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We consider a vibrating string that is fixed at one end with Neumann control action at the other end. We
investigate the optimal control problem of steering this system from given initial data torest, in time T, by
minimizing an objective functional that is the convex sum of the L?>-norm of the control and of a boundary
Neumann tracking term.

We provide an explicit solution of this optimal control problem, showing that if the weight of the
tracking term is positive, then the optimal control action is concentrated at the beginning and at the
end of the time interval, and in-between it decays exponentially. We show that the optimal control can
actually be written in that case as the sum of an exponentially decaying term and of an exponentially
increasing term. This implies that, if the time T is large, then the optimal trajectory approximately consists
of three arcs, where the first and the third short-time arcs are transient arcs, and in the middle arc the
optimal control and the corresponding state are exponentially close to 0. This is an example of a turnpike
phenomenon for a problem of optimal boundary control. If T = +o0 (infinite time horizon problem), then
only the exponentially decaying component of the control remains, and the norms of the optimal control
action and of the optimal state decay exponentially in time. In contrast to this situation, if the weight of
the tracking term is zero and only the control cost is minimized, then the optimal control is distributed
uniformly along the whole interval [0, T] and coincides with the control given by the Hilbert Uniqueness
Method.

In addition, we establish a similarity theorem stating that, for every T > 0, there exists an appropriate
weight A < 1 for which the optimal solutions of the corresponding finite horizon optimal control problem
and of the infinite horizon optimal control problem coincide along the first part of the time interval [0, 2].
We also discuss the turnpike phenomenon from the perspective of a general framework with a strongly
continuous semi-group.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Turnpike theory has originally been discussed in econometry
(see [1]), and then has been developed and generalized in control

The turnpike property states that, loosely speaking, if the
objective function of an optimal control problem penalizes both
control cost and the difference of the optimal trajectory to a given
desired stationary state, then the optimal controls will steer the
system quickly to the desired stationary state and then the system
will remain on this path most of the time.
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theory in more general contexts. For the turnpike phenomenon
for infinite dimensional systems we refer the reader to [2] and to
the many references therein. Recently the turnpike property has
been discussed for the optimal control of linear systems governed
by partial differential equations with distributed control in [3].
The turnpike property in finite dimension has been studied for
example in [4-8]. Zaslavski has contributed to the study of the
turnpike phenomenon for example in [9-12]. In [13] dissipative
discrete time optimal control problems have been considered.
In [3, Section 4], optimal control problems with the wave equation
are considered on a given finite time interval [0, T]. The control is
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distributed in the interior of the domain and no conditions for the
terminal state at the time T are prescribed.

In this paper we consider problems of optimal boundary control
of the wave equation. We consider both problems with infinite
time horizon and problems with finite time horizon. For the finite
time problems, we prescribe exact terminal conditions. If the
objective function only penalizes the control cost, for the 1D case
in [14] it has been shown that the optimal controls are periodic,
so in particular they do not have the turnpike structure. This
illustrates that the turnpike property depends on the choice of the
objective function. At least in the absence of constraints it has to
couple the control cost with the penalization of the distance to the
desired state.

We consider a system governed by the one-dimensional wave
equation on a finite space interval, with a homogeneous Dirichlet
boundary condition at one side, and a Neumann boundary control
action at the other:

at[y(t3x) = Xxy(tsx)5 (t,X) € R x (05 1)7 —1)
Y(£,0) =0, 3yt 1) =u(t), e[0Tl (

where the control u belongs to the class of square-integrable
functions.

Let yo € H'(0, 1) be such that y(0) = 0, and let y; € L?(0, 1)
be arbitrary. For every u € [%(0, +00), there exists a unique
solution y € C%(0, 4+00; H'(0, 1)) N C1(0, 4+00; L?(0, 1)) of (1)
such that y(0, -) = yo(-) and 3:y(0, -) = y1().

As is well known, the system is exactly controllable if and only
if T > 2 (see for example [15]). In this paper, given any A € [0, 1]
and any T € [0, +oc], we consider the optimal control problem
(OCP)T of finding a control u € L?(0, T) minimizing the objective
functional

.
waif(m—xﬂmwumf+xmoﬁm, )
0

such that the corresponding solution of (1), with y(0, -) = yo(-)
and 9,y(0, -) = y1(-), satisfies y(T, -) = o;y(T, -) = 0 at the final
time (exact null controllability problem). If T = +o0, then one can
drop the final constraint requirement, which, by the way, happens
to be automatically satisfied in the sense of a limit, since we are
then within the framework of the well known Riccati theory.

