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Abstract— In this paper, we elaborate control strategies to
prevent clustering effects, as opposed to numerous works in
the literature seeking to control multi-agent systems to achieve
consensus. We consider general controlled collective dynamics
and show how the group variance should be replaced by
an entropy-type functional to measure clustering. Then we
focus on Hegselmann-Krause type models and propose sparse
declustering controls for the discrete system as well as for its
mean-field limit. The behavior or the interaction function at
zero and at infinity characterizes whether clustering can be
avoided by controlling the system. Such results include the
description of black holes (where complete collapse to consensus
is not avoidable), safety regions (where the control can keep
the system far from clustering), basins of attraction (attractive
zones around the clustering manifold) and collapse prevention.

I. INTRODUCTION
The term “black swan” was first used by Nassim Nicholas
Taleb in 2007 in his book The Black Swan: The Impact
of the Highly Improbable [14], in which he focuses on
the extreme impact of rare and unpredictable events. The
“black swan theory” was since then developed to describe
events that are extremely rare, have a massive impact and
are retrospectively predictable. One of the groundbreaking
ideas of this recent theory is the fact that human behavior
remains unpredictable. By focusing on what is known and
probable, scientists tend to be surprised by major unexpected
events. Taleb’s philosophy requires one to accept the fact
that there will always remain unknown factors - hence, one
cannot make future predictions based only on the assumption
of a population’s rational behavior.
Bellomo et al. [3] have built upon this new theory, applying it to the context of social competition that can lead to
extreme conflicts. Among an initially well distributed population, local social interactions can lead to unwanted clustering
(of wealth, opinions, etc.). As pointed out in [15], individual
behavior is often irrational: instead of making strategic
decisions, individuals tend to imitate social neighbors. This
behavior leads to clustering of opinions or consensus. In [15],
this is modeled in a game-theoretic set-up, where agents play
coordination games to improve their individual payoff. In
the Voter model, agents imitate the action of a randomly
selected counterpart [10]. In the Hegselmann-Krause (HK)
bounded-confidence model, agents imitate others’ behavior

only if they are within a certain “confidence” radius [1],
[9]. In a competing approach, based on the so-called “topological” distance, agents imitate a given number of closest
neighbors [2]. Another variation of the HK model consists
of noticing that heterophilious dynamics enhance consensus
[12]. Second-order models, like that of Cucker-Smale [7]
may lead to alignment, i.e. agreement in the second variable
under suitable conditions on the interaction function [4], [8].
Many works focus on controlling the system to achieve
consensus, see for example [4], [5], [11]. Here, we choose to
study the opposite problem: given dynamics naturally leading
to consensus under given conditions, we aim to control the
system to avoid consensus, i.e. to keep the agents as far
from one another as possible. In other words, we want to
avoid a “black swan” phenomenon. Possible motivations
include keeping a market from collapsing or a crowd from
converging to a localized dense conformation.
We study a first-order opinion model with a positive
interaction function and control the system via an additive
term, considering both the discrete and the kinetic formulations. The control strategies used to steer the system are
simple explicit feedbacks depending on the state of the
system at the current time. These are computed to maximize
an entropy-type functional measuring the dispersion of the
system. We show that depending on the behavior of the
interaction function a(·), several situations may arise. If
lims→0 sa(s) = +∞, there exists a “black hole” region, in
which no control can prevent the system from converging.
In contrast, if lims→0 sa(s) = 0, collapse to consensus can
always be avoided. Far from the consensus manifold, we
also observe two scenarios. If lim sa(s) = 0, there exists
s→+∞
a “safety region” in which the control can always keep the
system far from consensus. This safety region does not exist
if lim sa(s) = +∞.
s→+∞

We summarize these results in Table I, giving criteria
depending on α := lims→s̄ sa(s).

