professionals in their design activities.

Extracted from: http://en.wikipedia.org/wiki/CAD

Abstract: The aim of this paper is to show that differential flatness is not
only a useful nonlinear control methodology but also an interesting tool for
the design of systems, especially mechanical systems. Being a parametrisation
property, differential flatness allows to express every variable or every function
of variables of the system in terms of a flat output and a finite number of its
derivatives. Looking at some relevant trajectories of the flat output, corresponding
to meaningful motions of the considered system, allows to design and dimension
the system. In some case, this methodology allows analytical expressions; in other
case, calculation can be carried out by computer algebra or numerical evaluation
that does not require the heavy simulation of differential equations of the system
model. This endows flatness in an interesting CAD tool. Copyright c©2006 IFAC.

Keywords: Nonlinear control systems, Optimisation, Systems design.

1. INTRODUCTION

Complex systems design is a difficult task. Many
approaches, resulting from value analysis or value
engineering, require designer to find the best
product that fits customer requirements (de la
Bretesche, 2000). To reduce product time to mar-

ket one can use “just in time production” and
“concurrent engineering” (Bossard et al., 1997).
These methods imply to take into account the
greatest possible number of information to op-
timise system global performances such as, for
example, total weight or power consumption. In
a same way, mechatronics design requires to de-



sign in the same time and in a synergistic way
mechanical parts, electronic parts, and control, to
optimise and enhance systems performances.

It exists several practises for design, but a frame-
work for design activities can be defined (Scar-
avetti, 2004) as follows:

• Find and understand the customers require-
ments.

• Define the problem to solve that satisfies
these requirements.

• Conceptualise the solution.
• Analyse the proposed solution for optimisa-
tion.

• Check if the design fits customers require-
ments.

This framework can be subsumed in three phases:

• Conceptual design. In this phase, functional
structure and principles of solutions are com-
bined into concepts.

• Embodiment design. In this phase, concepts
are translated into architectures. The de-
signer choose the structure, body parts, ma-
terial, shape, etc. The realisation of this step
requires time and resources.

• Detail design. In this phase, the definitive
layout and product documentation are de-
fined.

During the embodiment design phase, dimension-
ing of parts or actuators results of an iterative
process of choices. The use of mechanical sim-
ulations or finite elements models is a current
practise (Chedmail, 2002). However, simulations
can be time consuming and heavy to handle in
all needed details. One proposes here another ap-
proach in which the simulation can be avoided
and replaced by an analytical approach based on
information issued from a control theory concept,
namely differential flatness. In some case calcula-
tion can be heavy and require computer tool but
in any case, this approach does not need the inte-
gration of differential equation like in simulation
of dynamical system.

Differential flatness is a property of control sys-
tem models, which has been introduced in France
in 1992 in Fliess et al. (1992). The concept of (dif-
ferential) flatness has been abstracted from an ap-
plication: the control of an overhead crane (Fliess
et al., 1993). On this particular system it has been
observed that some variables —the coordinates of
the load to be moved by the crane— have the
following property: the knowledge of their trajec-
tories allows to express the behaviour of every
other variable in the system. An important fact
is that this special property is satisfied in numer-
ous models of practical nonlinear control systems.
Differential flatness has first been formalised in
the framework of differential algebra (Fliess et al.,

1995) and has been reformulated in the context of
differential geometry of prolongations and infinite
jets afterwards (Fliess et al., 1999). For a thor-
ough and pedagogical introduction to differential
flatness refer to Sira-Ramı́rez and Agrawal (2004).

The purpose of the paper is to show and to
illustrate that differential flatness is also a useful
tool in system design, especially in the design of
mechanical systems.

The paper is organised as follows: Sec. 2 re-
calls some basics of flatness, while Sec. 3 exposes
the proposed design methodology. Sec. 4 presents
an application example of the proposed design
methodology. The paper ends up with a brief
conclusion in Sec. 5.

2. DIFFERENTIAL FLATNESS

2.1 Recall on flatness

Consider a nonlinear control system with input

e = (e1, . . . , el) and state x = (x1, . . . , xn) given
by the corresponding state-variable representa-
tion:

ẋ = f(x, e) (1)

where f is a smooth vector field parametrised
by the input e. Note that the input can involve
both control and disturbance e = (u,$) where
u = (u1, . . . , um) is the control input and $ =
($1, . . . ,$q) is the disturbance input (and m +
q = l). Note also that in some cases, f can
depend on time but we choose to avoid the explicit
reference to the time for notational convenience.

This system is said to be differentially flat if there
exists a set of l variables z = (z1, . . . , zl) having
the following 3 properties:

(1) The components of z are differentially inde-
pendent, that is there is no differential equa-
tion relating them or any of their derivatives;

(2) The components of z can be expressed in
terms of the system variables, that is:

z = h
(

x, e, ė, . . . , e(α)
)

(2)

(3) The variables of the system can be expressed
in terms of the flat output and its derivatives,
that is there exits function ψ and φ such that:

e= ψ
(

z, ż, . . . , z(β)
)

(3)

x= φ
(

z, ż, . . . , z(γ)
)

(4)

Notice that l is precisely the number of input com-
ponents. Such a set of variables z = (z1, . . . , zl) is
called a flat output or a linearising output of the
system (1).

Notice that the second condition means, that the
components of a flat output are variables of the



system (1) or can be simply expressed in terms of
the system variables. The third condition implies
that every variable of the system or every function
of the variables of (1) can be calculated using
the flat output and its derivatives, without the
need for integration of any differential equation.
Finally, the first condition guarantees that the
components of the flat output are not related
by any differential equation; they are completely
free and therefore it is possible to plan their
trajectories (predicted trajectories) in order to
achieve the control of (1). (See Delaleau and
Hagenmeyer (2006) for the predictive aspect of
differential flatness.)

The relevance of the notion of differential flatness
for control practise stems from the fact that the
flat output of a flat system often corresponds to a
set of “to-be-controlled variables” (real outputs of
the system) which have also a physical meaning.
Moreover, in the context of linear systems, flat
systems precisely correspond to controllable ones.
Thus, the flatness property can be considered as
a generalisation of controllability for nonlinear
control systems.

2.2 Trajectory planning

Consider a time interval I ⊂ R of the form
I = [to, tf ) with to ∈ R, and where tf is either
a real tf > to or tf = +∞. A function of time

z] : I −→ R
l (5)

is said to be an (admissible) nominal trajectory for
the flat output z of (1) if it is sufficiently smooth
in order that expressions (3) and (4) are defined
everywhere on the interval I. This implies in
particular that z] avoids any eventual singularity
of functions ψ and φ involved in (3) and (4).
Sometimes, an admissible nominal trajectory can
be called an (admissible) reference trajectory or
even an (admissible) predicted trajectory if one
wants to emphasis the predictive aspect of any
flatness based control (Marquez, 2001; Delaleau
and Hagenmeyer, 2002, 2006).

For any admissible nominal trajectory z] of the
flat output we obtain a nominal input trajectory
e] of the input e defined, ∀t ∈ I, by

e](t) = ψ
(

z](t), . . . , z](β)(t)
)

(6)

In the same manner, any (admissible) nominal
trajectory z] of the flat output gives rise to a
nominal state trajectory x] of the state x which
is defined, ∀t ∈ I, by

x](t) = φ
(

z](t), . . . , z](γ)(t)
)

(7)

Equations (6) and (7) illustrate the parametrisa-
tion of the trajectories t 7→ (e](t), x](t)) of the

differential system (1) in terms of the flat out-
put. In the same way as z], the function e] is
called the reference input trajectory or even the
predicted input trajectory of the input e while x]

is called the reference or predicted state trajectory
of the state x. In order not to unnecessarily weight
down the vocabulary and notations we choose not
to mention that the input or the state reference
trajectories depend on the choice of admissible flat
output trajectories.

3. FLATNESS-BASED COMPUTER-AIDED
DESIGN

An important fact about flatness-based control
design is the possibility to deal with constraints
on the variables: Eqns. (6) and (7) can be used
to check the constraints that the components of
u and x have to satisfied or can be used in order
to calculate the useful quantities supt∈I ‖ u](t) ‖
and supt∈I ‖ x](t) ‖. This property has already
been used in the context of control design.

The parametrisation property applies to any vari-
able of the system or to any quantity that de-
pends on the variables of the system. Indeed, as
demonstrated by Fliess (1990), any quantity of
the variables of the system are functions of the
state and the input and a finite number of input
derivatives. Considering a quantity ζ related to
the system, we thus have an expression of the
form:

ζ = h(x, e, ė, . . . , e(r)) (8)

Using the flatness property and Eqns. (8), (3)
and (4) leads to the parametrisation of ζ in terms
of the flat output:

ζ = H(z, ż, . . . , z(q))

The time parametrisation is thus, ∀t ∈ I:

ζ](t) = H(z](t), ż](t), . . . , z](q)(t)) (9)

This allows in particular to study quantities like
supt∈I ‖ ζ](t) ‖ or inft∈I ‖ ζ](t) ‖. This is more
easy usually more easy to handle than heavy cal-
culation from optimal control theory. The flatness
property allows to do that without integration of
any differential equations.

The design method proposed in this paper relies
on the study of the time expressions of relevant
variables through their parametrisation in terms
of the flat output.

4. TUTORIAL EXAMPLE

Consider the (gantry) crane displayed on Fig. 1.
The dynamics of this system involve two parts:



A part corresponding to the motor drives and
industrial controllers for trolley travels and rolling
up and down the rope; a mechanical part which
is very similar to a pendulum. As one wants to
concentrate on the design of the mechanical part
of the system, one only concentrates on the second
part of the system. For the sake of simplicity one
considers motions of the trolley and the load that
remains in a fixed vertical plane (2D crane). The
real 3D case can be addressed in the same manner
but with a little bit more complicated equations.

O

mZ

X

θ

load

trolley

Fig. 1. Gantry crane.

4.1 Model and flatness

Neglecting the rope dynamics, the model of the
pendulum dynamics can be obtained by just writ-
ing down the Newton law and the geometric con-
strains as:

mẌ =−T sin θ (10a)

mZ̈ =−T cos θ (10b)

X =R sin θ +D (10c)

Z =R cos θ (10d)

where (X,Z) are the coordinates of the load of
mass m; T is the tension of the rope; θ is the
angle between the rope and the vertical axis; D

is the trolley horizontal position; R is the length
of the rope. Focusing on the pendulum dynamics,
it is easy to understand that traversing (D) and
hoisting (R) play the role of control. (In other
words, it is also assumed that drives controller
are well design in order to be able to impress the
required D and R to achieve relevant motions of
the crane.)

This system is flat with flat output z = (X,Z)t

(Fliess et al., 1995). This can easily be checked
by expressing every variables of (10) in terms of
X,Z and their derivatives. First notice that θ, T ,
D and R are algebraic functions of X and Z and
their derivatives:

sin θ=
X − D

R
(11a)

T =
mR(g − Z̈)

Z
(11b)

ẌZ = (Z̈ − g)(x − D) (11c)

R2 = (x − D)2 + Z2 (11d)

Solving for D and R leads to:

D=X −
ẌZ

Z̈ − g
(12a)

R=

√

√

√

√Z2 +

(

ẌZ

Z̈ − g

)2

(12b)

4.2 Mechanical design

For the sake of simplicity one only considers the
problem of designing and choosing the rope. It is
in particular useful to know the maximum force
that will be applied to the rope during relevant
motions of the crane. This can easily answered by
expressing the tension T in term of the flat output.
Using (11b) and (12b) yields:

T =m(g − Z̈)

√

√

√

√1 +

(

Ẍ

Z̈ − g

)2

(13)

=m

√

(g − Z̈)2 + (Ẍ)2

One finds again easily from this expression that
T = mg at rest (Ẋ = Ż = 0). We also see that this
is true on any motion of the load with constant
speed (Ẍ = Z̈ = 0).

Another situation easy to analyse is the case of
vertical motions, i.e. Ẋ = 0. In that case (13)
simplifies in

T = m(g − Z̈) (14)

For any vertical motion such that the vertical
acceleration satisfies

Γmin 6 Z̈ 6 Γmax

the rope length satisfies

g − Γmax ≤ T 6 g − Γmin

Up to now, what has been deduced on the rope
length might have been done from a simple steady
state analysis. However, eqn. (13) is valid on any
motion of the crane, in particular in any transient
motion. More realistic situations can be analysed,
such as the interesting case of a rest-to-rest motion
from one position to another one like depicted on
Fig. 2.

Such a motion can easily be parametrised with
splines: Consider time instants t0 = to < t1 <
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rest

Xo Xf
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Fig. 2. Rest to rest motion.

t2 < · · · < tN−1 < tN = tf and the set of
polynomials defined by:

Xi(t) =

Ki∑

j=0

ai,j

j!
(t− ti)

j (15a)

Zi(t) =

Ki∑

j=0

bi,j

j!
(t− ti)

j (15b)

where Ki ∈ N, ai, bi ∈ R. The reference tra-
jectories of X and Z are defined by setting for
t ∈ [to, tf ):

X](t) =Xi(t), for t ∈]ti, ti+1[ (16a)

Z](t) =Zi(t) (16b)

Moreover one needs to add some regularity condi-
tions in order to ensure continuity of X] and Z]

and some of their derivatives, ∀i = 1, . . . , N − 1,
∀k = 0, . . . , κ:

lim
t→t−

i

X](k)(t) = lim
t→t+

i

X](k)(t) (17a)

lim
t→t−

i

Z](k)(t) = lim
t→t+

i

Z](k)(t) (17b)

for an appropriate κ ∈ N.

The present situation —i.e. a trajectory from one
rest position (Xo, Zo) to another rest position
(Xf , Zf )— can be easily handled by choosing:

N = 2

K0 = 0, a0,0 = Xo, b0,0 = Zo

K2 = 0, a2,0 = Xf , b2,0 = Zf

This means that the trajectory is described using
3 time intervals (see Fig. 2); in the first (index 0)
and in the third (index 2) intervals the reference
trajectories for X and Z are constant, i.e. polyno-
mials of order 0.

Moreover, one looks at a transient with continuous
acceleration, this means that Eqns. (17) written at
t1 and t2 with κ = 2 (second order derivative) give
rise to 6 conditions on X1 and 6 conditions on Z1.
This means that there exists a solution if X1 and
Z1 are polynomials of order greater or equal to 5.

For the sake of simplicity, one simply sets K1 = 5
(i.e. exactly 6 coefficients in each polynomials).
The continuity conditions with K1 = 5 written at
t1 and t2 yields:

Xo =
5∑

j=0

a1,j

j!
(t1 − t1)

j = a1,0

0 =
5∑

j=1

a1,j

(j − 1)!
(t1 − t1)

j−1 = a1,1

0 =
5∑

j=2

a1,j

(j − 2)!
(t1 − t1)

j−2 = a1,2

5∑

j=0

a1,j

j!
(t2 − t1)

j = Xf

5∑

j=1

a1,j

(j − 1)!
(t2 − t1)

j−1 = 0

5∑

j=2

a1,j

(j − 2)!
(t1 − t1)

j−2 = 0

The corresponding equations for Z are similar and
will not be written here. This is a linear systems
of equations in the unknowns a1,0, . . . , a1,5 (resp.
b1,0, . . . , b1,5 for Z) and can be easily solved.

Figs. 3 and 4 depict the time evolution of X],
X](1), X](2) (Fig. 3) Z], Z](1), and Z](2) (Fig. 4)
respectively.

One has chosen to set m = 500 kg, to = 0,
t1 = 1 s, t2 = 5, tf = 6 s, (Xo, Zo) = (5, 10),
(Xo, Zo) = (15, 5) (distances are given in meters)
in order to consider a quite realistic rest-to-rest
trajectory of the load.
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Fig. 3. Trajectories of X], X](1) and X](2).

The tension of the rope during the transfer of the
load from the initial rest to the final rest is calcu-
lated using (13). This calculation is not handled
by hand and need computer tool, but does not
require the integrations of any differential equa-
tions like in simulations. The rope tension during
the motion is depicted on Fig. 5. One observes
that max[to,tf ] T (t) = 6081N. The maximum is
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Fig. 5. Behaviour of the rope tension T .

achieve during the upward acceleration phase of
the motion at time tm = 1.85 s. Notice that the
maximum value for T is much larger than the
rest nominal value equal to mg = 4905N due to
accelerations during transients.

Other variables relevant in the design of the sys-
tem, such that the torque produced by the ac-
tuators of the crane..., can be handled in the
same manner. Other motions of the system can
be studied in the same manner in order to ob-
tain a complete characterisation of constraints on
relevant parameter for the design of the system.

5. CONCLUSION

This paper has exposed an easy to use methodol-
ogy that can helps the process of systems design.
This methods is based on a structural property
of the model of the considered systems, namely
flatness. The main interest of this method is that
it does not require any integration of differential
equations and thus avoids simulation of the model
of the to-be-designed system. This methods might
be implemented in many CAD mechanical soft-
wares.
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Abstract: The focus of this paper is on the computation of H∞ guaranteed costs for

linear continuous-time systems affected by uncertain time-varying parameters which

can vary arbitrarily inside a polytope. The proposed conditions rely on the solution

of an optimization problem for which the constraints are parameterized linear matrix

inequalities whose parameters belong to unbounded spaces. A genetic algorithm is used

to search for the set of parameters, which allows to compute the performance index

through a convex optimization problem. It is also shown that, in the special case of two-

vertex polytopes, it is possible to search for the set of parameters in a bounded space by

means of simple gridding procedures. Numerical examples illustrate that the proposed

conditions yield results that are less conservative than the ones existing in the literature.
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1. INTRODUCTION

The H∞ norm is undoubtedly an important perfor-

mance index, that can be viewed as a measure of

the system capability to reject energy bounded distur-

bances, with many applications in analysis and con-

trol (Francis, 1987). In the case of precisely known

linear time-invariant systems, theH∞ norm is the peak

value of the magnitude Bode diagram (SISO systems)

or the peak of the singular values diagram (MIMO

systems). Using a state space representation, the H∞

norm can be obtained through the solution of a con-

vex optimization problem, based on the bounded real

lemma (Boyd et al., 1994). When a linear system is

affected by uncertain time-invariant parameters, it is

possible to compute an upper bound for the worst case

of the H∞ norm through discretizations of the space

of parameters (gridding). However, the computational

burden associated with gridding procedures is usually

high, and the results may not be reliable, demanding

the investigation of more efficient methods to compute

H∞ guaranteed costs for linear time-invariant uncer-

tain systems as, for instance, the use of systematic

partitioning of the state space and the use of con-

ditions based on Lyapunov functions, which lead to

convex optimization procedures to compute the H∞

guaranteed cost. With this approach the problem to

be handled is to minimize a scalar variable subject to

linear matrix inequality (LMI) constraints, a convex

problem that can be solved in polynomial time by

specialized algorithms (Boyd et al., 1994), (Gahinet et

al., 1995). Using quadratic stability (Barmish, 1985),

sufficient conditions to compute H∞ guaranteed costs

in polytopic domains with low numerical complexity

have been given in (Palhares et al., 1997). However,

the results based on common Lyapunov functions can

be very conservative in some cases. Less conservative



results have been obtained using parameter dependent

Lyapunov functions (de Oliveira et al., 2004).

The problem of computation of H∞ guaranteed costs

for continuous-time linear systems with time-varying

uncertain parameters with bounded rates of variation

through parameter dependent Lyapunov functions is

more complex than the correspondent problem for

the time-invariant case, since the bounds on the time-

derivatives of the parameters must be taken into ac-

count. For instance, LMI conditions for H∞ guar-

anteed cost computation for systems with uncertain

time-varying parameters are provided in (Gahinet et

al., 1996) and in (Montagner and Peres, 2004) (affine

and polytopic systems, respectively). When the pa-

rameters are supposed arbitrarily time-varying (with

unbounded rates of variation), the only existing condi-

tions based on parameter dependent Lyapunov func-

tion to compute H∞ guaranteed costs are for sys-

tems with uncertainty modeled via linear fractional

transformation (Dettori and Scherer, 2000), (Iwasaki,

1996). In the case of polytopic uncertainty with ar-

bitrary time variations, the conditions based on the

quadratic stability (Palhares et al., 1997) seem to be

the only available method for computation of H∞ guar-

anteed costs.

This paper proposes a condition that can highly re-

duce the conservatism on the estimates of H∞ guar-

anteed costs for continuous-time linear systems with

uncertain time-varying parameters that belong to a

polytope and have unbounded rates of variation. The

condition is based on piecewise quadratic Lyapunov

functions (Johansson, 2003), which lead to a globally

nonconvex optimization problem that can be reduced

to a convex problem if some scalar variables are fixed.

In this paper, the search for the more appropriate set

of fixed scalar variables belonging to an unbounded

parameter space is performed through a genetic algo-

rithm. A similar strategy has been used in (Almeida et

al., 2001) for robust analysis and control design. For

the special case of polytopes with two vertices and a

particular choice of the piecewise quadratic function,

the problem can be reduced to the solution of a convex

optimization problem associated with the search of

two scalar variables in a bounded space of parameters,

similarly to what has been proposed in the context of

robust stability in (Xie et al., 1997). Numerical exper-

iments show that the proposed conditions can provide

smaller values of H∞ guaranteed costs than the ones

obtained through quadratic stability, being an efficient

tool to estimate worst case H∞ performance indices for

systems affected by arbitrarily time-varying parame-

ters.

2. PRELIMINARIES

Consider the linear time-varying system

ẋ(t) = A(α(t))x(t)+B(α(t))w(t) (1)

z(t) =C(α(t))x(t)+D(α(t))w(t) (2)

where x(t) ∈ IRn is the state, w(t) ∈ IRr is an ex-

ogenous input, z(t) ∈ IRp is the output, and matrices

A(α(t)) ∈ IRn×n, B(α(t)) ∈ IRn×r, C(α(t)) ∈ IRm×n,

D(α(t)) ∈ IRm×r belong to the polytopic set

D =
{

(A,B,C,D)(α(t)) : (A,B,C,D)(α(t)) =

N

∑
i=1

αi(t)(A,B,C,D)i,

N

∑
i=1

αi(t) = 1, αi(t)≥ 0, i= 1, . . . ,N
}

(3)

Notice that (A,B,C,D)i, i = 1, . . . ,N are the vertices

of the polytope D and any realization of (A,B,C,D)
is given by a convex combination of these vertices de-

fined by vector α(t) = [α1(t) · · ·αN(t)]′, ∑Ni=1
αi(t) =

1, αi(t)≥ 0, i= 1, . . . ,N which represents the system

uncertainty, assumed time-varying with arbitrary rates

of variation.

Suppose that system (1)-(2) is stable and that, with

x(0) = 0, for any energy bounded input w(t) ∈ L2, the

output z(t) ∈ L2 is such that

‖z(t)‖2 < γ‖w(t)‖2 (4)

for some γ> 0 finite. Any γ that satisfies (4) is an H∞

guaranteed cost of system (1)-(2).

A sufficient condition to compute an H∞ guaranteed

cost for system (1)-(2) is given by the well known

quadratic stability (Palhares et al., 1997). Although

this condition is numerically simple, it often leads to

conservative results.

3. MAIN RESULTS

Consider now the piecewise quadratic Lyapunov func-

tion 1

v(x) =max(x′P1x,x
′P2x, · · · ,x

′Pqx) (5)

where Pj = P′j ∈ IRn×n, j = 1, . . . ,q. Function v(x)
given by (5) is positive definite if and only if

x′Pjx> 0 , ∀x ∈ IRn : x 6= 0 ,

x′(Pj−Pk)x≥ 0 , j,k = 1, . . . ,q (6)

Notice that the common quadratic Lyapunov function

(P1 = . . . = Pq = P) is encompassed by (5) in the

special case q= 1.

Next theorem provides a sufficient condition to com-

pute H∞ guaranteed costs for system (1)-(2) based on

the piecewise quadratic Lyapunov function (5).

Theorem 1. If there exist symmetric matrices Pj ∈
IRn×n, j = 1, . . . ,q and real scalars µ > 0, δ jk ≥ 0,

εi jk ≥ 0, i= 1, . . . ,N, j,k = 1, . . . ,q, j 6= k such that

1 The time dependence of the variables x(t) and α(t) will be

omitted until the end of the paper, for sake of simplicity.



Pj −
q

∑
k=1
k 6= j

δ jk(Pj −Pk) > 0; j = 1, . . . ,q (7)











A′

iPj +PjAi+
q

∑
k=1
k 6= j

εi jk(Pj −Pk) PjBi C′

i

? −I D′

i

? ? −µI











< 0;

i= 1, . . . ,N , j = 1, . . . ,q (8)

then γ =
√
µ is an H∞ guaranteed cost for system (1)-

(2).

Proof: First, notice that the feasibility of (7) assures

(6). Notice also that the existence of µ> 0 such that

v̇+µ−1z′z−w′w< 0 (9)

assures the stability of the system with an H∞ guaran-

teed cost given by γ =
√
µ. With v(x) given by (6) and

z given by (2) one has that (9) can be rewritten as

x′
(

A(α)′Pj +PjA(α)
)

x+ x′PjB(α)w+w′B(α)′Pjx

+µ−1
(

x′C(α)′C(α)x+ x′C(α)′D(α)w

+w′D(α)′C(α)+w′D(α)′D(α)w
)

−w′w< 0 ,

∀x ∈ IRn : x 6= 0 , x′(Pj −Pk)x≥ 0 , j,k = 1, . . . ,q
(10)

Using S-procedure (Boyd et al., 1994), this condition

is assured if there exist ε jk(α) such that

β′

[

Γ PjB(α)+µ−1C(α)′D(α)
? µ−1D(α)′D(α)− I

]

β < 0 (11)

where

Γ = A(α)′Pj +PjA(α)+
q

∑
k=1
k 6= j

ε jk(α)(Pj −Pk)

+µ−1C(α)′C(α)

and β′ = [x′ w′]. Finally, using Schur complement and

the convexity of (A,B,C,D)(α), one has that (8) is

sufficient to ensure (11).

A first remark on Theorem 1 is that the quadratic sta-

bility test can be recovered by considering the special

case q= 1. Observe also that

minµ

subject to (7) − (8)
(12)

is a nonconvex optimization problem, which reduces

to a convex problem if the set of parameters δ jk ≥ 0,

εi jk ≥ 0, i = 1, . . . ,N, j,k = 1, . . . ,q, j 6= k is given

a priori. To cope with the search of such parameters

in the unbounded space defined by δ jk ≥ 0, εi jk ≥ 0,

i= 1, . . . ,N, j,k = 1, . . . ,q, j 6= k, a genetic algorithm

(GA) can be employed (Bäck et al., 2000). The imple-

mentation of the search with the GA in the unbounded

space can be carried out by specifying bounds on the

parameter values to limit the search space. If the GA

does not provide a feasible solution, new bounds can

be arbitrarily chosen until a solution is found.

As a first step in the GA used here, each individual in

the population is initialized with a vector containing

values for δ jk and εi jk and the convex optimization

problem (12) is solved. If (7) and (8) are feasible, the

fitness of each individual is given by f itness` = 1/γ.

If (7) and (8) are not feasible, the solution of

min t

subject to (7) and Θ < tI
(13)

where Θ, given by the block (1,1) of (8), is used to

assign the fitness of each individual f itness` = −t.
Parameters δ and ε are coded in a floating point vec-

tor and stored for each individual. A non-uniform

crossover operator generates two new individuals

which have as value of their parameters a random

convex combination of the parameter values of their

parents. A mutation operator acts in some individuals

varying the parameter values at most by 10% of their

original values, and the mutation rate (number of mu-

tating individuals) decreases along with the generation

evolution. Elitism is employed and the selection of

individuals to crossover and mutation is made by tour-

nament. The number of individuals in the population

is kept constant.

Notice that, with the values of the parameters δ jk,

εi jk, i = 1, . . . ,N, j,k = 1, . . . ,q, j 6= k given by the

GA, problem (12) becomes a convex optimization

problem with K = (nq(n+ 1))/2 + 1 scalar variables

(including µ) and with L = nq(q− 1) + 3nNq(q− 1)
LMI rows. Such problem can be solved in polynomial

time using algorithms based on interior points, as the

LMI Control Toolbox (Gahinet et al., 1995), for which

the numerical complexity is proportional to K3L.

Following the ideas from (Xie et al., 1997), in the

special case of N = 2 vertices and q = 2, using

the piecewise quadratic Lyapunov function v(x) =
max(x′P1x,x

′P2x), P1 = P′

1
> 0, P2 = P′

2
> 0, a sim-

pler condition to compute the H∞ guaranteed cost is

given by the next corollary. Due to the fact that the

S-procedure is a necessary and sufficient condition in

the case of one parameter by LMI (Boyd et al., 1994),

there will exist real scalars δ12 ≥ 0 and δ21 ≥ 0 such

that P1 − δ12(P1 −P2) > 0 and P2 − δ21(P2 −P1) > 0

hold, thus assuring (7) for N = 2, q= 2.

Corollary 1. If there exist symmetric positive def-

inite matrices Hi ∈ IRn×n, i = 1,2, and real scalars

0 ≤ θi < 1, i= 1,2 and µ> 0 such that





A′

iHi+HiAi HiBi C
′

i

? −I D′

i

? ? −µI



 < 0; i= 1,2 (14)











A′iH j +H jAi +
θ j

1−θ j

(H j −Hi) H jBi C
′

i

? −I D′i
? ? −µI









< 0;

i, j = 1,2, i 6= j (15)

then γ =
√
µ is an H∞ guaranteed cost for system (1)-

(2).

Proof: Notice that for the special case N = 2, q = 2,

(8) becomes
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2

∑
k=1
k 6= j

εi jk(Pj −Pk) PBi C
′

i

? −I D′i
? ? −µI













< 0;

i, j = 1,2 , i 6= j (16)

If Corollary 1 has a solution given by H1, H2, θ1, θ2,

and µ then (16) will be feasible for P1 = H1, P2 = H2,

ε112 = ε221 = 0, ε212 = θ1/(1− θ1), ε121 = θ2/(1−
θ2).

It is important to mention that, for given values of θ1,

θ2, estimates of H∞ guaranteed costs for system (1)-

(2) with N = 2 vertices can be computed by solving

the convex optimization problem

minµ

subject to (14)− (15)
(17)

In this case, it is possible to use a grid on the bounded

space defined by 0 ≤ θ1 < 1, 0 ≤ θ2 < 1 to search for

the minimum value of H∞ guaranteed cost provided

by Corollary 1, which is usually numerically simpler

than to solve problem (12) associated with searches in

an unbounded space of parameters.

4. EXAMPLES

The following numerical examples illustrate how the

conditions proposed in the previous section yield bet-

ter estimates of H∞ guaranteed costs than other LMI

conditions for linear systems with time-varying pa-

rameters from the literature.

Example 1: Consider system (1)-(2) with vertices

given by

A1 =

[

0 1

−2 −1

]

, B1 =

[

0.199
0.674

]

,

C1 =
[

0.594 0.003
]

, D1 =
[

0.900
]

(18)

A2 =

[

0 1

−5.7 −1

]

, B2 =

[

0.927
0.344

]

,

C2 =
[

0.615 0.982
]

, D2 =
[

0.693
]

(19)

This example is inspired by the example presented

in (Xie et al., 1997), extended here to cope with H∞

guaranteed cost computations. The minimum value

of H∞ guaranteed cost given by quadratic stability is

γQS = 26.528. Using (17) for each point of the grid

defined by

θ1 ∈ [0 : 0.02 : 0.98] , θ2 ∈ [0 : 0.02 : 0.98] (20)

one has that the minimum value of H∞ guaranteed

cost obtained using Corollary 1 is γC1 = 4.942, al-
lowing a high improvement on the estimate of the H∞

guaranteed cost for this system when compared to the

result from the quadratic stability. Figure 1 presents

the values of H∞ guaranteed costs provided by (17)

for each point of the grid.

For a comparison with an LMI condition to com-

pute H∞ guaranteed costs in the case of bounded

rates of parametric variation, consider the results from

(Montagner and Peres, 2004) applied to the system

of this example in the case where the uncertain time-

varying parameters are subject to bounded rates of

variation given by | α̇1 |=| α̇2 |≤ ρ. Figure 2 shows the

values of H∞ guaranteed costs γ obtained through the

condition of (Montagner and Peres, 2004) for values

of 0≤ ρ≤ 100. Notice first that the value of γ provided

by (Montagner and Peres, 2004) for ρ = 0, that is,

for the case of time-invariant uncertain parameters, is

γ = 2.455, marked with � in Figure 2, which in this

case is equal to the worst case of the H∞ norm for

system (1)-(2), supposed time-invariant, with vertices

(18)-(19), obtained through gridding. As ρ increases,

indicating faster rates of parametric variation, the val-

ues of γ provided by (Montagner and Peres, 2004)

tend to the value obtained from quadratic stability,

given by the horizontal line labelled as γQS. On the

other hand, observe that the minimum value of guar-

anteed cost provided by (17), labelled as γC1, provides

a much better estimate of H∞ guaranteed cost than

quadratic stability. The condition from (Montagner

and Peres, 2004) can provide better estimates than

γC1 for small values of ρ, representing slow rates of

parametric variations. As ρ increases, the conditions

based on parameter dependent Lyapunov functions of

(Montagner and Peres, 2004) tend to the results of

quadratic stability, while the condition based on piece-

wise quadratic Lyapunov functions proposed here al-

lows to reduce the conservatism of the estimates ofH∞

worst case costs irrespective of the rates of parametric

variations.

Still concerned with system with vertices given by

(18)-(19), it is worth of mention that if the entry (2,1)
of matrix A2 changes, for instance, from−5.7 to−5.9,
quadratic stability cannot provide an estimate of the

H∞ guaranteed cost. On the other hand, condition (17),

using the grid given by (20), yields γ = 6.110 at θ1 =
0.86, θ2 = 0.82. This illustrates how the conditions

proposed in the previous section can provide estimates

of the performance index for linear systems subject
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Fig. 1. H∞ guaranteed costs for system (1)-(2) with

vertices (18)-(19) computed through (17) in the

grid given by (20). The minimum value γC1 =
4.942 was obtained at θ1 = 0.86, θ2 = 0.84.

The value of H∞ guaranteed cost from quadratic

stability is γQS = 26.528, corresponding to the

point θ1 = 0, θ2 = 0.
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Fig. 2. Comparison ofH∞ guaranteed costs for system

(1)-(2) with vertices given by (18)-(19). The solid

line indicates the H∞ guaranteed costs obtained

from for each value of the bound ρ on the time

derivative of the parameters using the results in

(Montagner and Peres, 2004); � represents the

value of the worst case of the H∞ norm for

uncertain parameters considered as linear time-

invariant; γQS represents the H∞ guaranteed cost

for the quadratic stability and γC1 is the minimum

value value obtained from (17) using the grid

given by (20).

to arbitrary rates of parametric variation in cases for

which quadratic stability fails.

As a final point on Example 1, notice that if the

number of matrices Pj in the Lyapunov function is

q ≥ 3, then Corollary 1 can no longer be applied,

but Theorem 1 can handle the computation of H∞

guaranteed costs for the system, by solving (12) for

values of parameters δ jk and εi jk provided by the

GA. For instance, with the function v(x) = max(x′Pjx)
j = 1,2,3 and using the GA it is possible to obtain an

H∞ guaranteed cost γT1 = 4.877. The steps used in the

GA for this example are: i) initialize the population of

the GA with 5000 individuals and run the algorithm

up to 60 generations; ii) employ elitism, reproducing

automatically the best 500 individuals in the popula-

tion the rest of the offspring were obtained through

mutation (initially 20% and 5% at the end, decaying

with a exponential rate) and crossover (the remaining

new individuals). The strategy to cope with the search

in an unbounded space is to set an arbitrary bound to

the parameters during the creation of the population. If

the resulting population does not provide any feasible

individual, the bound is increased. It is important to

notice that another technique of search (e.g. gridding

in a bounded space) could be employed to search

the multipliers δ jk and εi jk but, as the number of Pj

matrices is increased, the number of multipliers to be

searched rapidly increases, which makes gridding pro-

hibitive. For instance, if three matrices Pj are used in

the Lyapunov functional in this example a total of 18

multipliers would have to be searched; using grid of 10

points on each parameter, a total of 1018 computations

ofH∞ guaranteed cost using Theorem 1 would have to

be made, while with the GA 2 described above, around

106
H∞ guaranteed cost evaluations are necessary.

When the function is v(x) = max(x′Pjx) j = 1, . . . ,4

it is possible to obtain an H∞ guaranteed cost γT1 =
4.841, with a population of 7000 individuals in the

GA, pointing out that better results could be obtained

by using more matrices Pj, at the price of higher

computational burdens.

Example 2: Consider system (1)-(2) with N = 3 ver-

tices randomly generated given by

A1 =





−0.49 0.14 0.71

0.09 −0.88 0.60

0.26 0.78 −1.12





, B1 =





0.03

0.26

0.33





,

C1 =
[

0.00 0.89 0.23
]

, D1 =
[

0.70
]

(21)

A2 =





−0.80 0.03 0.77

0.23 −1.00 0.38

0.50 0.40 −0.76





, B2 =





0.12

0.75

0.63





,

C2 =
[

0.12 0.90 0.53
]

, D2 =
[

0.00
]

(22)

A3 =





−1.32 0.98 0.56

0.38 −0.81 0.49

0.09 0.46 −0.74





, B3 =





0.20

0.46

0.27





,

C3 =
[

0.56 0.70 0.80
]

, D3 =
[

0.29
]

(23)

The minimum value of the H∞ guaranteed cost ob-

tained through quadratic stability is γQS = 229.524.

Clearly, Corollary 1 cannot be applied here since

N = 3. On the other hand, Theorem 1 can be used

2 For instance, the result obtained through the GA for 60 gener-

ations and the population of 5000 individuals, implemented using

Matlab and LMI Control Toolbox, demanded approximately 12

hours in a Pentium 4 3.0 GHz, 512MB RAM PC.



to cope with the problem of computation of H∞

guaranteed costs for this system. For instance, using

the piecewise quadratic Lyapunov function v(x) =
max(x′P1x,x

′P2x), that is, q = 2, the GA searches for

8 parameters, leading to the value of H∞ guaranteed

cost of γ = 124.174. The size of the population used

was 2000 individuals, the number of generations was

limited to 30 and, at the 30th generation, the best

individual was obtained. The search was restricted to

the set [0,20] for the δi j parameters, and [0,15] for the

εi jk parameters.

Observe again the high improvement obtained for H∞

guaranteed costs provided by the conditions of Theo-

rem 1 solved with the auxiliary GA when compared

to the values from the quadratic stability. It is also

interesting to mention that the worst case of the H∞

norm for this system (assuming uncertainties as time-

invariant uncertainty) is 50.772.

5. CONCLUSION

This paper has provided a condition to compute H∞

guaranteed costs for continuous-time linear systems

with time-varying uncertain parameters that belong

to a polytope and that have arbitrary rates of varia-

tion. The condition is based on piecewise quadratic

Lyapunov function, encompassing the quadratic Lya-

punov functions with a common matrix as a special

case, and can be solved using a genetic algorithm to

search for a set of scalar parameters (multipliers that

appear from the use of the S-procedure in the stability

conditions) in an unbounded space. For each set of

parameters given, the problem of computation of an

H∞ guaranteed cost becomes a convex optimization

problem based on LMIs. In the special case of systems

described by two-vertex polytopes and a piecewise

Lyapunov function with two matrices, it is possible

to search the set of parameters in a bounded space

and to solve a convex optimization problem to esti-

mate the value of the performance index. Numerical

examples have shown that the proposed conditions

allow to highly reduce the H∞ guaranteed costs when

compared with those from quadratic stability. The ex-

amples also point out that the increase of the number

of matrices in the Lyapunov function tends to improve

the estimates of H∞ guaranteed costs, at the price of

implementing a procedure that is numerically more

complex.
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Abstract: In this paper we present two multi-objective optimization techniques for
the design of a passive suspension for a quarter-car vehicle model. These techniques
are based on meta-heuristic optimization and bilinear matrix inequalities (BMI)
respectively. The use of multi-objective optimization is motivated by the need to
optimize simultaneously various performance measures when designing a vehicle
suspension. These performance measures capture desirable properties such as ride
comfort and handling. The use of the BMI technique was motivated by the fact
that both the performance measures and the passive nature of the suspension can
be formulated using matrix inequalities. The characterization of a positive real
passivity constraint using matrix inequalities and the use of a new mechanical
element, the inerter, permit optimization over the entire class of positive real
admittances and the realization of the resulting admittance using passive elements.
The meta-heuristic optimization is based on evolutionary algorithms (EAs) and it
has proved more favorable than the BMI technique from a computational point of
view, although both techniques give similar results. Copyright c©2006 IFAC

Keywords: Multi-objective optimization, genetic algorithms, optimization over
positive real admittances, linear matrix inequalities, computer-aided control
system design, vehicle suspensions.