For . = 1, this classical optimal control problem (minimization
of the [>-norm of the control) has been studied for example in
[16-18] and it turns out that the optimal control is periodic
(see [14]), with a period equal to 4, that is, twice the time needed
by a wave starting at the boundary point where the control acts to
return to that point. Note that, in this case, the optimal control is
as well given by the Hilbert Uniqueness Method (see [17]).

If A < 1, then the objective functional involves a nontrivial
boundary tracking term. This tracking term may be considered as
a boundary observation of the space derivative of the state at the
uncontrolled end of the string. As we are going to prove, in that
case, the optimal control action is then essentially concentrated
at the beginning and at the end of the time interval [0, T]. More
precisely, the optimal control can be written as the sum of an
exponentially decaying term and of an exponentially increasing
term.

As a consequence, if T is large then the optimal control, solution
of (OCP)T, approximately consists of three pieces: the first and the
third pieces are in short-time, and are transient arcs; the middle arc
is in long time, and is exponentially close to 0. This is a turnpike
phenomenon, meaning that the optimal trajectory, starting from
given initial data, very quickly approximately reaches the steady-
state (0, 0) (within exponentially short time, say ¢ < T), then
remains exponentially close to that steady-state within long time
(say, over the time interval [¢, T — ¢]), and, in the last short-time

part [T — ¢, T], leaves this neighborhood in order to quickly reach
its target.

In this approximate picture, if T = 4o0 (infinite horizon),
then the last transient arc does not exist since the infinite-
horizon target is the steady-state (0, 0). In that case, the norm
of the optimal control decays exponentially in time, and the
same is true for the optimal state. Indeed, smallness of the
observation term for a sufficiently long time interval with zero
control implies proportional smallness of the state (this follows
from an observability inequality, see [ 19, (3.3)]).

Another possible picture illustrating the turnpike behavior
is the following. For T large, the optimal trajectory of (OCP){
approximately consists of three arcs: the first arc is the solution of
(OCP)$? (infinite horizon problem), forward in time, and converges
exponentially to 0. The second arc, occupying the main (middle)
part of the time interval, is the steady-state 0. The third arc is the
solution of (OCP)?°, but backward in time. Note that the optimal
control problem (OCP)5° fits into the well known Linear Quadratic
Riccati theory.

In all cases, we will provide completely explicit formulas for the
optimal controls, which explain and imply the turnpike behavior
observed for A < 1. This is in contrast with the case A = 1
for which the control action is distributed uniformly along the
time interval [0, T]. In addition, we will also establish a similarity
theorem showing that, for every T > 2 there exists an appropriate
weight A(T) < 1 for which the optimal solutions of (OCP)] and
of (OCP)i‘()T) coincide along the first part of the time interval [0, 2].
This result justifies a receding horizon control strategy, where the
first part of a finite horizon optimal control is used and then the
procedure is updated in order to control the system over an infinite
time horizon.

This paper has the following structure. In Section 2 we present
the main results about the Neumann-boundary control of the
vibrating string. In 2.4, some numerical illustrations are presented.
Section 3 contains the proofs for the results from Section 2.
In Section 4, we consider the turnpike phenomenon from a
more general viewpoint for an optimal control problem with an
evolution that is governed by a strongly continuous semigroup.

2. The main results

Now we come to our results about optimal control problems for
asystem governed by (1). Lety, € H'(0, 1) be such that y,(0) = 0,
and let y; € [?(0, 1) be arbitrary.

2.1. Explicit optimal controls

We have the following result, giving the explicit solution of
(OCP)T, forany A € [0, 1] and any T € [2, +00]. Note that, when
T = 400, we have to assume that A < 1to ensure well-posedness.

Theorem 1. For every T € [2,+o00] and every A € [0, 1], the
problem (OCP)I has a unique optimal control solution denoted by ui.
1. We assume that T is finite. Define

K(T) =max{ne{1,2,3,...}: 2n < T}

and

A(T) =T —2K(T).