α =0
α = +∞
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s̄ = 0
There exists a control
strategy preventing consensus
There exists a black hole
(no strategy can avoid
consensus for certain initial configurations)

s̄ = +∞
There exists a safety region far from consensus
There exists a basin of attraction (no safety region
far from consensus)

TABLE I
F OUR DIFFERENT CONFIGURATIONS DETERMINED BY α = lims→s̄ sa(s)

II. M ICROSCOPIC MODEL
A. Generalized entropy functional for declustering control
Consider the general class of first-order systems:
ẋi = fi (x),

i ∈ {1, . . . , N}

(1)

(t) ∈ Rd .

where for each i ∈ {1, . . . , N}, xi
The dynamics are
given by the functions fi ∈ C1 ((Rd )n , Rd ). In particular, we
will focus our attention on the Hegselmann-Krause (HK)
first-order consensus model, where for each i ∈ {1, . . . , N},
fi (x) = N1 ∑Nj=1 a(kxi − x j k)(x j − xi ). Here the dynamics depend solely on the interactions between individuals (referred
to as “agents”) via the interaction function a ∈ C1 (R). Such
systems are typically used to model opinion dynamics, and
they give rise to collective behavior such as consensus.
Definition 2.1: The state characterized by x1 = ... = xN is
referred to as consensus. We denote by Mc the consensus
manifold defined by:
Mc := {(xi )i∈{1,...,N} | ∀( j, k) ∈ {1, . . . , N}2 , x j = xk }.
Notice that consensus is an equilibrium state for the HK
dynamics.
Controlling the system to achieve consensus is a frequently
studied problem, see [4], [12]. For that, system (1) is
modified to include an additive control u ∈ UM :
ẋi = fi (x) + ui ,

i ∈ {1, . . . , N}.

(2)

Given M > 0, we define the set of controls as
N


UM := u : [0, +∞) → (Rd )N u measurable,

∑ kui k 6 M

i=1

where k · k is the `d2 −Euclidean norm on Rd . The condition ∑Ni=1 kui k 6 M, known as the `N1 − `d2 -norm constraint,
promotes the componentwise sparsity of the control [4].
Previous works (see [4], [5]) have proposed to construct
feedback controls by considering the variance of the system
V (x) =

1 N N
∑ ∑ kxi − x j k2 .
2N 2 i=1
j=i+1

(3)

The variance characterizes the state of consensus: V (x) = 0
if and only if x1 = · · · = xN . Hence we can design a feedback
control strategy by minimizing the time derivative of the
variance. Along any trajectory, it satisfies:
N

V̇ =

N

1
1
∑ ∑ hxi − x j , ẋi − ẋ j i = N ∑ h(xi − x̄), fi (x) + ui i.
2N 2 i=1
i=1
j6=i

As done in [4] for the Cucker-Smale alignment model,
one can easily define a feedback control uc minimizing the
derivative of the variance by setting iV := argmax kxi − x̄k
i∈{1,...,N}

so that:
uci =

(
−x̄
−M kxxii −
x̄k for i = iV
0

for all i 6= iV .

The purpose of this work is to design feedback control
strategies to avoid the state of consensus, and more generally,
to steer the system away from all clustering.

Definition 2.2: The system is said to have clusters if there
exist (i, j) ∈ {1, . . . , N}2 such that xi = x j . We denote by Scl
the clustering set, defined by:
Scl := {(xi )i∈{1,...,N} | ∃( j, k) ∈ {1, . . . , N}2 s.t. x j = xk }.
In that case, we can reason in the same way and design
a feedback control strategy uV that maximizes the timederivative of the variance, instead of minimizing it, with
(
−x̄
M kxxii −
V
x̄k for i = iV
ui =
0
for all i 6= iV .
Notice that maximizing the variance V will only ensure
that the system is far from the consensus manifold, and it
does not guarantee declustering. Indeed, V can be very large
even if almost all agents are concentrated at one point, as
long as one agent is far from the group. This calls for the
need of a different functional, able to characterize the state
of clustering like the variance characterizes consensus. A
natural candidate for that purpose is the entropy functional
W ∈ C1 (Rd \ Scl , R), defined as follows:
W (x) =

1
∑ ln kxi − x j k.
N 2 i<
j

(4)