1. INTRODUCTION

1.1 Multi-objective optimization

It has been shown that multi-objective control
problems can be formulated using linear matrix
inequalities (LMIs), due to their ability to include
desirable performance objectives such as H2 per-

formance, H∞ performance, and pole placement
(Boyd et al., 1994) as convex constraints. The
multi-objective control problem is formulated as a
semidefinite programming (SDP) problem, which
is a single objective convex optimization problem,
and it is solved using interior-point methods. Sev-
eral LMI techniques have been proposed to han-
dle the multi-objective control problem. Formulat-



ing this problem with the Youla parametrization
of the controller approximately solves the multi-
objective problem at the expense of creating an
infinite dimensional problem (Scherer, 1995). In
order to alleviate this problem the Youla para-
meter is approximated. An alternative is to avoid
the Youla parametrization and introduce depen-
dence among different objectives with a common
Lyapunov function, which leads to finite dimen-
sional controllers. This approach is known as the
mixed technique (Scherer et al., 1997). However,
the drawback of this approach is that it intro-
duces conservatism. Without introducing the de-
pendency, this problem cannot be formulated as a
convex problem but as a bilinear matrix inequality
(BMI). However, the available methods to solve
BMIs cannot guarantee the determination of a
global optimum. In this paper we consider a local
iterative algorithm to solve BMIs, when solving
the H2 positive real synthesis problem, i.e the
problem of designing a positive real controller to
minimize the H2 norm of a closed-loop transfer
function.

As a novel alternative, multi-objective optimiza-
tion using meta-heuristic techniques can offer
a truly multi-objective treatment of the vari-
ous control specifications. In this study, the EA
considered is the multi-objective genetic algo-
rithm (MOGA) proposed in (Fonseca and Flem-
ing, 1993). The MOGA explores the relevant
trade-offs between multiple objectives. This for-
mulation maintains the genuine multi-objective
nature of the problem, in which no single solu-
tion exists. Instead there is a set of equally valid
solutions, known as Pareto-optimal solutions.

1.2 Positive real synthesis

Positive real systems occur in many applica-
tions, for example, mechanical structures with
collocated sensors and actuators, passive electri-
cal networks (those with only resistors, inductors
and capacitors) and passive mechanical networks
(those with inerters (Smith, 2002), dampers and
springs). Positive real systems have motivated the
design of strictly positive real compensators, since
the negative feedback interconnection of a positive
real plant with a strictly positive real compensator
is asymptotically stable.

The fact that the positive real character of a
system can be expressed as an LMI allows for
the formulation of the positive real synthesis prob-
lem as a set of matrix inequalities. Papageorgiou
and Smith (2004) have developed a procedure for
the synthesis of positive real controllers based
on matrix inequalities. They have applied this
procedure to the synthesis of passive suspensions
that optimize certain single performance measures

of a quarter-car model. In this paper we con-
sider the problem of designing passive suspensions
for the quarter-car model that optimize various
performance objectives simultaneously. We show
how MOGA-based methods are applied to solve
this multi-objective control problem and how they
compare with the BMI algorithm which was pro-
posed in (Papageorgiou and Smith, 2004).

2. SYNTHESIS OF PASSIVE VEHICLE
SUSPENSIONS

2.1 The quarter-car model

The quarter-car model presented in Fig. 1 is the
simplest model to consider for suspension design.
It consists of the sprung mass ms, the unsprung
mass mu and a tyre with spring stiffness kt. The
suspension strut provides an equal and opposite
force on the sprung and unsprung masses and is
assumed to be a passive mechanical admittance
Y (s) = K(s) + ks

s
, where K(s) is positive real

and has no pole at s = 0. In this paper we

Fs

K(s)

zs

zu

zr

mu

kt

ms

ks

F

F

Fig. 1. Quarter-car vehicle model with pre-
determined static stiffness.

fix the parameters of the quarter-car model as:
ms = 250 kg, mu = 35 kg, kt = 150 kN/m. There
exist two external inputs, the road disturbance zr
and the load force on the sprung mass Fs which
accounts for the loading of the sprung mass due
to acceleration and braking.

2.2 Performance measures

There are a number of practical design require-
ments for a suspension system which require care-
ful optimization, such as passenger comfort, han-
dling, tyre normal loads and limits on suspen-
sion travel. In the quarter-car model these can
be translated approximately into specifications on
the transfer functions from the disturbance signals
Fs and zr to the signals zs and zu. The perfor-
mance measures used in this paper are presented



in detail in (Smith and Wang, 2004). The first
two assume a standard rational power spectrum
for the road disturbances, while the third relates
to the effect of loads on the sprung mass.

For the ride comfort we use the r.m.s. body
vertical acceleration parameter J1, given by,

J1 = 2π(V κ)
1/2||sTẑr→ẑs

||2, (1)

where V is the speed of the car, κ is the road
roughness parameter, Tẑr→ẑs

denotes the transfer
function from the road disturbance zr to the
displacement of the sprung mass zs and || · ||2 is
the standard H2 norm.

To characterize road holding we use the r.m.s. dy-
namic tyre load in response to road disturbances,
denoted by J3, which is equal to,

J3 = 2π(V κ)
1/2||

1

s
Tẑr→kt(ẑu−ẑr)||2. (2)

Another factor to be considered is the ability of
the suspension to withstand external loads on the
sprung mass, e.g. those loads induced by braking,
accelerating and cornering. The following measure
is used for this purpose,

J5 = ||TF̂s→ẑs

||∞, (3)

where || · ||∞ represents the H∞-norm. We will
attempt to minimize combinations of these per-
formance measures over positive real admittances
Y (s) of fixed degree.

2.3 Control problem formulation

In order to be able to synthesize admittances over
the whole class of positive real functions, we use
a control synthesis paradigm along with a state-
space characterization of positive realness. The
search for positive real admittances is formulated
as a search for positive real “controllers” K(s)
that will minimize the norms of certain closed-
loop transfer functions that correspond to the
previously defined performance measures.

z w

G(s)

K(s)

Fż
s
− ż

u

Fig. 2. The control synthesis paradigm.

The characterization of the positive realness of
the controller is achieved by the Positive Real
Lemma (Boyd et al., 1994). It is proposed to
formulate the suspension design problem as a
standard H2 or H∞ controller synthesis problem
and formulate the quarter-car model as an LFT
(Linear Fractional Transformation) with respect
to the unknown, positive real admittance K(s)

(see Fig. 2). The external input of the generalized
plant is w = [Fs, zr]

T , while the performance
output is given by z = [żs, zs, kt

∫
(zu−zr)]

T . The
input to controller K(s) is the relative velocity
between the sprung and unsprung masses and its
output is the suspension force. Thus K(s) is a
mechanical admittance function. The state-space
equations for the generalized plant with the state
vector given by x = [żs, zs, żu, zu]

T can be easily
derived by considering the equations of motion of
the quarter-car model,

z̈s =
Fs

ms
−

F

ms
−

ks

ms
zs +

ks

ms
zu, (4)

z̈u =
F

mu
+

ks

mu
zs −

ks

mu
zu +

kt

mu
zr −

kt

mu
zu,(5)

F̂ =K(s)(sẑs − sẑu). (6)

Since the static stiffness of the suspension is
determined a priori, the admittance K(s) must
have zero static stiffness, hence it may not contain
an integrator. This is, in fact, ensured by the
structure of the generalized plant. The transfer
function from F to żs − żu has a zero at s = 0.
Therefore a “stabilizing controller” K(s) cannot
have an integrator because it will cause a RHP
pole-zero cancelation.

3. MULTI-OBJECTIVE OPTIMIZATION
USING GENETIC ALGORITHMS

Multi-objective evolutionary algorithms (MOEAs)
are EAs that use standard genetic algorithm oper-
ators (selection, crossover and mutation). In this
study we use the Multi-objective Genetic Algo-
rithm (MOGA) proposed in (Fonseca and Flem-
ing, 1993). MOGA incorporates Pareto ranking,
fitness sharing and mating restriction. The design
philosophy of MOGA is to develop a population
of Pareto-optimal or near Pareto-optimal solu-
tions whilst maintaining the independence of the
objectives throughout the optimization process
(Fonseca and Fleming, 1998).

Within MOGA, the initial population is randomly
generated within a defined range and then de-
coded to produce the corresponding vectors of
controller parameters (decision variables). A set
of objective functions is then evaluated for each
individual within the population. The sequence of
genetic operators is then applied, resulting in the
subsequent generation of further potential solu-
tions. MOGA employs multi-objective preference
articulation extensions to the standard GA. Indi-
viduals are ranked, based on the objective vector
and the designer’s preferences (goal, priority). The
consideration of goal and priority selectively ex-
cludes individuals according to objective priorities
and whether or not they meet their goals.



Fitness sharing is a technique involving the esti-
mation of the population density at the points de-
fined by each individual by so-called kernel meth-
ods, and is used to penalize individuals according
to the proximity of other individuals. Mating re-

striction specifies how close individuals should be
in order to mate and it is used after the appli-
cation of fitness sharing. In addition, population
diversity is encouraged by applying a mutation
operator to a small number of the existing indi-
viduals.

4. MULTI-OBJECTIVE CONTROLLER
DESIGN

4.1 Multi-objective Optimization with BMIs

The technique proposed in (Papageorgiou and
Smith, 2004) is extended to multi-objective op-
timization. In this study a combined optimization
of measures J1 and J3, which are both character-
ized using H2 norms, is considered. The approach
taken here is to minimize

√

(1− λ)
J2

1

Ĵ1

2
+ λ

J2

3

Ĵ3

2
(7)

for 0 < λ < 1, where Ĵ1 and Ĵ3 are the optimal
values obtained in single-objective optimizations.
Note that the cost function in eq.(7) can be char-
acterized as an H2 norm which relaxes the multi-
objective problem into a single-objective problem.
To solve this problem a generalized plant was
formulated with its performance output being the
appropriate combination of scalar multiples of żs
and

∫

(zu − zr). Using the necessary and sufficient
LMI conditions for the existence of a stabilizing
controller that achieves an upper bound on the
H2 norm (Scherer et al., 1997) as well as the pos-
itive real constraint (Boyd et al., 1994), the LMI
characterization takes the form of a BMI problem,
which is described in more detail in (Papageorgiou
and Smith, 2004). The BMI was locally solved
using an iterative optimization method which was
introduced in (Hassibi et al., 1999). The philoso-
phy of the method is to linearize the BMI prob-
lem using a first-order approximation and solve
it as an LMI problem. The solution obtained for
the LMI problem is then scaled until it satisfies
the original BMI problem. A linearization is per-
formed about the new solution and the process
is repeated iteratively until the cost function is
sufficiently minimized. The proposed scheme is
implemented in YALMIP (Löfberg, 2004). Note
that this local, iterative algorithm strongly relies
on the intuitive choice of a feasible starting point.

The suspension design problem was solved for a
finite number of λ values in the interval (0,1) at

the fixed static stiffness value of ks = 60 kN/m.
The optimization was performed over a general
second-order admittance of the form shown in (8).
Note that the non-proper nature of the admit-
tance is not a problem since this can be realized as
a parallel inerter. Although any order can be used
for the admittance, we preferred to use a second-
order one since it results in an optimization which
is computationally manageable, and because we
can provide a relatively simple realization of the
resulting admittance. After several attempts of
multiple successive BMI optimizations and by in-
tuitive selection of “good” admittances as starting
points we obtained a Pareto front, which is shown
in Fig. 3, labeled “BMI Pareto front” (marked
“�”).

4.2 Multi-objective Genetic Algorithm

An evaluation function, which calculates the val-
ues of the performance measures of the quarter-
car model for a given suspension admittance, was
encoded in MOGA. The binary resolution was 16-
bit Gray coding with exponential scaling in each
of the six decision variables. MOGA used mating
restriction, single-point crossover with probability
0.7 and a mutation rate of 0.0017. The mutation
rate depends on the number of bits used to repre-
sent a solution and the selection scheme (Fonseca
and Fleming, 1993). The objectives under consid-
eration were J1 and J3. In order to ensure search
over positive real controllers another objective was
added with high priority. This is equivalent to
imposing an additional constraint. The decision
variables for this problem are the parameters of
the controller, which has the following form:

K(s) = bs+ c
s
2 + a1s + a2

s2 + b1s + b2
. (8)

The lower and upper bounds on the decision
vector [a1 a2 b1 b2 c b] were [1 0.1 0.1 0.1
0.1 1e-6] and [200 1000 1000 1000 3000 100]
respectively. There is no systematic method for
choosing the population size, but, a population
of 200 individuals has been found to be a good
general choice. The region of the trade-off curve
to be evolved was delimited with the goal vector
J1=1.56 and J3=600. The optimization result
after 250 generations is presented in Fig. 3, labeled
“MOGA1 Pareto front” (marked “�”).

A visual comparison between the “MOGA1 Pareto
front” and the “BMI Pareto front” reveals that
the former has converged to a local optimum.
When convergence to the global Pareto-optimal
front does not occur it is often because almost
the entire search space favors the deceptive opti-
mum or non-global optimum. Deceptive problems



1.45 1.5 1.55 1.6 1.65
460

480

500

520

540

560

580

J
1

J
3

MOGA1 Pareto front
MOGA2 Pareto front
BMI Pareto front

Fig. 3. J1 and J3 trade-off, MOGA and BMI

have been shown to cause difficulties to MOEAs
(Deb, 2001). A remedy to this problem is to in-
crease the population size. After some additional
trials, a population of 600 individuals was found
to succeed in finding a better Pareto front with
respect to the “BMI Pareto front”. The resulting
Pareto front is shown in Fig. 3, labeled “MOGA2
Pareto front” (marked “o”).

4.3 Three-objective optimization

A practical design of a passive suspension may
require the minimization of more than two objec-
tives, therefore three objectives, J1, J3 and J5,
were considered. With the proposed BMI tech-
nique this will result in a very computationally
intensive optimization, and obtaining a full Pareto
front will be very time-consuming. An evaluation
function, which includes the three performance
measures as well as the positive real constraint
on the suspension admittance, was encoded in
MOGA. Once again, in order to ensure a search
over positive real controllers, an objective with
high priority was added in the optimization. The
region of the trade-off curve to be evolved was de-
limited with the goal vector J1=1.56 and J3=600
and J5=10. A population of 600 individuals was
evolved in the optimization. The results after 250
generations are shown in Fig. 4. For reasons of
clarity just 100 representative Pareto-optimal so-
lutions are plotted. The three-dimensional plot
shows that the Pareto front is a surface which can
be visualized with the help of the two-dimensional
views.

As mentioned, the result of a multi-objective op-
timization is a Pareto front, which is a set of
competing solutions. However, the design imple-
mentation for a real-life problem will require a
single solution. Assuming that the suspension de-
sign requires a solution with the best compromise,
parallel coordinates can be used to visualize such

12 kg

361 kg

14740 N/m 3496 Ns/m

2871 Ns/m

Fig. 5. Physical realization of the “best” suspen-
sion

J_1 J_3 J_5
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o
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Fig. 6. Parallel coordinates

a solution as in Fig. 6. Each line represents a solu-
tion. The x-axis represents the objectives and the
y-axis shows normalized performances in the in-
terval [0,1]. When crossing lines are found between
two objectives, this means that the objectives are
conflicting. In Fig. 6 the best compromise will be
the one closest to a horizontal line across the three
objectives and with the minimum performance
measure. The best choice for this suspension de-
sign problem is marked with a bold line in Fig. 6,
and marked with a “�” in Fig. 4 and is given by,

K(s) = 11.87s+ 2871
s2 + 9.35s

s2 + 12.17s+ 74.37
. (9)

A realization of this admittance is given in Fig. 5.

5. CONCLUSIONS

BMI optimization over positive real controllers
has been shown to be effective for a two-objective
optimization problem. However, the design of a
single controller requires several attempts, result-
ing in a very cumbersome procedure. As demon-
strated, the main advantages of using a meta-
heuristic optimization method, such as MOGA,
instead are that the Pareto surface can be investi-
gated in a single optimization run and more than
two objectives can be included straightforwardly.
Thus, the design engineer has a choice from among
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the family of Pareto-optimal solutions, and valu-
able design time is saved. The possible disadvan-
tages of using MOGA are that some experience
or problem-specific knowledge may be needed to
choose appropriate parameter values, such as the
population size, and that by prioritizing the search
for good compromise designs using a goal vector
the extremes of the Pareto-optimal surface (the
single-objective optima) may be less well resolved.
The single-objective optima are, however, readily
found using BMI optimization.
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Abstract: We study asymptotic properties of von Foerster-Lasota equation, which
is matter of interest for many years, mainly considering its biological application.
This equation under some conditions generates a semigroup. We show that
asymptotic behaviour of this semigroup depend on parameter of equation and
also parameters of phase spaces L(p,r)(0, 1) and L̂(p,r)(0, 1).

Keywords: von Foerster-Lasota equation, chaos, stability

1. INTRODUCTION

Let consider von Foerster-Lasota equation

∂u

∂t
+ x

∂u

∂x
= γu.

This equation is a part of mathematical descrip-
tion of the reproduction of a population of red
blood cells. Such description appeared in 1976
in Lasota and Ważewska-Czyżewska’s paper, see
(Ważewska-Czyżewska and Lasota, 1976), and
found application in researching anemia (Lasota
et al., 1981). There was great conformity be-
tween mathematical theory and medical experi-
ences. This equation is still the matter of in-
terest of many mathematicians: Lasota (Lasota
and Pianigiani, 1977), Rudnicki (Rudnicki, 1985),
ÃLoskot (ÃLoskot, 1985) and Szarek (Lasota and
Szarek, 2004). In the papers (Brzeźniak and Daw-
idowicz, n.d.)–(Dawidowicz and Haribash, 1999)
the authors examined the existence of periodic

solutions, problem of chaos and stability of the
Lasota equation in different phase spaces. Now,
we fix our attention on the same problems but in
L(p,r)(0, 1) space.

2. SPACES L(p,r)(0, 1) AND L̂(p,r)(0, 1)

We shall introduce two functional spaces and
prove some their natural properties. This two
spaces will be the base of our next considerations.
Let v be a continuous function on [0, 1] such that
v(0) = 0. For any interval A ⊂ (0, 1] and for every
r > 0 define

SA,r(v) = sup
x∈A


 1

xr

x∫

0

|v(s)|pds




1

p

.

Definition 1. Denote by L(p,r)(0, 1) the space of
all functions v ∈ Lp(0, 1) (1 6 p <∞) continuous



on [0, 1], vanishing in zero and satisfying the
following condition S(0,1],r(v) <∞.

Proposition 1. The space L(p,r) with the norm
S(0,1],r is a Banach space.

Proof: Let {vn} be a Cauchy sequence in L(p,r)

space, so for any ε > 0 there is n0 such that for all

numbers n,m > n0

(
1
xr

∫ x
0
|vn(s) − vm(s)|pds

) 1

p <

ε for all x ∈ (0, 1]. {vn} is also a Cauchy sequence
in Lp, according to the standard norm ‖.‖. Be-
cause Lp is a Banach space, so there exists v0 ∈ Lp

such that vn → v0 in Lp. For any x ∈ (0, 1] we
have from Fatou’s lemma


 1

xr

x∫

0

|vn(s) − v0(s)|pds




1

p

6 lim
m→∞


 1

xr

x∫

0

|vn(s) − vm(s)|pds




1

p

< ε.

Therefore vn → v0, as n → ∞. Similarly, using
Fatou’s lemma we can prove that v0 ∈ L(p,r).

Proposition 2. If 0 < a < b < c 6 1, then

S(a,c],r 6 S(a,b],r + S(b,c],r.

Proof: It is sufficient to prove that for continuous
function v defined on the interval [0, 1] and x ∈
(a, c]


 1

xr

x∫

0

|v(s)|pds




1

p

6 S(a,b],r(v) + S(b,c],r(v).

For x ∈ (a, b] we have


 1

xr

x∫

0

|v(s)|pds




1

p

6 S(a,b],r(v)

6 S(a,b],r(v) + S(b,c],r(v).

The analogously inequality is true for x ∈ (b, c].

Definition 2. Denote by L̂(p,r)(0, 1) the space of
all functions v ∈ L(p,r)(0, 1) (1 6 p < ∞) and
satisfying the following condition

lim
a→0

S(0,a],r(v) = 0.

Proposition 3. The space L̂(p,r) with the norm
S(0,1],r is a Banach space.

Proof: The space L(p,r) with the norm S(0,1],r is

a Banach space. Since L̂(p,r) is its linear subspace,

it is sufficient to show that L̂(p,r) is its closed
subspace. Let {vn} be the sequence of functions

belonging to L̂(p,r) such that vn → v0, as n→ ∞.
We need to show that v0 ∈ L̂(p,r). Let ε > 0. It
exists n0 such that for every n > n0

sup
x∈(0,1]


 1

xr

x∫

0

|vn(s)|pds




1

p

<
ε

2
.

Because vn → v0 it follows that exists x0 such
that for every x < x0


 1

xr

x∫

0

|vn(s) − v0(s)|pds




1

p

<
ε

2
.

For any x < x0 we have


 1

xr

x∫

0

|v0(s)|pds




1

p

6 sup
x<x0


 1

xr

x∫

0

|v0(s)|pds




1

p

6 sup
x<x0


 1

xr

x∫

0

|v0(s) − vn(s)|pds




1

p

+ sup
x<x0


 1

xr

x∫

0

|vn(s)|pds




1

p

< ε.

Therefore, for sufficiently small x0

S(0,x0],r(v0) < ε.

This is our claim.

3. ASYMPTOTIC PROPERTIES OF VON
FOERSTER-LASOTA EQUATION

We consider the partial differential equation

∂u

∂t
+ x

∂u

∂x
= γu, t > 0, 0 6 x 6 1 (1)

with the initial condition

u(0, x) = v(x), 0 6 x 6 1 (2)

where v belongs to some normed vector space V
of functions defined on [0, 1]. The function T̃t is
given by the formula

(T̃tv)(x) = ũ(t, x) = eγt v(x e−t), x ∈ [0, 1] (3)

where ũ is the unique solution of (1) and (2),
see (Dawidowicz, 1982). We consider the following
properties of the system (3).

Definition 3. (Farkas, 1994) A function v0 ∈ V is
a periodic point of the semigroup (Tt)t>0 with a
period t0 > 0 if and only if Tt0v0 = v0. A number
t0 > 0 is called a principal period of a periodic
point v0 if and only if the set of all periods of v0

is equal Nt0.



Definition 4. (Farkas, 1994) We say, that the
semigroup (Tt)t>0 is strongly stable in V when
its trivial solution is asymptotically stable i.e. for
every v ∈ V ,

lim
t→∞

Ttv = 0 in V.

Definition 5. (Farkas, 1994) The semigroup (Tt)t>0

is exponentially stable when its trivial solution is
exponentially stable i.e. there exists D < ∞ and
ω > 0 such that

‖Tt‖ 6 D e−ωt, for t > 0.

Now we formulate some theorems from which it
follows that in the space L̂(p,r)(0, 1) the critical
value of γ is equal r−1

p
.

Theorem 1. If γ > r−1
p

, then for any t0 there

exists such v0 ∈ L̂(p,r) that

T̃t0v0 = v0. (4)

Moreover,

T̃tv0 = v0 if and only if t = nt0 for some

positive integer n. (5)

Proof: Let w be an arbitrary function belonging
to L(p,r) and defined on the interval [e−t0 , 1] and
satisfying the following conditions:

eγt0 w(e−t0) = w(1), (6)

eγt w(e−t) 6= w(1) ∀t ∈ (0, t0). (7)

Since (0, 1] =
⋃∞

n=0(e−(n+1)t0 , e−nt0 ] we can de-
fine a function v on the interval (0, 1] by squeez-
ing the graph of the function w into intervals
(e−(n+1)t0 , e−nt0 ]. We put

v(x) = e−nγt0 w(x ent0) (8)

for x ∈ [e−(n+1)t0 , e−nt0 ]. By assumption of the
continuity of w on [e−t0 , 1] follows its bounded-
ness, i.e. ∃M > 0 such that |w(x)| 6 M for each
x ∈ [e−t0 , 1]. Besides, for x ∈ [e−(n+1)t0 , e−nt0 ], we
have the inequality e−nt0 6 x et0 . By the above

|v(x)| 6 e−nγt0 M 6Mxγ eγt0 .

So v(0) = 0 and we obtain the continuous func-
tion v defined on the whole interval [0, 1]. The
properties (4) and (5) follow from (6) and (7),
respectively. We know that v ∈ Lp (see (Brzeźniak
and Dawidowicz, n.d.)). It is sufficient to prove

that v ∈ L̂(p,r) i.e. to deduce that S[0,a],r(v) → 0
as a → 0.

Sp

(e−(n+1)t0 ,e−nt0 ],r
(v)

= sup
x∈(e−(n+1)t0 ,e−nt0 ]


 1

xr

x∫

0

|v(s)|pds




= sup
x∈(e−(n+1)t0 ,e−nt0 ]


 1

xr

x∫

0

| e−nγt0 w(s ent0)|pds




= e−nt0(pγ+1−r) sup
x∈(e−t0 ,1]


 1

xr

x∫

0

|w(s)|pds




= e−nt0(pγ+1−r) Sp

(e−t0 ,1],r
(w).

Introducing denotations q = e−t0(γ+ 1−r

p ) < 1 and
S = S(e−t0 ,1],r(w) we get the estimation

S(e−(n+1)t0 ,e−nt0 ],r(v) = qnS.

For every n, k such that k > n we have

S(e−(k+1)t0 ,e−nt0 ],r(v) 6 S

k∑

j=n

qj 6
Sqn

1 − q
.

It is interesting for us to estimate the quantity
S(0,e−nt0 ],r(v). Let x ∈ (0, e−nt0 ]. If x > 0 there

exists k > n such that x > e−kt0 . Hence

1

xr

x∫

0

|v(s)|pds 6 S(e−kt0 ,e−nt0 ],r(v) 6
Sqn

1 − q
.

Since the right-hand side of last inequality does
not depend on k, we infer that

S(0,e−nt0 ],r(v) 6
Sqn

1 − q
.

This proves that v ∈ L̂(p,r).

Theorem 2. If γ > r−1
p

the set of periodic points

of (1) is dense in L̂(p,r).

Proof: Define v by the formula (8). Let w be

an arbitrary function from L̂(p,r) space and let
ε > 0. Both functions v and w belong to L̂(p,r)

so there exists t0 such that e
t0r

p ‖v1(0,e−t0 ]‖ < ε
4

and e
t0r

p ‖w1(0,e−t0 ]‖ < ε
4 , where 1A denotes the

indicator of the set A. Moreover fix t0 such that
S(0,e−t0 ],r(w) < ε

4 and Sq
1−q

< ε
4 , where S =

S(e−t0 ,1],r(w) and q = e−t0(γ+ 1−r

p ) < 1. Since for
x ∈ (e−t0 , 1] v(x) = w(x) and so

S(e−t0 ,1],r(v − w)

= sup
x∈(e−t0 ,1]


 1

xr

x∫

0

|v(s) − w(s)|pds




1
p

= sup
x∈(e−t0 ,1]




1

xr

e−t0∫

0

|v(s) − w(s)|pds




1
p



6 e
1
p
t0r




e−t0∫

0

|v(s) − w(s)|pds




1
p

<
ε

2
.

Finally,

S(0,1],r(v − w)

6 S(0,e−t0 ],r(v − w) + S(e−t0 ,1],r(v − w)

6 S(0,e−t0 ],r(v) + S(0,e−t0 ],r(w) + S(e−t0 ,1],r(v − w)

< ε.

Theorem 3. If γ 6 r−1
p

then the semigroup

(T̃t)t>0 is strongly stable. If γ < r−1
p

(T̃t)t>0 is
exponentially stable.

Proof: Let v ∈ L̂(p,r) be an arbitrary function.

Sp(0,1],r(T̃tv) = sup
x∈(0,1]


 1

xr

x∫

0

|T̃tv(s)|pds




= sup
x∈(0,1]


 1

xr

x∫

0

| eγt v(s e−t)|pds




= e(γp+1)t sup
x∈(0,1]




1

xr

xe−t∫

0

|v(s)|pds




= et(pγ+1−r) sup
x∈(0,e−t]


 1

xr

x∫

0

|v(s)|pds




= et(pγ+1−r) Sp(0,e−t],r(v),

since epγ+1−r 6 1 and by definition S(0,e−t],r(v) →
0 as t → ∞, we obtain strongly stability of
the system (T̃t)t>0 in L̂(p,r). The second part of
the proof follows from the above inequality, too.
We gain exponential stability with D = 1 and

ω = −
(
γ + 1−r

p

)
.

4. GENERALIZATION OF VON
FOERSTER-LASOTA EQUATION

Let consider more general form of equation

∂u

∂t
+ x

∂u

∂x
= λ(x)u, t > 0, 0 6 x 6 1 (9)

with the initial condition

u(0, x) = v(x), 0 6 x 6 1 (10)

where v belongs to some normed vector space V

of functions defined on [0, 1] and λ : [0, 1] → R

is given continuous function. Let a semidynamical
system

Tt : V → V

be given by the formula

(Ttv)(x) = u(t, x).

It is clear that the unique solution of (9), (10) is
given by the formula

(Ttv)(x) = u(t, x) = eg(x) e−g(xe−t) v(x e−t) (11)

for x ∈ [0, 1], where

g(x) = −

1∫

x

λ(s)

s
ds

with the condition

1∫

0

λ(s)

s
ds = ∞. (12)

This can be found in (Dawidowicz and Poskrobko,
n.d.). There exists connection between two equa-
tions (1) and (9). It is easy to check that if u and
ũ are the solutions of the equations (9) and (1)
respectively, we have the quality

ũ(t, x) = κ(x)u(t, x), (13)

where

κ(x) = e
∫
x

0

λ(0)−λ(s)
s

ds
and γ = λ(0). (14)

All properties of the systems (T̃t)t>0 and (Tt)t>0

depend on the value of constant γ = λ(0)
regardless of considering phase space. In the
papers (Brzeźniak and Dawidowicz, n.d.) and
(Dawidowicz and Poskrobko, n.d.) there were de-
scribe their chaotic and stable behaviour in Vα
(the subspace of Hölder continuous functions) and
Lp space. The main results of this Section are
theorems relating to similar behaviour (chaos and
stability) of the system (Tt)t>0. We will use the
above connection between two systems and see
that all properties the new system depend on
common value γ = λ(0) = r−1

p
.

Theorem 4. Let

∃C, q > 0 ∀x ∈ [0, 1] |λ(0) − λ(x)| 6 Cxq. (15)

The function u belongs to the space L̂(p,r) if and
only if ũ ∈ L̂(p,r).

Proof: By (15), u ∈ Lp iff ũ ∈ Lp. This can
be found in (Dawidowicz and Poskrobko, n.d.).

Assuming that u ∈ L̂(p,r) we have



S(0,a],r(ũ) = sup
(0,a]


 1

xr

x∫

0

|ũ(t, s)|pds




1
p

= sup
(0,a]


 1

xr

x∫

0

|κ(s)u(t, s)|pds




1
p

6 sup
(0,a]


 1

xr

x∫

0

e
p
∫
s

0

|λ(0)−λ(σ)|
σ

dσ
|u(t, s)|pds




1
p

6 sup
(0,a]


 1

xr

x∫

0

e
Cp

q
sq |u(t, s)|pds




1
p

6 e
Caq

q S(0,a],r(u),

so

lim
a→0

S(0,a],r(ũ) = 0.

In the same manner we can establish the inverse
implication.

For convenience, we assume, once and for all, that
(15) is satisfied.

Theorem 5. If λ(0) > r−1
p

then for any t0 there

exists such v0 ∈ L̂(p,r) that

Tt0v0 = v0. (16)

Moreover,

T̃tv0 = v0 if and only if t = nt0 for some

positive integer n. (17)

Proof: Let w be an arbitrary function belonging
to L(p,r) and defined on the interval [e−t0 , 1] and
satisfying the following conditions:

e−g(e−t0 ) w(e−t0) = w(1), (18)

e−g(e−t) w(e−t) 6= w(1) ∀t ∈ (0, t0). (19)

Consider the function v on the interval (0, 1]

v(x) = eg(x) e−g(xent0 ) w(x ent0)

for x ∈ [e−(n+1)t0 , e−nt0 ]. The function v is defin-
ing on the interval (0, 1] =

⋃
∞

n=0(e−(n+1)t0 , e−nt0 ]
and come into being by squeezing the graph of the
function w into each interval (e−(n+1)t0 , e−nt0 ].
By assumption of the continuity of w on [e−t0 , 1]
follows its boundedness, i.e. ∃M > 0 such that
|w(x)| 6 M for each x ∈ [e−t0 , 1]. By the above
for x ∈ [e−(n+1)t0 , e−nt0 ] we have the estimation:

|v(x)| = eg(x) e−g(xent0 ) |w(x ent0)|

6M eg(x) · sup
x∈[e−t0 ,1]

e−g(x)
6M1 eg(x)

where M1 = M · supx∈[e−t0 ,1] e−g(x). From the

assumption (12) limx→0 eg(x) = 0 so we deduce
that v(0) = 0. We obtain the continuous function
v defined on the whole interval [0, 1]. The property
(16) follows from (18), while the property (17)

from (19). Our next goal is to show that v ∈ L̂(p,r).

Under Theorem 1, we know that ṽ ∈ L̂(p,r) for
γ > r−1

p
, where ṽ is the solution of the equation

(1). It clearly forces the same conclusion for the
function v by Theorem 4.

Theorem 6. If λ(0) > r−1
p

then the set of periodic

points of (9) is dense in L̂(p,r).

Proof: Let ε > 0 and let w ∈ L̂(p,r). Let v be
a periodic solution of (9) defined by the formula

(11). Since v and w belong to L̂(p,r) there exists
such t0 that S(0,e−t0 ],r(v) < ε

4 and S(0,e−t0 ],r(w) <

ε
4 . We know that v(x) = ṽ(x)

κ(x) , where ṽ is the

periodic solution of (1). The assumption λ(0) >
r−1
p

guarantees the density of the set of periodic

points of (1), so S(0,1],r(v− ṽ) < ε
4 and S(0,1],r(w−

ṽ) < ε
4 . Thus

S(0,1],r(v − w)

6 S(0,e−t0 ],r(v − w) + S(e−t0 ,1],r(v − w)

6 S(0,e−t0 ],r(v) + S(0,e−t0 ],r(w) + S(0,1],r(v − ṽ)

+ S(0,1],r(ṽ − w) < ε.

This is the desired conclusion.

Theorem 7. If λ(0) 6 r−1
p

then for every v ∈

L̂(p,r)

lim
t→∞

S(0,1],r(Ttv) = 0.

Moreover, if λ(0) < r−1
p

the semigroup (Tt)t>0 is
exponentially stable.

Proof: Take any v ∈ L̂(p,r). Then we have

S(0,1],r(Ttv) = sup
(0,1]


 1

xr

x∫

0

|u(t, s)|pds




1
p

= sup
(0,1]


 1

xr

x∫

0

∣∣∣∣
ũ(t, s)

κ(s)

∣∣∣∣
p

ds




1
p

= sup
(0,1]


 1

xr

x∫

0

∣∣∣∣
1

κ(s)
(Ttṽ)(s)

∣∣∣∣
p

ds




1
p

6 e
C
q S(0,1],r(Ttṽ).

Applying Theorem 3 we can assert that S(0,1],r(Ttv)
→ 0, as t → ∞. This proves the first part of
the Theorem. The second one follows immediately



from the same above inequality and Theorem 3

with D = e
C
q and ω = −

(

λ(0) + 1−r

p

)

.
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Abstract: This paper proposes an optimization algorithm to solve iteratively
optimal control problems involving systems of conservation laws. The irregularity
of their solution requires a specific variational analysis that have direct implications
on the numerical implementation. This method is applied to the control of non-
equilibrium traffic using the Payne-Whitham and the Aw-Rascle-Zhang model.

Keywords: Conservation laws, optimal control, adjoint calculus.

1. INTRODUCTION

Many physical systems are modelled by a system
of conservation laws that takes the form of an
hyperbolic partial differential equation. When the
dynamics is nonlinear as in traffic, aerodynamics,
meteorology and elasticity, the distributed state
of the system may develop discontinuities that
propagate in time even for smooth initial and
boundary conditions.

The mathematical theory of conservation laws
has undergone tremendous improvements in the
last 30 years and an abondant literature is avail-
able for the one-dimensional Cauchy problem
(Bressan, 2000). Moreover, dedicated integration
schemes that handle the lack of regularity are
available (Godlewski and Raviart, 1996). Though
the behavior of boundary conditions is well under-
stood for scalar problems, their treatment is less
clear for systems (Dubois and LeFloch, 1988) and
ghost cells are usually used in numerical schemes.

Optimal control of conservation laws has already
been treated in the literature. (Messmer and Pa-
pageorgiou, 1994) propose an optimal traffic con-
trol algorithm by first discretizing the dynamics

and then using general purpose nonlinear opti-
mization routines. Nevertheless, the discretiza-
tion step is questionable as accurate discretization
procedures as the Godunov scheme (Godlewski
and Raviart, 1996) can not be put in a form
suitable for control as a difference equation or
an ordinary differential equation. (Sanders and
Katopodes, 2000) propose an adjoint based op-
timal control algorithm to steer shallow-water
systems but disregard the possible discontinuities
in the linearization and adjoint calculus though
such phenomena may happen. If shocks are not
common in irrigation channels, they are in traffic
as shown on field measurements with strong con-
gestions, making their treatment compulsory. The
contribution of this paper is to take into account
the possible development of discontinuous waves
in computing an optimal (or suboptimal) control
for systems of conservation laws.

Distributed traffic models on a bounded domain
x ∈ [0, L] and with aggregated lanes are used in
this paper. Freeway traffic fulfils the car conser-
vation principle and can be modelled by conser-
vation laws where the state may be the vehicle
density ρ(x, t), the average speed v(x, t), the flow



φ(x, t) = ρ(x, t)v(x, t) or any combinaison of these
variables. In traffic applications, a discontinuity
in the state (as in ρ) models a congestion wave
that propagates along the traffic stream. There
exists two classes of non-equilibrium traffic mod-
els. The first one proposed in (Payne, 1971) and
(Zhang, 1998) concerns isotropic models where
the information can travel forwards and back-
wards with respect to a vehicle in the steam. Fol-
lowing the criticism of (Daganzo, 1995), the Aw-
Rascle-Zhang (ARZ) model have been proposed
in (Aw and Rascle, 2000), (Zhang, 2002) and
extended in (Greenberg, 2001). To our knowledge,
no controller of any kind have been proposed for
the ARZ model.

Optimal control is an appealing framework for
traffic control problems as the main objective is
to maximize the infrastructure usage. A classical
approach in optimal control of linear partial dif-
ferential equations (Lions, 1971) is to use adjoint
calculus to characterize the necessary conditions
of optimality. For nonlinear problems, the same
approach can be used iteratively on the linearized
dynamics. Nevertheless, it is not clear for con-
servation laws if the dynamics can be linearized
given the irregularity of the fields they generate.
(Bardos and Pironneau, 2003) used distributional
calculus to compute a linearization of conservation
laws with respect to a parameter in the initial con-
dition. (Godlewski and Raviart, 1999) proposed a
variational analysis with respect to a perturba-
tion in the initial condition by differentiating the
PDE and the Rankine-Hugoniot jump condition.
The authors proposed in (Jacquet et al., 2005)
a different approach for scalar conservation laws
based on their weak formulation and considering
the piecewise-C1 structure of their solution. This
paper is an extension of these results to systems
of conservation laws.

2. NON-EQUILIBRIUM TRAFFIC MODELS
AND THEIR SOLUTION

We propose to build our design on the two main
inviscid non-equilibrium models that have been
proposed in the literature. The first one is the
isotropic model proposed by Payne (Payne, 1971),
which have the form







∂tρ+ ∂x(ρv) = 0

∂tv + v∂xv +
c2

ρ
∂xρ =

Ve(ρ) − v

τ

(1)

with c the constant traffic sound speed, Ve(·) the
equilibrium velocity and τ the relaxation param-
eter. In the Payne model, information propagates
at wave speeds given by λ1 = v − c < v and
λ2 = v + c > v, which explains its isotropic prop-
erty. It has two genuinely nonlinear fields and may

develop shock waves (discontinuities with different
density and speed values on both sides).