For t € [0, 2), let

K(T) + 1
d“):{ K(T),

t € [0, A(T)),
t € [A(T), 2).

If & < 1, then the optimal control solution of (OCP){ is the
sum of an exponentially decaying term and of an exponentially
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increasing one. More precisely, defining the real number z, €

—A
B i ®)
we have
1
t; (¢ + 2K) = Zf4(O) + /-0, 4)
A

foreveryt € (0, 2) and every k € N such that t + 2k < T, where

1+2z,
f+() = —— = Ft = 1),
- 1—240
1+ L )
— B (-1,

~ 3dm
Z

[~ =

with F € [2(—1, 1) defined by

1
3 (o(=0) = y1(=1)), te(—1,0),
F(t) = (6)

] /
S 06O +3m),  refo..

2. We assume that T = 400 and that . < 1.

If A = 0, then the optimal control ug®, solution of (OCP)g°,
coincides along the time interval [0, 2] with the optimal control
u, solution of (OCP)3.

If 0 < A < 1, the optimal control u3°, solution of (OCP)°, is
given along the time interval [0, 2] by

L (yo(1=t) —y1(1—=1), te(,1),
wr(n) = 7
H;ZA ot =D +y1(t=1), te(,2),

and moreover, we have
uSe(t + 2k) = Z¥us®(b), (8)

foreveryt € (0,2)andevery k € {1, 2, 3,...}.
The corresponding optimal state y3° decays exponentially, in
the sense that there exists Co > 0 such that

1
/ ((axy;”(t +2k ) + (305 + 2k, x))z) dx
0

1
< Golz: / (Vo (0 + 31 (0°) dx, )
0

foreveryt € (0, 2) and every k € N*.

Theorem 1 is proved in Section 3.2.

For A = 1, that is, when there is no tracking term in the
objective functional, the explicit solution of (OCP)¥ given above
has already been computed in [14, Theorem 2.1], see also [20]
(which does not provide any results on the turnpike phenomenon).
In this case, the problem consists of minimizing the L?-norm of the
(Neumann) control. The optimal control u{, whose explicit formula
is given above, can also be characterized as well with the famous
Hilbert Uniqueness Method (see [17]) and is then often referred to
as the HUM control.

Here, there is no dissipation induced by the objective functional
(no tracking term), the optimal control is periodic, and is uniformly
distributed over the time interval [0, T], in the sense that there is
no energy decay.

In contrast, if A < 1, the control is the sum of two terms,
one of which is exponentially decreasing, and the other being
exponentially increasing. For T large enough, this implies the
turnpike phenomenon, stated in details in Section 2.2.

In factin Theorem 1 the turnpike is the zero state: Starting from
the initial state, the system approaches this turnpike exponentially
fast. In order to reach the zero state exactly at the final time T,
that is to satisfy the terminal conditions, additional control effort is
necessary close to the final time. The exponential decay depends on
the size of z; (that is on the decay of (Z)’{)k), which depends in turn
continuously on X. In this sense, the decay depends continuously
on A. Since lim;_ .z, = —1, as A approaches 1 the exponential
decay becomes slower until it vanishes for A = 1.

Remark 1. For A = 0, the solution of (OCP)g° coincides with the
solution of the problem of optimal feedback control studied in [21].

Remark 2. The estimate (9) is clearly equivalent to

1
/ ((axyj{o(t, x))2 + (Bwy3e(e, x))z) dx
0

1
< Cre / (Vo (0 + 31 () dx,
0

for every time t > 0, for some positive constants C; and u not
depending on the initial state (see also [22, Lemma 2]).

Remark 3. Itis well known that the solution of the infinite horizon
problem (OCP)5° can also be expressed in feedback form (Linear
Quadratic Riccati theory, see for example [23]). Hence, in the case
T = 400, our result is certainly not new but can rather be seen as a
reinterpretation of the well known results coming from the Riccati
theory. More precisely, the velocity feedback

Z,+ 1
z, — 1

ay(t, 1) = ay(t, 1)

generates the same state as the one generated by the optimal
control u$°. We stress however that our point of view is different
and that we provide explicit formulas that express the optimal
control in terms of the initial state.