Indeed, if the system is not in the clustering set, the entropy
is bounded from below. However, the converse is not true.
Proposition 2.1: Let W ∈ C1 (Rd \ Scl , R) defined by (4).
If for all (i, j) ∈ {1, . . . , N}2 , kxi − x j k > ε for some ε > 0,
then W (x) is bounded below, i.e. there exists K(ε) ∈ R such
that W (x) > K(ε). However, the converse does not hold.
Proposition 2.1 shows that the entropy W cannot characterize
the boundedness away from the clustering set. Indeed, the
logarithm is unbounded both at zero and at infinity, which
allows for the contribution of small pairwise distances to be
compensated by that of large pairwise distances in (4).
The main idea of this paper is to modify the entropy functional by replacing the logarithm by a function g bounded at
infinity, in order to characterize clustering.
Definition 2.3: Let g ∈ C1 (R+∗ ) be a strictly increasing
function such that lim g(s) = −∞ and lim g(s) < +∞. We
s→+∞
s→0
define the generalized entropy functional Wg by:
Wg (t) =

1
∑ g(kxi (t) − x j (t)k2 ).
2N 2 i<
j

Then we can prove:
Lemma 2.1: Let c ∈ R. Suppose that for all i, j ∈
{1, . . . , N}, kxi − x j k > c. Then Wg > N(N−1)
c.
4N 2
Lemma 2.2: Let K ∈ R. Suppose that Wg > K. Let m :=
sup{g(s), s > 0}. Then for all i, j ∈ {1, . . . , N}, kxi − x j k >
q
g−1 (2N 2 K − ( N(N−1)
− 1)m).
2
Theorem 2.1: Let Wg be an entropy functional as defined
in Definition 2.3. The following two statements are equivalent:
1) There exists η > 0 such that for all t > 0, Wg (t) > η.
2) There exists ε > 0 such that for all t > 0, for all i 6= j,
kxi (t) − x j (t)k > ε.
If the conditions above are satisfied, the system is declustered
at all time.

We can now design a feedback control that steers the system away from clustering, by maximizing the time derivative
of Wg :
N

Ẇg =

1
1
∑h N
N i=1
1
N

∑ g0 (kxi − x j k2 )(xi − x j ), fi (x) + ui i

V̇ 6 −
(5)

j6=i

∑ j6=i g0 (kxi

such that for all s < ε, a(s) > As . Near consensus, that is
when for all i and j, kxi (t) − x j (t)k 6 ε : Then we have

k2 )(x

Let Si :=
− xj
i − x j ). Let iW :=
argmaxi kSi k, representing a weighted mean of influences of
all agents on agent i. Then the control strategy maximizing
Ẇg at all time t is sparse in the following sense:
(
M kSSii k for i = iW
(6)
uW
i =
0 for all i 6= iW .
The controls uV and uW are both sparse, meaning that they
act on only one agent at a given time. However, they differ
in fundamental ways. In order to maximize the variance V ,
one must act on the agent furthest away from the center of
gravity of the group. On the other hand, to maximize the
general entropy Wg , one must act on an agent which is both
close to other agents, and at the edge of the group.
B. Main Results
From here onwards, we focus specifically on the HK
model where fi (x) = N1 ∑Nj=1 a(kxi − x j k)(x j − xi ). Let φa,u :
(Rd )n × R → (Rd )n be the flow associated with the differential equation (2), i.e. for all x0 ∈ (Rd )n for all t ∈ R+ ,
φa,u (x0 ,t) is the unique solution of (2) with initial condition
x(0) = x0 . The problem of defining the solution of (2)
when agents collide was treated in [6] (Remark 2.10). In
what follows, we allow the interaction function a(·) to be
unbounded near zero. Less restrictive even, we allow the
following: lim sa(s) = +∞. This causes the right hand side
s→0
of Equation (2) to be undefined when two agents cluster.
However, we can define the solution up to the time of the
first clustering t¯. We can prove that the limit of the solution of
(2) when approaching t¯ is unique. This allows us to prolong
the solution in order to give a meaning to the system after a
time of clustering.
1) Black hole: In this section, we prove that for certain
interaction functions a(·), there exists a “black hole”, i.e.
given a certain bound M on the control (with ∑Ni=1 kui k 6
M), for certain initial conditions, it is impossible to avoid
convergence to consensus whatever the control may be. This
is similar to the “Black Swan” phenomenon.
Definition 2.4: Let M > 0. We define the black hole
region:
d n
RM
BH = {x0 ∈ (R ) | ∀u ∈ UM , ∃T > 0, V (φa,u (x0 , T )) = 0}.
Theorem 2.2: Let a be an attraction potential such that
lims→0 sa(s) = +∞. Then for all M > 0, there exists ε > 0
such that if for all (i, j), kxi (0) − x j (0)k < ε, then for every
possible control, the system converges to consensus in finite
time. In other words, for any M > 0, there exists RM
BH such
that Mcl RM
.
BH
Proof: We study the evolution of the variance. Let M >
0. Since lims→0 sa(s) = +∞, for all A > 0, there exists ε > 0