The second class concerns the anisotropic mod-
els proposed by Aw-Rascle-Zhang (ARZ) in (Aw
and Rascle, 2000; Zhang, 2002; Greenberg, 2001).
These models correct the isotropy of the Payne
model and has not been much studied either by
the mathematics or the traffic engineering com-
munities. It has the form
{

∂tρ+ ∂x(ρv) = 0

∂t
(

v+P (ρ)
)

+v∂x
(

v+P (ρ)
)

=
Ve(ρ) − v

τ

(2)

where we get for different pressure terms P (ρ)

(1) the Aw-Rascle model for P (ρ) = ργ , γ > 0,
(2) the Zhang model for P (ρ) = −V (ρ).

In such models, one field is genuinely nonlinear
with wave speed λ1 = v − ρP ′(ρ) ≤ v and
the other is linearly degenerate with wave speed
λ2 = v. Consequently, they are anisotropic as
both waves travel at velocities smaller or equal
to the traffic velocity and the discontinuities that
may appear are either shock waves or contact
discontinuities (discontinuity in the density with
the same velocity on both sides).

The solution structures of (1) and (2) are rather
different as (1) have 2 genuinely nonlinear fields
while (2) has a linearly degenerate and a gen-
uinely nonlinear field. However, both models can
be put with simple algebraic manipulations in the
form of a 1-dimensional couple of conservation
laws and then manipulated in this general frame-
work. Moreover, (1) and (2) should be extended
to take into account the presence of on and off
ramps along the freeway. These inhomogeneities
are modelled though Dirac source terms in the
density equation. The ith on-ramp has a contri-
bution uiΨi(ρ) with ui(t) its metering rate and
Ψi(·) a smoothed saturation limiting the inflow
for large mainlane density. The ith off-ramp has
a contribution −βiφ with βi(t) its known or es-
timated split ratio. The well-posedness of con-
servation laws with such irregular source terms
is not established at present. Nevertheless, some
preliminary results are available (Greenberg et

al., 1997) and this approach was successful in
controlling equilibrium traffic modelled by a scalar
conservation law (Jacquet et al., 2005).

The extended Payne model writes

∂t

(

ρ

φ

)

+ ∂x





φ

φ2

ρ
+ c2ρ



 =











Nu
∑

i=1

δx̂iuiΨi(ρ) −

Nβ
∑

i=1

δx̌iβiφ

Φe(ρ) − φ

τ











(3)



with ρ and φ = ρv the conserved variables.
Similarly, the ARZ model writes

∂t

(

ρ

ω

)

+ ∂x





ω − ρP (ρ)
ω2

ρ
− ωP (ρ)



 =











Nu
∑

i=1

δx̂iuiΨi(ρ)−

Nβ
∑

i=1

δx̌iβi(ω − ρP (ρ))

Φe(ρ)− ω + ρP (ρ)

τ











(4)

with ρ and ω = ρ(v+P (ρ)) its conserved variables.
For the ARZ model, the flow variable is noted
φ = φ(ρ, ω) = ω−ρP (ρ). Both of these models are
in conservative form and have an irregular source
term due to the on and off ramps.

As the states ρ, φ and ω are discontinuous at
the ramp locations x = x̂i and x = x̌j , the
products δx̂iΨi(ρ), δx̌iφ and δx̂i(ω−ρP (ρ)) should
be defined appropriately. From traffic heuristics,
the saturation Ψi(·) should apply to the maximal
value of the density around x = x̂i at on-ramps
and the flow is considered from its left limit, i.e.
as x ↑ x̌j , at off-ramps.

With appropriate initial and boundary conditions
on the domain (x, t) ∈ (0, L)×(0, T ), these models
can be rewritten as a couple of conservation laws
with a finite dimensional control variable u ∈ RNu

in the source term






∂ty + ∂xf(y) = s(y,u)
y(x, 0) = yI(x)
y(0, t) ∼ yUp(x) and y(L, t) ∼ yDo(x)

(5)

or with y1 and y2 the conserved quantities
{

∂ty1 + ∂xf1(y1, y2) = s1(y1, y2, u1, ..., uNu)
∂ty2 + ∂xf2(y1, y2) = s2(y1, y2, u1, ..., uNu)

In (5), y = (ρ φ)T or y = (ρ ω)T is the
state vector depending on the system we con-
sider (Payne or ARZ), f(y) is the flux function
and s(y,u) the source term. The symbol ∼ un-
derlines the fact that boundary conditions are
only proposed and may not apply depending on
the trace of y at the boundaries. The theoreti-
cal treatment of boundary conditions for systems
of nonlinear conservation laws can be found in
(Dubois and LeFloch, 1988) and its numerical
counterpart in (Godlewski and Raviart, 1996).
Equation (5) should be interpreted in the weak
sense (Bressan, 2000) to allow for the development
of discontinuous waves, i.e.

0 =

∫ T

0

∫ L

0

{

y ·∂tθ+f(y)·∂xθ+s(y,u)·θ
}

dxdt +

∫ L

0

y(x, 0) · θ(x, 0)dx , ∀ θ ∈ C1
0 (]0, L[×[0,∞[) (6)

with C1
0 the space of continuously differentiable

functions with compact support. Theoretically,
Equation (6) gives a solution in the space BV

of functions with bounded variations (Bressan,
2000). Nevertheless, physical problems usually
lead to piecewise-C1 solutions with a finite num-
ber of differentiable curves of discontinuity. We
use this setting in this paper as it is more appro-
priate for the problem at hand.

3. OPTIMAL CONTROL OF SYSTEMS OF
CONSERVATION LAWS

In this section, we propose to compute the gradi-
ent of the abstract optimal control problem

Min
u

J (y,u) Subj. to (5) (7)

with the cost functional defined by

J (y,u) = Jobs(y) + Jbar(u)

=

∫ T

0

∫ L

0

g(y) dxdt−γ

Nu
∑

i=1

∫ T

0

ln(ui(1− ui))dt

(8)
where g(·) weights the distributed value of the
state. Jobs(y) defines the traffic management ob-
jective while Jbar(u) ensures with a barrier tech-
nique that u ∈ [0, 1]Nu , the metering rates being
bounded quantities.

The program to compute the gradient is the
following. First, we perform a linearization of (5).
Then, we compute the adjoint system, taking into
account the piecewise-C1 structure of the solution.
Finally, the adjoint identity is used to evaluate
gradients of the cost functional with respect to
the decision variable u.

Taking into account the real time constraint and
the adaptation requirement of the method, this
gradient evaluation routine can be used in the
following two ways:

• Receding horizon: At time t, ∇uJ is used
iteratively to find the local minimum of (7)
on the time horizon [t, t + T1]. Then the
optimal control strategy u∗ is applied in the
time window [t, t+T2] with T2 ≤ T1. At time
t + T2, the same procedure is applied.
• Instantaneous control: At time t, ∇uJ is

computed for an horizon T and we apply the
updated control u[t,t+T ] = u[t−T,t] −∇uJ .

The linearization of (5) is given by






∂tỹ+∂x(Df(ȳ)ỹ)=Dys(ȳ, ū)ỹ+Dus(ȳ, ū)ũ
ỹ(t=0) = 0
ỹ(x=0)=0 and ỹ(x=L)=0 when applicable

(9)
where the perturbed variables u = ū + ũ and
y = ȳ + ỹ were plugged in the weak formulation
(6) and the nonlinear terms removed after some
Taylor expansions. We recall that the solution ȳ

of (5) is a vector of 2 piecewise-C1 fields, each field
having the same curves of discontinuity Γi param-
eterized in time by the shock locations si(t), i.e.



Γi = {(si(t), t) : t ≥ tI
i
}. Given the linearization

procedure we used, (9) should be interpreted in
the weak sense. It can be shown as in (Jacquet et
al., 2005) that its solution has singular measures
at the discontinuity locations in ȳ. Homogeneous
initial and boundary conditions are provided when
applicable for the linearized system as they are
provided to the original problem and cannot be
changed. Note that the boundary conditions are
applicable for the incoming characteristics vari-
ables (Godlewski and Raviart, 1996) identified by
the eigenvalue decomposition of the matrix Df(ȳ).

The adjoint equation PDE?(λ) = 0 is computed
using the identity <λ,PDE(y)>=<PDE?(λ), y>
where the duality paring < ·, · > is similar to
the L2 scalar product and the adjoint equation
is obtained using Green’s formula (integration
by parts). The technicality here is to use the
following generalization of the Green’s formula for
piecewise-C1 fields
∫

Ω

g.divf = −

∫

Ω\∪iΓi

∇g · f +

∫

∂Ω

g.f · ν

+

Ns
∑

i=1

∫ t
F

i

tI
i

−[g.fx]|x=si(t)
+ ṡi(t)[g.ft]|x=si(t)

Following this framework, the adjoint equation is
then defined by

<λ, ∂t̃y+∂x(Df(ȳ)ỹ)−Dys(ȳ,ū)ỹ−Dus(ȳ,ū)ũ>=

< ỹ,−∂tλ−Df(ȳ)T∂xλ−Dys(ȳ,ū)Tλ >

+

∫ L

0

[

λT ỹ
]T

0
dx+

∫ T

0

[

λTDf(ȳ)ỹ
]L

0
dt

+

Ns
∑

i=1

∫ T

tI
i

ṡi
[

λT (ỹ −Df(ȳ)ỹ)
]

|x=si(t)
dt

− < ũ, Dus(ȳ,ū)?λ >= 0
(10)

with [ξ]|x=s the jump in ξ at x = s. The gradient
of the cost functional with respect to the control
variable u can then be evaluated using the follow-
ing theorem.

Theorem (Gradient evaluation)

The gradient ∇uJ of the optimal control problem
(7-8) along the trajectory defined by (ū, ȳ) is

∇uJ (ū, ȳ)=Dus(ȳ,ū)?λ−γ





1/ū1−1/(1− ū1)
.

.

.

1/ūNu−1/(1− ūNu )





(11)
with the adjoint variable λ defined by














−∂tλ−Df(ȳ)T∂xλ−Dys(ȳ,ū)Tλ = g′(ȳ)
λ(t = T ) = 0
λ(x = 0) = λ(x = L) = 0 when applicable
λ|Γi = 0

(12)
Note that Dus(ȳ,ū)? is the transpose of Dus(ȳ,ū)
where Dirac distributions are replaced by point-
wise evaluations.

Proof:

The first variation of the cost in (7-8) with respect
to y is given by J̃y =<g′(ȳ), ỹ>. By setting






−∂tλ−Df(ȳ)T∂xλ−Dys(ȳ,ū)Tλ = g′(ȳ)
λ(t = T ) = 0
λ|Γi = 0

the remaining terms in the identity (10) are

<g′(ȳ), ỹ>=<ũ, Dus(ȳ,ū)?λ>−

∫ T

0

[

λTDf(ȳ)ỹ
]L

0
dt

To remove the second term, the applicability of
the boundary conditions (Godlewski and Raviart,
1996) for the linearized dynamics (9) and the
adjoint equation (12) should be studied. In non-
conservative form, (9) and (12) can be rewritten
∂tỹ+Df(ȳ)∂xỹ=Sy and ∂τλ−Df(ȳ)T∂xλ=Sλ with
Sy and Sλ some source terms and τ the reversed
time. Let note Df(ȳ) = TΛT−1 the eigenvalue
decomposition of Df(ȳ). The splitting of the op-
erator Λ = Λ− + Λ+ in its negative and positive
eigenvalues tells which characteristic variable can
be assigned. We have for the remaining term

λTDf(ȳ)ỹ = λTTΛT−1ỹ

= λTTΛ−T−1ỹ + λTTΛ+T−1ỹ

Consider for instance the boundary x = 0. As
homogeneous boundary conditions apply to the
linearized equation, we have Λ+T−1ỹ|x=0 = 0
where Λ+ selects the appropriate characteristic
variables. It remains

λ|Tx=0Df(ȳ)ỹ|x=0 = λ|Tx=0TΛ−T−1ỹ|x=0

= ỹ|Tx=0T
−TΛ−TTλ|x=0

Let note −Df(ȳ)T = PΠP−1. With appropriate
eigenvalue ordering and eigenvector normaliza-
tion, we have Π = −Λ, implying that Π− = Λ+

and Π+ = Λ−, and TT = P−1. Applying homo-
geneous boundary conditions to the reversed time
adjoint equation implies that

Π+P−1λ|x=0 = Λ−TTλ|x=0 = 0

so λTDf(ȳ)ỹ=0 and the times of active boundary
conditions for (9) and (12) are complementarity.
∇uJ=Dus(ȳ,ū)?λ+∇uJbar concludes the proof.¤

An interesting interpretation of the adjoint based
gradient evaluation is the following. g′(y) is used
to trigger the adjoint variables where improve-
ments are possible. Then, the adjoint value is
transported backwards using the adjoint equation
towards regions where decision variables are avail-
able. Note that λ(t = T ) = 0, λ(x = 0) = 0
and λ(x = L) = 0 make sense as no improvement
come form the boundaries. λ|Γi = 0 implies that a
virtual boundary is needed at the shock locations
due to the entropy condition (Bressan, 2000) that
requires a value on both side of Γi for one charac-
teristic field (Jacquet et al., 2005). Note that this



virtual boundary condition requires a numerical
shock detection routine for ȳ.

An optimal (or suboptimal) control can be ob-
tained with the following iterative steepest gra-
dient descent algorithm. Iterations on the barrier
parameter γ can be added.

Require: u := uinit, ε
while ||∇uJ || > ε do

Compute y from (5)
Compute λ from (12)
Compute ∇uJ from (11)
Normalize ∇uJ
Update u := u−∇uJ with crude line search

end while

4. APPLICATION TO OPTIMAL RAMP
METERING

Meaningful objectives for traffic applications are

• maximize the Vehicle-Miles-Travelled (VMT)

JVMT(y) = −
∫ T

0

∫ L

0

φ(x, t) dxdt

• minimize the Total-Travel-Time (TTT)

JTTT(y) = −
∫ T

0

∫ L

0

ρ(x, t) dxdt

For the Payne model (3), the parameters of the
linearized dynamics are














































Df(ρ̄, φ̄) =





0 1

c2 − φ̄2

ρ̄2

2φ̄

ρ̄





Dys(ρ̄, φ̄, ū) =





∑

δx̂i ūiΨ
′

i(ρ̄) −
∑

δx̌iβi
Φ′e(ρ̄)

τ
−1

τ





Dus(ρ̄, φ̄, ū) =

(

δx̂1
Ψ1(ρ̄) · · · δx̂NuΨNu(ρ̄)
0 · · · 0

)

For the ARZ model (4), they are






















































Df(ρ̄, ω̄) =





−P (ρ̄) − ρ̄P ′(ρ̄) 1

− ω̄2

ρ̄2
− ω̄P ′(ρ̄)

2ω̄

ρ̄
− P (ρ̄)





Dys(ρ̄, ω̄, ū) =




∑

δx̂iūiΨ
′(ρ̄)−

∑

δx̌iβi(−P (ρ̄)−ρP ′(ρ̄)) −

∑

δx̌iβi

Φ′e(ρ̄) + P (ρ̄) + ρ̄P ′(ρ̄)

τ
−

1

τ





Dus(ρ̄, ω̄, ū) =

(

δx̂1
Ψ1(ρ̄) · · · δx̂NuΨNu(ρ̄)
0 · · · 0

)

Note that as soon as ρ̄, φ̄, ω̄, ū and β are
known, the entries of the matrices Df , Dyf and
Duf become simple piecewise-C1 functions that
depends on x and t only.

Using the results stated above, the gradient eval-
uation of the VMT objective for both models is

∇uiJVMT = Ψi(ρ̄(x̂i, t))λ1(x̂i, t)− γ

(

1

ūi
−

1

1− ūi

)

(13)

For the Payne model, the adjoint system is










−∂tλ1−

(

c2−
φ̄2

ρ̄2

)

∂xλ2=
∑

δx̂i ūiΨ
′

i
(ρ̄)λ1+

Φ′e(ρ̄)

τ
λ2

−∂tλ2−∂xλ1−
2φ̄

ρ̄
∂xλ2 =−

∑

δx̌iβiλ1−
1

τ
λ2−1

(14)

For the ARZ model, the adjoint is


























−∂tλ1 +
(

P (ρ̄) + ρ̄P
′

(ρ̄)
)

∂xλ1 +

(

ω̄2

ρ̄2
+ ω̄P

′

(ρ̄)

)

∂xλ2 =
∑

δx̂iūiΨ
′

(ρ̄)λ1−

∑

δx̌iβi(−P (ρ̄)−ρP
′

(ρ̄))λ1

+
Φ′
e
(ρ̄) + P (ρ̄) + ρ̄P ′(ρ̄)

τ
λ2 − P (ρ̄)− ρ̄P (ρ̄)

−∂tλ2−∂xλ1−

(

2ω̄

ρ̄
−P (ρ̄)

)

∂xλ2 = −

∑

δx̌iβiλ1−

1

τ
λ2−1

(15)

They are both linear hyperbolic systems in non-
conservative form that can be integrated using the
schemes given in (Godlewski and Raviart, 1996).

The gradient keep the same form as (13) for
the TTT objective and only the source terms of
the adjoint equations (14) and (15) are slightly
modified as g′ = (−1 0)T in this case.

5. NUMERICAL IMPLEMENTATION

Several specific methods have been proposed to in-
tegrate conservation laws. We propose here to use
the Roe average method with an upwind scheme
(Bermudez and Vazquez, 1994) as it capture accu-
rately discontinuities and is devoid of oscillating
behavior. The time stepping algorithm is

yn+1
i = yn

i − ∆t

∆x

(

f̃(yn
i ,y

n
i+1) − f̃(yn

i−1,y
n
i )
)

+ ∆t s̃(yn
i−1,y

n
i ,y

n
i+1) (16)

with f̃(·) the numerical flux given by

f̃(yn
i ,y

n
i+1)=

1

2

(

f(ỹi+1/2)− |Df(ỹi+1/2)|(yi+1 −yi)
)

and s̃(·) the numerical source term given by

s̃(yn
i−1,y

n
i ,y

n
i+1) =

1

2

(

I + Df(ỹi−1/2)|Df(ỹi−1/2)|
)yn

i−1 + yn
i

2

+
1

2

(

I −Df(ỹi+1/2)|Df(ỹi+1/2)|
)yn

i + yn
i+1

2

where |A| = T diag(|λi|) T−1 with A = TΛT−1.
ỹi+1/2 is the Roe average at the cell interface
i/i + 1. For the Payne model, Roe averages are















ρ̃i+1/2 =
√
ρiρi+1

ṽi+1/2 =

√
ρivi +

√
ρi+1vi+1√

ρi +
√
ρi+1

φ̃i+1/2 = ρ̃i+1/2ṽi+1/2

The linear adjoint equation (12) is simulated
backwards in time with the following upwind
method.



λn−1
i

= λn
i
−

∆t

∆x

(

−Df(ȳn
i

)T
)+

(λn
i
− λn

i−1)

−
∆t

∆x

(

−Df(ȳni )T
)

−

(λni+1 − λni ) + ∆t Sλ

where A+ = TΛ+T−1 and A− = TΛ−T−1. For all
partial differential equations, the boundary condi-
tions are implemented through ghost cells forced
to the boundary data, their applicability being
directly handled by the discretization methods.

We provide below a simulation example with
the VMT objective for a single on-ramp that
creates a congestion with a constant inflow of
400 veh/h during 5 min on a 5 km freeway
section. The optimizer gives the flow improvement
depicted in Figure 1 with the ramp flow of Figure
2 computed in 20 iterations. The new metering
rate releases slowly the vehicle and enables to
delay the flow drop upstream of the on-ramp
location. The improvement is rather local in space
due to the finite speed of propagation.

Fig. 1. Initial (left) and optimized (right) flows.

Fig. 2. Optimized control (left) and Jobs (right).

6. CONCLUSION

This paper proposed an optimal control algorithm
for system of conservation laws based on adjoint-
based gradient evaluations. The contribution of
the paper is to take into account the piecewise-C1

structure of the flow generated by conservation
laws and the specific nature of the boundary
conditions that are not applicable for all times.
A traffic application was presented that computes
the ramp metering rates given the initial and
boundary conditions only. Improvement in the
numerical algorithm are currently under study.
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nonlocal parabolic problem
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1. INTRODUCTION

In this paper we study the existence and unique-
ness of bounded solutions for the following nonlo-
cal parabolic problem:

∂u

∂t
−4pu = λ

f(u)

(
∫
Ω
f(u) dx)2

, in Ω×]0, T [ ,

u = 0 on ∂Ω×]0, T [ , (1)

u(0) = u0 in Ω ,

where ∆p = div(−|∇u|p−2∇u); p ≥ 2; T > 0;
Ω ⊂ R

N , N ≥ 1, is a regular bounded domain; λ
a positive parameter; and f a function from R to
R with prescribed conditions.

For p = 2, ∆p is reduced to the usual Laplacian
operator, and problem (1) serves as a model for

the well-known and important thermistor prob-
lem, where u is the temperature inside a conduc-
tor – see e.g. (Lacey, 1995a; Lacey, 1995b; Be-
bernes and Lacey, 1997; Tzanetis, 2002). This
problem is very important in industry and en-
gineering applications, and has attracted atten-
tion in the literature over the last decade, from
both the experimental and theoretical point of
views: see (Antontsev and Chipot, 1994; Alle-
gretto et al., 1999; El Hachimi and Sidi Ammi,
2002; González Montesinos and Ortegón Gallego,
2002; El Hachimi and Sidi Ammi, 2005; Kutluay
and Esen, 2005) and references therein.

Our main result is a proof of the global existence
and uniqueness of solutions of problem (1). The
result is a generalization of (Lacey, 1995a; Lacey,



1995b; Tzanetis, 2002; El Hachimi and Sidi Ammi,
2005) to the general p-Laplacian case, p ≥ 2.
For the particular case p = 2, the result is
obtained in (El Hachimi and Sidi Ammi, 2005),
but under somehow less restrictive assumptions
on the data of the problem: Theorem 2 does not
impose restrictions on α, while in (El Hachimi and
Sidi Ammi, 2005) it is assumed that α < 4

N−2
,

N > 2.

2. EXISTENCE AND UNIQUENESS

The definition of solution for problem (1) is un-
derstood in the standard way.

Definition 1. We say that u is a solution of (1) if,
and only if,

u ∈ L∞(τ,+∞,W
1,p
0 (Ω) ∩ L∞(Ω))

with ∂u
∂t

∈ L2(τ,+∞, Lp′

(Ω)) for any τ > 0,
and the following equation is satisfied for all φ ∈
C∞((0,∞),Ω):

∫ T

0

∫

Ω

u
∂

∂t
φ− |∇u|p−2∇u∇φdxdt

=

∫ T

0

(

λ
(∫

Ω
f(u) dx

)2

∫

Ω

f(u)φdx

)

dt .

The main result of the paper is as follows.

Theorem 2. Let the hypotheses (H1) and (H2) be
satisfied:

(H1) f : R → R is a locally Lipschitzian function;
(H2) There exist positive constants c1, c2 and α

such that for all ξ ∈ R

σ ≤ f(ξ) ≤ c1|ξ|
α+1 + c2 .

Further, assume that u0 ∈ Lk0+2(Ω) with

k0 ≥ max

(

0,
N(α+ 2− p)

p
− 2

)

. (2)

Then, there exists a constant d0 > 0 such that if
‖u0‖k0+2 < d0, the problem (1) admits a solution
u verifying

u ∈ L∞(τ,+∞, Lk0+2(Ω)) ,

|u|γu ∈ L∞(τ,+∞,W
1,p
0 (Ω)), with γ =

k0

p
,

for all τ > 0. Moreover, if u0 ∈ L∞(Ω), then
u ∈ L∞(τ,+∞, L∞(Ω)) and u is unique.

Remark 3. A value for d0 is given explicitly in the
proof of Theorem 2 – cf. (8).

3. PROOF OF THEOREM 2

The existence is proved by the Faedo-Galerkin
method.

3.1 Existence

Let w1, . . . , wm, . . . be a complete sequence of
linearly independent elements of H1

0 (Ω). For each
m, we define an approximate solution

um(t) =

m
∑

j=1

gjm(t)wj

of (1), where gjm are solutions of the following
system of ordinary differential equations:

〈u′m, wj〉+ (um, wj)

=
λ

(∫

Ω
f(um) dx

)2
〈f(um), wj〉 , (3)

j = 1, . . . ,m, with the initial condition

um(0) = uom , (4)

uom being the orthogonal projection in H1
0 (Ω)

of u0 on the space spanned by w1, . . . , wm. The
initial-value problem (3)-(4) is equivalent to a
linear m-dimensional ordinary differential equa-
tion for the gjm. The existence and uniqueness of
the gjm on a maximal interval [0, tm[ is obvious.
We obtain the existence of a solution u for our
problem (1) passing to the limit, as m → ∞.
For that we need to derive a priori estimates on
um which guarantee that tm = T . This is done
by Lemma 5. In order to prove it, we employ an
inequality due to Ghidaglia.

Lemma 4. (Ghidaglia inequality). Let y be a pos-
itive absolutely continuous function on (0,+∞)
which satisfies

y′ + γyν ≤ δ ,

with ν > 1, γ > 0 and δ ≥ 0. Then,

y(t) ≤

(

δ

γ

)
1
ν

+ (γ(ν − 1)t)
−

1
(ν−1) ,

for all t ≥ 0,

Proof of Lemma 4 can be found in (Temam, 1997).

Lemma 5. For any τ > 0, there exist constants
c3(τ) and c4(τ) such that for all t ≥ τ

‖um(t)‖k0+2 ≤ c3(τ) , (5)

‖um(t)‖∞ ≤ c4(τ) . (6)

Remark 6. Throughout the paper we denote by ci
different positive constants, which depend on the
data of the problem, but not on m.

PROOF. Multiplying the equation (3) by |um|
kgjm,

integrating on Ω, summing up for j = 1, . . . ,m
and using (H1)-(H2), yields

1

k + 2

d

dt
‖um‖

k+2

k+2
+

pp

(k + p)p
‖∇(|um|

k
p um)‖

p
p

≤ c5‖um‖
k+α+2

k+α+2
+ c6 . (7)



By using condition (2) on k0 and well-known
Sobolev’s and Gagliardo-Nirenberg’s inequalities,
we obtain

(

c7‖um‖
α
k0+2 −

4

(k0 + p)p

)

‖∇|um|
γum‖

p
p + c6

≥
1

k0 + 2

d

dt
‖um‖

k0+2

k0+2
.

Using the compatibility condition on u0

‖u0‖k0+2 <

(

4

c7(k0 + p)p

)
1
α

= d0 , (8)

and the continuity of um, there exists a small
τ > 0 such that

1

k0 + 2

d

dt
‖um‖

k0+2

k0+2
+ c8‖∇(|um|

γum)‖
p
p ≤ c6 (9)

for all 0 < t < τ . Setting

yk0
(t) = ‖um‖

k0+2

k0+2

and using the Poincaré and Holder inequalities on
the left side of (9), there exist two constants γ > 0
and δ > 0 such that

dyk0

dt
+ γy

k0+p

k0+2

k0
≤ δ

for all 0 < t < τ . Note that for p > 2 we have
k0+p
k0+2

> 1. Estimate (5) follows from Lemma 4.

The proof of (6) is similar to the proof of inequal-
ity (2.4) in (El Hachimi and Sidi Ammi, 2005),
and is given here for completeness.

By using Holder’s inequality, we get

‖um‖
k+α+2

k+α+2
≤ c9‖um‖

θ1
k+2
‖um‖

θ2
k0+2

‖um‖
θ3
q ,

(10)
with θ1, θ2 and θ3 satisfying

θ1

k + 2
+

θ2

k0 + 2
+

θ3

q
= 1

and
θ1 + θ2 + θ3 = k + α+ 2.

Moreover, we require

θ1

k + 2
+

θ3

p(γ + 1)
= 1.

Using the boundedness of ‖um‖k0+2, the choice of
q, Sobolev and Young’s inequalities and relation
(10), we derive

c5‖um‖
k+α+2

k+α+2
≤ c10‖um‖

θ1
k+2
‖∇|um|

γum‖
θ3
γ+1

p

≤ c11(k+2)
θ4‖um‖

k+2

k+2
+

pp

2(k + p)p
‖∇|um|

γum‖
2
2,

where θ4 is some positive constant. Hence (7)
becomes

1

k + 2

d

dt
‖um‖

k+2

k+2
+

c12

(k + p)p
‖∇|um|

γum‖
p
p

≤ c13(k + p)θ4‖um‖
k+2

k+2
+ c6.

Therefore, by applying lemma 4 of (Filo, 1990),
we conclude (6).

Multiplying the jth equation of system (3) by
gjm(t), summing these equations for j = 1, . . . ,m
and integrating with respect to the time variable,
we deduce the existence of a subsequence of um
such that

um → u weak star in L∞(0, T ;L2(Ω)) ,

um → u weak in L2(0, T ;W 1,p
0 (Ω)) ,

umt → ut weak in L2(0, T ;W−1,p′(Ω)) ,

um → u strongly in Lp(0, T ;Lp(Ω)) .

Standard compactness and monotonicity argu-
ments allow us to assert that u is a solution of
problem (1).

3.2 Uniqueness

Let u1 and u2 be two weak solutions of problem
(1), and define w = u1 − u2. Subtracting the
equations verified by u1 and u2, we obtain:

dw

dt
− (4pu2 −4pu1) =

λ (f(u1)− f(u2))
(∫

Ω
f(u1) dx

)2

+λ

(∫

Ω
f(u2)− f(u1) dx

) (∫

Ω
f(u2) + f(u1) dx

)

(∫

Ω
f(u1) dx

)2 (∫

Ω
f(u2) dx

)2
f(u2) .

Taking the inner product of last equation by w

and using (H1), (6), and the monotonicity of the
p-Laplacian, we get

1

2

d

dt
‖w(t)‖22 ≤ c14‖w(t)‖

2
2 ,

which implies that w = 0. Hence, the solution is
unique.

4. ABSORBING SETS AND ATTRACTORS

We denote by {S(t), t ≥ 0} the continuous semi-
group generated by (1) and defined by

S(t) : L∞(Ω) → L∞(Ω)
u0 → S(t)u0 = u(t, .).

Using the techniques of R. Temam (Temam,
1997), we prove existence of attractors.

Theorem 7. The semigroup S(t), associated with
the problem (1), possesses a maximal attractor
A which is bounded in W

1,p
0 (Ω), compact and

connected in L∞(Ω).

PROOF. Inequality (6) implies that there exists
an absorbing set in Lk(Ω), 1 ≤ k ≤ ∞. We now
prove the existence of an absorbing set inW 1,p

0 (Ω)



and the uniform compactness of the semigroup
S(t). For this purpose, multiplying (3) by g

′

jm(t),
summing up from j = 1 to m, integrating over Ω
and using Holder inequality, one obtains that

∥

∥

∥

∥

∂um

∂t

∥

∥

∥

∥

2

2

+
1

p

∂

∂t
‖um‖

p

W
1,p

0
(Ω)

≤ c15

∫

f(um)
∂um

∂t

≤ c16(τ) +
1

2

∥

∥

∥

∥

∂um

∂t

∥

∥

∥

∥

2

2

.

We deduce that for all t ≥ τ
∥

∥

∥

∥

∂um

∂t

∥

∥

∥

∥

2

2

+
∂

∂t
‖um‖

p

W
1,p

0
(Ω)
≤ c17(τ) .

Hence,

∂

∂t
‖um‖

p

W
1,p

0
(Ω)
≤ c17(τ) , ∀t ≥ τ . (11)

Multiplying (3) by gjm(t) we also have

1

2

∂

∂t
‖um‖

2
2 + ‖um‖

p

W
1,p

0
(Ω)

≤ c18

∫

|f(um)um|

≤ c19(τ).
(12)

After integrating in t, we infer from the last
equation (12) that

∫ t+τ

t

‖um‖
p

W
1,p

0
(Ω)
≤ c20(τ) ∀t ≥ τ. (13)

Using (11-13), we can apply the uniform Gronwall
Lemma (Temam, 1997, p. 89), and by the lower
semi-continuity of the norm, we conclude that

‖um‖
p

W
1,p

0
(Ω)
≤ c21(τ) , ∀t ≥ τ .

It follows that the ball B(0, c21(τ)) of W
1,p
0 (Ω),

centered at 0 and with radius c21(τ), is absorbing
in W 1,p

0 (Ω). The assumption of Theorem I.1.1 in
(Temam, 1997, p. 23) is satisfied, and the proof of
Theorem 7 is complete.

5. CONCLUSIONS AND FUTURE WORK

In this paper we prove existence and uniqueness
for a p-Laplacian nonlinear system of partial dif-
ferential equations of parabolic type, p ≥ 2. For
p = 2 the problem is a model of the heat diffu-
sion produced by the Joule effect in an electric
conductor, and we recover the previously known
existence, boundedness, and uniqueness results
found in the literature for the thermistor problem.

In a forthcoming work we will investigate the
possibility to prove more regularity results of
the solution of the problem, by imposing more
restrictive assumptions on the data. The question
is nontrivial due to the nonlinear nature of the
problem, as shown in (Xu, 2004) for p = 2.
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Abstract: PI(D) control algorithms are the most accepted in the process industries. 

Besides, predictive algorithms are also widely applied, where predicted error values are 

used to calculate the actual control signal. Predictive algorithms provide good 

performance especially in case of big dead time and if the reference trajectory is known. 

As operators of industrial process control systems are used to PI(D) control and have 

expertise in PI(D) controller tuning, it would be advantageous to equip PI(D) controllers 

with predictive properties. In this paper the PI control algorithm is enhanced with 

predictive property for first-order models with dead time. Processes of aperiodic 

behaviour can be well approximated with such models. The relationship to GPC is 

discussed. Two versions of the predictive PI algorithms are given, and tuning rules are 

suggested. Simulation results demonstrate the performance of the algorithm. Copyright © 

2006 IFAC 
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1. INTRODUCTION 

Predictive control algorithms have been in the front of 

interest since the middle of the seventies. The main idea 

is to develop control algorithms providing acceptable 

results also within difficult circumstances, as e.g. 

noises, nonlinearities, parameter uncertainties. The 

consecutive values of the control signal are calculated 

minimizing a quadratic deviation of the reference signal 

and the output signal of the plant, predicted in a future 

horizon. Only the first value of the control signal is 

applied as process input and in the next sampling period 

the procedure is repeated (receding horizon strategy). 

These methods are relatively simple, offering good 

performance and having enough tuning parameters to 

influence the transient behaviour of the system. 

Disadvantage can be high computation time in some 

cases. Nowadays predictive control is declared as the 

secondly most accepted practical control algorithm 

besides PI(D) control.  

 

The most widely used algorithms in practice are the 

PI(D) control algorithms. The algorithms are simple, 

and with three effects (proportional, integrating and 

differentiating) generally the quality specifications 

prescribed for the control system can be met. The 

operators of industrial control processes have gained an 

expertise in appropriate tuning of the parameters. In 

case of a big dead time a PI(D) control system cannot 

be significantly accelerated. Special structures and 

different tuning rules have to be introduced for setting 

the controller parameters.  

 

The properties of the two algorithms � predictive and 

PI(D) - can be combined. The idea of predictive PI(D) 

controllers has been dealt with by Katebi and Moradi 

(2001) and Johnson and Moradi (2005). In this paper PI 

algorithms are derived considering first-order models 

with dead time and optimized according to the 

predictive control aim. Such low-order models can 

provide a good approximation for real processes with 

aperiodic performance. Simple tuning rules are 

suggested for the predictive PI controller.  

 

2. THE PLANT AND ITS MATHEMATICAL 

MODEL 

 

The pulse transfer function of the process is: 
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where u is the input signal, y is the output signal, b1 and 

a1 are the parameters of the pulse transfer function and 

d denotes the physical dead time. 

The difference equation of the process is given by 

 )1()1()( 11 dkubkyaky         (2)                                     

where k denotes the actual time point. Introducing the 

control increment 

 )1()()( kukuku                (3) 

the predicted values of the output signal can be 

calculated by the following relationship (considering 

e.g. three steps ahead in a vector-matrix form): 
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(4)  

where ,... , 21 hh  are the points of the step response. For 

further prediction points the equation can be continued 

in an analogous way.  

 

The future response of a system is affected by the past 

inputs (free response), and by the actual and future 

control inputs (forced response). The second part of the 

right side of expression (4) belongs to the free response 

(yfree), while the first part contains components of the 

forced and the free response as well. (If 0d , the first 

term gives only the forced response.) The elements of 

the second part will be denoted by (.).fy  

 

If only one change is supposed in the control increment  

 ,0...)2()1( kuku                 (5) 

the predicted output can be written as 

)()(
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3. GPC AND ITS RELATION TO PREDICTIVE PI 

CONTROL 

 

The GPC (Generalised Predictive Control) 

algorithm is obtained by minimizing the cost function  
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1 1

22 )]1([)]|(�[
e

e
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ni
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i

ikukidkeJ    (7) 

where e�  is the deviation between the reference signal 

and the output signal in a given future horizon. For a 

first-order system with dead time the output signal is 

predicted according to (4) or (6). ne2-ne1+1 is called the 

prediction horizon, ne1 is its first, and ne2 is its last point 

over the dead time. nu is the control horizon, i.e. the 

number of allowed consecutive changes in the control 

signal.  is a weighting factor. A higher value leads 

to smaller control increments, and consequently to a 

more aperiodic, slower control behaviour. The cost 

function can be minimized under constraints. Without 

constraints an analytic solution can be given. In this 

case the control sequence is: 

 )()( 1
freer

T
yyHIHHu              (8) 

where yr contains the points of the reference signal in 

the future horizon, freey is the free response, the vector 

containing the effect of the past inputs in the future 

horizon. H is a triangular matrix containing the points 

of the step response, the first matrix at the right side of 

eq. (4) (Camacho, Bordons, 1998). Only the first 

element of vector u is used as a control input, and in 

the next time point the procedure is repeated (receding 

horizon strategy). 

 

With assumption (5), which means ,1un  the 

minimisation of (7) can be simply executed as  
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which results in 
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Here py denotes the free response, 
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In the case of the first order process with dead time  

)1()()( kykykidky ididf    (11) 

depends only on the actual and past output signals and 

is calculated according to the second term of the right 

side of (4). 

 

The block diagram of the control system is shown in 

Fig.1.  
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Fig.1. Block diagram of predictive control of a first 

             order process 

 

In the figure the meaning of 
0s and 

1s is 
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The structure is of 2 degree of freedom, ensuring 

different tracking and regulation properties due to the 

reference signal filters. 

 

An equivalent PI controller can be given based on the 

RST structure (see Fig. 5) as 
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It can be shown, that the zero does not depend on . 

The gain of the controller depends besides the system 

parameters on the weighting factor . 

 

Table 1 gives the controller parameters for a 

continuous-time system with unity gain and time 

constant 1, sampled with T=0.2. d=0. In this case     

a1=-0.8187, b1=0.1813. 1  ,0 21 ee nn , and different 

 values are considered. umax is the maximum of the 

manipulated variable for unit step reference signal.  

 

Table 1. Predictive PI controller parameters 

 umax gain zero 

=0 3.6097 8.1264 0.5558 

=0.1 2.1153 4.7621 0.5558 

=1 0.4476 1.0076 0.5558 

 

Fig. 2. shows the step responses for the values 

considered. For longer horizons a better performance 

could be achieved. Fig. 3. and Fig. 4. show the change 

of 0s  and 1s versus , which determine the value of 

the zero. The strategy is not exactly pole cancellation. 
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Fig. 2. Step responses of predictive PI control 

 

It is known that GPC control algorithm can be 

converted into a so-called RST form, which is shown 

on Fig. 5. 
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Fig. 3. s0 versus lambda 
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Fig.4. s1 versus lambda 
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Fig. 5. RST form of the GPC algorithm 

 

Polynomials R, S, T can be calculated from the GPC 

tuning parameters (Camacho, Bordons, 1998). Matlab 

programs are available for GPC-RST transformation. 

From this form the PI equivalent can be calculated. 

