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A natural question: is there a natural spectral geometry of

Lorentzian manifolds (X, g) as it is the case for Riemannian man-

ifold?

A first step how to get a self-adjoint operator. I will adress this

question.

In other words, we will study the Lorentzian laplacian �g which

is hyperbolic on a closed manifold.

A preliminary question is to look at self-adjoint extensions of �g
a priori defined on smooth functions.
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Essential-self-adjointness (ESA)

Xn smooth manifold with a smooth density |dx|, L2 := L2(X, |dx|).

P linear differential operator with real smooth coefficients of de-

gree d.

P is formally symmetric if:

∀u, v ∈ C∞o (X),
∫
X
Pu v̄|dx| =

∫
X
u Pv|dx|

P is ESA if: du/dt = iPu with u(0) ∈ L2 has a unique distribu-

tion solution defined for all t with u ∈ Co(R, L2). The quantum

dynamics u(t) = exp(itP )u(0) is a uniquely defined strongly con-

tinuous unitary group in L2.
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Equivalently, if Pu = v with u, v ∈ L2, there exist sequences

un, vn = Pun ∈ C∞o (X) with (un, vn) → (u, v) in L2: the L2-

graph-closure of P is self-adjoint.

Another characterization is: P is ESA iff kerL2(P ± i) = 0.
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ESA: basic examples

1. X closed, d = 1, then ESA.

2. X ⊂ Rn compact with smooth boundary, P = ∆Eucl not ESA.

Boundary conditions needed for the quantum dynamics

3. (X, g) complete Riemannian manifold, then ∆g ESA [Gaffney,

1954]

4. Rn \ 0, then ∆Eucl ESA iff n > 3.

5. X closed, ∆sr is ESA (uses sub-ellipticity)
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The origin of the word hypo-elliptic after Mal-
grange

It was in Nancy in the fifties. Laurent Schwartz was lecturing

on “ellipticity of heat equation”. People says: elliptic operators

is something different. Then they propose “Sub-elliptic” and

André Weil says: “we cannot mix latin and greek”. Bernard

Malgrange says then: “call it hypoelliptic”!
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Classical completeness (CC)

p : T ?X → R is the principal symbol of P . ~p is the Hamiltonian
vector field of p w.r. to the symplectic structure of T ?X. CC
(resp. Null-CC) means completeness of the flow of ~p (resp.
restricted to p−1(0)).

Examples 1, 3 and 5 are CC . For the sR case, an argument was
given to me by Luca Rizzi. Examples 2 and 4 are not CC . CC
is not equivalent to ESA in general.

In what follows, we consider only the case Closed manifolds
(compact without boundary).

I want to discuss the following conjecture:

For closed manifolds and d = 2, CC is equivalent
to ESA
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X = R/Z

Theorem (conjecture OK): P = dxa(x)dx + b(x) with all ze-

roes of a of finite order. P ESA iff CC; Holds iff all zeroes

of a are degenerate.

Proof by inspection of different cases: if all zeroes of a are of

order ≥ 2, then ESA and CC hold.

If one zero is non degenerate, then neither ESA nor CC hold.
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ESA or NonESA come from what is known on singular points of

linear differential equations.

Classical (in)completness is a simple exercice: p = a(x)ξ2 with

a(0) = 0, a′(0) 6= 0. We get ẋ = 2a(x)ξ, ξ̇ = −a′(x)ξ2. The

orbit x(0) = 0, ξ(0) 6= 0 is non complete.
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X 2D Lorentzian torus

X 2D torus with a Lorentzian metric g. Locally g = eφdxdy and

�g, the associated Laplacian (hyperbolic) is e−φ∂2/∂x∂y. Null

foliations are given as the zeroes of g: locally, the leaves are x

or y is constant.

Theorem:

1. If g is conformally flat, then �g is ESA and g is null-CC.

2. If the null foliation admits an hyperbolic closed leaf,

then �g is not ESA and g is not Null-CC. It is the generic

case.
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Conformal invariance

Both ESA and Null-CC are conformally invariant.

Hence the first assertion by reduction to ∂2/∂x∂y on R2/Γ. Noth-
ing is known on the spectrum if φ is not a constant!

The second one follows from a normal form near an hyperbolic
closed null leaf γ. Using Sternberg linearization Theorem for the
Poincaré map of γ, we have that near γ, g admits the normal
form, with λ 6= 0,

g = eφ(x,y) (dx(dy − λydx)) , (x, y) ∈ R/Z×]− c, c[

and hence

�g = e−φ
(
λ∂yy∂y + ∂2

xy

)
We use then the 1D case for functions independent of x.
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Let us just check non Null-CC: the principal symbol of eφ�g is

−λyη2−ξη. The dynamics restricted the invariant set y = 0, ξ = 0

satisfies ẋ = −η, η̇ = λη2. The maximal solution for η(0) > 0 is

only defined on ]−∞, 1/λη(0)[.
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Question: in the case of hyperbolic closed leaves, do there exists

a canonical self-adjoint extension? What about the correspond-

ing spectral theory?

In other words, is there a natural spectral theory of Lorentzian

manifolds as for Riemannian manifolds?
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General P

Let us consider the general case. Assume that Z := p−1(0) \0 is

a smooth sub-cone of T ?X (OK for �g). Let W := Z/R+. The

closed manifold W of dimension 2n−2 carries a natural oriented

foliation F which is the projection of the Hamiltonian vector field

of p restricted to Z onto W .

Here Foliation means a conformal class of vector fields.

Properties of F will induce spectral properties of P .
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An attractor for F is a compact invariant set K ⊂ W admitting

a neighbourhhood U so that all leaves starting in U accumulate

only in K.

The attractor K is weakly hyperbolic, if, near K, there exists a

vector field V generating F and whose divergence is < 0 (this

property is independent of the choice of a smooth density on

W ).

Weakly hyperbolic attractors are, in our context, structurally

stable.
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Theorem: If the dynamics of F has a weakly hyperbolic attractor,

then P Non ESA and non Null CC.

This cover the case where d = 2 and F is Morse-Smale.
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The proof is an application of a previous work with Laure Saint-

Raymond on attractors for internal waves.

More precisely, we introduce E an invertible elliptic self-adjoint

ΨDO of degree −1 and define H := EPE. H is a ΨDO of

degree 0 for which we can apply our results showing that, if the

dynamics of F is “North-South”, then H admits a continuous

spectrum which can be very accurately described.
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Thanks for your attention...
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Thanks to the organizers and
in particular to Emmanuel
for his very efficient work
in the preparation of the conference...
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