Remark 4. In the above results, we considered only the null
steady-state, but we can easily replace it with any other steady-
state that is compatible with the boundary condition y(t, 0) = 0
as follows. Any such steady-state of (1) is given by y(x) = ox,
for some ¢ € R. The corresponding optimal boundary control
problem for the finite time horizon T > 0 is

T
min / ((1 = 1) (By(t, 0) — 0)* + Au(t)) dt

subject to

0, =0ox+y(x), dy(T, x) =y1(x), x€(0,1), (10)
y(t,0) =0, ay(t, 1) =0 +u(t), te(,T),

Ay (t, X) = 0y (t, %), (t,x) € (0,T) x (0, 1),

y(T, x) =0 x, oy(T, x) =0, xe(0,1).

The corresponding optimal control is the same as in Theorem 1.
The transformation for the infinite horizon case is similar.

In the finite horizon case in our system the time-direction can
be reversed, so if the control is transformed accordingly, it can be
used to control the system from a stationary state (o x, 0) to (yo, y1)
in an optimal way.

Remark 5. In Theorem 1 we present the optimal controls as
functions of the initial states. In the control of engineering systems,
the initial state are usually not known exactly. However, often the
initial state can be estimated using observations from the past. Let
us illustrate this for the finite time horizon case. Our results in
Theorem 1 imply that for every T > 0 the optimal control u €
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[%(0, T) is given as the image of a linear map ofypandy; € 12(0, 1)
that is continuous in the sense that

T 1
/ u(t)’dr < ¢/ f 0o (®)* +y1(x)* dx
0 0

with a constant C. that does not depend on y; and y;. In this sense
the control is stable with respect to the L>-norm. The application
of a control that is optimal for an estimated initial state (y§*, %)
steers the system to a state with an L2-norm of the order of the [*-
error of the estimation of the initial state. The reason is the well-
known fact that with zero control, our system conserves the energy
fol By (t, x))% 4+ (3:y(t, x))? dx (see for example [20, Theorem 2.4]).
So with the optimal control for (y§*, y5) applied to the system
with the initial state (yq, y1), at the time T the state of the system
will have the same energy as the error (yo —y5*, y1 —y$). In order
to steer this state to rest, the feedback control from Remark 3 can
be used.

2.2. Consequence: the turnpike behavior

From Theorem 1 and from the previous discussions, we infer the
following consequence on the qualitative behavior of the optimal
solution.

Corollary 1. For every A € [0, 1), then there exist C; > 0 and
i > 0 such that, for every T > 2, for all initial conditions (yo, y1) €
H'(0, 1) x [*(0, 1) with yo(0) = O, the optimal solution of (OCP)}
satisfies the estimate

1
| (@7 0)* + @l e 0)7) an
0

1
< et / (Vo ®* + y1(x)?) dx, (11)
0
foreveryt € [0, T].

In the estimate (11), what is important to see is that the term
e~MT=D is equal to 1 at timest = 0 and t = T, but it is
exponentially small in the middle of the interval. It becomes even
smaller and smaller when T is taken larger. This estimate implies
the turnpike behavior described previously: short-time arcs at the
beginning and at the end of the interval are devoted to satisfy
the terminal constraints, and in-between, the trajectory remains
essentially close to rest.

2.3. Similarity result

We next state the following similarity result: for any final time
T > 2 thatis a positive even integer, there exists a weight A such
that the optimal solutions of (OCP){° and (OCP)$° coincide along
the subinterval [0, 2] of [0, T]. More generally, for any real number
T > 2, there exists a weight A such that the optimal solutions of
(OCP)?° and (OCP)$° coincide along the subinterval [0, A(T)] of
[0, T].

Theorem 2. Givenany T € {2, 4, 6,
that

Z) = 2 1 (12)
L= .

Then we have

...} we choose A > 0 such

up(t) = u®(t), forallt € (0,2), (13)

and

2
””{(') - ”io(')||L2(2k,zk+2) < (1 - |ZK|’<) T

X (HYE)”LZ(OJ) + Iy ||L2(0,1)) . (14)

foreveryk € {0,1,...,(T —2)/2}.

Givenany T > 2, T & {2, 4, 6, ...} we choose A > 0 such that

1
Z, = m -1 (15)
Then we have

uj () = us®(t), forallt € (0, A(T)). (16)

Remark 6. Note that for the case that T is an even integer the
length of the intervals where the optimal controls coincide is
maximal.