Figs. 6. and 7. demonstrate the change of the zero and 

the gain versus the change of the last point of the 

prediction horizon.  
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          ne1=0, nu=1, lambda=0.1  
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Fig. 7. The gain of the PI controller versus ne2, while  

        Ne1=0, nu=1, lambda=0.1  

 

Analysing these relationships we can understand the 

effect of changing the tuning parameters both in the 

time- and frequency-domain, and evaluate the expected 

behaviour.  

  

4. PREDICTIVE PI CONTROL BASED ON 

PARALLEL PATHS 

 

Another approach to equip PI(D) control with 

predictive properties is to consider not only the present 

value of the error signal, but also its predicted values. 

Katebi and Moradi (2001) suggest m+1 number of 

parallel connected PI(D) controllers with inputs of the 

predicted error signal values. The same controllers can 

be applied in the parallel paths. The authors have 

derived GPC equivalent tuning rules. The block 

diagram of a predictive series controller is shown in 

Fig. 8, where )( ike denote the i step ahead predicted 

values of the error signal. 
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Fig. 8. Block diagram of predictive PI(D) controller 

        with parallel paths 

 

Here simple predictive PI controllers are derived based 

on first-order systems with dead time. (The results have 

been extended to second-order systems as well, Arousi 

et al., 2005b.) 

 

The form of a PI controller is 
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where e denotes the error signal and 
PK , 

IK  are the 

coefficients of the proportional and the integral 

components, respectively.  

 

Taking the difference on both sides of (14) at step k and 

k-1 leads to 
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Applying the algorithm on a future error signal j step 

ahead of the actual time point the corresponding control 

increment is obtained as 

 

)1()()()( jkeKjkeKKku PIPj
                   (16)  

 

Let us define vector K as 

 

IPP KKKK               (17) 

 

With m additional parallel PI controllers, starting the 

prediction from time point k+d and continuing until 

k+d+m the following expression is obtained for the 

control increment: 
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The predicted error signal is the difference of the future 

reference signal and the predicted output signal. The 

output signal is predicted on the basis of the plant 

model and the information available on the input and 

output signals up to the actual time point k. The PI 

control algorithm given in (18) can be expressed as 
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where with assumption (5) the predicted output values 

can be calculated according to (6). Substituting (6) in 

(19) on the right side of the equation terms depending 

on )(ku also do appear. Rearranging the expression 

and expressing )(ku the following control algorithm 

is obtained in closed form: 
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where for calculating )1(� dky  and )(� dky  

equations (6) are taken into account. (Considering the 

algorithm we refer also to Arousi et al, 2005a). (20) 

seems to be complicated, but it can be calculated easily 

and the computation time is much less than with GPC. 

 

 

4.1 Tuning rules 

 

For controller tuning a pole cancellation technique is 

suggested, the same applied in case of non-predictive PI 

control, but the gain of the controller is calculated 

without considering the dead time (similarly to the 

tuning of the Smith Predictor). Predictive property of 

the controller is expected to be responsible for 

compensating the effect of the dead time. 

 

The continuous transfer function of the first-order 

process is  

  dsT
e

sT

A
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11
)(  

where A is  the gain, T1 is the time constant and Td 

denotes the dead time. With sampling time T the 

discrete dead time is d = entier(Td/T). The pulse transfer 

function of the plant is 
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The pulse transfer function of a discrete PI controller 

can be given by the following relationship: 
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The pulse transfer function of the open loop is 
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Using a cancellation technique the zero of the controller 

cancels the pole of the process. With this choice we get  
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The approximating frequency function of the open loop 

without the dead time is 
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Locating the cut-off frequency around 1/T the following 

tuning rules are obtained:  
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4.2 Simulation results 

 

Matlab programs have been written to realize the 

control algorithms. The simulation results are 

demonstrated through a simple example. 

 

The transfer function of the continuous process without 

dead time is 
s

sP
51

2
)( , the sampling time is chosen 

for T = 0.5. The tuning parameters are KP = 5.25, KI = 1, 

the number of the additional parallel PI paths is m = 1, 

5 and 10, respectively, while the physical dead time is 

fixed for d=20. Fig. 9 shows the output signal for the 

three values of m. For m = 1 there is an overshoot, 

increasing m the output signal tracks the reference 

signal smoothly. Fig. 10 gives the three manipulated 

signals. For m=1 the peak in the manipulated variable is 

the highest. Increasing m the manipulated variable is 

decreased and acts before the change of the reference 

signal. Fig. 11. shows the output signal for three 

different values of the physical dead time (d=2, 20 and 

30), while the number of the parallel PI paths is fixed. 

For m=20 the performance is good, with the different 

values of the dead time the output is the same. This 

performance is ensured by the manipulated signals, 

which start earlier in case of bigger dead time (Fig. 12).  
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Fig. 9. Output signals 
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Fig.10. Manipulated variables 
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Fig.12. Manipulated variables (different dead times) 

  

The performance of the predictive PI algorithm has 
been compared to that of the GPC controller. The 
prediction horizon and m are the corresponding tuning 

parameters. In GPC nu=1 and =0.1 have been 

considered.  Fig. 13. gives the output signals, which are 
almost exactly the same for the two cases. Fig. 14. 
provides the manipulated variables, which show some 
difference in the course of the signals.  
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Fig. 13. Output signals of the predictive PI and the GPC 
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Fig. 14. Manipulated variables of the predictive PI and 

      the GPC algorithm 

 

7. CONCLUSION 

 

PI control algorithms with predictive property have 
been derived based on a first-order order model with 
dead time. Practically real processes frequently can be 
approximated by these models. Two different 

algorithms have been derived and analysed. The 
algorithms are based on the analytical predictive model 
of the process. In the first case a PI equivalent of the 
parametric version of GPC is given. In the second case 
parallel connected PI controllers are applied which 
calculate the manipulated signal based on the predicted 
values of the error signal. In the first case the tuning 
rules are obtained from the tuning parameters of the 
GPC algorithm. In the second case simple tuning rules 
are given which do not consider the dead time of the 
process. The predictive property of the algorithm 
compensates the dead time. The control signal acts 
before the change in the reference signal and takes into 
account the dead time effect. In deriving the control 
algorithm only one change of the manipulated variable 
was considered. The control algorithm is given in a 
closed form. In simulation and also in real time 
applications the calculation time for the next 
manipulated signal is much less, than in case of GPC. 
Simulation results show the effectiveness of the 
predictive PI control algorithms. 
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Abstract: This paper proposes an adaptive sliding mode controller for robotic 

manipulator with unknown but bounded uncertainties. The control input consists of a 

continuous nominal control part and a discontinuous switching control part. The 
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method. The input chattering in the quasi-sliding mode is reduced using the boundary 

layer technique. Simulation results illustrate the effectiveness of the proposed method. 
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1. INTRODUCTION 

Control of nonlinear multivariable systems is very 

challenging in the area of system and control. Robotic 

manipulators are highly nonlinear, highly time-

varying and highly coupled. Moreover, there always 

exits uncertainties in the system model such as 

external disturbance, parameter uncertainty and so on, 

which may affect the system performance and further 

the instability.  

 

Many various control methods have been proposed 

for robotic manipulators such as sliding mode control, 

fuzzy control, adaptive control, neural networks, and 

so on (Guo and Woo, 2003; Ham, et al., 2000; Huang 

and Kuo, 2005;Visiol and Giovanni, 2002). The 

sliding mode control is a powerful scheme for 

nonlinear systems with uncertainty (Adamy and 

Flemming, 2004; Bartolini, et al., 2003; Hung, et al., 

1993; Young, et al., 1999). However, the classical 

sliding mode control needs to know the bound of all 

parameters in the system model. Later, the fuzzy logic 

control combining with the sliding mode control was 

used to deal with the control systems possessing 

parameters with unknown bound (Erbatur and 

Kaynak, 2001; Hsu, et al., 2001; Lin and Chen, 2002). 

 

In this paper, we propose an adaptive sliding mode 

controller for robotic manipulators with unknown but 

bounded uncertainties. The control input consists of a 

continuous nominal control part and a discontinuous 

1This work is supported by National Science Council, 

Taiwan, under Grant: 93-2218-E-231-008. 
*Corresponding author. 
 E-mail: tck@mail.cyu.edu.tw 

switching control part. The former is the equivalent 

control for the nominal system and the latter deals 

with the parametric variations and external 

disturbances. The bounds of the uncertainties will be 

estimated with the proposed adaptation law. The 

proposed method guarantees the existence of the 

sliding mode and tracking error dynamics stability. 

Simulation results show the promise of the proposed 

control method. 

2. PROBLEM FORMULATION 

Consider an n-link robotic manipulator (Qu and 

Dawson, 1996), which takes into account the friction 

forces, unmodeled dynamics, and disturbances, with 

the following dynamic equation 

 
 dTqqFqGqqqCqqM ),()(),()( , (1) 

where  is the joint angular position;  is 

the applied joint torque;  is the inertia 

matrix;  is the effect of Coriolis and 

centrifugal force;  is the gravitational 

torque;  is the vector of friction terms; 

 is the vector of generalized input due to 

disturbances or unmodeled dynamics. The inertia 

matrix  is symmetric and positive definite. It is 

bounded as a function of q: 
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where m1 and m2 are positive constant, and  

is the identity matrix. The Coriolis and centrifugal 

matrix  satisfies 
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),( qqC qqqC c),( , where c  

is a positive constant and )(  is Euclidean norm. 

The terms ,  and  are assumed to be )(qG ),( qqF dT

     



bounded and treated in Section 3.2. The matrix 

 is skew-symmetric and satisfies 

. 

),(2)( qqCqM

0),(2)( xqqCqMx
T

The controller design objective is stated as follows. 

Given a desired trajectory  for a system with some 

system parameters being unknown, the goal is to 

derive a control law for the torque input 

dq

 such that 

the position vector q can track the desired trajectory. 

3. ADAPTIVE SLIDING MODE CONTROL 

 

3.1 Definition of sliding function 

Let the tracking error vector be

 

 , . (2) dqqe n
Re

 

The sliding function is defined as 
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where and  are chosen to be positive definite 

diagonal matrices. As can be seen in (3), maintaining 

the system states on the surface for  will satisfy 

the tracking requirements, i.e. . Indeed, it will 

force e to approach zero, given bounded initial 

condition e(0) with appropriate control input. The 

control law 

1 2

0t

dqq

 is designed to satisfy the follow sliding 

condition 
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Equation (4) means that the distance along system 

trajectory to the sliding surface eventually decreases 

to zero. Thus, the system states will eventually be 

driven to the sliding surface on which sliding mode 

takes place. 

 

3.2 Determination of control input 

 

Let the subscript “o” mean the system nominal value, 

and the symbol “ ” mean the system uncertain value, 

i.e., , , . MMM o CCC o GGG o

 

Assumption: There exist unknown positive constants 

i  and i , , such that the lumped 

uncertainty  satisfies 

ni ,,2,1

f

 

 iii qf , (5) 

 

where  is the i row of  which is if f
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The positive constants i  and i  are unknown. 

Therefore, we apply an adaptation law to estimate 

them and apply to the control law.

Theorem: Consider an n-link robotic manipulator (1) 

containing unknown but bounded uncertainties. If (1) 

is controlled by the following control input  
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where o  is the nominal continuous control input 

which is determined by nominal values of system 

parameters, and  is the switching control input 

which deals with the parameter variations and 

external disturbances, then the control system (1) is 

globally asymptotically stable. The gain constants 

s

ˆ  

and  in (9) are determined by using the following 

adaptation laws 

ˆ

 

 qiii
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 iii
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where i  and i , ni ,,2,1 , are positive constants 

specified by the designer. 

 

Proof: Consider the following Lyapunov function 

candidate 
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Differentiating (12) yields 
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Further, it can be obtained that 
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Equation (12) can be considered as an indicator of the 

energy of )(t . Thus, (14) guarantees the decay of 

the energy of )(t  as long as 0)(t . It clearly 

shows the closed-loop system is globally stable. 

 

 

4. SIMULATION RESULTS 

 

A two-link robotic manipulator (Spong, 1992) is used 

to demonstrate the performance of the proposed 

control method and is shown in Fig. 1, in which 

parameter matrices are as follows: 
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where g is the gravitational acceleration and 
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2
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The parameters of the robotic manipulator are given 

in Table 1. Regarding an unknown load carried by the 

robotic manipulator as part of the second link, the 

parameters , , and  will change to 

, , and , respectively. 

Assume that the variation of parameters change in the 

intervals , , 

. 

2m 2cl 2I

22 mm O 22 cOc ll 22 II O

30 2m 25.00 2cl

5.00 2I

 

In order to achieve a stable error response, a second-

order critically damped response, for each joint, we 

choose a damping ratio of 1 and a natural frequency 

of 4 rad/sec. Therefore, the sliding function constants 

are chosen as

 

  and . (18) 
80
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In order to eliminate the input chattering problem, the 

boundary layer is used (Slotine, 1991). The )sgn( i  

function in (9) is replaced by the sat )/( i  function, 

where  is the boundary layer width, and  

 

 . (19) 

1,1

11,  
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Fig. 1 Two-link robotic manipulator 
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Table 1 Parameters of the robotic manipulator 

 

1m Om2 1l Ol2 1cl  Ocl 2  1I  OI2

10 5 1 0.5 0.5 0.5 10/12 5/12

 

 

The simulation results are given in Figs. 2-5. Figs. 2 

5. CONCLUSIONS 

In this paper, an adaptive liding mode controller is 
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Fig. 2 Output q1 and desired signal qd1 of the first 
joint. 
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Fig. 3 Output q2 and desired signal qd2 of the second 
joint. 
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system is supposed to be linear time-invariant and affected by unknown-but-bounded
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the size of the corresponding invariant ellipsoid is reduced to the one-dimensional convex
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1. INTRODUCTION

Unknown-but-bounded description of uncertain vari-
ables forms the guaranteed set-membership approach
to the problems appeared in system and control theory.
This approach has received much attention as the main
alternative to stochastic techniques that have been de-
veloped for estimation, control and identification. The
key point of it is that there is no need to know the sta-
tistical distribution of model errors and disturbances
except only its lower and upper bounds or set values.
This assumption looks to be more acceptable in prac-
tice in many situations.

This approach was initially proposed by Bertsekas
and Schweppe, see (Bertsekas and Rhodes, 1971a),
(Bertsekas and Rhodes, 1971b) and (Schweppe, 1973)
as basic references. Its concept is based on the analysis
of reachable and feasible sets for uncertain dynamic
models or on the search of their approximations by
simple convex domains like boxes, polyhedra, ellip-
soids, that has generated a variety of further works
on this and related topics. An attractive tool in the
set-membership framework is the notion of invariance
and invariant (or positively invariant) sets. A set in

the state space is said to be positively invariant for
a given dynamic system if every trajectory initiated
in this set remains inside it at all future time instants.
Positively invariant set has the property that it always
contains the reachable set of dynamic system. In spite
of conservatism in approximations of reachable do-
mains, invariant sets have a close relation to Lyapunov
functions, and for this reason they can be used for
the synthesis of feedback control. A good reference in
this sense is the survey paper (Blanchini, 1999), which
gives a broad outlook of applications of invariant set
theory in automatic control. Among the different spe-
cial families of positively invariant sets, a particular
class of ellipsoidal invariant sets can be emphasized.
An advantage of invariant ellipsoids includes its sim-
ple characterization as a solution of parametrized lin-
ear matrix inequalities. Therefore the optimal control
problems in this description can be reduced to the
semidefinite programs, i.e. to the optimization of a lin-
ear function under LMI constraints. This optimization
problem is convex and is now a powerful tool in many
control applications (Boyd, et al., 1994).

Using the technique of invariant ellipsoids in this pa-
per the persistent disturbance rejection problem will



be considered. The question of how to compensate
the effect of persistent unknown-but-bounded distur-
bances by means of feedback control is very impor-
tant in system engineering. First type of methods ap-
peared on this topic is founded on dynamic program-
ming technique (Glover and Schweppe, 1971; Bert-
sekas and Rhodes, 1971a; Elia and Dahleh, 2000).
Another one is the popular l1 optimal control theory
(Vidyasagar, 1986; Dahleh and Pearson, 1987) and is
formulated in terms of the worst case peak-to-peak
gain minimization. Alternative to the dynamic pro-
gramming and l1 approaches, which often suffer of a
high complexity of an optimal solution, is the methods
based on upper bounds of l1 norm such as the so-
called ∗-norm introduced in (Abedor, et al., 1996).
Minimization of the ∗-norm allows the determination
of a fixed-order controllers that compensate the dis-
turbance influence. Some properties of this norm are
presented in (Venkatesh and Dahleh, 1995). A direct
analogues of the ∗-norm are invariant (inescapable
or viability) sets of dynamic system. The approach
established invariant sets for the disturbance rejection
has already received some attention (Blanchini and
Sznaier, 1995; Shamma and Tu, 1999).

The objective of the present paper is to use the LMI
approach to treat invariant ellipsoidal sets in applica-
tion to the problem of persistent disturbance rejection
(Abedor, et al., 1996; Fei Hao, et al., 2003). The key
point of our method is that for linear time-invariant
dynamic system the search for the optimal static state-
feedback controller can be reduced to semidefinite
programming and to one-dimensional convex opti-
mization for continuous and discrete time cases.

2. INVARIANT ELLIPSOIDS: ANALYSIS

Consider a strictly proper LTI dynamic system

ẋ = Ax+Bw, (1)
y =Cx

with x(t) ∈Rn, w(t) ∈Rm and y(t) ∈Rl . It is assumed
that matrix A is stable (its eigenvalues have negative
real part) and ‖w(t)‖ ≤ 1, ∀ t ≥ 0, where ‖.‖ is the Eu-
clidean vector norm. Denote ellipsoid in Rn centered
at the origin as

E =
{

x ∈ Rn : xTP−1x≤ 1
}

.

Definition 1. Ellipsoid E is said to be positively in-
variant for dynamic system (1) if x(0) ∈ E implies
x(t) ∈ E , ∀t ≥ 0 for every system trajectory x.

It is obvious that for the dynamic system (1) the
invariant ellipsoid E always contains the reachable set
R

R = {x : ẋ = Ax+Bw, x(0) = 0, ‖w‖ ≤ 1} .

This property is used in (Chernousko, 1994) as a basic
tool for construction of the ellipsoidal state estimation
methods for continuous-time models. A family of
invariant ellipsoids is defined by the following lemma.

Lemma 1. (Abedor, et al., 1996; Boyd, et al., 1994)
Ellipsoid E is positively invariant for the stable dy-
namic system (1) with ‖w(t)‖ ≤ 1, ∀ t ≥ 0 if and only
if P satisfies

AP+PAT + αP+ α−1BBT ≤ 0 (2)
for some α > 0.

We are interested in the minimal invariant ellipsoids.
If dynamic system is stable then there exists a finite
and unique invariant ellipsoid which is minimal with
respect to some size criterion ϕ(P). The most natural
measures of size are: f1(P) = Tr P, f2(P) = Det P
or f3(P) = ‖P‖, where ‖.‖ – spectral matrix norm.
As a criterion in this paper take ϕ(P) = Tr CPCT .
Minimization of this objective function corresponds
to the minimal trace invariant ellipsoid for the system
output y(t) =Cx(t).

Lemma 2. (Abedor, et al., 1996) All minimal in-
variant ellipsoids of system (1) belong to the one-
parameter family of ellipsoids with matrices P(α) for
0 < α < α∗, where P(α) > 0 is the solution of the
Lyapunov equation

AP+PAT + αP+ α−1BBT = 0 (3)
and α∗ = −2max(Re λi(A)), λi(A) are the eigenval-
ues of the matrix A. Moreover, the function f (α) =
TrCP(α)CT is strictly convex on the interval 0 < α <

α∗.

Therefore the one-dimensional minimization

min TrCP(α)CT

under AP+PAT + αP+ α−1BBT = 0 (4)

is strictly convex over 0 < α < α∗ and consequently
has the unique solution on this interval. On the other
hand, this solution can alternatively be obtained by
solving the scalar equation f ′(α) = 0 with f ′(α) =
TrCG(α)CT and G(α) from

AG+GAT + αG+P−α−2BBT = 0. (5)

The majority of results on the analysis of the invari-
ant sets and its application in control deals with the
continuous-time dynamic systems. However the above
statements have the discrete-time counterparts. For
LTI discrete-time dynamic system

xk+1 = Axk +Bwk, (6)
yk =Cxk

assume that the matrix A is stable (its eigenvalues lie
inside the unit disc) and ‖wk‖≤ 1 for all k = 0,1,2, . . .



Lemma 3. Ellipsoid E is positively invariant for the
stable dynamic system (6) with ‖wk‖ ≤ 1, ∀k if and
only if P satisfies

1
α

APAT −P+
1

1−α
BBT ≤ 0 (7)

for some α such that ρ(A)2 < α < 1, where ρ(A) is
the spectral radius of matrix A: ρ(A) = max |λi(A)|.

The proof of this lemma is based on the version of
S-theorem with two constraints presented in (Polyak,
1998). Similar to Lemma 2 the search for minimal
invariant ellipsoid with respect to some scalar criterion
can be reduced to the search of the minimal ellip-
soid in the one-parameter family P(α) defined by the
discrete-time Lyapunov equation

1
α

APAT −P+
1

1−α
BBT = 0. (8)

Lemma 4. Let P(α) be a solution of Lyapunov equa-
tion (8). Then function f (α) = Tr CP(α)CT is strictly
convex on the interval ρ(A)2 < α < 1.

Hence, the one-dimensional minimization

min Tr CP(α)CT

under APAT

α
−P+

BBT

1−α
= 0

(9)

is strictly convex over ρ(A)2 < α < 1 and provides
the minimal trace invariant ellipsoid for system output
yk = Cxk. This minimal ellipsoid can be also obtained
in another way as a solution of scalar equation f ′(α) =
0 with f ′(α) = Tr CG(α)CT and G(α) from

1
α

AGAT −G−
1

α2 APAT +
1

(1−α)2 BBT = 0. (10)

Example 1. Take the discrete-time system (6) with

A = 0.95
(

cosβ sinβ
−sinβ cosβ

)
, β = π/15,

and B = C = I, where I is the identity matrix. Since
matrix A is stable (its spectral radius ρ(A) = 0.95< 1),
then the Lyapunov equation (8) has a unique positive
definite solution for every fixedα such that ρ(A)2 <
α < 1. These solutions form the one-parameter fam-
ily of invariant ellipsoids of the system. The minimal
invariant ellipsoid Emin of the system belongs to this
family and is obtained via a scalar convex optimiza-
tion. Here Emin represents a ball of radius r = 20
(bolded line on Fig. 1). As an example, the system
trajectory initiated at x0 = (−1, 0)T and corrupted by
disturbance vector wk = Axk/‖Axk‖ is represented on
the figure. The disturbancewk is the unite vector that
is codirectional with Axk for all k. Therefore this tra-
jectory tends to the boundary of Emin as k → ∞ but it
never exceeds this minimal invariant ellipsoid. 2
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Fig. 1. The minimal invariant ellipsoid.

3. INVARIANT ELLIPSOIDS: SYNTHESIS

In order to compensate the influence of persistent
unknown-but-bounded disturbances on model output
in LTI dynamic system, a static state-feedback control
will be introduced in this section. Minimization of this
influence leads to the search of the minimal invari-
ant ellipsoid described previously. The continuous-
time case and discrete-time case are considered con-
sequently.

3.1 Continuous-time case

Let us consider a dynamic system realized by

ẋ = Ax+B1u+Dw, (11)
y =Cx+B2u,

u = Kx.

Matrix A is not assumed to be stable, but the pair
(A,B1) is supposed to be controllable and ‖w(t)‖ ≤ 1.
Also assume BT

2 C = 0. The goal is to find a static con-
troller K minimizing the size of the invariant ellipsoid
Ey = {y : yT P̃−1y≤ 1} for the output vector y(t) ∈Rl .

Note here that with B2 = 0 this problem can have no
solution that is illustrated by the following example.

Example 2. Let n = m = l = 1 and take

ẋ = ax+u+w,

y = x,

where |w(t)| ≤ 1. Chose u = kx. Then ẋ = (a+k)x+w

and

x(t) = x(0)e−α̂t +

∫ t

0
e−α̂τw(t− τ)dτ ,

here α̂ = −(a+ k)> 0. Thus

|x(t)| ≤ |x(0)e−α̂t |+

∫ t

0
e−α̂τdτ

= |x(0)e−α̂t |+
1
α̂

(1− e−α̂t) ≤ |x(0)|+
1
α̂
.



From this expression it follows that for any ε > 0
there exists k large enough such that the set |x| ≤
ε is the invariant interval. Thus the problem of the
optimal persistent disturbance rejection by static state-
feedback has no solution in this case.
On the other hand, take the system output affected
directly by the control influence

y = x+bu = (1 +bk)x,

where u = kx. This leads to the inequality

|y(t)| ≤ |1 +bk|

(
|x(0)|−

1
(a+ k)

)
= r(k).

Function r(k) has the only minimum under k < −a

and it reaches at the point

kmin =−

(
a+

√
ab−1
b |x(0)|

)
<−a.

Therefore, the problem of findingk minimizing sys-
tem output y(t) with b 6= 0 admits solution. 2

Let us further study the MIMO case. The system (11)
is rewritten as

ẋ = (A+B1K)x+Dw, (12)
y = (C +B2K)x,

that is in the setup of model (1). Then the problem
is reduced to (4) after the replacing matrix A by A +
B1K and matrix C by C + B2K. It gives us the next
optimization

min Tr
[
(C +B2K)P(C +B2K)T

]

under

(A+B1K)P+P(A+B1K)T + αP+
DDT

α
= 0.

The last equality is a bilinear matrix equation with
respect to P and K. Introduce a new variable Y =
KP. Since BT

2 C = 0, then the objective function to be
minimized is rewritten as Tr

[
CPCT +B2YP−1Y TBT

2
]

subject to the linear equality constraint

AP+PAT + αP+B1Y +Y TBT
1 +

DDT

α
= 0.

The function f (P,Y ) = Tr [YP−1Y T ] is convex in ma-
trix variables P> 0 and Y . This reduces the problem to
one-dimensional convex optimization over parameter
α > 0.

But from the other side, we can write it in the terms of
LMIs. Indeed, consider the matrix

H =

(
Z Y

Y T P

)
, (13)

where Z is an auxiliary matrix variable. Then H ≥ 0
implies Z ≥ YP−1Y T ≥ 0. Therefore, minimization

of Tr
[
B2YP−1Y TBT

2
]

is equivalent to minimization
of Tr B2ZBT

2 , and the following result can now be
validated.

Theorem 1. The original problem is equivalent to

min Tr
[
CPCT +B2ZBT

2
]

(14)

subject to LMI constraints

(
Z Y

Y T P

)
≥ 0, P > 0,

AP+PAT + αP+B1Y +Y TBT
1 +

DDT

α
= 0.

Note that this is semi-definite programming (SDP)
problem for any fixed α > 0, and we can exploit
standard LMI Toolbox for its solution. Optimization
over α is a convex optimization problem.

3.2 Discrete-time case

For LTI discrete-time dynamic system

xk+1 = Axk +B1uk +Dwk, (15)
yk =Cxk +B2uk,

uk = Kxk,

where matrix pair (A,B1) is assumed to be control-
lable, ‖w(t)‖ ≤ 1 and BT

2 C = 0, we look for a static
controller K that minimizes the size of the invariant
ellipsoid for output vector Ey = {yk : yT

k P̃−1yk ≤ 1}.

As in the continuous-time case system (15) is rewrit-
ten

xk+1 = (A+B1K)xk +Dwk, (16)
yk = (C +B2K)xk,

that is in the framework of the model (6). Then the
problem is reduced to (9) after replacing matrix A by
A+B1K and matrix C by C+B2K. It gives us the next
optimization problem

min Tr
[
(C +B2K)P(C +B2K)T

]

under the equality

(A+B1K)P(A+B1K)T

α
−P+

DDT

1−α
= 0.

Introduce a new variable Y = KP. Since BT
2 C = 0,

then the objective function to be minimized is rewrit-
ten as Tr

[
CPCT +B2YP−1Y TBT

2
]

with the equality
constraint

1
α

(
APAT +B1YAT +AY TBT

1 +B1YP−1Y TBT
1
)

−P+
DDT

1−α
= 0.



Since the function f (P,Y ) = Tr [YP−1Y T ] is convex
in matrix variables P > 0 and Y , then the minimiza-
tion over 0 < α < 1 is the one-dimensional convex
optimization. Let us further write it in terms of LMIs.
Consider the matrix

H =

(

Z Y

Y T P

)

, (17)

where Z is an auxiliary matrix variable. Then H ≥ 0
implies Z ≥ YP−1Y T ≥ 0. Therefore, minimization
of Tr

[

YP−1Y T
]

or Tr
[

B2YP−1Y TBT
2
]

is equivalent
to minimization of Tr B2ZBT

2 , and we arrive to the
following proposition.

Theorem 2. The original problem is equivalent to

min Tr
[

CPCT +B2ZBT
2
]

(18)

subject to the constraints

(

Z Y

Y T P

)

≥ 0, P > 0,

1
α

(

APAT +B1YAT +AY TBT
1 +B1ZBT

1
)

−P+
DDT

1−α
= 0.

for a fixed 0 < α < 1 the problem is SDP, while
optimization over α is convex.

3.3 Example

Consider an example with oscillation of two unite
masses connected by elastic spring and sliding without
friction along a horizontal rod (see Fig. 2). The control
input u ∈ R is applied to the left mass in order to
compensate the external disturbance w ∈ R affected
to the right one. The state vector of the system is
x = (x1,v1,x2,v2)T , where x1,v1 and x2,v2 are values
of coordinate and velocity for the left and right bodies
respectively. The output vector is assumed to be y ∈

R
2 and y = (x1,x2)T + B2u. Then the corresponding

continuous-time model of the double pendulum is
described by

ẋ1 = v1
v̇1 = −x1 + x2 +u

ẋ2 = v2
v̇2 = x1− x2−w

y = (x1,x2)T +B2u

⇐⇒
ẋ = Ax+B1u+Dw

y = Cx+B2u

where

A =









0 1 0 0
−1 0 1 0
0 0 0 1
1 0 −1 0









, B1 =









0
1
0
0









, D =









0
0
0
−1









,

and

x1 x2 

u w 

Fig. 2. Double mass-spring system.
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Fig. 3. Trajectory and minimal invariant ellipsoid.
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Fig. 4. Disturbance and control.

C =

(

1 0 0 0
0 0 1 0

)

, B2 =

(

0.5
0.5

)

.

Take u(t) = Kx(t). Theorem 1 then provides an op-
timal static state-feedback controller K as a solution
of SDP problem and one-parameter minimization; ap-
plying LMI Toolbox we get

K =
(

−2.914 −2.144 0.308 −1.542
)

. (19)

This controller minimizes the output invariant ellip-
soid due to the trace criterion. Fig. 3 illustrates this el-
lipsoid (bolded line) and a trajectory of the output os-
cillations y(t) of the pendulum affected by w(t) = sin t

and initiated at the point on a boundary of the invariant
ellipsoid. This trajectory remains inside this ellipsoid.
The disturbance behavior w(t) and the control law u(t)
are shown on Fig. 4. This control law is an optimal
compensator of the influence of the external distur-
bance obtained with the invariant ellipsoid technique.



Note finally that the discrete-time case can also be
treated by this example if we approximate the double
pendulum by discrete-time model.

3.4 Discussion

It is of interest to compare above results with known
ones, mainly in (Abedor, et al., 1996). First, we ad-
dress continuous-time and discrete-time cases simul-
taneously, while in (Abedor, et al., 1996) the au-
thors deal with continuous-time systems only. Second,
(Abedor, et al., 1996) considers ‖P‖ as the objective
function while we work with Tr P, this allows to trans-
form the problems to standard SDP and to simplify
the results. Third, the number of parameters in our
results is lower (the single parameter α , while there
are two parameters in (Abedor, et al., 1996)). From
technical point of view we rely on more advanced re-
sult (S-procedure with two constraints versus standard
version of S-procedure with one constraint in (Abedor,
et al., 1996)).

4. CONCLUSIONS

The simple method based on invariant ellipsoids
technique is proposed for optimal disturbance re-
jection with unknown-but-bounded disturbances. The
static state-feedback controller that returns a mini-
mum of invariant ellipsoid of the closed-loop system
is founded via SDP and 1D convex optimization.
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Abstract: Currently, methods for solving antagonistic differential games with
geometric constraints for players’ controls are well developed. In the paper, these
methods are used to construct a feedback robust control in situations when a
geometric constraint is given a priori for the minimizing player’s control (the useful
control) only and there is no any constraint for the disturbance. The suggested
method of robust control is applied to a problem of aircraft landing under wind
disturbances. Copyright c©2006 IFAC

Keywords: differential games, robust control, aircraft landing, wind disturbance

1. INTRODUCTION

During the last 20 years, there were a lot of works
concerning application of modern methods of the
control theory and differential game theory to
problems of aircraft landing and take-off under
wind disturbances (see, for example, (Miele et al.,
1988; Leitmann and Pandey, 1991) and references
therein).

In some possible formulation of aircraft landing
problem, the result is computed at the instant of
passing the runway threshold (Kein, 1985; Patsko
et al., 1994). At the stage of descent until crossing
the runway threshold, the aircraft moves along a
rectilinear glide path. Deviation from it is not
too large, so for mathematical investigations a
linearization of the dynamics is reasonable. Con-
trol laws obtained in the framework of linearized

1 The work was supported by Russian Foundation for

Basic Research, projects nos. 06-01-00414 and 04-01-96099.

dynamics can be tested in the original nonlinear
system.

The time interval of descent from the altitude
60m until passing the runway threshold at the
altitude 15m is very important. Duration of this
stage for a midsize transport aircraft is 15 sec. Any
errors in control at this stage are unacceptable. So,
it is natural to use approaches of the differential
game theory when creating methods for automatic
control. In the framework of these approaches,
the optimal control of the minimizing player (the
autopilot) is of guaranteeing type. At the instant
of passing the runway threshold, a tolerance on
deviation of the most important phase variables
of the aircraft from the nominal values can be
defined. After that we can consider a differential
game where the objective of the useful control is
to lead the system to a terminal set constructed
on the basis of the tolerance. Since the aircraft
velocity along the glide path is quite large in
comparison with its deviation from the nominal



value due to wind disturbances, it is reasonable
to compute the result of entering to the tolerance
not at the true instant of passing the threshold,
but at the fixed instant θ = 15 sec.

The scheme mentioned above was realized in
(Patsko et al., 1994). After linearization of the
original nonlinear system, the resulting dynamics
is disjoined into two independent subsystems of
lateral and vertical motions. For both of them,
an auxiliary linear differential game with fixed
terminal time was considered. The terminal set
for lateral (vertical) channel was built as a con-
vex set defined in the plane of two coordinates:
lateral deviation and its velocity (vertical de-
viation and its velocity). Some constraints for
the useful controls were taken. The controls for
the lateral channel are the scheduled aileron and
rudder angles, and for the vertical channel they
are the thrust deviation from the nominal value
and the scheduled elevator angle. On the basis of
terminal sets, payoff functions were constructed
as Minkowskii functions. To apply methods for
solving differential games worked out earlier, it is
necessary also to define some geometric constraint
for instantaneous value of wind disturbance. The
obtained control laws were tested by modelling
under different types of wind disturbance includ-
ing the case of various types of windshear.

A vulnerable point of the described scheme of
differential game theory approach is in the strict
demand for definition of a constraint for wind
disturbance. In engineering practice, defining such
a constraint is quite problematic. At the same
time, the obtained control depends essentially
on the taken constraint. Another defect is that
the realization of useful control involves extremal
values even if wind disturbance is weak. This is
specifics of antagonistic differential games: the op-
timal control law is generated taking into account
the worst disturbance.

In this work, an attempt is made to overcome the
mentioned drawbacks. A method for constructing
a feedback control for game problems with linear
dynamics and fixed terminal time is suggested.
The first player (the minimizer) tries to lead the
system to a given terminal set M at the terminal
instant θ. The components ui, i = 1, p, of the first
player’s control u are bounded by independent
constraints |ui| 6 µi. No constraint for the second
player’s control (the disturbance) is given a priori.
For initial states of the system close to the origin
the feedback control to be constructed (we call it
robust) has the following properties:

• if the second player applies a “low level”
control, the first player leads the system to
the terminal set closely to its center at the
terminal instant. Moreover, the realization of

the first player’s control should be also of a
“low level”;
• if the second player’s control is “stronger”,

the first player should still lead the system
to the terminal set, maybe, by a “stronger”
or even maximal control;

• in the case, when the second player involves
“very strong” control and the first player
(acting within the framework of his con-
straint) cannot guarantee reaching the ter-
minal set, he may allow some terminal miss,
but tries to minimize it.

The basis for construction of the robust control
is in introduction of a family of inserted stable

bridges (stable tubes) in the space time × phase

variable. Each stable bridge corresponds to some
constraint for the second player’s control. The
property of stability means (Krasovskii and Sub-
botin, 1988) that the first player guarantees keep-
ing the system inside a tube if the second player
applies a control from the constraint, which cor-
responds to this tube. The family of constraining
sets (and, therefore, the family of the tubes) is
parametrized by nonnegative real numbers.

In the work (Ganebny et al., 2005), an approach
for constructing such a system of stable tubes
has been suggested. One of the main questions
is whether we should keep the whole family of
tubes (in some time grid from the game interval)
to generate the feedback control in real time. In
(Ganebny et al., 2005), the case was considered
when the first player’s control u is scalar and
bounded by the inequality |u| 6 µ. In such a
situation, one can store only one bridge (called the
main bridge) and some switching surface changing
in time. On the one side of this surface, the control
has the plus sign, on the other side, the control
has the minus sign. The absolute value of the
control is computed on the basis of location of the
current state of the system with respect to the
corresponding time section of the main bridge.

In this paper, we expand this method for the case
of vector control u, which components are inde-
pendently bounded by the inequalities |ui| 6 µi.

The paper has the following structure. Section 2
describes the method for constructing a robust
control for a linear game problem. In Section 3,
the original nonlinear system of landing aircraft
motion is discussed shortly. Also, two linearized
systems of motions in the lateral and vertical
channels are given. They are used in construction
of the robust control. The results of simulation of
the original nonlinear system with the robust con-
trol taken from the auxiliary problems are shown
in Section 4. During simulation, the wind distur-
bance was generated on the basis of a windshear
model (Ivan, 1985). The paper is completed by a
short Conclusion.



2. ROBUST FEEDBACK CONTROL

Consider a linear differential game with fixed
terminal time:

ẋ = A(t)x + B(t)u + C(t)v,
x ∈ Rm, t ∈ T, v ∈ Rq,

u ∈ P = {u ∈ Rp : |ui| 6 µi, i = 1, p}.
(1)

Here, P is the constraint for the first player’s
control u, T = [θ0, θ] is the time interval of the
game. The matrix-functions A and C are con-
tinuous. The matrix-function B is Lipschitzian
in the time interval T . Unlike the standard for-
mulation (Krasovskii and Subbotin, 1988) of a
differential game, system (1) does not include any
constraint for the second player’s control v.

The first player tries to lead system (1) to a set M
at the terminal instant θ. The control v is regarded
as the disturbance. The set M is supposed to be
a convex compactum in a subspace Rn ⊂ Rm of
some n chosen components of the vector x. Let us
assume that the set M includes a neighborhood
of the origin of this subspace.

By means of the standard change of variables
(Krasovskii and Subbotin, 1988, pp. 89–91) let us
pass to a system, which right-hand side does not
include the phase vector:

ẋ = B(t)u + C(t)v,
x ∈ Rn, t ∈ T, u ∈ P, v ∈ Rq.

(2)

The passage is provided by the following relations:

x(t) = Xn,m(θ, t)x(t),
B(t) = Xn,m(θ, t)B(t), C(t) = Xn,m(θ, t)C(t),

where Xn,m(θ, t) is the matrix combined of n

(corresponding to the subspace Rn which contains
the terminal set M) rows of the Cauchy matrix
of the system ẋ = A(t)x. Here again, the first
player tries to lead system (2) to the set M at the
terminal instant θ, and the second one hinders
this. The set M is a convex compact set in Rn

including a neighborhood of the origin.

Below, a description of construction of a robust
control for systems (2) and (1) is given.