N
N
1
1 N N
A
kx
−
x
k
+
2M
kxi − x j k.
i
j
∑
∑
∑
∑
N 2 i=1 j=i+1
2N 2
i=1 j=i+1

In particular, let A = 2M and let ε > 0 such that for
all s < ε, a(s) > As . Notice that V > 2N1 2 max kxi − x j k2 .
i, j

2

ε
Suppose that V (0) = 2N
2 . Then for all i, j ∈ {1, . . . N},
p
kxi − x j k(0) 6 2N 2V (0) = ε. Then while kxi − x j k(t) 6 ε:
V̇ (t) 6 − NM2 ∑i< j kxi − x j k(t). By equivalence of the norms,
√
M N N
2M p
2 1/2
V̇ (t) 6 − 2 ( ∑ ∑ kxi − x j k(t) ) 6 −
V (t).
N i=1 j=i+1
N

Then V (t) decreases which ensures that the condition kxi −
x j k(t) 6 ε holds. Hence V tends to 0 in finite time.
Theorem 2.2 shows that if the interaction between agents is
very strong when they are close to each other (characterized
by the condition lims→0 sa(s) = +∞), then for every bound
M on the control, there exists a zone close to the consensus
manifold such that no control with bound M can prevent
consensus. This black hole is a local phenomenon. We now
look at the behavior of the system far from the clustering
set, that is when each pair of agents is sufficiently separated.
We show in Sections II-B.2 and II-B.3 that depending on the
strength of the decrease of a near infinity, there may or may
not exist a safety region far from the consensus manifold,
that is a stable zone (given appropriate control).
2) Safety region: Here we give sufficient conditions on
the potential for the existence of a safety region. Given a
bound M on the control, there exist initial conditions such
that the control can always keep the system away far from
clustering.
Definition 2.5: Let M > 0. Construct Wg as in Definition
2.3. We define the safety region as follows:
d n
RM
S = {x0 ∈ (R ) | ∃u ∈ UM , ∃K, ∀t, Wg (φa,u (x0 ,t)) > K}.
Theorem 2.3: Let a be an attraction potential such that
lim sa(s) = 0. Then for all bound M > 0 on the control,

s→+∞

there exists a safety region RM
/
S 6= 0.
Proof: From (5), we have:
max Ẇg =
u

Let ε <

1 N
1 N
M
hSi , ∑ a(kxi − xk k)(xi − xk )i + kSiW k.
∑
N i=1
N k=1
N
M
N.

Since lim sa(s) = 0, there exists µ > 0 such
s→+∞

that if for all i, j, kxi −x j k > µ, then N1 ∑Nk=1 a(kxi −xk k)kxi −
xk k 6 ε. Suppose that at t = 0, the initial conditions give:
m N(N−1)
− 1) Then by Lemma 2.2,
Wg (0) > 2N1 2 g(µ 2 ) + 2N
2(
2
for all i, j ∈ {1, . . . , N}, kxi (0) − x j (0)k > µ with
s


N(N − 1)
N(N − 1)
−1
2
µ= g
g(µ ) + m(
− 1) − m(
− 1) .
2
2
Then maxu Ẇg > kSiW k( M
N − ε) > 0. If we choose a control
strategy maximizing Ẇg at all time, we ensure that for all
t > 0, Wg (t) > Wg (0), so for all i 6= j, kxi (t) − x j (t)k > µ.