The proof of Theorem 2 is done in Section 3.3.

2.4. Numerical illustration

We set yo(x) = 4sin(rx/2) and y;(x) = 0, for every x € [0, 1].
From Theorem 1,if 0 < A < 1 then the optimal control solution of
(OCP)5° is given by

uX(t +2k) = |2,/ (1 + z) 7 sin (%(t + 2k)) ,

fort € (0,2)and k € N.

The graph of 9,y5°(t, x) is provided on Fig. 1, on the time interval
[0, 20] with A = 24/25 on Fig. 1(a) and A = 99/100 on Fig. 1(b).
The control u3°(t) = 9,y3°(t, 1) is the boundary trace at the back.

These figures illustrate that the norm of the optimal state
decays faster if A is smaller, as expected. However, smaller values
of A cause larger oscillations. Note that z;, = —2/3if A = 24/25,
and z; = —9/11if L = 99/100. Moreover, as pointed out in [ 14], if
T € 2N* then u] (t +2k) = 27 sin (% (¢ + 2k)), for all t and k such
that t + 2k € [0, T] (see also [14, Figure 4] for the corresponding
optimal state, with T = 10, up to the factor 27).

3. Proofs
3.1. Well-posedness of the initial-boundary value problem

Let yo € H'(0, 1) be such that y,(0) = 0, and let y; € ?(0, 1)
be arbitrary. Let T > 2, and let u € L?(0, T) be fixed. As a prelim-
inary result, we study the well-posedness of the initial-boundary
value problem (1) for a fixed control u, and with the fixed initial
data (yo, y1). The analysis is similar to the one done in [22]. For this
purpose we choose T € {2,4,6, ...} such that T < T. Moreover,
we extend our control function by zero to a control in [?(0, T).
Then we show that the solution of the initial-boundary value prob-
lem (1) exists on (0, T).

We search a solution given as the sum of two traveling waves,
ie,

y(t, %) =ax+t) + Bx—1),

where the functions « and S are to be determined from the initial
data and from the boundary data. First of all, to match the initial
conditions, we must have

1 t
alt) =7 (}’O(f) +/ y1(s) dS) + Go, (17)
0

1 t
o= (yo(r) —/ Vi) ds) — G, (18)
0
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(a)A = 24/25and T = 20.

Fig. 1. Plot of a,y(t, x).

where Cy is a real number. Besides, the boundary condition
y(t, 0) = 0 implies that

B(=s) = —als), (19)

for almost every s > 0. The boundary condition at x = 1 leads to
a’'(14+t) =u(t) — B'(1 —t), and integrating in time, we get

t
at+1) = Ba —t)+f u(s) ds + a(1) — B(1).
0

Using (17)and (18), we have a(1) — 8(1) = f01y1(s) ds 4+ 2Cy, and
therefore, choosing C; = —% 01 y1(s)ds,we geta(l) — B(1) =0
and
t
at+1)=6(0-1t) +/ u(s) ds. (20)
0

Using (19), the values of « for t € (0, 1), given by (17), determine
those of § fort € (—1, 0). The values of 8 for t € (0, 1) are given
by (18). Now, knowing $ on the interval (—1, 1), we deduce from
(20) the values of « on the interval (1, 3).

Using (19), wegeta(t+1) = —a(t — 1) —|—f0t u(s)ds, fort > 1,
or equivalently,

t+1
a(t +2) = —a(t) + / u(s) ds, (21)
0
fort > 0.

Using (21) enables us to determine « iteratively: starting with
« on the interval (1, 3), the values of u(t) yield those of « on (3, 5),
and then using (21), we determine « on (7, 9), etc.

In order to express everything in terms of & only (without using
B), we extend the domain of « so that it contains (—1, 0). We get
the values of @ on (—1, 0) by using (19) for s € (0, 1), which yields
a(t) = —B(—t) fort € (—1, 0) with the values of 8 on (0, 1) given
by (18). Then, using (20), we get a(t +2) = —a(t) + fo ' u(s) ds
fort € (—1, 0). We have the following lemma.