1) Let us choose a set Qmax ⊂ Rq that will rep-
resent the “maximal” constraint for control of the
second player, which the first player “agrees” to
consider reasonable for the problem of guiding sys-
tem (2) to the set M . The set Qmax should include
the origin of its space. Denote by W the maximal
stable bridge with dynamics (2) corresponding to
the constraint P for the first player’s control, the
constraint Qmax for the second player’s control,
and the terminal set M . Assume the set Qmax
is such that 0 ∈ intW (t) for any t ∈ T . Here,
W (t) = {x ∈ Rn : (t, x) ∈ W} is the time section
of the set W at the instant t.

2) Additionally, a tube Ŵ ⊂ T×Rn is constructed
as the reachable set of the second player for

system (2) starting at the instant θ0 from a ball
in the space Rn with the center at the origin. We
assume here that u ≡ 0 and the constraint for the
control v of the second player is Qmax.

3) Consider a family of sets Wk, which time
sections Wk(t) are defined as

Wk(t) =

{
kW (t), 0 6 k 6 1,

W (t) + (k − 1)Ŵ (t), k > 1.

In this formula, multiplication by a scalar and ad-
dition are usual algebraic operations. For any 0 <
k1 < k2 < 1 < k3 < k4, the inclusions Wk1

⊂
Wk2

⊂ W ⊂ Wk3
⊂ Wk4

are true.

It is proved (Ganebny et al., 2005) that the sets
Wk, when 0 6 k 6 1, are maximal stable bridges
corresponding to the constraint kP for the first
player’s control, the constraint kQmax for control
of the second player, and the terminal set kM .
The sets Wk, when k > 1, are stable bridges
corresponding to the constraints P , kQmax, and
the terminal set M + (k − 1)Ŵ (θ). So, with
increasing the coefficient k, one obtains a growing
collection of stable bridges where any larger bridge
corresponds to a larger constraint for the second
player’s control.

On the basis on the family of stable sets Wk

by means of the method of extremal aiming
(Krasovskii and Subbotin, 1988), one can define
a feedback control of the first player, which pos-
sesses the following properties of guarantee. Let
k∗ > 0. If v(t) ∈ k∗Qmax and (t0, x0) ∈ Wk∗ , then
system (2) can be kept in some small neighbor-
hood of the bridge Wk∗ under a discrete scheme of
control with a sufficiently small time step. With
that, the realization of the first player’s control
belongs to the set min(k∗, 1)P . In particular, if
k∗ < 1, then the system can be led to the terminal
set by means of the control, which has a level less
than the extremal one. So, we obtain a control,
which is robust in the sense of our definition.
To construct such a control by the method of
extremal aiming, one needs to keep in the com-
puter memory a very large amount of information
describing a quite dense subfamily of the family
Wk, k > 0. But if to use the specifics of the set
P constraining the first player’s control, one can
suggest more constructive variant.

4) Define a function V : T × Rn → R as
V (t, x) = min

{
k > 0 : (t, x) ∈ Wk

}
. The level

sets (Lebesgue sets) of this function coincide with
the stable bridges Wk.

By Bi(t), i = 1, p, we denote the ith column of
the matrix B(t).

Denote by A(i, t, x) a line in the space Rn

parallel to the vector B(t) and passing through
the point x. Let V(i, t, x) = min

{
V (t, z) : z ∈

A(i, t, x)
}

. The minimum is reached since the



function x 7→ V (t, x) is continuous and tends
to infinity as |x| → ∞. Since the function is
quasiconvex (i.e., all its Lebesgue sets are convex),
the set of points, where the minimum is reached,
is either a point or a segment. If Bi(t) = 0, it is
assumed V(i, t, x) ≡ V (t, x).

5) For any t ∈ T , let

Π(i, t)=
{
x ∈ Rn: V (t, x) = V(i, t, x)

}
,

Π−(i, t)=
{
x ∈ Rn: x+αBi(t) /∈Π(i, t), ∀α > 0

}
,

Π+(i, t)=
{
x ∈ Rn: x+αBi(t) /∈Π(i, t), ∀α 6 0

}
.

The set Π(i, t) is closed, the sets Π−(i, t) and
Π+(i, t) are on different sides of Π(t).

6) Define the function V (t, x) = min
{
V (t, x), 1

}
.

For each i = 1, p consider a multifunction

U0
i (t, x) =





−V (t, x)µi, x ∈ Π−(i, t),

V (t, x)µi, x ∈ Π+(i, t),
[
−V (t, x)µi, V (t, x)µ

]
, x ∈ Π(i, t).

As the feedback control U of the first player,
any one-valued selection from the multifunction
U0 = (U0

1,U
0
2, . . . ,U

0
p)

T can be taken. Thus, the
component Ui(t, x) “switches” on the set Π(i, t).
For simplicity, the set Π(i, t) is called the switching

surface corresponding to the instant t for the ith
component of control.

7) Returning to system (1), introduce the function

Ũ(t,x) = U
(
t,Xn,m(θ, t)x

)
. The function Ũ can

be taken as the robust control for system (1).

Under some additional assumptions concerning
possible intersections of the surfaces Π(i, t), one
can prove a theorem about guarantee, which is
provided by the control U in system (2) and the

control Ũ in system (1). Properly speaking, this
guarantee for system (2) coincides with one, which
is described at the end of Subsection 3).

Below, the case n = 2 is discussed. In this case,
the sets Wk(t) and Π(i, t) are in the plane. So,
the set Π(i, t) can be called the switching line for
the ith component of control. In the case n = 2,
the assumption mentioned above becomes very
simple: the lines Π(i, t), i = 1, p, intersect at the
origin only.

To construct the robust control numerically in the
case n = 2, one should keep time sections W (t)
of the bridge W and the switching lines Π(i, t)
in some time grid {tj}. At the instant t, having
the position x(t) of system (1), one can transfer it
to the coordinates of system (2) by the formula
x(t) = Xn,m(θ, t)x(t). The sign of the control

Ũi
(
t,x(t)

)
= Ui

(
t, x(t)

)
is defined by the location

of the point x(t) with respect to the switching
surface Π(i, t). Analyzing the location of the point
x(t) with respect to the boundary of the time
section W (t), one can compute the absolute value

∣∣Ũ
(
t,x(t)

)∣∣ of the control. Here, the homothety of
the sets Wk(t) for k 6 1 is used.

3. LANDING AIRCRAFT DYNAMICS

The aircraft motion during landing is described by
a differential equation system of the 12th order.
The state vector includes three coordinates x, y,
z (longitudinal, vertical, and lateral) of the center
of mass in the coordinate system connected with
runway surface, angles of pitch ϑ, yaw ψ, bank γ,
and corresponding linear and angular velocities.
This system is specified in (Patsko et al., 1994).

The control factors are deviations of the elevator,
the rudder, the ailerons, and change of the thrust
force. Equations of servo and engine dynamics
are supplemented to the main system of aircraft
motion. So, the noted factors are included to the
extended state vector and new control parameters
are the scheduled (command) deviations δes, δrs,
δas, δps. Every parameter has upper and lower
bounds. As a result, we get a complete system
of differential equations, which we write down in
the vector form as follows:

ξ̇ = f(ξ, u, w). (3)

Here, u = (δps, δes, δrs, δas)
T is the control vector,

w = (wx, wy, wz)
T is the disturbance vector con-

sisting of three wind components along the x, y,
z axes. Linear variables are measured in meters,
angles are in radians, and time is in seconds.

The original nonlinear system after linearization
near the nominal motion along the descent glide
path is disjoined into two subsystems of lateral
motion (LM) and vertical motion (VM).

The linear LM system is

ẋ = Ax +Bu+ Cw,

A=




0 1 0 0 0 0 0 0

0 −0.077 −5.555 0 9.272 0 −1.485 0

0 0 0 1.001 0 0 0 0

0 −0.013 −0.934 −0.259 −0.088 −0.030 −0.246 −0.046

0 0 0 −0.051 0 1 0 0

0 −0.033 −2.387 −0.953 −0.226 −1.459 −0.233 −0.689

−4 0

0 −4




B =

[
0 0 0 0 0 0 4 0
0 0 0 0 0 0 0 4

]T

,

C =
[

0, 0.0769, 0, 0.0129, 0, 0.0331, 0, 0
]T
.

Here, x1 = ∆z is a deviation in z from the
nominal motion; x2 = ∆ż is a deviation in ż
from the nominal motion; x3 = ∆ψ, x5 = ∆γ
are deviations of the yaw and bank angles. The
coordinates x7, x8 are deviations of the rudder
and ailerons. The controls of the first player are
the scheduled deviations u1 = ∆δrs of the rudder
and u2 = ∆δas of the ailerons. Constraints are

∆δrs ≤ 10◦, ∆δas ≤ 10◦.

The variable w = wz denotes the lateral compo-
nent of the wind velocity. In real life, the wind



changes inertially. To describe this we use the
following wind dynamics:

ẇz = 0.5(Fz − wz), Ḟz = 3(vz − Fz).

The terminal set in the plane x1 = ∆z, x2 = ∆ż
is taken as the hexagon with vertices (−6, 0),
(−6, 1.5), (0, 1.5), (6, 0), (6,−1.5), (0,−1.5).

The linear VM system is

ẋ = Ax+Bu+ Cw,

A=











0 1 0 0 0 0 0 0

0 −0.050 0 −0.098 −2.642 0 0.063 0.997

0 0 0 1 0 0 0 0

0 0.241 0 −0.639 45.278 0 1.448 0.081

0 0 0 0 0 1 0 0

0 0 0 0.007 −0.501 −0.526 −0.383 0

−4 0

0 −1











B =

[

0 0 0 0 0 0 0 2.7
0 0 0 0 0 0 4 0

]T

,

C =

[

0 0.0501 0 −0.2409 0 −0.0003 0 0
0 0.0973 0 0.6387 0 −0.0069 0 0

]T

.

Here, x1 = ∆x and x3 = ∆y are deviations in x

and y from the nominal motion; x2 = ∆ẋ and
x4 = ∆ẏ are deviations in ẋ and ẏ from the
nominal motion; x5 = ∆ϑ is a deviation of the
pitch angle. The coordinates x7, x8 are deviations
of the elevator and thrust force. The controls
of the first player are the scheduled deviations
u1 = ∆δps of the thrust force and u2 = ∆δes of
the elevator. Constraints are

∆δps ≤ 27◦, ∆δes ≤ 10◦.

The variables w1 = wx and w2 = wy denote the
longitudinal and vertical components of the wind
velocity. Taking into account inertia of the wind,
we write the law of change of these variables as

ẇx,y = 0.5(Fx,y − wx,y), Ḟx,y = 3(vx,y − Fx,y).

The terminal set in the plane x3 = ∆y, x4 = ∆ẏ
is taken as the hexagon with vertices (−3, 0),
(−3, 1), (0, 1), (3, 0), (3,−1), (0,−1).

To construct the robust control for these linear
systems, one has to define the constraint Qmax for
the second player’s control. For the lateral channel
the set is taken as |vz| ≤ 10m/sec. For the vertical
channel, the set Qmax is equal to |vx| ≤ 10m/sec,
|vy| ≤ 5m/sec.

4. SIMULATION RESULTS

To simulate the landing process, the original non-
linear system was used. The controls δrs, δas in
the lateral channel and δps, δes in the vertical one
were generated by means of robust control laws
obtained for the linear systems.

Wind disturbance w was generated on the basis
of the wind microburst model from (Ivan, 1985).
In Fig. 1, the field of wind velocity is shown for
this model. The center of the microburst is in

500m from the runway threshold along the axis x
and in −150m aside along the axis z. Geometric
parameters of the microburst are: the height of the
central point is 100m, the radius of the torus is
220m, the radius of the torus ring 80m, the wind
velocity at the central point is 6m/sec.

The initial deviations of the aircraft position from
the nominal one are: the lateral deviation is 20m,
the vertical one is 10m, all others are equal to
zero.

In Fig. 2, the phase trajectories of the nonlinear
system are shown in projection into the plane
of the lateral deviation ∆z and its velocity ∆ż
(the upper picture) and into the plane of the
vertical deviation ∆y and its velocity ∆ẏ (the
lower picture). In Fig. 3, one can see the graphs of
the components δrs, δas, δps, and δes of the useful
control u. The extremal levels of these controls
are marked by dashed lines. The graphs of the
realizations of the wind velocity components wz,
wx, wy are given in Fig. 4.

The realizations of components of the control u
have frequent switches. But since u(t) is the

Fig. 1. Scheme of streamlines of the wind mi-
croburst

Fig. 2. Phase trajectories for the lateral (the up-
per picture) and vertical (the lower picture)
channels



Fig. 3. Realizations of components of the useful
control u

Fig. 4. Realizations of components of the wind
velocity w

scheduled control vector, this chattering will be
smoothed in servo-mechanisms, which dynamics
is included in system (3).

One can see that the final point enters to the
tolerance in both channels. The controls on the
thrust force and the elevators reach the maximal
level, but only in some small time interval near
10 sec. Let us note that the component wy of
the disturbance exceeds the level 5 m/sec, which
corresponds to the chosen set Qmax.

5. CONCLUSION

Traditional methods for control of an aircraft dur-
ing landing work unsatisfactory when the wind
velocity changes abruptly. A new method for con-
structing a control is suggested, which is suitable
for wind disturbances from a wide range. It uses
ideology of guaranteed control and can autotune
to actual level of the disturbance. Simulation re-
sults of the landing process are given for the case
when the disturbance is generated by a wind mi-
croburst. Modelling is made in the framework of
the original nonlinear system. The results show
that the suggested control method successfully
works with hard wind disturbances.

REFERENCES

Ganebny, S. A., S. S. Kumkov, V. S. Patsko and
S. G. Pyatko (2005). Robust Control in Game

Problems with Linear Dynamics. Preprint.
Institute of Mathematics and Mechanics,
Ekaterinburg, Russia.

Ivan, M. (1985). A ring-vortex downburst model
for real-time flight simulation of severe wind-
shear. In: AIAA Flight Simulation Technolo-

gies Conf., July 22–24, 1985, St.Louis, Miss..
pp. 57–61.

Kein, V. M. (1985). Optimization of Control Sys-

tems by Minimax Criterion. Nauka. Moscow.
(in Russian).

Krasovskii, N. N. and A. I. Subbotin
(1988). Game-Theoretical Control Problems.
Springer-Verlag. New York.

Leitmann, G. and S. Pandey (1991). Aircraft con-
trol for flight in an uncertain environment:
take-off in windshear. Journal of Optimiza-

tion Theory and Applications 70(1), 25–55.
Miele, A., T. Wang, H. Wang and W. W. Melvin

(1988). Optimal penetration landing trajec-
tories in the presence of windshear. Jour-

nal of Optimization Theory and Applications

57(1), 1–40.
Patsko, V. S., N. D. Botkin, V. M. Kein, V. L.

Turova and M. A. Zarkh (1994). Control
of an aircraft landing in windshear. Jour-

nal of Optimization Theory and Applications

83(2), 237–267.



A DISTURBED NASH GAME APPROACH FOR GAS

NETWORK OPTIMIZATION

Gerhard Jank ∗ Teresa Paula Azevedo-Perdicoúlis ∗∗
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1. INTRODUCTION

As natural gas is becoming increasingly important in

modern life, its transmission and distribution through

ever expanding pipeline networks is dependent on effi-

cient control and management. However, the problem

characteristics, namely, large dimension, nonlinear-

ity, geographical dispersion, and transient properties

of the gas behaviour, make the design of efficient

algorithms for optimisation of gas networks crucial.

Gas networks are composed of geographically dis-

persed controllable elements communicating between

themselves through pipelines; network controllable el-

ements are supplying sources, compressor stations,

valves, gas holders and regulators. The network main

optimising objective is to meet consumer demands at

the lowest cost.

In this work, the gas network dynamics is modelled

as a disturbed linear-quadratic Nash game. Gas net-

work transient dynamics have been seen before as a

noncooperative Nash-game in (Azevedo-Perdicoúlis,

1998; Ramchandani, 1993), where the players are the

network controllable elements. In a two-level itera-

tion scheme, similar to the economic tâtonnement, the

players appoint their best settings and then interact to

check for network feasibility. The devolved degree of

network unfeasibility informs the players about the

’quality‘ of their settings. The whole process is re-

peated until an equilibrium point is approached. Also,

a stochastic version of the Stackelberg-Nash equilib-

rium has been proposed in (Wolf and Smeers, 1991).

In (Azevedo-Perdicoúlis and Jank, 2004), the optimi-

sation problem of gas networks is formulated as a 2-

player open-loop Nash game with quadratic perfor-

mance criteria and a linear difference equation ex-

pressing network topology and transients as a con-

straint. For the resulting linear-quadratic game, suffi-

cient conditions exist which guarantee the existence

of an unique equilibrium, and a solution can be found

for the controllable input of every player in terms

of solvability of certain symmetric and nonsymmetric

Riccati equations (Jank and Abou-Kandil, 2003).



The optimisation of gas networks is formulated as a

two-player disturbed linear-quadratic game in Section

2, an analytic procedure to determine the operational

optimal settings of the high dimensional transient sys-

tem is proposed in Section 3 based on the sufficient

conditions for the existence of a unique open-loop

Nash equilibrium (see (Jank and Kremer, 2002)), and

the analytic procedure is applied on an example net-

work in Section 4.

2. GAS NETWORK GAME

The network is decomposed into controllable ele-

ments and pipelegs, with the latter being aggregated

into subsystems which express vicinity properties (see

(Azevedo-Perdicoúlis, 1998)). In the game frame-

work, compressor stations and sources are understood

as players which communicate trough network con-

nectivity constraints. The compressors ‘sell’ pressure

to the network at the ‘cost’ of compression, that is,

their optimising objective is to produce the discharge

pressure desired by the offtakes at the lowest expendi-

ture.

The network overall objective, i.e., to ensure the deliv-

ery of the service at the customers offtakes, is repre-

sented as disturbances. We do this since the customers

demand is usually variable, which highly contributes

for the unsteady nature of flow in the pipelines. The

pressure of the gas delivered to the customers should

be up to a contracted minimum. This can be pro-

vided by variable gas supply realised by compressor

stations or the development of the network in order

to increase its flow capacity. The large extent of the

network makes that even small improvements in the

system might involve significant profits. Compressor

outlets and source outlets are the considered control-

lable nodes.

The compressors’ chosen objective is to minimise fuel

usage, a major cost to be taken into account in the net-

work budget. Since the cost of running a compressor

is proportional to the integral of horsepower over the

control interval, for the discrete case, we will optimise

the cummulative objective over a certain number of

time-levels; the decomposition of the control interval

into time-levels is decided according to gas behaviour

(see (Azevedo-Perdicoúlis, 1998; Osiadacz, 1987) for

full description of the models). Hence, the perfor-

mance objective for the compressor is represented as:

Min







J1 = JC = x(N)TKCx(N)+
N−1

∑
k=0

x(k)TQCx(k)

︸ ︷︷ ︸

penalty term

+
N−1

∑
k=0

uC(k)TRCuC(k)

︸ ︷︷ ︸

horsepower

+
N−1

∑
k=0

w(k)TPCw(k)

︸ ︷︷ ︸

offtakes







(1)

where N is the number of time-levels. x is the state-
vector and represents nodal pressures or flows (a node
can be a space discretisation point, a multijunction,
an offtake, a compressor inlet/outlet or a source out-
let). uC, the control-vector, represents compressor dis-
charge pressure, and w(k), the disturbances, offtakes’
loads. Matrices KC,QC,RC and RC will be explained
in Section 3. The compressor is trying to minimise
its own performance index subject to a state-equation
of the type (7). Operational constraints, such as com-
pressor operation safe levels, might be substituted by a
penalty term added to the optimising criterium of each
player.

Source terminals have as a general objective to define
monthly strategies able to purchase the annual con-
tractual quantities of gas from the suppliers, in the
most economic manner. Sources are seen as positive
loads in this study, since we are only concerned with
their interaction with the network—i.e., the quantity
of gas put into the system. The reason for seeing
sources as positive loads is twofold. First, often the
gas transmission and supply do not relate to the same
company. Second, further details are not relevant to
the network interaction. The objective of a source
player is thus to maximise the integral of the benefit of
transmission/storage over the control interval. Hence,
the performance objective for the source is represented
as:

Min







J2 = −JS = −x(N)TKSx(N)−

N−1

∑
k=0

x(k)TQSx(k)

︸ ︷︷ ︸

penalty term

−

N−1

∑
k=0

uS(k)
TRSuS(k)

︸ ︷︷ ︸

net. transmision capacity

−

N−1

∑
k=0

w(k)TPSw(k)

︸ ︷︷ ︸

offtakes







(2)

where uS represents source load flow. The other vari-

ables are defined as for the compressor players. Each

source is trying to minimise its own performance in-

dex also subject to a state-equation of the type (7).

Also, network operational levels might be substituted

by a penalty term.

For the players’ information structure, i.e., of open-

loop type, necessary conditions for an equilibrium can

be derived. This study can be easily extended to a M-

players game, where the M-players could be all the

compressor stations and sources in the network, as

well as other controllable elements or network opti-

mising objectives.

2.1 Network dynamics and connectivity

Under certain assumptions, the gas dynamics is de-
scribed by the following hyperbolicmodel (see (Osiadacz,
1987)):







∂q(x,t)

∂ t
= −S

∂ p(x,t)

∂x
+

λc2

2DS

q2(x,t)

p(x,t)

∂ p(x,t)

∂ t
= −

c2

S

∂q(x,t)

∂x

(3)

where x is space, t is time, p is pressure, q is mass flow,
S is the cross-sectional area, D is the pipe diameter, c



is the isothermal speed of sound, and λ is the friction
factor. Remembering that q = ρWS and p = c2ρ with
ρ as the gas density andW the gas velocity, the above
wave equation can be linearized around the average
gas velocity Applying space discretisation, with step
∆x, as well as time discretisation, with step ∆t, we
obtain:






q(x,t +∆t)−q(x,t)

∆t
= −S

(p(x+∆x,t)− p(x,t))

∆x
+

λ

2D
q(x,t)W

p(x,t +∆t) p(x,t)

∆t
= −

c2

S

(q(x+∆x,t)−q(x,t))

∆x
.

(4)

To simulate transient gas flow in a complex gas net-
work, without nonpipe elements, we compute values
of pressure (flow) at each discretisation point along
each pipe, and also values of pressure (flow) at each
node as an offtake point or junction, assuming that
values of pressure/flow at selected nodes of the system
are known. To model the junction (or offtake point)
makes use of two physical principles: (i) all the pipes
at the junction should have a common pressure at the
junction point, which is expressed by the wave equa-
tion, and (ii) the mass flow should be balanced at the
junction, which is expressed by the first Kirchhoff’s
law. Thus, taking into account mass flow balance, we
substitute the second equation of (4) by:

p(x,t +∆t)− p(x,t)

∆t
= c2

∑m
i=1 qi(x,t)+L(x,t)

1

m

m

∑
i=1

∆xiSi

(5)

where L(x,t) is the load at node x (this can be a
supplied gas flow at the source or controllable node or
a negative load at the offtakes, which in this work will
be understood as disturbances; all the other nodes have
zero load) and m is the number of branches incident
on x. Substituting the second equation of (4) by (5),
we can write:







q(x,t +∆t)−q(x,t)

∆t
= −S

(p(x+∆x,t)− p(x,t))

∆x
+

λ

2D
q(x,t)W

p(x,t +∆t)− p(x,t)

∆t
= c2

∑m
i=1 qi(x,t)+L(x,t)
1
m ∑m

i=1∆xiSi

(6)

From this discrete model, we obtain the state-equation
of our system:

x(k+1) = Ax(t)+Bu(t)+Cw(t) (7)

where x=
[

p1, . . . , pn1
︸ ︷︷ ︸

nodal pressures

,

branch flows
︷ ︸︸ ︷

Q1, . . . ,Qn2

]

, x∈ IRn1+n2

is the state vector.

u ∈ IRk is the control vector, i.e., supply flows/ dis-

charge pressure. k is the number of controllable nodes.

w ∈ IRm is the disturbance vector, i.e., gas offtakes or

compressor flows or noncontrollable source loads. m

is the number of offtake nodes.

A ∈ IR(n1+n2)×(n1+n2) is the network topography or

system matrix.

B ∈ IR(n1+n2)×k is the control matrix and describes the

connection of the passive network to the controlable

elements.

C ∈ IR(n1+n2)×m is the disturbance matrix.

3. DISTURBED DISCRETE TIME

LINEAR-QUADRATIC OPEN-LOOP NASH

GAMES

Open-loop Nash equilibria have been considered for
linear difference games in (Basar and Olsder, 1999),
(Jank and Abou-Kandil, 2003). This paper deals with
open-loop linear difference games where an additional
disturbance input is present and the cost functionals
are of quadratic type. The considered equilibrium con-
cept of the underlying game was introduced in (Jank
and Kun, 2002) for continous time games with dis-
turbance input and in (Jank and Kremer, 2002) for
discrete time games. Although a Nash game approach
is used to choose the strategies of the players, no
constraints on the disturbance term are made. This
means that the players have to find an equilibrium
strategy without knowing anything about the distur-
bance. More precisely, this equilibrium is obtained in
the following way:
First each player can calculate a ”worst-case” distur-
bance against any action of the players and then under
consideration of this worst-case disturbances (depend-
ing on the chosen controls of all players), a Nash equi-
librium is sought. For the notion of a Nash equilibrium
we refer the reader to (Basar and Olsder, 1999).

Consider a discrete-time linear system with 2 decision
makers (or players) and a disturbance term of the fol-
lowing type:

x(k+1) = A(k)x(k)+
2

∑
j=1

B j(k)u j(k)+C(k)w(k) (8)

x(0) = x0,

with x(k)∈ IRn
,k= 0, . . . ,N−1, A(k)∈ IRn×n

,B j(k)∈

IRn×r j
,C(k) ∈ IRn×m

, u j(k) ∈ IRr j
,w(k) ∈ IRm

.

A state x is now defined as a function x : T → IRn
, a

control ui, i= 1, . . . ,M is a function ui :T → IRri
, and

a disturbance is a function w : T → IRm
, with time

set T = {0,1, . . . ,N}. U denotes the set of all pairs
(u1,u2) of controls and W the set of all disturbances,
while Ui denotes the set of all controls ui of player i,
i = 1,2.
The solution of equation (7) is obtained by (see for
instance (Kwakernaak and Sivan, 1972, p. 452)):

x(k) = Φ(k,0)x0+
2

∑
i=1

(
k−1

∑
j=0

Φ(k, j+1)Bi( j)ui( j)

)

+
k−1

∑
j=0

Φ(k, j+1)C( j)w( j), k = 0, . . . ,N,

(9)

where ∑−1
0 = 0 and Φ(k, l),k ≥ l, is the (n,n)-matrix

Φ(k, l) =

{

A(k−1)A(k−2) · · ·A(l) for k ≥ l+1
I for k = l.

Notice that Φ(k, l) is a solution of the homogeneous
difference equation Φ(k + 1, l) = A(k)Φ(k, l),k ≥ l,
with Φ(l, l) = I, I the n-dimensional unit matrix.

Moreover, we introduce the Hilbert space X p of
mappings from T to IRp

, equipped with the scalar

product 〈 f ,g〉p := ∑N
k=0 f

T (k)g(k), for f ,g ∈ X p
.

Hence, X n contains all states, Ui = X ri and W =
X m

.

The cost functional of the ith player is then, for i= 1,2
defined by:



Ji(u1,u2,w) =
1

2
xT (N)KiNx(N)+

1

2

N−1

∑
k=0

[
xT (k)Qi(k)x(k)+

+
2

∑
j=1

uTj (k)Ri j(k)u j(k)+wT (k)Pi(k)w(k)

]

,

(10)

where for i, j = 1,2 and each k = 0, . . . ,N − 1 the
matricesQi(k), KiN ∈ IRn×n, Ri j(k) ∈ IRr j×r j , Pi(k) ∈
IRm×m are symmetric and additionally Rii(k) > 0. It

is assumed here that the information structure of all

players is of open-loop type, i.e. no state measure-

ments are available during the optimization period and

each player computes its optimal policy at the begin-

ning of the game and, furthermore, is committed to

follow that policy during the whole period. We define

a Nash/worst-case equilibrium according to (Jank and

Kremer, 2002). Hence, the strategy of each player is

defined as:

Definition 1. We define the Nash/worst-case equilib-

rium in two steps:

(1) Given the controls (u1,u2) ∈ U . A disturbance
function ŵi(u1,u2) ∈ W is called worst-case

disturbance from the point of view of the ith

player according to these controls if

Ji

(

u1,u2,ŵi(u1,u2)
)

≥ Ji

(

u1,u2,w
)

holds for each w ∈ W .

(2) We say that the controls (ũ1, ũ2) ∈ U form a

Nash/worst-case equilibrium if for all i= 1,2
(i) there exists a worst-case disturbance from

the point of view of the ith player according

to all controls (ui, ũī) ∈ U and
(ii)

Ji

(

ũi, ũī,ŵi(ui, ũī)
)

≤ Ji

(

ui, ũī,ŵi(ui, ũī)
)

holds for each worst-case disturbance ŵi(ui, ũī) ∈
W and control function ui ∈ Ui. ī represents the

other player different from i.

In order to simplify (9) and (10) we introduce the
following linear operators, with i, j = 1,2:

Φ : IRn → X
n
, x0 7→ Φ(.,0)x0,

Bi :Ui → X
n

ui(.) 7→

(

k 7→
k−1

∑
j=0

Φ(k, j+1)Bi( j)ui( j), k = 0, . . . ,N

)

,

and

C :W → X
n

w 7→

(

k 7→
k−1

∑
j=0

Φ(k, j+1)C( j)w( j), k = 0, . . . ,N

)

,

as well as the operators

Q̄i :X
n → X

n

x(.) 7→

(

k 7→

{
Qi(k)x(k) k = 0, . . . ,N−1
KiNx(N) k = N

)

,

R̄i j :X
r j → X

r j

x(.) 7→

(

k 7→

{
Ri j(k)x(k) k = 0, . . . ,N−1
0 k = N

)

,

P̄i :X
m → X

m

x(.) 7→

(

k 7→

{
Pi(k)x(k) k = 0, . . . ,N−1
0 k = N

)

.

With the scalar product and the operators from above,
equation (9) can now be written as:

x = Φx0+
2

∑
i=1

Biui+Cw,

and the cost functionals in (10), for i= 1,2, as

Ji(u1,u2,w) =
1

2

(

〈
x,Q̄ix

〉

n
+
2

∑
j=1

〈
u j , R̄i ju j

〉

r j
+ 〈w, P̄w〉m

)

.

We also define Fi : Ui 7→ Ui, Gi : W 7→ W , by Fi :=
B∗
i Q̄iBi+ R̄ii, and Gi := C ∗Q̄iC + P̄i. Due to restric-
tion of space, we refer the reader to (Jank and Kre-

mer, 2002) in order to recall sufficient conditions for

the existence of Nash/worst-case equilibrium controls

of discrete-time games under open-loop information

structure. These controls are related to solutions of

Riccati difference equations, similarly as in undis-

turbed games with open-loop Nash equilibrium.

Note that in general each player gets associated a
different worst-case trajectory x̂i. Therefore, it is not
possible to treat this problem as a standard Nash game.
Our aim now is to describe the relation for equilibrium
controls more explicitly, i.e. by solutions of certain
difference equations. Following what is done in (Jank
and Kremer, 2002), we need to define the following
set of terminal value problems:

Ei(k) = Qi(k)+AT (k)Ei(k+1)

×
[
I+(Si(k)+Ti(k))Ei(k+1)

]−1

︸ ︷︷ ︸

=:Ω−1
i (k)

A(k) (11)

with i= 1,2, k= N−1, . . . ,0 and Ei(N) = KiN , where
Ei(k) ∈ IRn×n,k = 0, . . . ,N, is a symmetric matrix.

Finally, also from (Jank and Kremer, 2002) we cite:

Theorem 1. Suppose that the matricesPi(k) and Rii(k),
k= 0, . . . ,N−1, i= 1,2, are negative definite and pos-
itive definite, respectively. Suppose furthermore that

also the operators Gi, and Fi, i = 1,2, are negative
definite and positive definite, respectively.Further as-

sume that there exist the solutions of equations (11)

for i= 1,2.

(i) Solvability of the boundary value problem

ei(k) = AT (k)Ω−T
i (k)ei(k+1) (12)

−AT (k)Ei(k+1)Ωi(k)
−1

×
2

∑
j=1
j 6=i

S j(k)[E j(k+1)x̂ j(k+1)+ e j(k+1)],

with terminal condition ei(N) = 0 and where
ei(k) ∈ IRn, k ∈ T , and

x̂i(k+1) = Ωik
−1A(k)x̂i(k)− Ωik

−1(Si(k)
+Ti(k))ei(k+1)

−Ωi
−1(k)

2

∑
j=1
j 6=i

S j(k)[E j(k+1)x̂ j(k+1)

+e j(k+1)],

(13)

with initial condition x̂i(0) = x0, is equivalent
to the existence of an open-loop Nash/worst-

case equilibrium (see (Jank and Kremer, 2002)

for more detail). Here, for each k ∈ T the

matrices Si(k) := Bi(k)R
−1
ii (k)BTi (k), Ti(k) :=

C(k)Pik
−1CT (k), for i= 1,2.



(ii) The control functions

ũi(k) = −R−1
ii (k)BT

i (k)[Ei(k+1)x̂i(k+1)
+ei(k+1)],

(14)

k= 0, . . . ,N−1, form an open-loopNash/worst-
case equilibrium if and only if x̂i and ei are solu-
tions of (12),(13). Moreover, the corresponding

worst-case disturbance of the ith player (i = 1,2)
is then given by

ŵi(k) = −P−1
i (k)CT (k)[Ei(k+1)x̂i(k+1)

+ei(k+1)],
(15)

k = 0, . . . ,N −1.

(iii) The Nash/worst-case equilibrium strategy repre-

sented by (14) is unique if and only if the bound-

ary value problem (12) and (13) has a unique

solution.

Remark 1. In order to establish solvability of the ter-

minal value problem (11) and the boundary value

problem (12) and (13), one needs to discuss:

1. Solvability of the matrix Riccati difference equa-

tions (11) which is of the type as it appears in the

standard regulator problem.

2. Solvability of the boundary value problem (12)

and (13) which is, similarly to what happens in

control theory, closely related to the solvability

of another nonsymmetric matrix Riccati differ-

ence equation. For simplicity of exposition, we

will discuss here solely the two-player case.

Consider the boundary value problem (12) and (13):

A(k)x̂1(k) = Ω1(k)x̂1(k+1)+S2(k)E2(k+1)x̂2(k+1)
+(S1 +T1)(k)e1(k+1)+S2(k)e2(k+1)

A(k)x̂2(k) = Ω2(k)x̂2(k+1)+S1(k)E1(k+1)x̂1(k+1)
+(S2 +T2)(k)e2(k+1)+S1(k)e1(k+1)

(16)

e1(k) = AT (k)Ω−T
1 (k)e1(k+1)

−AT (k)E1(k+1)Ω−1
1 (k)S2(k)e2(k+1)

−AT (k)E1(k+1)Ω−1
1 (k)S2(k)E2(k+1)x̂2(k+1)

e2(k) = AT (k)Ω−T
2 (k)e2(k+1)

−AT (k)E2(k+1)Ω−1
2 (k)S1(k)e1(k+1)

−AT (k)E2(k+1)Ω−1
2 (k)S1(k)E1(k+1)x̂1(k+1).

with the boundary conditions x̂1(0) = x0, x̂2(0) =
x0,e1(N) = e2(N) = 0.

Defining now x(k) =

(

x̂1(k)
x̂2(k)

)

,e(k) =

(

e1(k)
e2(k)

)

,

B(k) =

(

Ω1(k) S2(k)E2(k+1)
S1(k)E1(k+1) Ω2(k)

)

,

Ĉ(k) =

(

(S1 +T1)(k) S2(k)
S1(k) (S2 +T2)(k)

)

,

D(k) =

(

AT (k)Ω−T
1 (k)

−AT (k)E2(k+1)Ω−1
2 (k)S1(k)

,

−AT (k)E1(k+1)Ω−1
1 (k)S2(k)

AT (k)Ω−T
2 (k)

)

,

F(k) =

(

0

−AT (k)E2(k+1)Ω−1
2 (k)S1(k)E1(k+1)

,

−AT (k)E1(k+1)Ω−1
1 (k)S2(k)E2(k+1)
0

)

.

Hence equations (16) can be written as:

Â(k)x(k) = B(k)x(k+1)+Ĉ(k)e(k+1)

e(k) = D(k)e(k+1)+F(k)x(k+1),
k = 0,1, . . . ,N.

(17)

where the matrices Â(k),B(k),Ĉ(k),D(k),F(k), are

defined by the above equations and with the boundary

values x(0) =

(

x0
x0

)

and e(N) = 0.

A sufficient condition for solvability of the latter

boundary value problem (17) can be obtained in terms

of the solvability of a terminal value problem for an

associated Riccati difference equation.

Theorem 2. Suppose that for the two-player game the
assumptions on the matrices Rii and Pi and on the
operators Fi,Gi, i = 1,2 in Theorem 1 are fulfilled.
Suppose further that the symmetric matrix Riccati
difference equation (11) for i= 1,2, and the following
nonsymmetric matrix Riccati difference equation

W (k) = (B(k)+C(k)W(k+1)Â(k+1))−1 (18)

×(D(k)W(k+1)Â(k+1)+F(k)),

W(N) = 0 ∈ IR2n×2n

admit solutions for k = N −1, . . . ,0. Then the bound-
ary value problem (12) and (13) is uniquely solvable.
Moreover, using these solutions, the (unique) optimal
Nash worst-case control function for each player can
be obtained by:

u1(k) = −R−1
11 (k)BT

1 (k)[E1(k+1)x̂1(k+1)+ e1(k+1)]

u2(k) = −R−1
22 (k)BT

2 (k)[E2(k+1)x̂2(k+1)+ e2(k+1)],

and xi, i= 1,2, denotes the worst-case trajectory from
the point of view of the ith player, i.e.

x(k+1) =
(

B(k)+C(k)W(k+1)Â(k+1)
)−1

Â(k)x(k),

x(0) =

(

x0
x0

)

, k = 0,1, . . . ,N −1,

Proof. Because of page limitation the proof can not be

included here, it will be included in a forthcoming pa-

per. It is similar to the proof in the analogous continu-

ous time setting as presented in (Jank and Kun, 2002).

Remark 2. Notice that we did not assume invertibility

of A(k).

4. NUMERICAL EXAMPLE

In this final section, we present a comparison between

disturbed 2-person open-loop differential games un-

der Nash-control laws and 2-person Nash worst-case

control-policies.

To do this, first we neglect the disturbance, calcu-

late the open-loop Nash equilibrium (see for instance

(Basar and Olsder, 1999)) and then try to use the

arising (open-loop) control functions for the disturbed
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Fig. 1. Nodes 3 and 4 represent the compressor, where node 4 is

the discharge pressure node. Node 1 is the source outlet and

nodes 2,5, 6 and 7 are the offtakes.

system. For the network of Figure 1, the trajectory

of the state of the game using the Nash open-loop

controls and a random (but nevertheless smooth) dis-

turbance can be seen in Figure 2, as well as the chosen

disturbance. The obtained gains are JNash
C = 1.657E+

23 and JNash
S = 1.657E+23, respectively. Second, we

apply Theorem 2 to the network of Figure 1. Figure

2 shows also the obtained profiles for the controllable

input and worst-case disturbance of both players, as

well as for the state of the system correspondent to the

worst-case disturbance. The correspondent gains are

JNash/worst-case
C = 2.122E + 18 and JNash/worst-case

S =

1.687E+18, respectively.
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Fig. 2. Source player:×, compressor player: –.

5. CONCLUSIONS

Although it is not very likely that the worst-case pro-

files will be achieved by the system, both players re-

ceive less costs using Nash/worst-case controls.

Although the present work focus on gas networks,

since the optimisation of operational networks is a

concern in various areas, this study can therefore be

generalised to other networks such as water, manage-

ment, economics, road and rail traffic control.

It is worth to mention that a similar approach with a

positive system describing the dynamics can be used if

the gas dynamics is modelled by a parabolic diffusion

equation instead of a hyperbolic system, as it was used

in this paper (see (Osiadacz, 1987) for other models).

REFERENCES

Abou-Kandil, H., G. Freiling and G. Jank (1993). Nec-

essary Conditions for Constant Solutions of Cou-

pled Riccati Equations in Nash games. System &

Control Letters 21, 295–306.