3) Basin of attraction: In Theorem 2.3, we saw that if
a(·) decreases fast enough to 0 at infinity, then there exists a
safety region near infinity (i.e. when the agents are far from
each other). Here we show that this safety region does not
always exist.
Theorem 2.4: If lim sa(s) = +∞, then there exists a real
s→+∞

number µ > 0 and a set B := {(xi )i∈{1,...,N} | min kxi − x j k 6

A. Kinetic generalized entropy functional
We define consensus in the context of the kinetic formulation. Let δx denote the Dirac mass centered at x.
Definition 3.1: For any x0 ∈ Rd , the state µ = δx0 is
referred to as consensus.
As in the discrete case, we define the variance of the system
which characterizes consensus:

i6= j

µ} such that for any initial condition x(0), there exists a
finite time T > 0 such that x(T ) ∈ B. We call B the basin of
attraction.
We omit the proof for conciseness.
4) Collapse prevention: We saw in Section II-B.1 that if
lims→0 sa(s) = +∞, there exists a black hole region in which
no control allows to avoid clustering. On the other hand,
we now show that if lims→0 sa(s) = 0, then consensus can
always be avoided, in particular with the sparse control uV
defined in Section II-A.
Theorem 2.5: Suppose that lims→0 sa(s) = 0. Let M > 0.
Then the sparse control strategy uV defined in Section IIA prevents consensus. More specifically, there exists δ > 0
such that if V (0) 6 δ , V (t) > V (0) for all t > 0.
We extend this result with a more general theorem that
shows that if the system starts away from the clustering set,
then it can be controlled to remain bounded away from the
clustering set.
Theorem 2.6: Suppose that lims→0 sa(s) = 0. Let M > 0.
Suppose that for every i, j ∈ {1, . . . , N}, kxi − x j k > 0. Then
there exists a sparse feedback control strategy that prevents
clustering. More specifically, there exists κ > 0 such that for
every i 6= j, kxi (t) − x j (t)k > κ for all t > 0.
We omit the proofs for conciseness.
III. M ACROSCOPIC MODEL
For every time t > 0, let µ(t) ∈ P(Rd ) be a probability
measure such that µ(x,t) = µx (t) represents the density of
agents at position x ∈ Rd at time t.
We suppose that we are allowed to control a part of
the state space denoted by ω ⊂ Rd . Denoting by χω the
characteristic function of ω, we write the control as: χω u,
with u : R×Rd → Rd representing the control strength. Given
M, c > 0, we set the constraints ω ∈ Ωc and u ∈ UM , where:
(
UM = {u : R × Rd → Rd measurable, ku(t, ·)kL∞ (Rd ) 6 M}
R
Ωc = {ω ⊂ Rd | ω dx 6 c}.
R

The condition ω dx 6 c allows us to extend the idea of
sparse control to the kinetic setting. Instead of acting on
a single agent as in the discrete case, we limit the size of
the state space region that the control can act on. Another
possibility, not explored in this paper, would be to limit the
mass
of agents that can be controlled, with a condition such
R
as ω dµx 6 c < 1, see [13]. Let X denote the interaction
kernel. In the case of the Hegselmann-Krause interaction,
Z

X[µ](x) =

Rd

a(kx − yk)(y − x)dµ(y).

Then the kinetic version of (2) can be written as:
∂t µ + div((X[µ] + χω u)µ) = 0.

(7)

V (µ(·,t)) =

ZZ

kx − yk2 dµx (t)dµy (t).

Lemma 3.1: If µ = δx0 for some x0 ∈ Rd , then V (µ) = 0.
Proof:
ZZ

V (δx0 ) =

kx − yk2 dδx0 (x)dδx0 (y) = kx0 − x0 k2 = 0.

Then it is clear that maximizing V ensures that consensus
is avoided. We now give a meaning to kinetic clustering.
Definition 3.2: If there exists a countable subset Γ ⊆ N,
with xk ∈ Rd and αk ∈ (0, 1] for all k ∈ Γ, and an absolutely
continuous measure µ̃ such that µ̃(Rd ) + ∑k∈Γ αk = 1, the
state µ = ∑k∈Γ αk δxk + µ̃ is referred to as clustering.
As in the discrete case, the strict positivity of V is not enough
to prevent clustering. Indeed, Let µ = 12 (δx0 + δx1 ), with
(x0 , x1 ) ∈ (Rd )2 , x0 6= x1 . Then µ is in a clustered state and
yet V (µ) = 21 kx0 − x1 k2 > 0. As in Section II-A, we define
the kinetic generalized entropy: given a function g ∈ C1 (Rd )
satisfying the hypotheses of Definition 2.3,
Wg (µ(·,t)) =

ZZ

g(kx − yk2 )dµx (t)dµy (t).