Lemma 1. Let y, € H'(0,1) be such that yo(0) = 0, and let
y1 € L?(0, 1) be arbitrary. We set

1 1
G)=-—5¥/ yi(s) ds, (22)
0
and we define € [*(—1, 1) by
—t
% <—}’0(—f) +/ y1(8) dS) +G ifte(—1,0),
at) =17 0 (23)
3 (yo(t) +/ y1(8) ds) +Go if t €0, 1).
0

65
" \
07 ! : . X
06 % - 1 § 14 16
M 08 gl g™ s 10 2
€01 gy 2 4
LetT € {2, 4, 6,...},and let u € [(0, T) be fixed.
The function «, defined by iteration according to
t+2k—1
a(t +2k) = —a(t +2(k — 1)) —1—/ u(s) ds, (24)
0

foreveryt € (—1, 1) andevery k € Nsuchthat t < T+1—2k_, iswell
defined on the interval (—1, T + 1), and belongs to H'(—1, T + 1).

Proof. From the construction, it is clear that «|k—1.x € H Tk, k +
1), for every k € N. To prove that @ € H'(—1, T + 1), it suffices
to prove that « is continuous. Since «(07) = «(07) = Cp, « is
continuous att = 0. Using (23), « is continuous as well on (—1, 1).

Att = 1, using (22) we get a(17) = a(17) = 1yo(1), and
hence « is continuous at t = 1. Then, at this step, we have obtained
that « is continuous on (—1, 3).

We then proceed by induction. Let k € N*. We assume that « is
continuous on the interval (—1, 1 4 2k). Then a((—1 + 2k)™) =
a((—=1+ 2k)™). Using (24), we have

a((1+42k)—)

2k
—a((1+2(k—=1))") +/ u(s) ds
0

2k
—a((—14+2k)7) +/ u(s) ds
0

2k
—a((=1+2k") + / u(s) ds
0
a((1+2k+ 1))
a((1+2k)™).

Since « is defined by (23), we infer that « is continuous on (—1, 1+
2(k+ 1)) fork+ 1< T/2.Lemma 1is proved. O

Using Lemma 1, we are now in a position to compute the solu-
tion of the initial-boundary value problem under consideration in
this subsection.

Proposition 1. Let yy € Hl((_), 1) be such that yo(0) = 0, and let
y1 € L2(0, 1) be arbitrary.Let T € {2,4,6,...},andlet u € [*(0, T)
be fixed. We consider the function « defined in Lemma 1 by (23). Then
the solution of (1), associated with the control u and with the initial
data (yo, y1), is given by

y(t,x) = a(t +x) —a(t —x),
forall (t,x) € (0, T) x (0, 1).

(25)

Proof. The construction of « implies that y, defined by (25), is a so-
lution of the initial-boundary value problem under consideration.
We conclude by Cauchy uniqueness. O
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3.2. Proof of Theorem 1

In this section we prove Theorem 1 using the representation of
the state presented in Section 3.1.

3.2.1. The Case T < oo

Define T = 2K(T) + 2. The control uK defined in the theorem is
in?(0, T). Let y] be the state generated by u;.

Let us first prove that yi satisfies the terminal constraints

yi(T,)=0, 3y (T,)=0. (26)

It suffices to prove that o} (z) = 0,forz € (T — 1, T + 1). From
(25), we have yz(t, X) = o (t +X) — o, (t — x), with «;, defined by
(23). The definition (6) implies that F(t) = «; (t). Hence, we have

1220

F(t—1)

22 d(t)
2 F(t—1)
-1

( 1— 2 d(t) 2 d(t)
1

Zd(t) —2d(t) F(t —1)
ZA

— [,

ZA

o (t—1) 71 —d0

1+2, f+()+

where the last equality follows from (5).
By (24) we have

o (t+1) = —aj(t — 1) +ul(b), (27)
fort € (0, 2). Using (4), this yields o} (t + 1) = —aj(t — 1) +
fi () +f-(t), fort € (0, 2), and then, using (5),

1

t) + —2
ZAf+() 1+Zl
2

By induction, thanks to (27) and (4), this implies that

2,

G t+1) = Fo ).