Abou-Kandil, H., G. Freiling V. Ionescu and G. Jank

(2003). Matrix Riccati Equations in Control and

Systems Theory. Birkhäuser Verlag, Basel.
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Abstract: The introduction of Lake of Trust’s notion in Game Theory allows to
put together the Nash strategies for an open-loop information structure and for a
closed-loop one. This link is exploited in this paper in order to develop an iterative
algorithm based on the resolution of non-symmetric Riccati equation at each step,
for solving coupled algebraic Riccati equations from closed-loop Nash strategy.
Different known algorithms are presented as comparison on classical examples
from the literature.Copyright c©2006 IFAC
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1. INTRODUCTION

Game theory deals with interactive decision-
making, where the outcome for each participant
or player depends on the actions of all. If you are a
player in such a game, when choosing your course
of action or strategy you must take into account
the choices of others. The information structure,
that means the set of information available for
each player, needs to be defined, in order to de-
termine the framework of the strategy of players.

Each player can have access to different infor-
mations on the game. For example it can in-

1 This work was supported by the program

CAPES/COFECUB n◦ 489/05

clude other player’s actions, or objective func-
tions, the state of the system, etc. In game theory,
among the different information structures usu-
ally considered (Starr and Ho, 1969b; Starr and
Ho, 1969a): the open-loop information structure
and the closed-loop one are currently used. With
an open-loop information structure, each player
does not have access to the mesured value of the
state, in this case, they can only calculate the pre-
determined state. With a closed-loop information
structure, each player knows the exact value of the
state (Başar and Olsder, 1995).

This classification does not take into account
of inexact knowledge about the system’s state.
Dockner in (Dockner et al., 2000) proposes to
introduce the notion of cheating or more exactly



the lake of trust in game theory. For example,
some player can announce his intention to use
some control, and nevertheless he can cheat on, by
using an other control. In order to observe a such
deviation, each player normally needs to know
the action history. According to this assumption,
he/she can update his/her own control and in this
way he can improve his objective function.

In this paper, this framework is applied to a two-
players dynamical game, with the Nash strategy.
The outline is as follows: the next section in-
troduces the two-players dynamical game with
a Nash strategy. Section 3 explains how to use
updating controls by lake of trust. Section 4 leads
to a new algorithm to determine Coupled Alge-
braic Riccati Equations (CARE). Section 5 gives
some illustrations and comparisons with other al-
gorithms, before a conclusion.

2. TWO-PLAYERS DIFFERENTIAL GAME

Let us consider a two-player linear-quadratic dif-
ferential game, on an infinite time horizon:

Σ :







ẋ (t) = Ax (t) +B1u1 (t) +B2u2 (t)

x (t0) = x0

(1)

where x ∈ R
n, ui ∈ Uad,i ⊂ R

ri (i ∈ {1, 2} and n,
ri ∈ N, Uad,1 is called admissible set of the control
ui) and with the costs functionals (for i ∈ {1, 2}) :

Ji =
1

2

∫ +∞

t0

(

xTQix+ uT
1 Ri1u1 + uT

2 Ri2u2

)

dτ

(2)
All weighting matrices are constant and symmet-
ric with Qi ≥ 0, Kif ≥ 0, Rij ≥ 0 (i 6= j) and
Rii > 0.

By assuming there exists a symmetry between the
players roles (ie all players have the same hier-
archical level), we are focused on Nash strategy
in this paper. The pair (u∗1, u

∗

2) corresponds to a
Nash equilibrium (Başar and Olsder, 1995; Ho,
1970; Ho et al., 1965) if the relations for each
admissible controls (u1, u2) are verified:







J1 (u1, u
∗

2) ≥ J1 (u∗1, u
∗

2)

J2 (u∗1, u2) ≥ J2 (u∗1, u
∗

2)
(3)

At Nash equilibrium (u∗1, u
∗

2), the controller j

increases his criteria Jj , if he decides not to use
u∗j , without cooperation with the other controller.

The necessary conditions for an open-loop infor-
mation structure of Nash strategy are well known
(Starr and Ho, 1969b; Starr and Ho, 1969a).
We sum up only them, with the notation Si =
BiR

−1

ii B
T
i and Sij = BjR

−1

jj RijR
−1

jj B
T
j :

u∗i (t) = −R−1

ii B
T
i ψi(t), i ∈ {1, 2} (4)

where

d

dt











x

ψ1

ψ2











= N











x

ψ1

ψ2











(5)

with

N =











A −S1 −S2

−Q1 −AT 0

−Q2 0 −AT











(6)

By setting
ψi(t) = Kix(t) (7)

The matrices (K1,K2) verify the Coupled Alge-
braic Riccati Equations (CARE):






ATK1 +K1A+Q1 −K1S1K1 −K1S2K2 = 0

ATK2 +K2A+Q2 −K2S1K1 −K2S2K2 = 0

(8)

The resolution of (8) is equivalent to study the

invariant subspaces like Im
[

I KT
1 KT

2

]T
of N (6)

(Abou-Kandil et al., 2003) or to the resolution of
the non-symmetric Riccati equation, induced by
submatrices of N (6):

0 =





AT 0

0 AT









K1

K2



 +





K1

K2



A

+





Q1

Q2



 −





K1

K2





(

S1 S2

)





K1

K2





(9)

In the next section, we formalize the notion of lake
of trust.

3. LAKE OF TRUST APPROACH

Either according an observation of players action,
each player can deduce the action of others and
use this information in order to update his own
control, or the player can take account of an other
control if he knows the other player lies. In these
two cases, each player does not take account of the
announced controls from others, but of observed
or predicable control (for example a player can
think that the liar player wants really to use a
control associated with a pole placement, or a
H∞-control, etc.). The considered control can be
formalized by a feedback control noted Gi.

The player 1 is seeing the structure of the system,
as the player 2 is using a feedback control G2 (Fig.
1).

In the same way, the player 2 is seeing the struc-
ture with a feedback control G1 for the player 1
(Fig. 2).
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Fig. 1. Structure seen by u1
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Fig. 2. Structure seen by u2

The criterion of the player 1 becomes:

J1 =
1

2

∫ +∞

t0

(

xT
[

Q1 +GT

2 R12G2

]

x+ uT

1 R11u1

)

dτ

(10)
with the dynamical constraint:

ẋ = (A−B2G2)x+B1u1 (11)

J2 =
1

2

∫ +∞

t0

(

xT
[

Q2 +GT

1 R21G1

]

x+ uT

2 R22u2

)

dτ

(12)
with the dynamical constraint:

ẋ = (A−B1G1)x+B2u2 (13)

The characteristic matrix N defined by (6) be-
comes:

Ñ =










A −S1 −S2

−Q1 −GT

2 R12G2 (B2G2 −A)T 0

−Q2 −GT

1 R21G1 0 (B1G1 −A)T











(14)

Then the matrices K1 and K2 verify the following
non-symmetric algebraic Riccati equation induced
by Ñ :

0 =





(A−B2G2)
T 0

0 (A−B1G1)
T









K1

K2





+





K1

K2



A+





Q1 +GT

2 R12G2

Q2 +GT

1 R21G1





−





K1

K2





(

S1 S2

)





K1

K2





(15)

This non-symmetric algebraic Riccati equation
is solvable by classical methods (Abou-Kandil et
al., 2003). However if G1 and G2 are defined by:

G1 = R−1
11 B

T

1 K1 G2 = R−1
22 B

T

2 K2 (16)

we obtain an implicit representation of Coupled
Algebraic Riccati equations from closed-loop in-
formation structure with a Nash strategy (which
is symmetric in comparison with K1 and K2):

0 = N1(K1,K2)

0 = N2(K1,K2)

(17)

where

N1(K1,K2) = −A
TK1 −K1A−Q1 −K2S12K2

+K2S2K1 +K1S2K2 +K1S1K1

N2(K1,K2) = −A
TK2 −K2A−Q2 −K1S21K1

+K1S1K2 +K2S1K1 +K2S2K2

(18)

The Riccati equations (17) appear in game theory
in the framework of Nash strategy in closed-loop
information structure (Başar and Olsder, 1995;
Ho, 1970), and in automatic control, for example
in H∞ control (Başar and Bernhard, 1991) and
mixed H2 /H∞ control (Limebeer et al., 1994).
Even though there exists some results on global
existence of solutions of (17) (Freiling et al., 1996),
as far as we know, there exists no better result on
the existence of solutions of (17). The resolution
of the Riccati equations (17) is so worthwhile in
many fields of research. The rest of the paper deals
with a new resolution algorithm.

4. NUMERICAL ALGORITHM

In this section we propose to use an iterative algo-
rithm, based on the resolution of non-symmetric
Riccati equation (15), to resolve (17):

Algorithm Lake of Trust: L.o.T.

• Define a error level ε.
• Initialize K

(0)
1 = 0 and K

(0)
2 = 0.

• At every step c ∈ N
∗, set

G1 = R−1
11 B

T

1 K
(c−1)
1 G2 = R−1

22 B
T

2 K
(c−1)
2

(19)

• Obtain K
(c)
1 and K

(c)
2 the dychotomic solu-

tion of the non-symmetric Riccati equation
(15).

• Calculate N
(c)
1 and N

(c)
2 :











N
(c)
1 =

∥

∥

∥N1

(

K
(c)
1 ,K

(c)
2

)∥

∥

∥

∞

N
(c)
2 =

∥

∥

∥N2

(

K
(c)
1 ,K

(c)
2

)∥

∥

∥

∞

(20)



• Stop the algorithm when:

ε ≥ ε(c) = max
{

N (c)
1 ,N (c)

2

}

(21)

where ‖.‖∞ is the H∞-norm.
This algorithm needs an only one assumption: at
every step, Ñ is assumed dichotomically separable
(Abou-Kandil et al., 2003).

Different types of algorithm exist in the litera-
ture. We can cite for example, an algorithm us-
ing Lyapunov type iterations (Gajic and Shen,
1993). Nevertheless an restrictive assumption (ei-
ther the triple

(

A,B1,
√
Q1

)

or
(

A,B2,
√
Q2

)

is
stabilizable-detectable) is made. This algorithm
seems to be slow, and furthermore his conver-
gence is not yet prooved. Consequently we com-
pare our algorithm only with algorithms using a
Riccati type iterations. For this last type, several
approximations are considered for the quadratic
terms: (Abou-Kandil et al., 2003) and (Cherfi et
al., 2005).

Algorithm Abou-Kandil & al.

• Start with initial matricesK(0)
1 andK

(0)
2 . For

example choose the strong solutions of:

0 = −ATK
(0)
1 −K

(0)
1 A−Q1 +K

(0)
1 S1K

(0)
1

0 = −ATK
(0)
2 −K

(0)
2 A−Q2 +K

(0)
2 S2K

(0)
2

(22)

• Compute the strong solutions K(c)
1 and K

(c)
2

of the decoupled ARE

0 = K
(c)
1

(

A− S2K
(c−1)
2

)

+
(

A− S2K
(c−1)
2

)T

K
(c)
1

+Q1 −K
(c)
1 S1K

(c)
1 +K

(c−1)
2 S12K

(c−1)
2

0 = K
(c)
2

(

A− S1K
(c−1)
1

)

+
(

A− S1K
(c−1)
1

)T

K
(c)
2

Q2 −K
(c)
2 S2K

(c)
2 +K

(c−1)
1 S21K

(c−1)
1

(23)

• Calculate N (c)
1 and N (c)

2 defined by (20).
• Stop the algorithm when (21) is verified.

Algorithm Cherfi & al.

This algorithm generalizes the result of (Cherfi et
al., 2005), where the same problem is studied with
R12 = 0 and R21 = 0.

• Start with the initial matrix K
(0)
1 ≥ 0.

• At every step c ∈ N
∗, calculate first K

(c)
2 by

resolving:

0 =
(

A− S1K
(c−1)
1

)T

K
(c)
2

+K
(c)
2

(

A− S1K
(c−1)
1

)

+Q2 +K
(c−1)
1 S21K

(c−1)
1 −K

(c)
2 S2K

(c)
2

(24)

Secondly K
(c)
1 by resolving:

0 =
(

A− S2K
(c)
2

)T

K
(c)
1

+K
(c)
1

(

A− S2K
(c)
2

)

+Q1 +K
(c)
2 S12K

(c)
2 −K

(c)
1 S1K

(c)
1

(25)

• Calculate N (c)
1 and N (c)

2 defined by (20).
• Stop the algorithm when (21) is verified.

The algorithm due to (Abou-Kandil et al., 2003) is
based on the parallel computations of two inden-
pendant algebraic Riccati equations (23) which
are symmetric. The improvement of the algorithm
due to (Cherfi et al., 2005) breaks the parallelism
of the computation and uses the result of the
first Riccati equation (24) directly to update the
weighting matrices of the second Riccati equation
(25). Inspired by this idea, we propose another
algorithm, with a direct reinjection at each itera-
tion.

Algorithm Speedy Lake of Trust: S.L.o.T.

Here we present only the difference with the algo-

rithm L.o.T.: at each step, K
(c)
1 is calculated by

resolving (15). G1 defined by (16) is updated.K
(c)
2

is then calculted by resolving the new equation
(15).

5. ILLUSTRATIONS

In order to compare the four algorithms with a
Riccati type iterations, we use three examples
issued from the literature. For each example we
remind of the matrices of the problem and we
indicate the error rate ε(c) for the iterations with
ε = 10−6. For non scalar examples, we indicate the

symmetric rate of matrices K
(c)
1 and K

(c)
2 , defined

by:

M → ‖M −MT ‖2
‖M‖2

(26)

Example 1:(Abou-Kandil et al., 2003, p. 342)

A =





20 50

−25 15



 ; S12 = S21 = 0 ;

S1 =





18 18

18 18



 ; S2 =





4 8

8 16



 ;

Q1 =





8 2

2 4



 ; Q2 =





8 2

2 14





(27)

K
(∞)
1 =





2.0139 0.0704

0.0704 1.4959



 (28)

K
(∞)
2 =





0.6342 −0.1188
−0.1188 0.2994



 (29)
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Fig. 3. Error rate ε(c) per iteration c.
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Example 2: (Limebeer et al., 1994)

A = 2; B1 = 1; B2 = 3;

Q1 = −9; Q2 = +9;

R12 = −1; R21 = 0; R22 = 1;

R11 = γ2; avec γ = 0.8

(30)
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Fig. 5. Error rate ε(c) per iteration c.

K
(∞)
1 = −1.4145; K

(∞)
2 = 1.5718 (31)

Example 3: (Geromel, 1989)

A = −





























0 0 0 −1 0 0

0 0 0 0 −1 0

0 0 0 0 0 −1

5.78e
−2

0 0 4.80e
−5

0 0

0 3.04e
−1

0 0 1.10e
−4

0

0 0 7.48e
−1

0 0 1.73e
−4





























B1 =
[

0 0 0 0.53 −0.39 −0.11
]

B2 =
[

0 0 0 0.42 0.11 −0.44
]

Q1 = 2.diag([ 2.3 1.7 0.3 1.1 0.85 1.4 ])

Q2 = 2.diag([ 0.5 1 1.5 2 2 1 ])

R11 = 1; R22 = 2; R12 = 1.5; R21 = 2.7

(32)

0 2 4 6 8 10 12 14
10−6

10−5

10−4

10−3

10−2

10−1

100

101

102

103

104

Number of iterations c

ε
c

Lake of Trust
Abou−Kandil
Cherfi
Speedy Lake of Trust

Fig. 6. Error rate ε(c) per iteration c.

1 2 3 4 5 6 7 8 9 10 11
10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100
Dissymmetry rate of K1 et K2 (L.o.T. and S.L.o.T.)

Number of iterations c

K1 LoT
K2 LoT
K1 SLoT
K2 SLoT

Fig. 7. Dissymetry rates per iteration c for L.o.T.
and S.L.o.T..



K
(∞)
1 =





























19.40 5.26 2.60 13.95 9.17 9.90

5.26 15.48 4.05 5.76 9.95 5.57

2.60 4.05 16.84 −6.90 −7.30 −4.20

13.95 5.76 −6.90 28.51 23.3 23.15

9.17 9.95 −7.30 23.30 30.20 21.62

9.90 5.57 −4.20 23.15 21.62 24.30





























(33)

K
(∞)
2 =





























9.73 2.90 1.31 7.53 7.73 6.86

2.90 12.19 4.10 1.90 4.09 2.22

1.31 4.10 24.51 −8.63 −9.01 −1.14

7.53 1.90 −8.63 26.74 25.72 20.61

7.73 4.09 −9.01 25.72 30.43 19.00

6.86 2.22 −1.14 20.61 19.00 28.76





























(34)

In these examples, we can note, that after an
transient behaviour, the dissymmetric rates for
L.o.T. and S.L.o.T. decrease regularly. For a fixed
limit error rate ε, L.o.T. and S.L.o.T. are better
than Algorithm due to (Abou-Kandil et al., 2003),
and according to the example than Algorithm due
to (Cherfi et al., 2005). Unfortunately, there exists
no proof of convergence for all these algorithms.

6. CONCLUSION

In this paper, an approach using the notion of
Lake of Trust or Cheating is proposed to lead
to a new iterative algorithm solving coupled al-
gebraic Riccati equations from closed-loop Nash
strategy. This algorithm is based on the resolution
of non-symmetric Riccati equation at each step.
The comparison with other algorithms (which use
symmetric Riccati equation solving) shows that
numerically in terms of dissymmetric rates and
of error rate our algorithms are competitive even
if the Riccati equations are not symmetric. As
we show in some examples, this technique can be
successfully applied in the resolution of Riccati
equations appearing in H2/H∞-control.
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Başar, T. and P. Bernhard (1991). H∞-

Optimal Control and Related Minimax De-

sign Problems: A Dynamic Game Approach.
Birkhäuser.
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Abstract: The paper concerns problems of formalization and constructing optimal
trajectories for three-person positional differential games in hierarchical statement.
Two players of lower level construct the dynamics which is based on the principle
of non-decrease of players payoffs and on a procedure of narrowing a set of solution
using Nash equilibria in auxiliary bimatrix games. The approach is illustrated by
two examples. The first one deals with constructing optimal trajectories for the
motion of a material point on the plane under the action of a force forming by
three players. The second one deals with a three-person repeated game of Prisoner’s
dilemma type. Copyright c© 2006 IFAC.

Keywords: three-person positional differential game, hierarchical statement,
optimal trajectories, repeated game.

1. INTRODUCTION

The suggested approach to constructing solutions
in three-person positional differential games is
based on the theory of antagonistic positional dif-
ferential games ((Krasovskii and Subbotin, 1988),
(Krasovskii, 1985)) and, more specifically, on
nonzero-sum branch of this theory (Kleimenov,
1993). Using the principle of non-decrease of play-
ers’ payoffs and some special procedure based on
Nash equilibria in auxiliary bimatrix games is
characteristic for the approach (Kleimenov, 1997).

The paper is organized as follows. Section 2 con-
tains formalization of strategies and motions in
the game. The problem statement is given in Sec-
tion 3. A procedure of forming control actions for
the players is described in Section 4. Sections 5

1 Supported by the Russian Fund of Fundamental Re-

searches, grant 03-01-00228

and 6 gives results of numerical experiment con-
cerning optimal trajectories for two special cases.
The first one deals with constructing optimal tra-
jectories for the motion of a material point on the
plane under the action of a force forming by three
players. The second one is a three-person repeated
game of Prisoner’s dilemma type.

2. FORMALIZATION OF THREE-PERSON
NONANTAGONISTIC POSITIONAL

DIFFERENTIAL GAME

Let dynamics of three-person nonantagonistic po-
sitional differential game (NPDG) be described by
the equation

ẋ = f(t, x, u) + g(t, x, v) + h(t, x, w) (1)

t ∈ [t0, θ], x(t0) = x0

where x ∈ Rnis a phase vector, controls u ∈ P ∈

compRp, v ∈ Q ∈ compRq and w ∈ S ∈ compRs



are handled by Player1 (P1), Player2 (P2) and
Player3 (P3), respectively, and θ is a fixed final
time.

LetG be a compact set in R1×Rnwhose projection
on the time axis is equal to the given interval
[t0, θ]. We assume, that all the trajectories of
system (1), beginning at an arbitrary position
(t∗, x∗) ∈ G, remain within G for all t ∈ [t∗, θ].

Let the following assumptions be fulfilled.

10. The functions

f : G×P → Rn, g : G×Q→ Rn, h : G×S → Rn

are continuous over the sets of arguments, and
satisfy the Lipschitz conditions with respect to x.

20. There exist contants λ1, λ2, λ3 > 0 such that

‖f(t, x, u)‖ ≤ λ1(1 + ‖x‖), ‖g(t, x, v)‖ ≤ λ2(1 +
‖x‖), ‖h(t, x, w)‖ ≤ λ3(1 + ‖x‖)

for all (t, x) ∈ G, u ∈ P, v ∈ Q, w ∈ S.

Player i chooses his control to maximize the cost
functional

Ii = σi(x(θ)), i = 1, 2, 3, (2)

where σi : R
n −→ R

1 is given continuous function.

Suppose, that all three players have complete in-
formation about the current position {t, x(t)} of
the game. The formalization of players’ strategies
and of motions generated by them in NPDGs is
similar to the formalization introduced for an-
tagonistic positional differential games (APDGs)
in (Krasovskii and Subbotin, 1988), (Krasovskii,
1985) with the exception of technical details
(Kleimenov, 1993).

A pure strategy (or strategy for short) of P1 is
identified with a pair U÷{u(t, x, ε), β1(ε)}, where
u(·) is an arbitrary function depending on the po-
sition (t, x) and on a positive precision parameter
ε and having values in the set P . The function
β1 : (0,∞) −→ (0,∞) is a continuous monotone
one and satisfies the condition β1(ε) −→ 0 if
ε −→ 0. The function β1(·) has the following
sense. For a fixed ε the value β1(ε) is the up-
per bound for the step of a subdivision of the
interval [t0, θ] which P1 uses for forming step-by-
step motions. Strategies V ÷ {v(t, x, ε), β2(ε)} of
P2 and W ÷ {w(t, x, ε), β3(ε)} of P3 are defined
analogously.

Motions of two types: approximated (step-by-
step) ones and ideal (limit) ones are considered as
motions generated by a triple of strategies of play-
ers. Approximated motion x[·, t0, x0, U, ε1,∆1, V,

ε2,∆2,W, ε3,∆3, ] is introduced for fixed values of
players’ precision parameters ε1, ε2 and ε3 and for

fixed subdivisions ∆1 = {t
(1)
i }, ∆2 = {t

(2)
j } and

∆3 = {t
(3)
k } of the interval [to, θ] chosen by P1, P2

and P3,respectively, under the conditions δ(∆i) ≤

βi(εi), i = 1, 2, 3. Here δ(∆i) = maxs(t
(i)
s+1 − t

(i)
s ).

A limit motion generated by the triple of strate-
gies (U, V,W ) from the initial position (t0, x0) is
a continuous function x[t] = x[t, t0, x0, U, V,W ]
for which there exists a sequence of approximated
motions

{x[t, ts0, x
s
0, U, ε

s
1,∆

s
1, V, ε

s
2,∆

s
2,W, ε

s
3,∆

s
3]}

uniformly converging to x[t] on [t0, θ] as s → ∞,

εsi → 0, ts0 → t0, x
s
0 → x0, δ(∆

s
i ) ≤ βi(ε

s
i ),

i = 1, 2, 3.

A triple of strategies (U, V,W ) generates a nonempty
compact ( in the metric of the space C[t0, θ])
set X(t0, x0, U, V,W ) consisting of limit motions
x[·, t0, x0, U, V,W ].

3. PROBLEM STATEMENT

We consider the hierarchical statement of the
game. Let the following assumptions be intro-
duced.

A1. P3, called the leader, chooses his strategy
W ∗ beforehand and informs P1 and P2 about the
choice.

A2. Having the information about the strategy
W P1 and P2 act rationally. This means that P1
and P2 choose their rational strategies U∗ and V ∗

according to the procedure of successive contrac-
tion of the set of admissible solutions proposed in
(Kleimenov, 1997) and described in Section 4.

Rational strategies U∗ and V ∗ exist and depend
on announced strategy W ∗, that is, U∗ = ϕ(W ∗)
and V ∗ = ψ(W ∗).

Problem1. Let A1 and A2 hold. Find a strategy
W 0 of P3 and rational strategies U0 and V 0of P1
and P2 such that

max
W

min
x[·]∈X(t0,x0,ϕ(W ),ψ(W ),W )

σ3 (x[ϑ]) = (3)

min
x[·]∈X(t0,x0,U0,V 0,W 0)

σ3 (x (ϑ)) .

Trajectories generated by the triple (U0, V 0,W 0)
are called optimal trajectories.

4. THE PROCEDURE OF SUCCESSIVE
CONTRACTION OF THE SET OF

ADMISSIBLE SOLUTIONS FOR P1 AND P2

Let dynamics of two-person positional differential
game be described by the equation

ẋ = f(t, x, u) + g(t, x, v) + l(t, x), (4)

x(t∗) = x∗, t∗ ∈ [t0, θ]

and Ii = σi(x(θ)) (2), i = 1, 2 are cost functionals
of P1 and P2 in this game.



Strategies U and V of P1 and P2, respectively,
and motions generated by them are defined as in
Section 2.
Now we give the following definitions (see, for
example, (Kleimenov, 1993)).

Definition 1. A pair of strategies (UN , V N ) is
called a Nash equilibrium solution (NE-solution)
of the game (4), (2) if for any motion x[·] ∈
X(t∗, x∗U

N , V N ), any τ ∈ [t∗, θ], and any strate-
gies U and V the following inequalities hold:

max
x[·]

σ1(x[θ, τ, x[τ ], U, V N ]) ≤

min
x[·]

σ1(x[θ, τ, x[τ ], UN , V N ]),

max
x[·]

σ2(x[θ, τ, x[τ ], UN , V ]) ≤

min
x[·]

σ2(x[θ, τ, x[τ ], UN , V N ]).

Definition 2. An NE-solution (UP , V P )which
is Pareto unimprovable with respect to the values
I1, I2 (2) is called a P -solution.

Definition 3. A P -solution, the best for Player
i, is called an Hi-solution (i = 1, 2).

The material below is based on the paper
(Kleimenov, 1997). The procedure described uses
the principle of non-decrease of players payoffs,
maximal shift in the direction best for one and
another player and Nash equilibria in auxiliary
bimatrix games.

At first we define the functions ρ01 : G −→ R1

and ρ02 : G −→ R1 assuming that ρ0i (t, x) is the
value of the functional (2) of Player i in the Hi -
solution if the position (t, x) is taken as the initial
position.

We denote by S0 the set of payoff vectors of the
players (I1, I2) (2) which are achieved on the P -
solutions of the game (4),( 2).

Now we describe a procedure L(S0, ρ01(·), ρ02(·))
which makes possible us further, using the set S0

and the functions ρ01(t, x) and ρ02(t, x), (t, x) ∈ G,

to construct a set S1 ⊆ S0 and determine the
functions ρ11(t, x) and ρ12(t, x), (t, x) ∈ G.

Suppose the position (t, x) ∈ G is given. Let
the H1 - solution and H2 - solution correspond
to this position as the initial position. Denote
by w1(σ), t ≤ σ ≤ θ and w2(σ), t ≤ σ ≤ θ

trajectories generated by the H1 - solution and
H2 - solution, respectively. We fix ε > 0 and put
τ(t, ε) = min{t + ε, θ}.

Consider the vectors

s01(t, x, ε) = w1(τ(t, ε)) − x, (5)

s02(t, x, ε) = w2(τ(t, ε)) − x. (6)

We define the vectors u0
1(t, x, ε), v01(t, x, ε), u0

2(t, x, ε)
and v02(t, x, ε) from the conditions

max
u∈P,v∈Q

s0T1 [f(t, x, u) + g(t, x, v)] = (7)

s0T1
[
f(t, x, u0

1) + g(t, x, v01)
]
,

max
u∈P,v∈Q

s0T2 [f(t, x, u) + g(t, x, v)] = (8)

s0T2
[
f(t, x, u0

2) + g(t, x, v02)
]
.

Now we construct the auxiliary bimatrix 2 × 2
game (A,B) in which the first player has two
strategies: ”to choose u0

1” and ”to choose u0
2”.

Similarly, the second player has two strategies:
”to choose v01” and ”to choose v02”. The payoff
matrices of the players are defined as follows:

A =

∥∥∥∥
a11 a12
a21 a22

∥∥∥∥ , B =

∥∥∥∥
b11 b12
b21 b22

∥∥∥∥ , (9)

aij = ρ01(τ(t, ε), (x + f(t, x, u0
i ) + g(t, x, v0j ))τ(t, ε)),

bij = ρ02(τ(t, ε), (x + f(t, x, u0
i ) + g(t, x, v0j ))τ(t, ε)),

i, j = 1, 2.

It is obvious that a11 ≥ a21 and b22 ≥ b21
which enables us to eliminate situation (2, 1)from
consideration when finding Nash equilibria in the
game (A,B). It is easy to show that the bimatrix
game (A,B) has at least one Nash equilibrium in
pure strategies.

We choose as the controls ũ(t, x, ε) and ṽ(t, x, ε),
used by the players in position (t, x) for specified
ε, the controls (ui, vj), which yield a Nash equi-
librium. Four cases are possible.

1. Situation (1, 2) provides a unique Nash equi-
librium. Then, the pair u0

i (t, x, ε), u
0
2(t, x, ε) gives

the controls of the players.

2. Situation (1, 1) provides a unique Nash equi-
librium. Then, the pair u0(t, x, ε), u0(t, x, ε) gives
the controls of the players.

3. Situation (2, 2) provides a unique Nash equi-
librium. Then, the pair u0

2(t, x, ε), v02(t, x, ε) gives
the controls of the players.

4. Situation (1, 1) and (2, 2) provide two Nash
equilibria. Then, the pair u0

1(t, x, ε), v01(t, x, ε) and
the pair u0

2(t, x, ε), v02(t, x, ε) gives the controls of
the players with equal frequency.

Hence, the strategies ũ(t, x, ε) and ṽ(t, x, ε) are
defined for (t, x) ∈ G, ε > 0. In view of nonunique-
ness of the H1 - solution and the H2 - solu-
tion the algorithm described specifies multival-
ued functions– strategies ũ(t, x, ε) and ṽ(t, x, ε).
Hence when finding the motion we arrive at a
differential equation with a multivalued right-
hand side. As in (Krasovskii and Subbotin, 1988),
(Krasovskii, 1985), we can construct approximal
motions and limit motions of this equation.

Denote by I∗ the set of payoff vectors of the
players (I1, I2) (2) reached on the set of limit
motions of this equation. Denote by S1 the set



of elements S0 such that for each s ∈ S1 we
obtain ξ ∈ I∗, for which the inequality s ≥ ξ

holds. Obviously, S1 is compact. We determine the
functions ρ1

1(t, x) and ρ1
2(t, x), taking as ρ1

i
(t, x)

the value of the maximal payoff of the Player i on
the set S1.

Hence, the procedure L(S0, ρ0
1(·), ρ

0
2(·)) has en-

abled us to construct the set S1 ⊆ S0 and to
determine the functions ρ1

1(t, x) and ρ1
2(t, x),

Using the procedure L(S1, ρ1
1(·), ρ

1
2(·)) we obtain

the set S2 ⊆ S1and the functions ρ2
1(t, x) and

ρ2
2(t, x), (t, x) ∈ G, etc. Taking the limit we obtain

the non-empty set S∞, which, in particular, may
consist of a single point.

A pair of strategies (U, V ) realizing payoff vector
from the set S∞ constitutes just required ratio-
nal strategies of P1 and P2. The Problem 1 is
difficult, in general. We give its solution for two
special cases in next Sections.

5. EXAMPLE 1: MOTION OF MATERIAL
POINT ON THE PLANE

The following vector equation

ξ̈ = u+ v + w, ζ, u, v, w ∈ R2, (10)

‖u‖ ≤ 1, ‖v‖ ≤ 1, ‖w‖ ≤ 1,

ξ[t0] = ξ0, ξ̇[t0] = ξ̇0

describes the motion of a material point of unit
mass on the plane (ξ1, ξ2) under the action of a
force F = u+ v +w. The players P1, P2 and P3,
which govern the controls u, v and w, respectively,
tend to maximize the cost functionals σ1(ξ[θ]),
σ2(ξ[θ]) and σ3(ξ[θ]) where

σi(ξ[θ]) = −
∥

∥

∥
ξ[θ]− a(i)

∥

∥

∥
, (11)

ξ = (ξ1, ξ2), a
(i) = (a

(i)
1 , a

(i)
2 ), i = 1, 2, 3.

By setting y1 = ξ1, y2 = ξ̇1, y3 = ξ2, y4 = ξ̇2 and
making the following change of variables x1 = y1+
(θ− t)y3, x2 = y2+(θ− t)y4, x3 = y3, x4 = y4, we
get the system whose first and second equations
are

ẋ1 = (θ − t)(u1 + v1 + w1), (12)

ẋ2 = (θ − t)(u2 + v2 + w2).

Further, (11) can be written

σi(x[θ]) = −
∥

∥

∥
x[θ]− a(i)

∥

∥

∥
, x = (x1, x2), i = 1, 2, 3.

(13)
Since the cost functionals (13) depend on vari-
ables x1 and x2 only and the right-hand side of
(12) does not depend on other variables, one can
conclude that it is sufficient to consider only the
shortened system (12) with cost functionals (13).

Initial conditions for the system (12) are given by
formulas

xi[t0] = x0i = ξ0i + (θ − t0)ξ̇0i, i = 1, 2.

Let the following initial conditions and values of
parameters be given: t0 = 0, θ = 2, ξ01 = 1,

ξ̇01 = 0.5, ξ02 = 5, ξ̇02 = −1, a
(1)
1 = a

(1)
2 = 0,

a
(2)
1 = 0, a

(2)
2 = 3, a

(1)
3 = 4, a

(2)
3 = 0.

Then x01 = 2 and x02 = 3. Optimal trajectory in
the plane (ξ1, ξ2) obtained as a result of numeri-
cal calculations is shown in Fig.1. Moreover, the
optimal strategy W 0 for the leader (P3) can be
represented in the form

w (t, x, ε) =
a(3) − x

∥

∥a(3) − x
∥

∥

.

x1a
(1  )

a
(2  )

a
(s)

1

1

x2

Fig.1.

6. EXAMPLE 2: THREE-PERSON GAME OF
PRISONER‘S DILEMMA TYPE

Now consider a game with three players P1, P2
and P3 each of which has two strategies: the first
one is denoted by C (cooperate) and the second
one is denoted by D (defect).

Payoffs for P1, P2 and P3 in this game are given as
follows (see e.g. (Straffin, 1993), (Kleimenov and
Schneider, 2005)):

AC =

(

a4 a3

a6 a5

)

, BC =

(

a4 a6

a3 a5

)

, (14)

HC =

(

a4 a3

a3 a1

)

,

if P3 chooses strategy C, and

AD =

(

a3 a1

a5 a2

)

, BD =

(

a3 a5

a1 a2

)

, (15)

HD =

(

a6 a5

a5 a2

)

,

if P3 chooses strategy D.

Here A, B, H denote the payoff matrices of
P1, P2 and P3, correspondingly. The following
inequalities are assumed

a6 > a5 > a4 > a3 > a2 > a1 (16)



Remind that P1 and P2 act in the class of mixed
strategies and P3 acts in the class of pure strate-
gies. The pair (p, 1 − p), 0 ≤ p ≤ 1 is a mixed
strategy of P1, and the pair (q, 1− q), 0 ≤ q ≤ 1
is a mixed strategy of P2. The parameter r be-
longing to {C,D} is a strategy of P3.

Let this game be repeated. Assuming that P1 and
P2 construct the dynamics in the same manner
as in Section 4, we conclude that trajectories
generated by this dynamics are placed either in
the unit square

ED = {(p, q, r) : 0 ≤ p ≤ 1, 0 ≤ q ≤ 1, r = D}

or in the unit square

EC = {(p, q, r) : 0 ≤ p ≤ 1, 0 ≤ q ≤ 1, r = C} ,

Suppose that P3 can make momentary switchings
from strategy C to strategy D and back.

Thus, P1 and P2 construct dynamics in repeated
bimatrix games

(

AC , BC
)

and
(

AD, BD
)

accord-
ing to the algorithm from Section 4 and taking
into account the condition that the payoff of P3
can not decrease along trajectories. In turn, P3
realizes switchings from the square EC to the
square ED and back as required.

This algorithm of constructing dynamics of the
repeated game was analyzed in completely an-
alytical form. Typical trajectories generated by
the algorithm for values r = D and r = C are
represented in Fig.2 and Fig.3, correspondingly,
for the case under conditions

a2 + a3 − a1 − a5 > 0, 2a2 > a1 + a5. (17)

Arrows in Fig. 2,3 show directions of motion for a
current state (p, q).

Note that all the players increase their payoffs
along the trajectories shown in Fig.1. At the same
time along the trajectories shown in Fig.3 P1 and
P2 increase their payoffs while P3 decrease his
payoff, i.e. actually all the trajectories should stay
in initial points. Let the parameters a1, . . . , a6 be

G

Fig.2.

as follows

a1 = −2, a2 = 2, a3 = 3, a4 = 4, a5 = 5, a6 = 6.

Fig.3.

Then the conditions (17) are fulfilled. Trajectories
on the square ED look like in Fig.2, and trajecto-
ries on the square EC stay in initial points.

The collection (D,D,D) isNE with players’payoffs
equal to 2. However, the collection (C,C,C) gives
to each player the payoff equal to 4.

Let the global criterion be to lead states to the
state (C,C,C). Denote

G = {(p, q) ∈ ED : p+ q ≥
1

3
,

2pq − 4p+ 3q ≤ 1, 2pq + 3p− 4q ≤ 1}

This set is represented in Fig.3. Analyzing these
trajectories one can obtain that for initial states
(p0, q0) ∈ G, r = D the proposed dynamics leads
to the state (C,C,D) after that P3 switches this
state to the state (C,C,C).

7. CONCLUSION

A problem of constructing optimal trajectories
in a three-person positional differential game is
formulated.The problem is solved for two special
cases.
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1. INTRODUCTION

The stability of dynamical systems in presence of

time-delay have been extensively studied for the past

50 years. For a good introduction to the subject, see,

for instance, Hale and Verduyn-Lunel [2003], Gu

et al. [2003], Niculescu [2001] and the references

therein. Most of the work that has been done treats

delay differential equations with one or a few discrete

delays, and it is well-known by now that the charac-

terization of stability regions wrt the delays turns to

be an NP -hard problem (see, e.g., Toker and Ozbay

[1996]). Some insights in the quasipolynomial case

including two independent delays can be found in Gu

et al. [2005].

1 The author is also with the Department of Mathemat-

ics, University “Politehnica” of Bucharest, Romania; E-mail:

cmorares@hds.utc.fr; The work of C.-I. MORĂRESCU was
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+33.3.44.23.44.77; E-mail: niculescu@hds.utc.fr
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The problem becomes more difficult in the case when

the delays are distributed. Realistic models in this

sense can be encountered in modeling the physio-

logical behavior, the population dynamics, and var-

ious schemes for controlling objects over networks.

In most of the cases, the overall delay is defined by

a distributed delay term (where the kernel is defined

by some appropriate gamma-distribution laws in the

simplest case, see, for instance, MacDonald [1989],

and the references therein), with a gap. Such a gap 4

simply describes the propagation, which is inherent to

most of the dynamical models encountered in biology,

and in most of the closed-loop schemes for describing

controlling objects over (communication) networks.

To the best of the authors’ knowledge, the first popula-

tion dynamics model including gamma-distributed de-

lays is due to Cushing Cushing [1981], and it received

a lot of attention starting with the 80s: Cooke and

Grossman [1983], Blythe et al. [1985], Boese [1989],

4 By a gap, we usually understand a “discrete delay value” added

to the corresponding model (see, for instance, the terminology

in MacDonald [1989].



to cite only a few. The linearized model ( Cooke and

Grossman [1983]) simply writes as:

ẋ(t) = −αx(t) + β

∫ t

−∞

g(t− θ)x(θ)dθ, (1)

under appropriate initial conditions. It is easy to see

that a narrow distribution leads to some simple “dis-

crete delay” system of the form ẋ(t) = −αx(t) +
βx(t − h), whose dynamics, and stability are com-

pletely known, and understood by now (see, e.g., Hale

and Verduyn-Lunel [2003]). Next, if one assumes that

the delay kernel is given by the gamma-distribution

law:

g(ξ) =
an+1

n!
ξne−aξ, (2)

the Laplace transform applied to (1), under the defi-

nition (2) reduces the stability analysis of (1) to the

analysis of some parameter-dependent polynomials of

the form:

D(s, τ̄ , n) := (s+ α)

(

1 + s
τ̄

n+ 1

)n+1

− β = 0,

(3)

where τ̄ =
n+ 1

a
denotes the corresponding mean-

delay value. One of the problem discussed in Cooke

and Grossman [1983] was the analysis of the behavior

of the roots of the characteristic equation with respect

to the imaginary axis when the mean delay value τ̄ ,

or the exponent n are varying. The main interest of

such a study was to compute the stability regions

with respect to the corresponding parameters, and

to analyze the sensitivity of such regions when the

parameters change. Further discussions on this topics

can be found in MacDonald [1989].

