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Some topics I am interested to work within the ANR project:

1. Weyl measures: relation (?) with Hausdorff measures.

2. Spectral asymptotics and dynamics: abnormal geodesics

and Feynman path integrals.

3. Heat kernels asymptotics: 2-terms expansions in the

singular case.

[Works in progress with Luc Hillairet and Emmanuel Trélat]
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1. Weyl measures. Let (Xd, E, g) be a closed sR manifold

and µ a smooth measure on X. We always assume Hörmander

condition for the bundle E ⊂ TX. The Laplacian ∆ = ∆g,µ

is the self-adjoint operator on L2(X,µ) which is the Friedrichs

extension of the quadratic form

q(φ) :=
∫
X
‖dφ|E‖

2
gdµ .

There is in general no canonical choice of µ, but the spectral

asymptotics are widely independent of µ. Locally

∆g,µ =
d∑

j=1

D?
ej
Dej

where (ej) is an orthonormal frame of E. We denote by (φn, λn),

with λ1 ≤ · · · ≤ λn ≤ · · · , a spectral decomposition of ∆g,µ.
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The Weyl formula reads

N(λ) := #{λn ≤ λ} ∼ C(E, g)λa logλb

The constants a, b, C are known in many cases, but not always!

In the Riemannian case, a = d/2, b = 0. In the sR case, if

E 6= TX, one has N(λ) >> λd/2.
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The Weyl measure is the probability measure on X defined by∫
X
fdw∆ = lim

λ→∞
1

N(λ)

∑
λn≤λ

∫
X
fφ2

ndµ .

Weyl measures are known in several cases thanks to works of

people in hypo-elliptic PDE: for example contact cases and Mar-

tinet singular cases.
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Contact cases

Due to Menikoff and Sjöstrand: for example, if D = 3,∑
λn≤λ

∫
X
fφ2

ndµ ∼
1

(2π)2

∑
l≥0

∫
Eo∩{(2l+1)r≤λ}

f ◦ p(σ)dL(σ) ,

with r : Eo →]0,∞[ homogeneous of degree 1 (diagonalization

of the Hessian of g? along Eo), L the Liouville measure on the

orthogonal Eo of E in T ?X (the contact bundle) and p : Eo → X

the canonical projection. This gives

N(λ) ∼
∫
X dPopp

32
λ2 and dw∆ = dPopp1.
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If D = 5,∑
λn≤λ

∫
X
fφ2

ndµ ∼
1

(2π)3

∑
l,m≥0

∫
Eo∩{(2l+1)r1+(2m+1)r2≤λ}

f◦p(σ)dL(σ) ,

with rj : Eo →]0,∞[ homogeneous of degree 1 (diagonalization

of the Hessian of g? along Eo).
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Martinet case [CdV-LH-ET; work in progress] Generic singular-

ities of contact 3D. Popp measure defined outside of the singular

set Y ⊂ X. If locally Y = {F−1(0)}, dPopp ∼ |d logF | ⊗ dν. Weyl

formula reads

N(λ) ∼
∫
Y dν

32
λ2 logλ .

and the Weyl measure is

dw∆ =
1∫
Y dν

dν .

This implies the localization of most eigenfunctions on Y . Re-

lated to Montgomery (2D magnetic fields).
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Questions: relation between Weyl measures and Hausdorff type

measures [Agrachev, Barilari & Boscain, On the Hausdorff vol-

ume in sR geometry]? Smoothness? Identification of Weyl mea-

sures in general
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2. Spectral asymptotics and dynamics.

Relation of Spectral asymptotics of Riemannian Laplacians with

the geodesic flow is a well developed subject since the 70’s in-

cluding

1. Trace formulae relating smoothed densities of eigenvalues to

the lengths of closed geodesics; applications to inverse spectral

problems (Kac’s “can one hear the shape of a drum?”)

2. Q(uantum) E(rgodicity): if the geodesic flow is ergodic,

most eigenfunctions are equidistributed following the Weyl mea-

sure, ie

weak− lim
j→∞

|φnj |
2dµ = dw∆

for a sub-sequence of density one.
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3. Q(uantum) L(imits): what are the possible previous limits?

One can lift them to the co-sphere bundle and they are invariant

under the geodesic flow. Restriction on the Kolmogorov entropy

in the Anosov case. In some situations one can identify all QL’s

(Quantum graphs, spheres).
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Even if a lot of work on hypoelliptic operators has been done

in the seventies, the previous geometrical/dynamical aspects re-

main still widely open. In a recent work with LH and ET, we

study QE in a precise way for 3D contact manifolds. In partic-

ular, we show that ergodicity of the Reeb flow implies QE and

we describe dynamical properties of the QL’s.

We started to study the following conjecture:

“The periods of the Reeb flow are spectral invariants”.

In order to prove it, we try to develop new trace formulae, in

particular in the case where the Reeb flow is the geodesic flow

of surfaces with K ≡ −1 (work in progress with Joachim Hilgert

& Tobias Weich).

12



Other cases are much more difficult. in particular it would be nice

to understand in the Martinet case if some classical ergodicity

property does imply QE.

More generally, the role of abnormal geodesics in the spectral

asymptotics is at the moment quite mysterious. Trace formulae

can be derived by applying stationary phase to suitable discretiza-

tion of Feynman path integrals [CdV-73],[Barilari, Boscain, Char-

lot & Neel, On the heat diffusion for generic Riemannian and

sub-Riemannian structures]. This could give a direct access to

the abnormal geodesics.
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3. Heat kernels asymptotics The Weyl asymptotics and the

Weyl measure can be derived from the small time asymptotics

of the integrals

Zt(f) =
∫
X
f(x)pt(x, x)dµ .

This kind of asymptotics does not follow in the non equi-regular

case from the diagonal asymptotics of pt [Ben Arous, Léandre,

...] due to lack of uniformity in x. In the Martinet case, one

expects something like

Zt(f) =
1

16t2

(
| ln t|+A)

∫
Y
fdν + p.v.

∫
X
fdPopp + o(1)

)
,

with a universal constant A and a principal value p.v. to make

precise. Similar results are expected in the aR Grushin case. (see

[Boscain, Prandi & Seri, Spectral analysis and the Aharonov-

Bohm effect on certain aR manifolds]).
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Merci pour votre attention !
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