1

f+( )+ + 5 -, (28)

o (t —142k) = =

foreveryt € (0,2) and every k € Nsuchthatt +2k < T + 2.
Taking k = K(T), we get
1
K(T) K(T)

f+(f) +

a(t — 1+ 2K(T)) = T f-(®. (29)

[23

l+

Moreover, since T = 2K(T) + A(T), fort € [0, A(T)) we can take
k = K(T) + 1 and get

1

K(T)+1 K(T)+1
aj(t+142K(T) == = f+( )+ + [~ (). (30)

Considering the cases t € (0, A(T)) and t € [A(T), 2)
separately, using (5), we infer that

da(t) ﬁ
a(t—1+T) = | —5gm + " |Fe=D =0, (31
-z 1= 1w

and hence the state yﬁ satisfies the terminal conditions (26).
For a control of the form u = uK + h, the generated stateisy =
yi ~+ yh, where yy, is the state generated by the perturbation control

h, with the boundary conditions y,(t, 0) = 0, o,y (t, 1) = h(t),
and null initial conditions. We only consider variations h for which
the terminal conditions y, (T, -) = 0 and d;y,(T, -) = 0 hold. Using
(25), we have
Yu(t, %) = ap(t +x) — ap(t — x).
Due to this representation of yy, the initial conditions y;(0, -) =
9:yn(0,-) = 0 imply that for t € (—1,1) we have a;(t) = 0.
Moreover, owing to the terminal constraints, we must have o, = 0
along (T — 1, T 4+ 1).

The value of the objective functional of (OCP){ is

T
f (1 = 1) @y(t, 0)* + Au(t)?) dt
0

T
= / (1= (@i 0p?
0
+ (Bxyn(t, 0))* + 2 0,y; (t, 0) dyyn(t, 0))
2 (W (©7 + hO? + 24 (Oh(©) ) de
We consider the linear part
T
Ly(h) =2 / (1 = 23y} (t, 0)dxyn(t, 0) + Auj (t)h(t)) dt
0
Since 9,y (t, 0) = 2a (t), dxyn(t, 0) = 2c(t), and
up (t) = dy, (£, ) = o (t + 1) + o (£ — 1),
h(t) = dxyn(t, 1) = ap(t + 1) + ap(t — 1),
we get
T
L.(h) = f (8(1 — el (el (6)
0
+22 (o) (t+ 1)+ as(t— 1))
X (ot + 1) + (e = 1) ) e

We extend the domain of the function o, and «; to the interval
(0, co) by defining a;(t) = 0and &} (t) = Ofort > T + 1. Then
we have

L(h) = / <8(1—A)a;(r)a,;(t)
0
+2% () (t+ 1)+ oy (t — 1))
x (op(t + 1) + ot — 1))) dt
00 1
= Z/ [8(1 — Mo} (t + oy (t + )
j=0 70

+ 22 (e (t+ 141 +af(t — 1+]))
X (ap(t +1+)) +ap(t — 1+ )] dt

e 1
= 8(1—A)Z/ oy (t + o (t +j) dt
i— 0
+2AZ/ ap(t +7) (e (6 +2+j) + ol (t +]))dt

+2A Z/ ap(t+j) (i (t +j) +af(t —2+))dt
i1 Jo

Since the infinite series in the last equation are in fact finite sums,
we can exchange them with the integral and get

1 e}
L =2 [ 3 aje+n(aa - e e+
0 j=1

(et +24) +a;(t—2+j)+2a;(t+j))) dt
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Defining the characteristic polynomial by

pi@) = A2+ (4 =20z + A, (32)
we have p; (z;,) = 0and p; (1/z,) = 0. Using (28), we have
rost+24+N+@ =20 +)D+Hrai(t—24)) =0,

foreveryt € (0, 1) andeveryj € {1,2,3,..., }witht4+j < T—1.
This implies that L, (h) = 0. Now, concerning the value of the
objective functional of (OCP)T, for any h such that y,(T,) = 0
and d:yy(T, -) = 0, we infer that

T
f ((1=2) @uy(t, 0))* + Au(t)?) dt
0

T
> / ((1 — 1) (07t 0) + Au{(t)z) dt,
0

with a strict inequality whenever h # 0. It follows that u{ is the

unique optimal solution of (OCP){, assoonas A > 0.If A = 0, then
the result also follows from the representation of Ly(h). However,
in this case the characteristic polynomial pg(z) = 4z has only one
root given by zg = 0. Theorem 1 is proved for T < +o0.