Next, Nisbet and Gurney [1983] mention that popu-

lation dynamics models based on partial differential

equations, and reduced for convenience to integro-

differential forms are more realistic if the correspond-

ing delay kernel ĝ includes some gap (see also Blythe

et al. [1985], MacDonald [1989]), that is if the kernel

can be expressed as:

ĝ(ξ) =







0, ξ < τ

an+1

n!
(ξ − τ)ne−a(ξ−τ), ξ ≥ τ,

(4)

for some positive delay values τ . Simple compu-
tations prove that the corresponding mean delay is

defined by τ̂ = τ +
n+ 1

a
. In this case, the stabil-

ity analysis becomes more complicated, since the
parameter-dependent polynomial D(s, τ̄ , n) in (3) be-
comes a parameter-dependent quasipolynomial of the
form (see, for instance, Blythe et al. [1985], Boese
[1989]):

D(s, τ̄ , τ, n) := (s+ α)

(

1 + s
τ̄

n+ 1

)

n+1

− βe−sτ . (5)

It is important to note that, even for this simple ex-

ample, some of the first results ( Cooke and Grossman

[1983], Blythe et al. [1985]) concerning its stability

analysis includes errors as discussed by Boese [1989].

Recently, it was pointed out that such gamma-distri-
buted delays with some gap can be also encountered
in the problem of controlling objects over communica-
tion networks ( Roesch et al. [2005]). More explicitly,
the overall communication delay in the network is
modeled by a gamma-distributed delay with a gap,
where the gap value corresponds to the minimal prop-
agation delay in the network, which is always a strictly
positive quantity. Without entering in the details, the
stability of the closed-loop system reduces to the sta-
bility analysis of the following parameter-dependent
quasipolynomial:

D(s, τ̄ , τ, n) := Q(s)

(

1 + s
τ̄

n+ 1

)

n+1

+ P (s)e−sτ , (6)

where P (s), Q(s) are polynomials of some appro-

priate degree. It is quite simple to observe that (5)

represents a particular case of (6).

In this paper, we consider systems described by (6),

and we shall give a complete characterization of the

behavior of the roots of (6) in the parameter-space

(gap, mean-delay). This paper can be seen as the

“dual” of Morărescu et al. [2005a], where the char-

acterization of the crossing curves 5 was given using

some geometric arguments. More precisely, we shall

explicitly compute all the “points”

(

τ,
τ̄

n+ 1

)

, for

which a change of the number of roots in C+ will take

place, and next for each mean-delay value interval, an

explicit computation of the corresponding (stability)

delay interval can be performed.

The interest of the approach is twofold: first, the com-

putation of the corresponding delay intervals can be

performed relatively easily, and the corresponding al-

gorithm includes a finite number of steps. Further-

more, various interesting instability cases can be de-

tected, and the underlying ideas can be applied to var-

ious other delay analysis problems. Second, the propa-

gation delay (gap τ ) can be used as a design parameter

in the case of controlling objects over communica-

tion network. Such an idea was already exploited in

the context of constant communication delays (see,

e.g., Niculescu [2002]), and to the best of the authors’

knowledge, there does not exist any extension in the

distributed delay case. In other words, the propagation

delay can be used to define a so-called “wait-and-act”

strategy similar to the one encountered in synchronisa-

tion, and also mentioned in the case of delayed output

feedback stabilization problems ( Niculescu [2001]).

The remaining paper is organized as follows: In

Section 2 we briefly present the problem formula-

tion and some prerequisites necessary to develop our

(frequency-domain) stability analysis. The main re-

sults are presented in Section 3, and illustrative exam-

ples are given in Section 4. Some concluding remarks

end the paper. For the brevity of the paper, the proofs

5 Crossing curves represent curves in the delay-parameter space for

which at least one root of the corresponding characteristic equation

lies on the imaginary axis.
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are omitted, but they can be found in the full version

of the paper ( Morărescu et al. [2005b]).

2. PROBLEM FORMULATION, AND

PRELIMINARIES

Without any loss of generality, the (asymptotic) stabil-

ity of (5), and (6) is equivalent to:

D(s, T, τ) = Q(s)(1 + sT )n + P (s)e−sτ = 0. (7)

for some appropriate pair (T, τ). We will make

now the following supplementary assumptions: (i)

deg(Q) = nq > deg(P ) = np; (ii) P (0) +Q(0) 6= 0;

(iii) P (s) and Q(s) have no common zeros.

The assumption (i) can be relaxed to nq ≥ np, but

with the supplementary constraint lim
s→∞

Q(s)

P (s)
< 1 if

equality (see Gu et al. [2003] for some discussions

on retarded, and neutral systems). If assumption (ii)

is not satisfied then 0 becomes one zero of (7) for any

(T, τ) ∈ R2
+, and therefore (7) can never be stable.

Finally, if (iii) is violated there is a common factor

c(s) 6= constant such that P (s) = c(s)P1(s) and

Q(s) = c(s)Q1(s), and the problem can be reduced

to the previous case using the pair (P1, Q1) instead of

(P,Q), etc.

The problem addressed in the sequel can be resumed

as follows: deriving necessary, and sufficient condi-

tions in terms of (T, τ) for guaranteeing the asymp-

totic stability of (7).

In this sense, the following two quantities will play a

major role in the stability study:

1) card(U), where U is the set of roots ofD(s, T, 0) =
0, situated in the closed right half plane, and

card(·) denotes the cardinality (number of ele-

ments).

2) card(S), where S = {ω > 0 | (1 +
ω2T 2)n|Q(jω)|2 − |P (jω)|2 = 0}.

The characteristic equation (7) is said to be hyperbolic

at some point (T0, τ0) if no root of the characteristic

equation lies on the imaginary axis for T = T0, and

τ = τ0 (see,e.g. Hale et al. [1985]). Thus, we have the

following result:

Proposition 1. The system (7) is hyperbolic for all

(T, τ) ∈ R+ × R+ if and only if:

|Q(jω)| > |P (jω)| , ∀ω ∈ R∗, (8)

Furthermore, if card(U) = 0 (> 0) for T = 0, the

system is delay-independent stable (unstable).

Remark 1. In the stability case, the frequency-sweeping

test (8) represents a slight modification of the Tsypkin

criterion (see, for instance, Niculescu [2001], Gu et

al. [2003]), and it gives a simple condition for which

cardS) = 0 for all the pairs (T, τ).

In the sequel, we shall assume that the condition

(8) in Proposition 1 does not hold. If not, we have

stability (or instability) for all the pairs (T, τ), etc.

In conclusion, the problem of interest is reduced to

analyze the cases when crossing roots exist.

Without any loss of generality, assume now that

Q(0) 6= 0. If not, we get P (0) = 0 from (7), which

is not possible since it contradicts the assumption (ii).

The next step is the characterization of the way the

quantities card(U), card(S) depend on the parameter

T if τ = 0.

2.1 Quantity card(U)

Introduce now the following Hurwitz matrix associ-

ated to some polynomial A(s) =

na
∑

i=0

ais
na−i:

H(A) =















a1 a3 a5 . . . a2na−1

a0 a2 a4 . . . a2na−2

0 a1 a3 . . . a2na−3

0 a0 a2 . . . a2na−4

.

.

.
. . .

.

.

.

0 0 0 . . . ana















∈ R
na×na , (9)

where the coefficients al = 0, for all l > na.
Next, it is easy to see that D(s, T, 0) can be rewritten

as: D(s, T, 0) =

n
∑

k=0

Pk(s)T k, with P0(s) = P (s) +

Q(s), P1(s) = sQ(s), . . ., Pn(s) = snQ(s) Next
introduce the matrix pencil: Σ(λ) = det(λU + V ),
with U, V given by:

U=









I

. . .

I

H(Pn)









,V=









0 −I · · · 0
.
.
.

.

.

.
. . .

.

.

.

0 0 · · · −I

H(P0) H(P1) · · · H(Pn−1)









,

where the identity, and the zero-blocks matrices have

appropriate dimension, andH(Pk) ∈ R(n+nq)×(n+nq)

represents the corresponding Hurwitz matrix 6 associ-

ated to the polynomial Pk(s) defined above.

The following result gives the characterization of

card(U) as a function of T , and represent a gener-

alization of some matrix pencil method proposed by

Chen [1995] in the context of static output feedback

for SISO systems:

Proposition 2. Let 0 < λ1 < λ2 < . . . λh, with

h ≤ n+nq be the real eigenvalues of the matrix pencil

Σ(λ) = det(λU + V ). Then the system (7) cannot be

stable for any T = λi, i = 1, 2, . . . h. Furthermore,

if there are r unstable roots (0 ≤ r ≤ n + nq) for

T = T ∗, T ∗ ∈ (λi, λi+1), then, there are r unstable

roots for any mean-delay value T ∈ (λi, λi+1). In

6 The order of Pk is nq + k, for all k = 0, . . . , n, and H(Pk)
will be constructed as a (n + nq) × (n + nq) matrix by setting

the coefficients of high-order terms as zeroes, that is p` = 0, for all

` > n+ k.

3



other words, card(U) remains constant as T varies

within each interval (λi, λi+1). The same holds for the

intervals (0, λ1) and (λh,∞).

Proposition 2 allows studying the behavior of card(S)
as a function of T . First we have to compute the

positive real eigenvalues of Σ, and then the number of

unstable roots inside each interval defined by the cor-

responding eigenvalues. The characterization is com-

plete when computing U for intermediate values of T .

2.2 Quantity card(S)

Based on the arguments, assumptions, and remarks

above, we have the following result:

Proposition 3. If the card(S) changes at a value T ∗

then there exists a frequency ω∗ > 0 such that for

ω = ω∗ the following relations hold:

(1 + ω2T 2)n|Q(jω)|2 − |P (jω)|2 = 0 (10)

and

d

dω

[

1

ω2

(

∣

∣

∣

∣

P (jω)

Q(jω)

∣

∣

∣

∣

2/n

− 1

)

− T 2

]

= 0 (11)

Remark 2. The equation
d

dω
[G(ω∗, T ∗)] = 0 has a

finite number of roots. Thus, the quantity card(S)
changes for a finite number of values of T .

As in the previous case, the characterization is com-

plete when computing S for intermediate values of T .

3. STABILITY ANALYSIS

For the sake of simplicity, assume that all the roots

of F are simple. Notice that this condition is satisfied

for almost all T . Next, we need to explicitly compute

the sensitivity of the roots with respect to the delay

parameter τ when crossing the imaginary axis, that is,

in other words, the delay crossing direction. We have

the following result:

Theorem 1. The characteristic equation has a root jω
on the imaginary axis for some τ0 if and only if ω ∈ S .
Furthermore, for ω ∈ S , the set of corresponding

values of τ where card(U) changes is given by 7

Tω =

{

1

ω

[

−jLog
P (jω)

(1 + jωT )nQ(jω)
+ 2kπ

]

≥ 0, k ∈ Z

}

(12)

When increasing the delay, the corresponding cross-

ing direction of characteristic roots is towards instabil-

ity (stability) when F ′(ω) > 0(< 0).

7 Here, Log denotes the principal value of the logarithm. Conse-

quently when |z| = 1, Log(z) = j arg(z)

The above theorem combined with the continuous

dependence of the characteristic roots with respect

to the delay, allows to say that T =
⋃

ω∈S

Tω makes

a partitions of the τ -delay space (R+) into intervals

in which the number of roots in the open right half

plane is constant. Such an argument will be used in

developing our stability region characterization.

3.1 Small delays

3.1.1. Robustness stability issues First, assume that

the system free of delays is asymptotically stable

(τ, T = 0), that is card(U) = 0 with T = 0, and that

the frequency-sweeping condition (8) does not hold.

Then Theorem 1, combined with the Propositions 2,

and 3 give a simple way to compute the first delay-

intervals guaranteeing stability:

Proposition 4. Under the assumption card(U) = 0
for the system free of delays, the system (7) is asymp-

totically stable for all the pairs (T, τ), with 0 ≤ T <

T ∗, where T ∗ is the smallest positive generalized

eigenvalue of Σ, and τ ∈ [0, τ∗), where τ∗ is given

by:

τ∗ = min
ω∈S(T )

{Tω(T )} (13)

as a function of T , for all T ∈ [0, T ∗).

In other words, Proposition 4 defines the explicit de-

pendence of the stability boundary in (T, τ) space

bounded by the corresponding OT , and Oτ -axis, and

by the curve τ(T ), defined as a function of T , for

all T ∈ [0, T ∗). The case T = 0 gives the standard

first delay-interval bound (see, e.g. Niculescu [2001]).

Using the terminology of Gu et al. [2003], we derive

the corresponding delay margins in OTτ parameter-

space.

3.1.2. Delay-induced stability/instability Assume

now that the system free-of-delays (τ = 0, T = 0)

is unstable. We start by presenting various cases in

which the gap, seen as a free-parameter cannot have

a stabilizing effect. We have the following results:

Proposition 5. If the card(U) is an odd number then

the stability of the system cannot be obtain increasing

the time delay τ .

Proposition 6. If card(S) ∈ {0, 1} then the stability

of the system cannot be obtain increasing the time

delay τ .

The first case, when the delay gap τ may induce

stability in the system by increasing its value appears

when card(S) ∈ {2, 3}. More precisely, we have the

following result:
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Proposition 7. If card(S) ∈ {2, 3} then the stability

of the system can be obtain increasing the time delay

τ , if and only if:

1. card(U) = 2

2. τ− < τ+, where















τ− = min
⋃

ω∈S, F ′(ω)<0

Tω

τ+ = min
⋃

ω∈S, F ′(ω)>0

Tω \ {0}

In this case, for all delay values τ ∈ (τ−, τ+) the

system is stable.

Remark 3. One can conclude that in the previous case

is sufficiently to investigate the first crossing in order

to check the stabilizability in the delay. When one

determines the stability by numerically computations

the Proposition 4 is very useful because we can stop

the computations after the first root crossing.

In the case card(S) = 2, the set of all stabilizing delay

values can be expressed analytically:

Corollary 1. Assume that the following conditions

are satisfied

(1) card(S) = 2
(2) card(U) = 2
(3) τ− < τ+

Then all the stabilizing delay values are defined by

τ ∈ (τk, τk), k = 0, 1, ..., km, where

τk = τ− +
2kπ

ω−
, τk = τ+ +

2kπ

ω+

and km is the largest integer for which τk < τk, which

can be explicitly expressed as

km = max
l∈Z

{

l <
ω−ω+

ω+ − ω−
·
τ+ − τ−

2π

}

(14)

3.2 General case

Based on the results, and the remarks above, we have

the following

Proposition 8. Assume that card(S) = 2p or card(S) =
2p + 1, with p ≥ 1 and card(U) > 2p. Then there

does not exist any gap τ > 0 such that (7) becomes

asymptotically stable.

Define now the following quantities:

n+(τ) =
∑

ω∈S+, F ′(ω)>0

card {Tω ∩ (0, τ ]} , (15)

n−(τ) =
∑

ω∈S+, F ′(ω)<0

card {Tω ∩ [0, τ ]} , (16)

for some positive τ > 0. Furthermore, introduce the
sets T +, and T −, which represent a partition of T in
function of the sign of the derivative F ′ evaluated at
the corresponding crossing frequency, that is:

T + =
⋃

ω∈S+, F ′(ω)>0

Tω \ {0} ,

T − =
⋃

ω∈S+, F ′(ω)<0

Tω .

Based on the conditions and the notations above, we

conclude with the following result:

Proposition 9. For a given T the system with char-

acteristic equation (7) is asymptotically stable if and

only if the following conditions are satisfied:

(1) card(U(T )) is a strictly positive even integer

and the following inequality holds: card(U(T )) ≤
card(S(T ))

(2) there exists at least one gap value τ∗ ∈ T , such

that: n−(τ∗) = n+(τ∗) + card(U(T )).

Then all gap values τ ∈ (τ∗, τ∗+), with τ∗+ =
min{T + ∩ (τ∗,+∞)} guarantee the asymptotic sta-

bility.

4. ILLUSTRATIVE EXAMPLES

Several examples are considered (see Morărescu et

al. [2005b], the full version of the paper). For the

sake of brevity, we present only two simple examples:

the Cushing equation, and a second-order system,

respectively.

Example 1. (linearized Cushing equation with a gap).

In this example we apply the above method for the

Cushing linearized equation (s + a)(1 + sT )n +
be−sτ = 0, a > 0, b < 0. First it is easy to remark

that (s + a)(1 + sT )n + b has at least one (strictly)

unstable root if and only if a + b < 0. Consider the

case n = 1, that is the polynomial F (ω, T ) is given

by:

F (ω, T ) = (ω2 + a2)(1 + ω2T 2)− b2

= ω4T 2 + ω2(a2T 2 + 1) + a2 − b2.(17)

For a2 − b2 ≥ 0 (a + b 6= 0) we have card(S) = 0,

that is no crossing with respect to the imaginary axis

for all T (see Proposition 1), while for a2 − b2 < 0
we have card(S) = 1. According to the results of the

previous section, the stability of the Cushing equation

can be delay-independent stable (unstable), function

of the sign of a + b for all (T, τ) if card(S) = 0. If

not, Proposition 4 will give the corresponding delay-

intervals for which stability is preserved under the

assumption of asymptotic stability for some mean-

delay intervals (in T ) given by Proposition 2, etc.

Example 2. (second-order system). Consider the fol-

lowing second-order system:

P (s) = −s, Q(s) = s2 + 2 (18)
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Simple computations prove that Q(s)(1 + sT ) +P (s)
has two unstable roots. So that card(U) = 2.

The characteristic equation of the closed-loop system

is given by

(s2 + 2)(1 + sT )− se−sτ = 0 (19)

and polynomial F (ω, T ) by

F (ω, T ) = (2− ω2)2 + (1 + ω2T 2)− ω2

= ω6T 2 + ω4(1− 4T 2) + ω2(4T 2 − 5) + 4.

So we need to find how many positive roots has the

following equation:

x3T 2 + x2(1− 4T 2) + x(4T 2 − 5) + 4 (20)

First it is easy to see that the previous equation has

at least one real negative solution because x1x2x3 =

−
4

T 2
< 0 (where x1, x2, x3 are the solutions of the

equation (20)). Computing the discriminant and the

Hurwitz determinants of the equation (20) we find

card(S) =











2 T >
1

2

0 T ≤
1

2

. According to the result of

the previous section a necessary condition for asymp-

totic stability of the closed-loop system is given by

T >
1

2
(21)

Furthermore, for T satisfying (21) the existence of a

stability region in the delay parameter is determined

by the condition τ
−

< τ+.

Summarizing,we have:

Proposition 10. The system (18) is asymptotically

stable if and only if T >
1

2
and in addition τ

−
< τ+,

where:

τ− = min

⋃

ω∈S, F ′(ω)<0

1

ω2T
, τ+ = min

⋃

ω∈S, F ′(ω)>0

1

ω2T

A stability region is defined by the pair (T, τ), where

T >
1

2
, and τ ∈ (τ

−
(T ), τ+(T )).

5. CONCLUDING REMARKS

This paper addressed the stability problem of a class

of of linear systems including distributed delays with

a gap. A characterization of stability regions in the

(mean-delay,gap) parameter-space has been proposed.

Illustrative examples complete the presentation.
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Abstract: This paper addresses the problem of controlling linear time-delay
systems in the presence of control saturation, time-varying delays and L2-bounded
disturbances. Based on Lyapunov-Krazovskii functionals, a descriptor approach
and the use of a modified sector condition, theoretical conditions that allow to
design a state feedback control laws in order to satisfy the closed-loop Input-to-
State Stability (ISS) are proposed. From these conditions, LMI-based optimization
problems are formulated in order to compute state feedback gains aiming at
minimizing the L2 gain between the disturbance and a controlled output, as well
as at maximizing the bound on the admissible disturbances and/or on the delay
for which the trajectories are guaranteed bounded.Copyright c© 2006 IFAC

Keywords: time-delay, saturation, bounded disturbances, stabilization, state
feedback, convex optimization.

1. INTRODUCTION

In this paper, we are interested in the control
of linear time-delay systems subject to actuator
saturation and L2-disturbances

Considering the disturbance free-case, we can find
in the literature a great amount of works, deal-
ing with the stability analysis and stabilization
of time-delay systems in the presence of satu-
rating inputs. We can cite for instance (Chen et

al., 1988), (Tissir and Hmamed, 1992), (Niculescu
et al., 1996), (Oucheriah, 1996), (Tarbouriech and
Gomes da Silva Jr., 2000), (Cao et al., 2002),

1 Authors supported by CNPq and CAPES, Brazil

(Gomes da Silva Jr. et al., 2005) where global and
local (with the characterization of a set of admis-
sible initial conditions) stability results consider-
ing delay-dependent and independent approaches
are derived. In those papers, sufficient stability
conditions have been derived by using Lyapunov-
Krazovskii functionals or Lyapunov-Razumikhin
functions. Considering systems presenting also
additive disturbances, we can cite the papers
(Fridman et al., 2003), (Oucheriah, 1996) where
amplitude bounded disturbance are considered.
None of these papers consider energy bounded
disturbances.

In this paper we focus on time-delay systems
presenting saturating inputs and subject to the



action of L2-bounded disturbances. The idea is
consists in computing a feedback gain in order
to minimize the L2-gain between the disturbance
and the controlled output. Since the system inputs
are bounded, an important issue in this case
consists in ensuring the input-to-state stability,
i.e., that the system trajectories are bounded for
any admissible disturbance and that the reachable
set is included in the basin of attraction of the
closed-loop system (Paim et al., 2002). In order to
consider systems presenting time-varying delays,
our approach is based on Lyapunov-Krasoviskii
functionals and on a descriptor form (Fridman
and Shaked, 2002), (Fridman et al., 2003). The
nonlinear behavior induced by the saturation, are
taken into account by using the modified sector
approach proposed in (Tarbouriech et al., 2004).
Considering a bound on the amplitude of the time-
varying delay, the derived theoretical conditions
are therefore used in optimization problems in
order to address the synthesis of feedback gains,
aiming at minimizing a bound on the L2-gain,
or even at maximizing the tolerance disturbance
bound. Conversely, the conditions can be used
in order to maximize the delay bound for which
a certain L2 gain is ensured, or for which it
is possible to ensure that the trajectories are
bounded.

Notations. A(i) denotes the ith row of matrix A. For

two symmetric matrices, A and B, A > B means that

A−B is positive definite. A′ denotes the transpose of A. I

denotes an identity matrix of appropriate order. λmax(P )

and λmin(P ) denote respectively the maximal and minimal

eigenvalues of matrix P . Ch = C([−h, 0], <
n) is the Banach

space of continuous vector functions mapping the interval

[−h, 0] into <n with the norm ‖ φ ‖c= sup
−h≤t≤0

‖ φ(t) ‖.

‖ · ‖ refers to either the Euclidean vector norm or the

induced matrix 2-norm. Cv
h
is the set defined by Cv

h
= {φ ∈

Ch ; || φ ||c< v, v > 0}.

2. PROBLEM STATEMENT

Consider the linear continuous-time delay system:

ẋ(t) = Ax(t) +Adx(t− τ(t))
+Buu(t) +Bww(t)

z(t) = Cx(t) +Duu(t) +Dww(t)
(1)

x(t0 + θ) = φx(θ),∀ θ ∈ [−h, 0], t0 ∈ <+, φx ∈ C
v
h

where x(t) ∈ <n, u(t) ∈ <m, w(t) ∈ <q are
the state, the input and the disturbance vectors,
respectively. z(t) ∈ <r is the controlled output.
A, Ad, Bu, Bw, Du, Dw and C are real constant
matrices of appropriate dimensions. τ(t) is a time-
varying delay which satisfies 0 ≤ τ(t) ≤ h. The
disturbance vector w is assumed to be limited in
energy, that is, w ∈ L2 and for some scalar δ,
0 < 1

δ
<∞, one gets:

‖ w(t) ‖22=

∞
∫

0

w′(t)w(t)dt ≤
1

δ
(2)

The inputs are supposed to be bounded as follows:

−u0(i) ≤ u(i) ≤ u0(i), i = 1, . . . ,m (3)

Consider now a state feedback control law. Due
to the control bounds defined in (3), the effective
control signal to be injected in the system is a
saturated one, that is,

u(t) = sat(Kx(t)), K ∈ <m×n (4)

where each component of u(t) is defined by:

u(t)(i) =
(

sat
(

K(i)x(t)
))

=

sign
(

K(i)x(t)
)

min{u0(i)
,K(i)x(t)}

Hence, the closed-loop systems reads:

ẋ(t) = Ax(t) +Adx(t− τ(t))
+Busat(Kx(t)) +Bww(t)

z(t) = Cx(t) +Dusat(Kx(t)) +Dww(t)
(5)

Supposing that the system is in equilibrium, i.e.
φx(θ) = 0, ∀ θ ∈ [−h, 0], and a disturbance
satisfying (2) acts on the system for t ≥ t0 = 0,
the problems we are interested in this paper can
be summarized as follows:

Problem 1. Design the gain K in order to:

• guarantee that the trajectories of the closed-
loop system (5) are bounded.

• minimize the L2 gain between w and z.
• maximize the bound on the delay h, for which
the trajectories of the closed-loop system (5)
are bounded.

3. MAIN RESULTS

3.1 Preliminaries

Define the following function

ψ(Kx(t)) = Kx(t)− sat(Kx(t)) (6)

Note that, ψ(Kx(t)) corresponds to a decentral-
ized deadzone nonlinearity. Considering the func-
tion ψ(Kx(t)), the closed-loop system can be re-
written as

ẋ(t) = (A+BuK)x(t) +Adx(t− τ(t))
−Buψ(Kx(t)) +Bww(t)

z(t) = (C +DuK)x(t)−Duψ(Kx(t)) +Dww(t)
(7)

Considering a matrix G ∈ <m×n and defining the
following polyhedral set

S
4
= {x ∈ <n; |(K(i) −G(i))x| ≤ u0(i), i = 1, ...,m}



the following Lemma, concerning the nonlinearity
ψ(Kx(t)) can be stated.

Lemma 1. (Tarbouriech et al., 2004) If x ∈ S then
the relation

ψ(Kx(t))′T [ψ(Kx(t))−Gx(t)] ≤ 0 (8)

is verified for any matrix T ∈ <m×m diagonal and
positive definite.

The result in Lemma 1 can be seen as a mod-
ified sector condition which, differently from the
classical one (see for instance, (Paim et al., 2002)),
leads to the formulation of stabilization conditions
in LMI form. (Tarbouriech et al., 2004).

3.2 Main results

In this section we derive delay dependent condi-
tions for addressing Problem 1. We consider, in
particular, the case of slow varying delays, i.e.,
the delay is supposed to satisfy:

|τ̇(t)| ≤ d < 1 , ∀t ∈ [0,∞)

Theorem 1. If there exist symmetric positive def-
inite matrices Q1, L1, L3,X, J ∈ <

n×n, matrices
Q2, Q3, L2 ∈ <n×n, H ∈ <m×n, Y ∈ <m×n, a
diagonal matrix U ∈ <m×m and scalars ε and γ,
such that the following inequalities are verified

(i)





















Σ1 Σ2 Σ3 Σ4 Σ5 Σ6 Σ7
∗ −d̄X 0 0 0 0 0
∗ ∗ −2U 0 −UD′

u 0 0
∗ ∗ ∗ −I D′

w 0 0
∗ ∗ ∗ ∗ −γI 0 0
∗ ∗ ∗ ∗ ∗ −X 0
∗ ∗ ∗ ∗ ∗ ∗ −hJ





















< 0

(ii)

[

J J
[

0 εA′

d

]

∗ L

]

≥ 0

(iii)

[

Q1 Y
′

(i) −H
′

(i)

∗ δu20(i)

]

≥ 0 ∀i = 1, ...,m

with

Σ1 =





Q′2 +Q2 + hL1

(

Q3 +Q1A
′ + Y ′B′u

−Q′2 + εQ1A
′

d
+ hL2

)

∗ −Q′3 −Q3 + hL3





Σ2 =

[

0
(ε− 1)AdX

]

, Σ3 =

[

H′

−BuU

]

, Σ4 =

[

0
Bw

]

,

Σ5 =

[

Q1C
′ + Y ′D′u
0

]

, Σ6 =

[

Q1

0

]

, Σ7 =

[

hQ′2
hQ′3

]

and

d̄ = 1 − d, then, considering that φx(θ) = 0,
||w(t)||22 ≤ δ−1 and K = Y Q−1

1 :

1. the closed-loop system trajectory remains
bounded in the set

E
4
= {x ∈ <n;x′Q−1

1 x ≤ δ−1} ,

2. ‖z‖22 < γ‖w‖22,

3. if w(t) = 0, ∀t ≥ t1 ≥ 0, x(t) converge
asymptotically to the origin.

Proof: Re-writing system (7) in a descriptor
form, as proposed in (Fridman and Shaked, 2002),
it follows that:

[

I 0
0 0

][

ẋ(t)
η̇(t)

]

=

[

0 I

A+BuK +Ad −I

][

x(t)
η(t)

]

−

[

0
Ad

]

t
∫

t−τ(t)

η(s)ds−

[

0
Bu

]

ψ(Kx(t)) +

[

0
Bw

]

w(t)

(9)

Define now the following: x̄ =

[

x

η

]

, E =

[

I 0
0 0

]

,

P =

[

P1 0
P2 P3

]

=

[

Q1 0
Q2 Q3

]−1

= Q−1 Note that

if (i) is satisfied, one has −Q3 − Q′
3 < 0, which

implies that Q3 is nonsingular. Since Q1 > 0, it
follows that matrix Q defined above is, effectively,
invertible.

Consider the Lyapunov-Krasovskii functional

V (t) = V1(t) + V2(t) + V3(t)

where:
V1(t) = x̄′(t)EPx̄(t) = x′P1x = x′Q−1

1 x,

V2(t) =
∫ 0

−h

∫ t

t+s
η′(θ)Rη(θ)dθds,

V3(t) =
∫ t

t−τ(t)
x′(θ)Sx(θ)dθ,

with S = S′, R = R′ > 0.

Define now J = V̇ (t) − w′(t)w(t) + 1
γ
z′(t)z(t).

If J < 0, one obtains that
∫ T

0
J dt = V (T ) −

V (0)−
∫ T

0
w′(t)w(t)dt+ 1

γ

∫ T

0
z′(t)z(t)dt < 0 and,

since we suppose that φx(θ) = 0, it follows that
V (0) = 0 and therefore:

• x′(T )Q−1
1 x(T ) ≤ V (T ) < δ−1, ∀T > 0, i.e.

the trajectories of the closed-loop system do
not leave the set E , for w(t) satisfying (2)

• for T →∞: ‖z‖22 < γ‖w‖22

• if w(t) = 0, ∀t ≥ t1 ≥ 0 then V̇ (t) <

− 1
γ
z′(t)z(t) < 0, which ensures that in this

case x(t)→ 0.

Let us now evaluate J along the trajectories of

(7). Defining Ā =

[

0 I

A+BuK +Ad −I

]

, Ād =
[

0
Ad

]

, B̄ =

[

0
−Bu

]

and B̄w =

[

0
Bw

]

. It follows

that:

V̇1(t) = 2x̄′(t)Ā′P x̄(t)− 2

t
∫

t−τ(t)

η′(s)Ā′
d
P x̄(t)ds

+2ψ′(Kx(t))B̄′P x̄(t) + 2w′(t)B̄′wP x̄(t)

Provided that

[

R M

∗ Z

]

> 0, one obtains (Moon et

al., 2001) that



−2
∫

Ω
b′Na ≤

∫

Ω

[

b

a

]

′
[

R M −N
∗ Z

] [

b

a

]

. Apply-

ing this result with (Fridman and Shaked, 2002)
b = η(s), M = εĀ′

d
P , N = Ā′

d
P and a = x̄(t) one

obtains: V̇1(t) ≤ 2x̄
′(t)Ā′P x̄(t)

+
∫ t

t−τ(t)

[

η(s)
x̄(t)

]

′
[

R (ε− 1)Ā′

d
P

∗ Z

] [

η(s)
x̄(t)

]

ds

+2ψ′(Kx(t))B̄′P x̄(t)+2w′(t)B̄′

w
P x̄(t). Note that

considering J = R−1, L = Q′ZQ =

[

L1 L2
? L3

]

, and

left and right multiplying (ii), by diag(R, (Q′)−1)

and diag(R,Q−1), it follows that

[

R εĀ′

d
P

? Z

]

> 0.

Hence, provided that (ii) holds we conclude that:

V̇1(t) ≤ 2x̄′(t)Ā′P x̄(t) + 2ψ′(Kx(t))B̄′P x̄(t)

+2w′(t)B̄′wP x̄(t) + hx̄′(t)Zx̄(t) +

t
∫

t−h

η′(s)Rη(s)ds

+2x′(t)(ε− 1)Ā′dP x̄(t) − 2x′(t− τ(t))(ε− 1)Ā′dP x̄(t)

(10)

Now let us evaluate V̇2 and V̇3:

V̇2 ≤ hη′(t)Rη(t) −

t
∫

t−h

η′(s)Rη(s)ds

= x̄′(t)

[

0 0

0 hR

]

x̄(t) −

t
∫

t−h

η′(s)Rη(s)ds

(11)

V̇3 ≤ x′(t)Sx(t) − (1 − d)x′(t− τ(t))Sx(t− τ(t))

= x̄′(t)

[

S 0
0 0

]

x̄(t) − d̄x′(t− τ(t))Sx(t− τ(t))
(12)

Suppose now that x ∈ S. In this case, using the
fact that ψ(Kx(t)) satisfies condition (8) and tak-
ing into account that z(t) =

[

C +DuK 0
]

x̄(t)−
Duψ(Kx(t))+Dww(t) one obtains that J ≤ θ′Ξθ,
with θ′ = [x̄′(t) x′(t−τ(t)) ψ′(Kx(t)) w′(t)] and

Ξ =











Γ1 Γ2 Γ3 Γ4

∗ −d̄S 0 0

∗ ∗

(

−2T

+γ−1D′uDu

)

−γ−1D′uDw

∗ ∗ ∗ (γ−1D′wDw − I)











with Γ1 = Ā′P+P ′Ā+

[

(ε− 1)Ā′dP
0

]

+
[

(ε− 1)P ′Ād 0
]

+

hZ + 1

γ

[

C′ +K′D′u
0

]

[

C +DuK 0
]

+

[

S 0

0 hR

]

, Γ2 =

(ε − 1)P ′Ād, Γ3 =

[

G′T

0

]

+ P ′B̄ − 1

γ

[

C′ +K′D′u
0

]

Du

and Γ4 = P ′B̄w + 1

γ

[

C′ +K′D′u
0

]

Dw.

Applying Schur’s complement, note that Ξ < 0 is
equivalent to:















Γ̄1 Γ̄2 Γ̄3 Γ̄4 Γ̄5 Γ̄6 Γ̄7

∗ −d̄S 0 0 0 0 0

∗ ∗ −2T 0 −D′u 0 0
∗ ∗ ∗ −I D′w 0 0
∗ ∗ ∗ ∗ −γI 0 0

∗ ∗ ∗ ∗ ∗ −S−1 0

∗ ∗ ∗ ∗ ∗ ∗ −hR−1















< 0 (13)

with: Γ̄1 = Ā′P+P ′Ā+

[

(ε− 1)Ā′dP
0

]

+
[

(ε− 1)P ′Ād 0
]

+

hZ, Γ̄2 = (ε− 1)P ′Ād, Γ̄3 = P ′B̄ +

[

G′T

0

]

, Γ̄4 = P ′B̄w,

Γ̄5 =

[

C′ +K′D′u
0

]

, Γ̄6 =

[

I

0

]

and Γ̄7 =

[

0
hI

]

Considering now Q = P−1, S−1 = X, R−1 =
J , U = T−1, GQ1 = H and Y = KQ1,
right and left multiplying (i) respectively by
diag(P, S, T, I, I, I, I) and its transpose it follows
that (13) is equivalent to (i). Hence, we can con-
clude that (i) and (ii) ensure that J < 0, provided
that x ∈ S. On the other hand, right and left mul-
tiplying (iii) respectively by diag(P1, 1) and its

transpose, it follows that

[

P1 K
′

(i) −G
′

(i)

? δu0(i)

]

> 0,

which implies that E ⊂ S. Then, it is ensured
that the system trajectories never leave S, and
therefore J < 0, provided that (i), (ii) and (iii)
are satisfied, which concludes the proof. 2

Corollary 1. If there exist symmetric positive def-
inite matrices Q1, L1, L3,X, J ∈ <

n×n, matrices
Q2, Q3, L2 ∈ <

n×n, Y ∈ <m×n, a diagonal matrix
U ∈ <m×m, and scalars ε and γ, satisfying in-
equalities (i) and (ii) in Theorem 1, with H = Y ,
then for any w(t) ∈ L2, K = Y Q−1

1 ensures that:

1. the closed-loop system trajectory is bounded,
2. ‖z‖22 < γ‖w‖22 + V (0),
3. when w = 0, the origin of the closed-loop
system (7) is globally asymptotically stable.

Proof: It suffices to consider G = K. In this case
the inequality of Lemma 1 is verified for all x ∈ <n

and the global asymptotic stability of the origin
follows for w = 0. 2

3.3 Fast varying delay case

In this section we derive delay dependent condi-
tion for addressing Problem 1, when the delay
can vary arbitrarily fast, i.e., it only satisfies:
0 ≤ τ(t) ≤ h.

Theorem 2. If there exist symmetric positive def-
inite matrices Q1, L1, L3, J ∈ <n×n, matrices
Q2, Q3, L2 ∈ <

n×n, H ∈ <m×n, Y ∈ <m×n and
a diagonal matrix U ∈ <m×m and scalars ε and
γ, such that the following inequalities are verified:

(i)









Σ1 Σ2 Σ3 Σ4 Σ5

∗ −2U 0 −UD′u 0
∗ ∗ −I D′w 0

∗ ∗ ∗ −γI 0
∗ ∗ ∗ ∗ −hJ









< 0

(ii)

[

J J
[

0 εA′d

]

∗ L

]

≥ 0



(iii)

[

Q1 Y ′(i) − H′(i)
∗ δu2

0(i)

]

≥ 0 ∀i = 1, ...,m with

Σ1 =





Q′2 +Q2 + hL1

(

Q3 +Q1A
′ + Y ′B′u − Q′2+

Q1A
′

d
+ hL2

)

∗ −Q′3 − Q3 + hL3





Σ2 =

[

H′

−BuU

]

,

Σ3 =

[

0
Bw

]

, Σ4 =

[

Q1C
′ + Y ′D′u
0

]

, Σ5 =

[

hQ′2
hQ′3

]

.

Then, considering φx(θ) = 0, ‖w(t)‖22 ≤ γ−1 and
K = Y Q−11 :

1. when w 6= 0:
the trajectories of the closed-loop system
remain bounded in the set
E = {x ∈ <n;x′Q−11 x ≤ δ−1},

2. ‖z‖22 < γ‖w‖22,
3. if w = 0, ∀ t ≥ t1 ≥ 0, x(t) converge
asymptotically to the origin.

Proof: To prove this theorem it suffices to con-
sider the following Lyapunov-Krasovskii func-

tional: V (t) = x̄′EPx̄ +
∫ 0

−h

∫

t

t+s
η′(θ)Rη(θ)dθds

with R = R′ > 0. Then the same reasoning used
in the proof of Theorem 1 can be applied. Observe
that with this functional, the condition (i), differ-
ently of that one in Theorem 1, is simplified and
it is independent of the time-derivative of τ .2

4. OPTIMIZATION PROBLEMS

The satisfaction of conditions given in Theorems
1 and 2 ensures that the closed-loop system (7)
presents bounded trajectories for any admissible
disturbance. In this case, it is also ensured that the
L2-gain between z and w is lower than a constant√
γ. The idea is therefore to use these conditions

in order to find K (i.e. matrices Y and Q1) in the
following optimization problems:

4.1 Maximization of the tolerance disturbance

In this case the idea is to maximize the bound
on the disturbance for which we can ensure that
the system trajectories remain bounded. This can
be accomplished by the following optimization
problem.

min δ
subject to relations

(i),(ii) and (iii) of Theorems 1 or 2
(14)

Note that, in this case, we are not interested in
the value of γ. It will always assume a value (as
large as necessary) to ensure that relation (i) is
verified.

