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Focus 
 Variable metric = scaling techniques 

 

 Improved performances of 

gradient/subgradient methods on  

 Smooth convex 

 Smooth nonconvex               problems 

 Nonsmooth convex 

 

 Contributions from Oasis group  

 
www.oasis.unimore.it 



Smooth optimization problem 
 

 

   

               closed, convex, “simple” set  

 e.g.                      , 

  

 Typical problem features: 

 Nonlinear, possibly nonconvex objective function 

 Large scale 

 Difficult to exploit the second order (hessian) 

information 

 

 

 

Gradient projection 

methods 
Easy implementation 

Low cost per iter 
Slow convergence 



Gradient Projection Method  
with line search along the feasible direction 

     

         
  

 

  

       must ensure the 
sufficient decrease for 

convergence 

            is a descent  

direction 

1 parameter: 



Variable Steplength Gradient 

Projection Method 

Suitable steplength 

selection 

(e.g. Barzilai-Borwein 

 rules) 

Significant 

Speed improvement 

2 parameters: 



Scaled Gradient Projection 

Method 

3 parameters: 

Symmetric pos. definite 

scaling  matrix  

Variable steplength 

SGP 



The Scaled Gradient Projection 

method (SGP) 

Choose 

For k=0,1,2,... 

1.  Choose 

 

2.   

 

3. Backtracking:  Compute                where       is the 

smallest nonnegative integer s.t. (Armijo) 

 

 

4.   



Theorem 

Every accumulation point of the sequence                        

    is a  constrained stationary point. 

Convergence Analysis(1) 

 Scaled Projection 

 

 Bounded stepsize 

 

 Symmetric positive definite 

scaling matrix with 

bounded eigenvalues 

[Bonettini, Zanella, Zanni, Inv. Prob. 2009] 



Theorem 

If     is convex and the problem admits a 

solutions, then the sequence            

converges to a constrained minimum point. 

Convergence Analysis(2) 

 Scaled Projection 

 

 Bounded stepsize 

 

 Symmetric positive definite 

scaling matrix which 

asymptotically reduces to 

the identity 

[Bonettini, Prato, submitted, 2014] 



Crucial issues (1) 

 The stepsize selection 

 Scaled Barzilai-Borwein rules:  
 two explicit O(n) formulas   

  [Barzilai Borwein 1988], [Dai, Fletcher 2005], [Bonettini, Zanella, Zanni, Inv. 
Prob. 2009] 

 Ritz-like steplength 
 Lanczos decomposition  
 [Fletcher, Math. Prog. B, 2012], [Porta, Zanella, Zanghirati, Zanni, Comm. 

Nonlin. Science, 2014, to appear] 

Given        ,, compute         trying to approximate 

the inverse hessian eigenvalues, using the scaled 

gradient information at the last few iterates. 



 Symmetric positive definite 

 Practical choice: diagonal 

                        (no scaling) 

   

  Problem dependent 

  

 

Gradient splitting strategy (next slide) 

 

 

Crucial issues (2) 

The scaling matrix 



Gradient splitting strategy 

 For nonnegativity constraints 

 

 

 

 

 

 

 

 Generalization to box constraints 

[Lantéri etal., Inv. Prob. 2002] 

[Bonettini, Chiuso, Prato, submitted. 2014] 

  KKT 

Fixed point  method- Split Gradient method (SGM) 

 no proved convergence 

 preserves nonnegativity 



Bayesian approach 

Find an approximation of the “true” image                  given: 

Application 1: Image restoration 

from Poisson data 

Imaging matrix 

 
Observed image Background 

Kullback-Leibler 

Divergence = 

-log likelihood 

convex 



Edge preserving deconvolution 

 SGP  BB and variable bounds 

on 

 GP  BB and no scaling  

 SGP*  BB and fixed bounds on 

 PidSplit+  ADMM for 

nonnegative KL+TV minimization 

 FISTA-b  Beck-Teboulle 

algorithm with backtracking 

Hypersurface (Smooth Total Variation) functional  

“Natural” gradient decomposition: 

iter. 



Problem details and remarks 

 SGP practically behaves as a              

method; 

 Variable bounds on the scaling matrix 

further improve the performances; 

Original image Blurred noisy image Restored image 



Application 2: Impulse response estimation 

Find an approximation of the first      impulse response  

coefficients                          given 

Finite model  

in vector form 

non 

convex 

Bayesian approach 



Multiple kernel regularization 

Symmetric positive semidef.  

fixed matrices 

convex concave 

“Natural” gradient decomposition: 

Scaling 

choice 

[Chen, Andersen, Ljiung, Chiuso, Pillonetto, 2014] 



 SGP  BB and fixed bounds on 

 GP  BB and no scaling  

 AS-CBB  Hager-Mair-Zhang 

scaled gradient method 

Results 
Single problem instance 

Performance profiles on 4000 simulated systems and 2 different sets of kernels 

 fmincon  Matlab function with 

different options (second order 

methods) 

 MM  Convex-concave 
procedure especially tailored for 

this problem 

[Bonettini, Chiuso, Prato, submitted. 2014] 



Nonsmooth Optimization problem 

      is convex, closed, proper, lower semicontinuous 

 Easy to compute an -subgradient of  

 
subdifferential -subdifferential  



A scaled -subgradient 

projection method 

 
[Bonettini, Benfenati, Ruggiero, submitted. 2014] 

scaled  

projection 

bounded 

subgradients 



Convergence result (1) 

Theorem 

If the problem admits a solution, then the 

sequence            converges to a 

constrained minimum point. 

 Diminishing error sequence 

 

 Divergent series, summable 

squares steplength sequence 

 

 Symmetric positive definite 

scaling matrix which 

asymptotically reduces to the 
identity 



Convergence result (2) 

Theorem 

If the problem admits a solution, then the 

sequence                   converges to the 

minimum value. 

 Diminishing error sequence 

 

 Dynamically computed 

steplength via a level algorithm 

 

 Symmetric positive definite 

scaling matrix which 

asymptotically reduces to the 
identity 



Scaled Primal-dual hybrid gradient 

method 

SPDHG 

Convergence theorems apply 

Resolvent op. 

Fenchel dual 



Application: TV restoration of 

Poisson images 
 Kullback-Leibler + Nonsmooth Total Variation, 

 -subgradient decomposition  

 

 mimiking the smooth case splitting 

       non scaled SPDHG with steplength   

as prefixed ‘optimal’ sequences  

       

       scaled PDHG with steplength   as 

prefixed ‘optimal’sequences 

       

      nonscaled PDHG with dynamic 

steplength  computation 

 

       scaled SPDHG with dynamic 

steplength  computation 

 



Open problems 

 Theoretical convergence rate estimate 

 SGP is numerically comparable to                

and second order methods.  

 

 Theoretical properties of the gradient 

splitting strategy 

 First order methods based on certain 

splittings perform better than nonscaled 

oned but also than scaled methods with 

other strategies 

 Why? 

 