The kinetic counterpart of Lemma 2.2 shows that maximizing
the kinetic generalized entropy prevents clustering.
Lemma 3.2: Suppose that Wg (µ) > K ∈ R and
sups>0 g(s) = m. Then for all r small enough,
ZZ
m−K
dµx dµy 6
.
(8)
2)
−g(r
kx−yk6r
Proof:
Wg =

ZZ

2

g(kx − yk )dµx dµy +

kx−yk6r

6 g(r2 )

ZZ

g(kx − yk2 )dµx dµy

kx−yk>r

ZZ
kx−yk6r

dµx dµy + m.

For r small enough, g(r2 ) < 0, so dividing by g(r2 ) yields
(8).
LemmaRR 3.2
implies
that
if
Wg > K > 0,
limr→0 kx−yk6r dµx dµy = 0. Hence µ cannot be in a
clustered
state. Indeed,
if µ = ∑k∈Γ αk δxk + µ̃, we have
RR
RR
2
2
kx−yk=0 dµx dµy > kx−yk=0 α1 dδx1 dδx1 = α1 > 0.
As in Section II, we design control strategies maximizing
V˙ and Ẇg , in order to steer the system respectively away
from consensus or clustering.
Proposition 3.1: Let u ∈ RUM and ω ∈ Ωc . Let R(x) =
R
(x − y)dµy (t) and S (x) = g0 (kx − yk2 )(x − y)dµy (t). The
controls χωV uV and χωWg uWg respectively maximize V˙ and
Ẇg instantaneously, where:
(
R
ωΦ := argmaxω∈Ωc ω kΦ(x)kdµx (t)
(9)
Φ
uΦ = M kΦk
.

M
T
RBH
= {µ0 ∈ (Rd )n | ∀u, ω, ∃T > 0, V (φa,u,ω
#µ0 ) = 0}.

Theorem 3.1: Suppose that lims→0 sa(s) = +∞. Then for
M 6= 0.
all M > 0, there exists a black hole region RBH
/
Proof: Let A = 2M. There exists r0 > 0 such that
r2
sa(s) > A for all s > r0 . Suppose that V (0) 6 40 .
V˙ 6 M

ZZ

kx − ykdµx dµy − 2

6 (M − 2A)

ZZ

ZZ

kx − yk2 a(kx − yk)dµx dµy

kx − ykdµx dµy + 2A

ZZ

kx − ykdµx dµy

kx−yk>r0

One can easily show that for all r > 0, kx−yk>r dµx dµy 6 Vr .
√
√
While V 6 r20 , V˙ 6 −M√ V . Hence V decreases which
ensures that the condition V 6 r20 holds. In conclusion, V
tends to 0 in finite time.
We now adapt the results of Sections II-B.2, II-B.3 and
II-B.4 to the kinetic setting. For conciseness, we only state
the results and omit the proofs.
2) Safety region: The behavior of the interaction function
at infinity determines the existence of either a safety region
or a basin of attraction. For the discrete system, the safety
region was defined by bounding below the smallest pairwise
distance mini6= j kxi − x j k. In the kinetic case, we require
instead that the measure stays concentrated around points
that are far enough from each other.
Theorem 3.2: Suppose that lims→+∞ sa(s) = 0, and a ∈
Lip(R+ , R+ ). Let N ∈ N, N > 2, and r > 0 small enough
that N|B(0, r)| 6 c. Let R > 2r be large enough that for all
s > R − 2r, sa(s) 6 ε < M. Let {x1 , . . . , xN } ∈ (RSd )N be such
that for all i 6= j, kxi − x j k > R. If supp(µ
) ⊂ Ni=1 B(xi , r),
SN 0
then there exists u ∈ UM with ω S
:= i=1 B(xi , r) ⊂ Ωc such
that for all t > 0: supp(µ(t, ·)) ⊂ Ni=1 B(xi , r).
3) Basin of attraction: While there exists a safety region
if a decreases fast enough at infinity, when lims→+∞ sa(s) =
+∞, no control can prevent the convergence of µ to an
attractive region that we name basin of attraction.
Theorem 3.3: Suppose that lims→+∞ sa(s) = +∞. Then
there exists a diameter D > 0, a constant ν > 0 and a time
T > 0 such that for any µ0 ∈ P(Rd ), for any control χω u,
RR