4.2 Minimization of the L2 gain

Given a bound 1/δ on the admissible distur-
bances, the idea here is to perform a minimization
to the upper bound

√
γ on the L2-gain:

min γ
subject to relations

(i),(ii) and (iii) of Theorems 1 or 2
(15)

4.3 Maximization of the delay bound

Given bounds 1/δ and
√
γ on the admissible

disturbances and L2-gain, respectively, the idea
here is to find the maximal bound h on the delay
for which, for instance, it can be ensured that the
trajectories are bounded with a pre-specified L2-
gain.

maxh
subject to relations

(i),(ii) and (iii) of Theorems 1 or 2
(16)

Remark 1. Considering a fixed ε, conditions (i)
and (ii), are LMIs and the optimization problems
are in this case convex. Hence, the optimal so-
lution to problems (14) and (15) can be easily
obtained through an iterative search on an uni-
dimensional grid on ε. On the other hand, due
to the product between h and the matrices Q, L
and J , the solution of the problem (16) can be
obtained by increasing h iteratively and testing
the feasibility of conditions (i), (ii) and (iii),
which are LMIs for fixed h and ε.

5. NUMERICAL EXAMPLE

Example 1. Consider system (1) described by the
following matrices:

A =

[

0.1 1.5
0.3 −2

]

; Ad =

[

0 −1
0 0

]

; Bu =

[

10
1

]

;

Bw =
[

0 0.5
]

′

; C =
[

1 0
]

; Du = Dw = 0;

The control bounds are given by u0 = 15;

Considering problem (14), in table 1 it is shown
the value obtained for the minimization of δ (i.e.
the maximization of the disturbance tolerance
bound). Note that, as expected, for larger delays
δ is larger (i.e. lower is the achievable disturbance
tolerance)

In table 2, it is shown the minimal L2 gain
bound (γ) obtained from the solution of problem
(15), considering different values on the bound of
the admissible disturbance (δ). As expected, the
larger is δ (i.e. the lower is the bound on the
disturbances), smaller is the value of γ. On the



h d ε δ

0.1 0.1 1 9.1363× 10−7

0.1 0.5 1 9.1362× 10−7

0.1 0.9 1 9.1362× 10−7

0.5 0.1 0.85 5.9085× 10−6

0.5 0.5 0.9 6.1204× 10−6

0.5 0.9 1 6.3434× 10−6

1 0.1 0.4 1.1764× 10−5

1 0.5 0.5 1.3630× 10−5

1 0.9 0.75 12.1× 10−5

Table 1. h × δ

h = 1, d = 0.5 e ε = 0.5

δ γ

1.363× 10−5 1.2428× 103

2× 1.3630× 10−5 0.0030

5× 1.3630× 10−5 2.7812× 10−4

10× 1.3630× 10−5 6.5748× 10−5

h = .5, d = 0.5 e ε = 0.9

δ γ

6.1204× 10−6 23.2574

2× 6.1204× 10−6 0.0030

5× 6.1204× 10−6 2.3535× 10−4

10× 6.1204× 10−6 5.0021× 10−5

Table 2. δ × γ

other hand, those values are greater for greater
values of the delay h.

For instance, for h = 0.5, ε = .85 and d = 0.1, the
solution of (14) gives the following optimal results:
K =

[

−0.2236 −0.0406
]

and δ−1 = 1.6925 ×

10−5.

On the other hand, if we consider h = 0.5, d = 0.1,
and the bound on the admissible disturbances
1

δ
= 100 the solution of (15) gives the following

optimal results: K =
[

−1.1950× 104 −0.0883
]

and γ = 1.4465× 10−9.

Considering for instance d = 0.1, δ = 9×10−6 and
γ = 45, the solution of (16) gives the following
optimal result h = 0.6612, with ε = 0.85. If we
consider now d = 0.1, δ = 0.01 and γ = 0.5, one
obtains, as expected, a large value for the bound
on the maximal admissible delay: h = 9.9948, with
ε = 0.85.

6. CONCLUDING REMARKS

The design of state feedback control lows for time-
delayed systems in the presence of saturating in-
puts and time-varying delays have been addressed.
Both global and local conditions have been de-
rived in order to guarantee that the closed-loop
system trajectories are bounded L2-bounded ad-
missible disturbances. The theoretical conditions
are formulated considering a generalized sector
condition and a descriptor approach. From these
conditions, LMI-based optimization problems are
proposed for computing a state feedback gain in

order to: maximize the admissible disturbance (or
the delay) bound for which the trajectories remain
bounded, or minimize the L2 gain from the dis-
turbance to the controlled output.
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Abstract: We present an optimisation based approach for the stabilisation of linear
time-delay systems with a linear static state feedback controller. As time-delay sys-
tems have infinitely many eigenvalues, a full assignment of the spectrum is impossible.
However, if the system is stabilisable with the given controller structure, stability
can always be achieved by minimising the real part of the rightmost eigenvalue, or
spectral abscissa, as a function of the controller parameters. The spectral abscissa
is in general a nonsmooth and nonconvex function, eliminating the use of standard
optimisation methods. The proposed stabilisation method consists of a combination
of a recently developed bundle gradient algorithm for nonsmooth optimisation on the
one hand, and tools to compute the rightmost, stability determining eigenvalues of
time-delay systems on the other hand. The resulting algorithm has been applied to
several numerical examples, both theoretic and practical. As a by-product, the use
of bundle gradient methods to solve eigenvalue optimisation problems for infinite-
dimensional systems is illustrated. c©IFAC 2006
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1. INTRODUCTION

Time delays are common phenomena in a wide
range of scientific domains, e.g. industrial pro-
cesses, engineering systems, economical systems,
biological and chemical processes. They often ap-
pear very naturally whenever there is some sort
of dependency on the past. For example, they are
introduced by transportation or communication
lags, originate from feedback delays in control
loops, or emerge when distributed parameter sys-
tems are approximated by low-order models with
delays.

Since these time delays may have a large impact
on the stability and dynamic behaviour of a sys-
tem, it is important to take them into account
explicitly in the mathematical models, which leads
to the use of delay differential equations (Hale and
Verduyn Lunel, 1993; Niculescu, 2001).

In this paper we address the stabilisation of the
general linear time-delay system

ẋ(t) =
r∑

i=0

Aix(t − τi) +
s∑

j=0

Bju(t − τj), (1)

where x ∈ R
n is the state, u ∈ R

p is the input,
Ai and Bj are matrices of appropriate dimensions
and τi, τj ≥ 0 are the fixed delays.

This system is controlled by a linear static state
feedback (extension to other types of fixed-order
controllers is straightforward) of the form

u(t) = Kx(t), K ∈ R
p×n (2)

with controller parameters contained in K.

The stability of the closed-loop system (1)-(2)
is determined by the real part of the rightmost
eigenvalue, also called the spectral abscissa α(K):

α(K) = sup{<(λ) : λ is an eigenvalue}. (3)



The proposed stabilisation method consists of
solving directly the following nonsmooth optimi-
sation problem

min
K

α(K). (4)

From a pure stabilisation point of view, it suffices
to obtain gain values where α(K) < 0, since the
asymptotic behaviour of the trajectories of the
associated dynamical system is characterised by
a decay rate of eα(K). The gain values in which
the minimum of (4) is reached therefore yield some
sort of ‘optimal’ stability.

As will be explained in depth, recently developed
optimisation algorithms are used to tackle (4),
combined with numerical methods to compute
the rightmost eigenvalues of the closed-loop time-
delay system, needed to be able to evaluate the
objective function.

The main difference with a related method,
namely the continuous pole placement method
(Michiels et al., 2002), lies in the fact that no
eigenvalue continuation strategy, tailored to the
specific time-delay case, is followed to reduce the
objective function α(K). Instead, a general pur-

pose optimisation method for dealing with non-
smooth, nonconvex objective functions is used,
namely the gradient sampling algorithm devel-
oped by Burke et al. (2005a). This method, as
a member of the so-called bundle gradient meth-
ods, requires only that the objective function be
differentiable almost everywhere.

Methods for nonsmooth, nonconvex optimisa-
tion have already been successfully applied to
finite-dimensional eigenvalue optimisation prob-
lems arising in controller design where the number
of controller parameters is much smaller than the
problem dimension. See for instance (Burke et

al., 2005a; Burke et al., 2005b; Noll and Apkar-
ian, 2005; Mammadov and Orsi, 2005), and the
references therein. Examples include the design of
suboptimalH∞-controllers with a fixed, low-order
controller structure, and static output feedback
stabilisation problems. The application of such
methods to stabilise time-delay systems can be re-
garded as an extension to an infinite-dimensional
setting, as the number of controller parameters is
finite but the number of eigenvalues is infinite.

Other stabilisation approaches for time-delay sys-
tems include, amongst others, Lyapunov based
methods (where stabilisability conditions and the
resulting controller are typically expressed by the
solvability of algebraic Riccati equations or by the
feasibility of linear matrix inequalities), algebraic
methods (delay systems viewed as systems over
rings etc.), methods based on prediction (where
an infinite-dimensional controller yields a finite
number of closed-loop eigenvalues) and methods
based on a spectral decomposition. See (Gu et

al., 2003; Niculescu, 2001; Richard, 2003) for an
overview.

The main advantage of the eigenvalue optimisa-
tion approach is that it does not introduce any
conservatism, which means that stabilising gain
values can in principle be found if they exist.
Furthermore, it uses a simple controller structure
and is generally applicable to systems involving
multiple, independent delays in state, inputs and
outputs.

Another advantage is that a broad class of model
transformations to bring a system into the form
(1)-(2) can be dealt with, despite the fact that
these may introduce additional dynamics (Gu
and Niculescu, 2000). Indeed, the non-physical
eigenvalues, introduced for example by the trans-
formation taking care of distributed delays, are
known a priori and can be removed explicitly
after an eigenvalue computation. (Luzyanina and
Roose, 2004)

The structure of this paper is as follows. We first
discuss some general properties of the spectral
abscissa function (3). These will ratify the choice
of the optimisation algorithm. The stabilisation
method is then outlined, and the used tools and
algorithms are further highlighted. Finally some
numerical examples illustrate the applicability of
the proposed method.

2. THE STABILISATION METHOD

2.1 Properties of the objective function α(K)

Due to the presence of the supremum operator
in (3), α(K), the function to be minimised, is
not smooth. To recognise this, let us first de-
fine an active eigenvalue λ as an eigenvalue for
which <{λ} = α(K). At gain values where more
than one eigenvalue is active, it is easy to see
that the objective function is not differentiable.
Moreover, if an active eigenvalue has an algebraic
multiplicity larger than its geometric multiplicity,
then α(K) is not even Lipschitz continuous. The
system ẍ = kx illustrates this, since it yields

α(k) =

{

0 k ≤ 0,√
k k ≥ 0,

(5)

which indeed exhibits a non-Lipschitz point at
zero, corresponding to two coinciding active eigen-
values. As in this example, it is often the case
that the minimum of the optimisation problem
will occur at a point where the eigenvalues have a
multiplicity larger than 1. This is also well known
in the context of eigenvalue optimisation problems
for finite-dimensional systems. Typical for the de-
lay case is that the number of active eigenvalues
and even their multiplicity may be larger than the
system’s dimension (Michiels and Roose, 2002).



Since eigenvalues with higher multiplicities are
numerically ill conditioned, computing them with
high accuracy is hard. However, because these
eigenvalues are very sensitive w.r.t. changes of the
controller parameters or the delay(s), a high pre-
cision of the minimum is not desirable, since large
sensitivities have a negative impact on the sta-
bility in terms of robustness. Therefore, a rough
approximation to the minimum is mostly satis-
factory, which can then for example be used as a
starting point for a robust stabilisation process.
See for example (Michiels and Roose, 2003; Burke
et al., 2003) for a more elaborate explanation of
this two-stage approach.

Although α(K) is nonsmooth, as described above,
it is important to note that the nonsmoothness
only occurs on a set with measure zero. Indeed,
when K is chosen randomly in the controller pa-
rameter space, the derivative of α(K) will exist
with probability 1, meaning that the function is
differentiable a.e. A sufficient constraint regarding
differentiability is that there is only one active
eigenvalue (pair), or, in other words, that the
rightmost eigenvalue (pair) is isolated. If this is
the case, the derivative can even be computed
analytically. Indeed, let u and v be the respective
left and right eigenvector belonging to a single
active eigenvalue λ at a given point K. Then dif-
ferentiation of the characteristic equation results
for the single input case in the following direct
formula for the gradient of α(K) at K:

∇α(K) = <
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where 〈· , ·〉 is the dot product and the notation
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−λτi (Bje

−λτj ).

Alternatively, the system of equations
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can be solved to attain the same value. This re-
quires some more work, because also the deriva-
tive of the eigenvector is calculated, but the nu-
merical stability is in general better.

Remark that α(K) is also nonconvex, and there-
fore it may have many local minima. The opti-
misation algorithm that we will look at in the
following section is able to find such local minima,
but it gives no guarantee about whether or not
this is also the global minimum.

−15 −10 −5 0

−15

−10

−5

0

Fig. 1. Behaviour of the gradient sampling algo-
rithm vs. the steepest descent algorithm.

2.2 Optimisation technique

We will now take a closer look at the sample gradi-
ent algorithm which we have used to perform the
nonsmooth, nonconvex optimisation. It essentially
generalises the steepest descent method to deal
with nonsmoothness, as it generates at every iter-
ation point xk an approximation to the nonsmooth
steepest descent direction, given by

arg min
||d||≤1

max
z∈∂̄f(xk)

〈z, d〉 ,

where ∂̄f(xk) denotes the generalised gradient or
Clarke subdifferential of f at xk. It does so by,
as its name indicates, first sampling a number of
additional gradients in the near neighbourhood of
the iteration point, which can be calculated effi-
ciently using the previously mentioned formulas.
A sort of ‘collective downward direction’ is then
constructed by choosing the vector with smallest
norm that lies in the convex hull of these sampled
gradients. Notice that this vector will be nonzero
only if a common descent direction exists, which
can be used as a criterion to evaluate whether a
point is optimal or not. A standard line search
along this direction finally yields the new point.
For detailed information, see (Burke et al., 2005a).

Figure 1 shows a typical behaviour of the sam-
ple gradient method (full line) as opposed to the
steepest descent method (dashed line). It is ob-
served that the two algorithms highly resemble
each other in areas without nonsmoothness. Near
points of nonsmoothness however, the steepest
descent method gets stuck, whereas the sample
gradient method, following the computed direc-
tion of common descent, is able to proceed. It is
also seen that the latter tends to follow the line of
nonsmoothness, which is a positive property in the
light of eigenvalue optimisation, since minimisers
are likely to be points of nondifferentiability.
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Fig. 2. Evolution of the controller parameters
of (7) during the optimisation process.

To evaluate the objective function α(K) itself, we
must determine the supremum of all solutions of
the nonlinear characteristic time-delay equation

det
(

λI −

∑m

i=0
Ad
i −

∑n

j=0
Bd
jK

)

= 0. (6)

For this we have DDE-BIFTOOL at our dis-
posal, a matlab package developed by Engel-
borghs et al. (2001) for the bifurcation analysis
of nonlinear equations. It includes a routine that,
using a linear multistep approach (Engelborghs
and Roose, 2002), computes an approximation
to the eigenvalues of a given time-delay system
with real part larger than a user specified value.
Using Newton iterations on the original equation
(6), these approximations are then corrected in
order to obtain accurate values for the stability
determining eigenvalues, from which the value of
α(K) is of course easily extracted.

3. NUMERICAL EXAMPLES

3.1 Third-order system

Consider the system

ẋ = Ax(t) + Bu(t − τ), u = Kx, (7)

with an input delay τ = 5 and system matrices

A=





−0.08 −0.03 0.2
0.2 −0.04 −0.005

−0.06 −0.2 −0.07



, B=





−0.1
−0.2

0.1



. (8)

For K = 0, the spectral abscissa is positive, ren-
dering the open-loop system unstable. Its stabili-
sation by means of the continuous pole placement
method served as an illustrative example in the
paper of Michiels et al. (2002), where it was found
that the minimum of α(K) is characterised by four
coinciding active eigenvalues λ1..4 = −0.15.

Applying the direct optimisation approach should
obviously result in the same minimum. Figure 2
shows the evolution of the control parameters as a
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Fig. 3. Spectrum of the stabilised system (7)-(8)

function of the iterations of the gradient sampling
algorithm. Figure 3 depicts the system’s spectrum
at the gain values that were found as a minimiser
for α(K), namely K =

[

0.472 0.505 0.603
]

. We
indeed retrieve a quadruple eigenvalue at −0.149.
The narrow plot on the right however, zooming
in on this eigenvalue, reveals that actually four
distinct active eigenvalues are found, due to the
ill condition of computing coinciding eigenvalues.

3.2 Wind tunnel model

A model for a closed-air high-speed wind tunnel
is presented in (Manitius, 1984). It consists of the
following delay differential equations:

ẋ1(t) = −x1(t) − akx2(t − τ), (9)

ẍ2(t) = −2ξwẋ2(t) − w2(x2(t) − u(t)), (10)

with a = 1/1.964, k = −0.117, ξ = 0.8, w = 6
and a delay τ = 0.33. The variable x1 denotes
the Mach number and x2 denotes the position-
guiding vane angle of a driving fan. Rewriting
in the standard form yields a linear time-delay
system of dimension 3, with open-loop eigenvalues

λ1 = −a = −0.59165,

λ2,3 = −ξw ± w
√

ξ2 − 1 = −4.8 ± 3.6i,

implying the open system is stable. In the refer-
enced paper, a special feedback controller is used
that maintains the finiteness of the spectrum, so
that a full assignment method can be applied.

Here, we try to minimise the spectral abscissa
with a linear static state feedback controller of
the form (2). Starting from random gain values,
the gradient sampling algorithm repeatedly con-
verged to K =

[

13.353 −1.213 0.880
]

, for which
α(K) = −5.3435, a tenfold improvement with
respect to the original spectral abscissa. The de-
crease of the spectral abscissa as a function of the
minimisation method’s iteration number is shown
in Figure 4. Its convergence rate is faster than
linear, to be seen in contrast with for example the
continuous pole placement method.



20 40 60 80 100 120 1401 151
−5.5

−5

−4.5

−4

−3.5

−3

−2.5

−2

−1.5

−1

−0.5

iteration number

α
(K

)

Fig. 4. Evolution of the spectral abscissa of (9)-
(10) during its minimisation process.

−0.061
−0.25

−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

0.2

0.25

ℜ{λ}
−0.15 −0.1 −0.05 0

−4

−3

−2

−1

0

1

2

3

4

ℜ{λ}

ℑ
{λ

}

Fig. 5. Spectrum of the heat transfer model before
(×) and after (+) stabilisation.

3.3 Heat transfer model

In (Vyhĺıdal, 2003), a water-based heating system
is introduced. The equations that model this heat
transfer process are:

Thẋh = − xh(t − ηh) + Kbxa(t − τb) +

Kuxh,set(t − τu),

(11)

Taẋa = − xa(t) + xc(t − τe) +

Ka

(

xh(t) −

1+q

2
xa(t) −

1−q

2
xc(t − τe)

)

,

(12)

Tdẋd =−xd(t) + Kdxa(t − τd), (13)

Tcẋc =−xc(t − ηc) + Kcxd(t − τc), (14)

ẋe =−xc(t) + xc,set(t), (15)

where the x-variables denote the temperature
measured at different places in the circuit, and
the parameter values are listed in the table below.

Th = 14 Kb = 0.24 τb = 40 ηh = 6.5
Ta = 3 Ka = 1 τe = 13 q = 1
Td = 3 Kd = 0.94 τd = 18
Tc = 25 Kc = 0.81 τc = 2.8 ηc = 9.2

Ku = 0.39 τu = 13.2
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Fig. 6. Evolution of the controller parameters of
the heat transfer model

1 50 100 150 200 245
−0.07

−0.06

−0.05

−0.04

−0.03

−0.02

−0.01

0

iteration number

α
(K

)

Fig. 7. Spectral abscissa during minimisation.

The set-point value xh,set(t) is determined by the
static state feedback controller

xh,set(t) = K
[

xh xa xd xc xe
]T

.

The (uncontrolled) open loop system has an eigen-
value at zero and is consequently not stable. Using
the continuous pole placement method, stabilisa-
tion was established by Vyhĺıdal (2003) up to a
spectral abscissa of α(K) = −0.0413.

After applying the stabilisation method proposed
in this paper, a spectrum was reached with a right-
most eigenvalue with real part equal to −0.06977,
at gain values K =

[

0.364 1.30 3.20 4.03 −1.46
]

.
The system’s spectrum for these optimal gain val-
ues is plotted in Figure 5, along with the spectrum
of the initial, uncontrolled system. The number
of active eigenvalues is now larger, since the di-
mension of the system is, too. In Figure 6, the
variation of the controller parameters during the
nonsmooth optimisation process is shown, while
Figure 7 plots the evolution of the spectral ab-
scissa. It is seen that the decrease of α(K) towards
its minimum again happens quite fast. When only
an approximate value is required, for example as a
starting point for robust stabilisation, a hundred
iterations already give a satisfactory result.



4. CONCLUSIONS

The study and development of nonsmooth, non-
convex optimisation methods has opened a wide
range of possibilities, since objective functions
with these properties arise commonly in practice.
In this paper, they were successfully combined
with tools for the bifurcation analysis of nonlin-
ear equations in order to address the problem of
stabilising linear time-delay systems with a linear
static state feedback. In doing so, the application
range of these methods was expanded to solving
control problems, still using a finite number of
controller parameters, yet dealing with infinite-
dimensional systems.
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1. INTRODUCTION

It is well-known from the theory of differential-

difference equations that if system

ú ( ) = ( ) + ( ( )) (1)

where ( ) is a continuous positive function, is expo-
nentially stable then the trivial solution of the nonlin-

ear system

ú( ) = ( )+ ( )+ ( ( ) ( ( ))) (2)

where ( ) satisÞes a Lipschitz condition in a cer-
tain neigborhood of the origin and

lim
k( )k 0

k ( )k

k( )k
= 0

is asymptotically stable for sufÞciently small initial

conditions, see (Bellman and Cooke 1963), (Halanay

1966) and (Hale and Verduyn-Lunel 1993). This result

can be seen as the analogue of the Poincaré-Lyapunov

theorem on stability with respect to the Þrst approxi-

mation.

The simplest way to prove the result, and similar to

the proof of in the ordinary differential equations case

consists in using the formula of variation of constants

and some exponential upper bound for solutions of

(1) (see, e.g. (Bellman and Cooke 1963), and (Hale

and Verduyn-Lunel 1993) for the general case of func-

tional differential equations). As in the case of ordi-

nary differential equations such a method does not

provide an explicit estimate of the corresponding at-

traction region.

A second way to prove the result consists in using the

Lyapunov�s second method. To the best of the authors�

knowledge, a stability theorem on the Þrst approxima-

tion based on such an approach (Lyapunov-Krasovskii

functionals) can be found in (Halanay 1966). How-

ever, the corresponding method does not provide an

explicit procedure to determine an initial estimate of

the attraction region for a given nonlinear system (2).

The aim of this paper is to propose such estimates.

More explicitly, we present a constructive method of

computing initial estimates of the attraction region

for the trivial solution of system (2) when the Þrst

approximation (1) is exponentially stable.



Let us consider now the Þnite-dimensional case, and

let us summarize the Lyapunov approach for comput-

ing initial estimates in such a case. Thus, when the

Þrst approximation ú = is exponentially stable,

an initial estimate of the attraction region for the trivial

solution of system ú = + ( ) is given by the set

{ R : ( ) }

where ( ) = and 0 is a constant
depending on matrix and the nonlinear function

( ) see for instance (Khalil 1996). Here 0
is the solution of the Lyapunov equation +

= for any chosen 0 Thus, we derived
initial estimates of the attraction region for systems

ú = + ( ) by means of quadratic Lyapunov
functions.

The method developed below follows the same ideas,

but making use of an appropriate Lyapunov-Krasovskii

functional for the corresponding delay system instead

of a Lyapunov function.

To the best of our knowledge, there is not a sim-

ilar constructive method for delay systems. In our

opinion, the difÞculties arising to construct quadratic

Lyapunov-Krasovskii functionals associated to a given

exponentially stable linear time-delay system seem to

be the main reason for this lack. Some general expres-

sions of quadratic functionals for linear time-delay

systems have been proposed in (Huang 1989), (Infante

and Castelan 1978) and (Repin 1966). Whereas all

these functionals are appropriate for stability analysis

in the linear case, however, the forms of the corre-

sponding Lyapunov derivatives as well as the con-

struction itself complicate the study in the robust, and

nonlinear cases.

Recently, (Kharitonov and Zhabko 2003) proposed a

new class of Lyapunov-Krasovskii functionals which

overcomes such problems in the robust stability anal-

ysis case. Inspired by such a construction, we are able

to compute explicitly initial estimate of the attraction

region for a given nonlinear system (2).

This remaining paper is organized as follows: In sec-

tion 2, after some preliminaries we present the con-

struction of Lyapunov-Krasovskii functional for lin-

ear time-delay systems according to (Kharitonov and

Zhabko 2003). In section 3 the main results are pre-

sented. The examples in section 4 illustrate the results

(for further examples, see the full version of the pa-

per (Melchor-Aguilar and Niculescu 2005)), and some

concluding remarks end the paper.

For the sake of brevity, the proofs are omitted, but they

can be found in the full version of the paper.

2. PRELIMINARIES

In this paper we consider time-delay systems of the

following form:

ú( ) = ( ) + ( ( )) (3)

+ ( ( ) ( ( )))

( ) = ( ) [ 2 0]

where ( ) = + ( ) the delay function (·) is a
continuous function satisfying

0 ( ) 0 and ú ( ) 1 1 (4)

function ( ) satisÞes a Lipschitz condition in a
certain neighborhood of the origin and

lim
k( )k 0

k ( )k

k( )k
= 0 (5)

From these assumptions it holds that (0 0) = 0 and
therefore (3) has a trivial solution.

In order to deÞne a particular solution ( ) of (3),
an initial vector function ( ) [ 2 0] We
assume that belongs to the space of continuous

vector functions C = C([ 2 0] R ) equipped with
the uniform norm k k2 = sup [ 2 0] k ( )k We

denote by ( ) = { ( + ) : [ 2 0]} the
restriction of the solution ( ) on the interval [
2 ]

Throughout this paper we will use the Euclidean norm

for vectors and the induced matrix norm for matrices,

both denoted by k·k

DeÞnition 1. The trivial solution of (3) is stable if for

any 0 there exists = ( ) 0 such that
k k2 implies k ( )k for 0

DeÞnition 2. The trivial solution of (3) is asymptotic

stable if it is stable and there exists 0 such that
k k2 implies ( ) 0 as

DeÞnition 3. The trivial solution of (3) is exponen-

tially stable if there exist constants 0 1 and
0 such that k k2 implies that k ( )k

k k2 0

The Þrst approximation of (3) is

ú( ) = ( ) + ( ( )) (6)

( ) = ( ) [ 2 0]

From the stability theorem on the Þrst approximation

we have that the asymptotic stability of (6) implies the

local asymptotic stability of the trivial solution of (3)

(Halanay 1966).

The stability of (6) can be assure from a robust sta-

bility approach for uncertain delay by assuming the

stability of the nominal system

ú ( ) = ( ) + ( ) (7)

( ) = ( ) = ( ) [ 0]

Thus, for computing initial estimates of the attrac-

tion region for the trivial solution of system (3) by a



Lyapunov-Krasovskii functional approach we proceed

as follow: we construct a Lyapunov-Krasovskii func-

tional associated to (7) in the spirit of (Kharitonov and

Zhabko 2003), and we use such functional to the ro-

bust stability of (6) in a similar way to (Kharitonov and

Niculescu 2004). Then we show that the functional is

also a Lyapunov functional for the nonlinear system

(3), and Þnally we construct an initial estimate of the

attraction región by using explicitly the functional.

Since for 2

( ( )) ( ) =
R

( )
ú( + ) (8)

=
R

( )
[ ( + ) + ( + ( + ))]

we can write (6) as

ú( ) = ( ) + ( ) (9)
R

( )
[ ( + ) + ( + ( + ))]

( ) = ( ) [ 2 2 ]

where

( ) =

½

( ) [ 2 0]
( ) (0 2 ]

It is clear that every solution of (6) is a solution

of (9). Thus, the stability of (9) implies that of (6).

Now we construct an appropriate Lyapunov functional

associated to (7) for the stability of (9).

Assume that (7) is exponentially stable, i.e., for any

C([ 0] R ) there exist constants 1 and
0 such that

k ( )k k k 0

Selecting positive deÞnite matrices 0 1 and 2

consider the functional

( ) = (0) 0 (0) + ( ) 1 ( )

+
R 0

4 ( ) 2 ( )

where C([ 4 0] R ) is arbitrary. If system
(7) is exponentially stable, then there exists a unique

quadratic functional : C 7 R such that 7
( ( )) is differentiable for 0 and

( ( ))
= ( ( )) 0

for all solutions ( ) of (7). Functional (·) is called
the Lyapunov-Krasovskii functional associated with

(7) (Kharitonov and Zhabko 2003).

The Lyapunov-Krasovskii functional is of the form

( ) = (0) (0) (0) (10)

2 (0)
R 0

( ) ( )

+
R 0 R 0

( 1) ( 1 2) ( 2) 1 2

+
R 0

( ) ( 1 + (4 + ) 2) ( )

where the matrix function (·) is deÞned as

( ) =
R

0
( ) ( + ) [ ] (11)

where = 0 + 1 + 4 2 ( ) is the funda-
mental matrix of (7), i.e., ( ) is the unique matrix
function which satisÞes

·

( ) = ( ) + ( ) 0

with the initial condition ( ) = 0 for all 0 and
(0) = see (Bellman and Cooke 1963).

Note that by the exponential stability of (7) the matrix

( ) is well deÞned.

The matrix function (·) satisÞes the following
second-order ordinary differential equation, see (Huang

1989) and (Kharitonov and Zhabko 2003),

¬( ) = ú ( ) ú ( )+ ( ) ( )
(12)

with the following additional conditions

ú (0) = (0) + ( ) (13)

= ú (0) +
³

ú (0)
´

(14)

Remark 1. When system (7) is exponentially stable

the matrix function (11) is the unique solution of

(12) satisfying (13) and (14), see (Kharitonov and

Plischke 2004). A piece-wise linear approximation of

matrix function (·) can be computed from equations
(12)-(14) (Kharitonov and Garcia 2004). In the scalar

case is possible to obtain an explicit solution of the

equations (12)-(14), see (Melchor-Aguilar 2004).

Proposition 1. Let system (7) be exponentially stable.

Given any 0 = 0 1 2 the functional (10)
satisÞes:

(1) 1 k (0)k2 ( ) 2 k k2 for some

constants 1 0 and 2 0
(2) ( ( )) k ( )k2 for a constant

0

Indeed, the lower bound of ( ) holds for

1

½

min( 0)

2 k k+ k k
min( 1)

k k

¾

(15)

Let

0 = max
[0 ]

k ( )k

Functional ( ) satisÞes

( )
³

k (0)k2 +
R 0

k ( )k
2

´

where

=max { 0 (1 + k k)

0 k k (1 + k k) + k 1 + 4 2k}

Then

( ) 2 k k2 for 2 (1 + ) (16)



By deriving functional ( ) along to the trajectories
of (9), we arrive at the following result which is a

slight modiÞcation of theorem 2 in (Kharitonov and

Niculescu 2004):

Theorem 1. System (6) is exponentially stable for a

continuous time-varying function ( ) satisfying (4) if
system (7) is exponentially stable and for any given

matrices 0 = 0 1 2 there exist constants
0 = 1 2 3 4 such that the following inequal-

ities hold:

min( 0) 0 0 k k
¡

1
1 k k+ 1

3 k k
¢

min( 2) 0 0 k k
2 ¡ 1

2 k k+ 1
4 k k

¢

min( 2) k k k k 0 ( 1 + 2 k k )

min( 2)
1

1
1

k k2 0 ( 3 + 4 k k )

(17)

3. MAIN RESULTS

In this section the main results are presented. We show

that an initial estimate of the attraction region for the

trivial solution of (3) can be computed when the Þrst

approximation (6) is exponentially stable.

Using formula (8) we rewrite (3) as

ú( ) = ( ) + ( ) + ( ) (18)

+ ( ( ) ( ) + ( ))

( ) = ( ) [ 2 2 ]

where

( ) =
R

( )
[ ( + ) + ( + ( + ))

+ ( ( + ) ( + ( + )))]

and

( ) =

½

( ) [ 2 0]
( ) (0 2 ]

When the trivial solution of (18) is asymptotically

stable then the trivial solution of (3) is asymptotically

stable.

From (5) follows that for any 0 there exists
( ) 0 such that if k( ( + 1) ( + 2))k ,

for 1 2 [ 4 0] 2 then

k ( ( + 1) ( + 2))k k( ( + 1) ( + 2))k

Theorem 2. Let system (7) be exponentially stable

and assume that for any given matrices 0 =
0 1 2 there exist constants 0 = 1 2 3 4 such
that inequalities (17) hold. For

min
=0 1 2 3

½

min( 1)
¾

(19)

where = 0 (1 + k k ) and = 0 1 2 3
are the corresponding positive real roots of the equa-

tions

2 + + = = 0 1 2 3

where 0 = min( 0) = min( 2) = 1 2 3
and

0 = 0 0

¡

1
1 + 1

3

¢

0 = 0 0

¡

(k k+ k k) 1
1 + 2 k k 1

3

¢

+ 0 (3 + k k )

0 = 0 0 k k
¡

k k 1
1 + k k 1

3

¢

1 = k k 0 0

¡

1
2 + 1

4

¢

1 = k k 0 0

¡

(k k+ k k) 1
2 + 2 k k 1

4 + 2
¢

1 = k k
2

0 0

¡

k k 1
2 + k k 1

4

¢

2 = 0 ( 1 + 2 k k )

2 = 0 ( 1 + 2 k k ) (k k+ k k)

2 = 0 k k k k ( 1 + 2 k k )

3 =
1

1 1
0 ( 3 + 4 k k )

3 =
1

1 1

2 k k 0 ( 3 + 4 k k )

3 =
1

1 1

k k
2

0 ( 3 + 4 k k )

the set

V =

½

C : k k2

r

1

2

2

2 2 (k k+k k+ )

¾

(20)

where is the Lipschitz constant of function ( )
on the set

½

C : k k2
2

2

¾

V

and

2 =
2

2 + (k k+ k k+ 2 )
is an estimate of the attraction region for the trivial

solution of (3).

Corollary 1. Let system (7) be exponentially stable

and assume that for any given matrices 0 =
0 1 2 there exist constants 0 = 1 2 3 4 such
that inequalities (17) hold. For any solution ( )
of (3) such that V the following exponential

estimate holds:

k ( )k k k2 2 0 (21)

where = min =0 1

© ¡

2 + +
¢ª

and

=

r

2

1

2 (k k+k k+ +
2
)

Hence, according with deÞnition 3 the trivial solution

of (3) is exponentially stable.

Remark 2. As in the case of system without delay,

estimating the region of attraction by means of the

set V is simple but usually conservative. Clearly, the
estimate of the attraction region (20) depends on the

choice of the matrices = 0 1 2 These matrices
can be used as free parameters in order to optimize

such estimates.



4. EXAMPLES

Let us consider the following nonlinear equation

ú ( ) = [ ( ( )) ( ( ( )))] (22)

where are positive reals, (·) is a continuous and
differentiable nondecreasing function, and ( ) is a
continuous positive function. Equation (22) describes

the dynamics of a collection of ßows, all using a single

resource, and sharing the same gain parameter see

(Kelly 2000).

The delay function ( ) represents the round-trip time.
In the context of congestion control networks the de-

lay function is usually modelled as ( ) = + ( )
where is the propagation delay (assumed constant)

and ( ) represents the queueing delay in the con-
gested router. In fact, such a model of the delay func-

tion represents a more realistic model for the con-

gestion control problem in networks, and therefore it

results too important provide stability conditions for

such a model. Here we assume that ( ) is a continu-
ous function satisfying (4).

The function (·) can be interpreted as the frac-
tion of packets indicating (potential) congestion (pres-

ence), see (Kelly 2000). Considering that the function

( ) = with 0 (see (Hollot-et-al 2002)
for a discussion on the beneÞts to use a proportional

controller) equation (22) can be written as

ú ( ) =
¡

2( ( ))
¢

(23)

The unique positive equilibrium point of (23) is

=

r

Let ( ) = ( ) then

ú( ) = ( ) + ( ( ( ))) (24)

where = 2 and

( ( ( ))) = 2( ( ))

For any given 0 there exists = such that if

| ( ( ))| then

| ( ( ( )))| | ( ( ))|

The Þrst approximation of (24) is

ú( ) = ( ( )) (25)

From theorem 1 we have that equation (25) is expo-

nentially stable if equation

ú( ) = ( ) (26)

is exponentially stable and for any given 0 =
0 1 2 there exist 0 = 1 2 3 4 such that
inequalities (17) hold.

In this case, inequalities (17) look as

0 0
2
0

1

3

2 | |3 0 0

1

4

2

2

1
1

0 ( 3 + 4 | | )
(27)

Equation (26) is exponentially stable if and only if

2 or
2

16 ( )2

In this case, equations (12)-(14) look as

··

( ) = 2 ( ) (28)
·

(0) = ( ) (29)
·

2 (0) = (30)

If equation (26) is exponentially stable, then the

unique solution of (28) satisfying (29) and (30), see

(Melchor-Aguilar 2004), is ( ) = ( )
[0 ] where

( ) =

µ

1 + sin( )

2 cos( )

¶

cos( )
1

2
sin( )

As an example consider the network parameters from

(Kunniyur and Srikant 2003): = 0 01 = 1
and = 0 1 Taking = 0 01 equation (26) is

exponentially stable, and = 10

Let 0 = 0 4 1 = 6 2 = 0 001, then 0 =
1600 Let = 0 0013 = 1 2 3 4 From the

third inequality in (27) we obtain that 1 0 9917.
From the Þrst and second inequality in (27) we get

0
0 0812

Thus, a direct application of the classical stability

theorem on the Þrst approximation yields to conclude

the local asymptotic stability of the trivial solution of

equation (24) for a continuous time-varying function

( ) satisfying

0 ( ) 0 0812 and 0 ú ( ) 0 9917

Now we show how the application of our results allow

us to compute an initial estimate of the attraction

region. Firstly, we observe that for any 1 2
©

C : | |
2

2

2

ª

we have

| ( 1) ( 2)| | 1 2|2

where = 2 Let us select 0 = 0 08 and 1 =
0 9 Simple calculations derived from (19) shows that

0 1 1220× 10 6

Choosing = 1 12× 10 6 we get = 0 0112 From
(15) and (16) we obtain 1 200 and 2 1760 8
Selecting 1 = 199 and 2 = 1760 8 the estimate
(20) of the attraction region is given by

V = { C : | |
0 2

0 0019}

From (21) we obtain the following exponential bound

for any solution starting in the set V

| ( )| 2 9758 3 3099×10
9

| |
0 2

0

In order to show the delay-dependent estimate of the

attraction region, now consider
0
= 0 01 and

1
=

0 9 Simple calculations derived from (19) show that

0 7 1917× 10 5



Selecting = 7 19 × 10 5 we obtain = 0 7190
Thus, the estimate (20) of the attraction region is given

now by

V = { C : | |
0 2

0 1208}

and the corresponding exponential estimate (21), for

any solution starting in the set V , is given now by

| ( )| 2 9758 2 6384×10
8

| |
0 2

0

5. CONCLUSION

A constructive procedure to compute initial estimates

of the attraction region for a class of nonlinear time-

varying delay systems whenever the Þrst approxi-

mation is exponentially stable is proposed. The ap-

proach is constructive and make use of a Lyapunov-

Krasovskii functional associated to the Þrst approxi-

mation. An example illustrate the results.
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