IV. S IMULATIONS
We illustrate the results proven in Section II with numerical simulations.
A. Black hole region and safety regions
An interesting consequence of the results of Sections
II-B.1 and II-B.2 is the possible coexistence in the Nddimensional space of initial configurations of a black hole
region and a safety region. For example, let a : s 7→ s12 .
Then lim sa(s) = +∞ and lim sa(s) = 0, which means
s→+∞
s→0
that there exist a black hole and a safety region. In the
following, we will use the generalized entropy Wg defined
with g : s 7→ − 1s . According to the proof of Theorem 2.2,
x0 ∈ RBH if V (0) < 2N 21M2 , i.e. if M < √ 1
. According
N

2V (0)

2

M
to the proof of Theorem 2.3, x0 ∈ RS if Wg (0) > − 2N
4 , i.e.
p
2
if M > N −2Wg (0). Figure 1 illustrates these results with
N = 10. The initial positions of the agents were distributed
randomly and gave Wg = −0.207.
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x

We now provide equivalent results to those of Section II,
but in the case of the kinetic dynamics. We adapt the concepts
of black hole, safety region, basin of attraction and collapse
prevention to the kinetic formulation. Let µ0 (x) = µ(·, 0), and
t
φa,u,ω
#µ0 denote the push-forward at time t of µ0 by the flow
of the kinetic dynamics (7) with interaction potential a, and
control uχω .
1) Black hole: As in the discrete case, we start by defining
the Black Hole region

Theorem 3.4: Suppose that lims→0 sa(s) = 0. Then there
exists a control χω u and ε > 0 such that for all t > 0,
V (µ(·,t)) > ε.
As shown in Lemma 3.1, this implies that the system stays
away from consensus at all time.
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B. Results for the kinetic dynamics
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Top: With M = 0.16 < √ 1
N

2V (0)

, the system satisfies x0 ∈ RBH ,

andpconverges to the clustering set in finite time. Bottom: With M = 0.16 >
N 2 −2Wg (0), the system satisfies x0 ∈ RS , and the control uW manages to
steer the system away from the consensus set.

ZZ
kx−yk6D

dµx (T )dµy (T ) > ν.

4) Collapse prevention: Lastly, if the interaction potential
is not too big near the origin, we can prove that there exists
a control keeping the system away from consensus.

B. Basin of attraction and Collapse prevention.
To illustrate the cases of Sections II-B.3 and II-B.4, we
now consider the interaction function a : s 7→ √1s . It satisfies
the condition for the existence of a basin of attraction
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Fig. 3. Evolution of the generalized entropy corresponding to the four
cases of Figure 1 (top row) and Figure 2 (bottom row).
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of the interaction function at zero and at infinity determines
whether clustering may be avoided.
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Fig. 2. Top: No control can prevent the convergence of the system to
the basin of attraction B = {(xi )i∈{1,...,N} | min kxi − x j k 6 1}. Bottom: The
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control uW steers the system away from the clustering set.

( lim sa(s) = +∞) and the condition for the possibility of
s→∞
collapse prevention (lim sa(s) = 0). Let N = 10 and M = 1.
s→0
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C ONCLUSION
This paper presents sparse control algorithms to achieve
declustering for Hegselman-Krause type collective dynamics, both in a microscopic and a macroscopic setting.
We show that the variance used to characterize consensus
does not measure the dispersion of the system. Instead, to
achieve declustering, we maximize instantaneously the timederivative of a modified entropy functional. As opposed to
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