322 ThecaseT = o0

We are going to use the previously established well-posedness
results.

Let y3° be the state generated by the control u3° defined in the
theorem. For a control of the form u = u{° 4 h, the generated state
isy = y3° + yn, where y, is the state generated by the control
h, with null initial conditions and with the boundary conditions
yr(t,0) = 0 and dyu(t, 1) = h(t). The value of the objective
functional of (OCP){° is

+00
/ ((1 = W)@y (¢, 0))% + Au(t)?) dt
0

= [ (a-m (@0
+ @n(t, 0)* + 20,5 (t, 0)(t, 0))
2 (1 (0% + h(t)® + 2u§°(t)h(r)))dr.
We consider the linear part
Ly(h) =2 /m ((1 = 1)y (t, 0)0xyn(t, 0) + AuSC(t)h(t)) dt.
Using (25), \?ve have y°(t, X) = a; (t +X) —a; (t —x) and yu(t, x) =

ap(t+x) —op(t —x), with o, given by (23),and oy, = 0on (—1, 1).
It follows that 3,y3°(t, 0) = 20 (t), dyn(t, 0) = 2a;(t), and

uP() = 3yt 1) = (¢ + 1) + o) — 1),
h(6) = Bn(t, 1) = a(t + 1)+ — 1),

and therefore,
+00
L, (h) :/ (8(1—x)a;(t)a,g(t)+2x () (t+1) +a)(t = 1))
0
x (ap(t+1) +ap(t — 1))) dt
+00 1
= Zf (8(1 — M) (t + Dot +J)
j=0"0
F20 (@t + 1 +)) + o (t — 1+))
X (gt + 14 ) + oyt — 1 +j))) dt

1
=2 / (4(1 — a0 ()
0

+ A (op(t — 1) (et + 1)
+ ot — 1) + e (0) (et +2) + o (r)))) dt

+00 1
+22[ a,;(t+j)(4(1 — M (t+ )
=10

+ 2 (204 (6 +) + o (6 =2 +)) + o) (6 +2 +J’>)) dt.

By Lemma 1, for t € (0, 1) the values of a;,(t — 1) and «;(t) are
determined from the initial data, and since they are equal to zero,
we have o (t — 1) = ay(t) = 0. This yields

+00 1
Ly(h) = 22/ oe,;(r+l<)(4(1 — M)a (t + k)
k=170
+ A (a4t + k) + o (t —2+k)

Fal(t+2+ k))) dt. (33)

If A > 0 then the roots of the characteristic polynomial p, defined
by (32) are z; and % In particular, we have p; (z,) = 0. Note that,

by Lemma 1, for t € (0, 1) the values of ; (t — 1) and of &} (t) are
determined from the initial data. By (24), we have

a (t+ 1) = —a; (t — 1) + uX(t), (34)

for t € (0, 2). Using the representation (7) of u3°(t) for t € (0, 1),
and using (23), we infer that o} (t + 1) = z, 0§ (t — 1) for t € (0, 1).
Similarly, using (24), we have o} (t +2) = —o; (t) +u°(t + 1)
for t € (0, 1). Using the representation (7) of u3°(t) for t € (1, 2),
and using (23), we infer that o} (t 4+ 2) = z,erj (t) fort € (0, 1). 1t
follows that o} (t + 1) = z,rj (t — 1) for t € (0, 2). By induction,
using (34), (8) and (7), we get that

o) (t —1+2k) = zfa)(t — 1), (35)

for every t € (0, 2) and every k € N. Therefore, we have obtained

that

oy (t+2+k) 4+ (4 —20)a; (t+ k) + do (t— 2+ k)
=pr(@)a (t =2+ k) =0,

forevery t € (0, 1) and every k € N*, We conclude that L, (h) = 0.

Concerning the value of the objective functional of (OCP){°, we
infer that

+o0
/ ((1 =) (By(t, 0)* + Au(t)?) dt
0

+00 )
> [ (00 @ 0) +a )
0

with a strict inequality whenever h # 0. It follows that u3° is
the unique optimal solution of (OCP){° for A > 0.ForA = 0
the result also follows from the representation (33) of Ly(h), with
the difference that, in this case, the characteristic polynomial is
Po(z) = z having the unique root zo = 0.

The inequality (9) follows from (35), since for the optimal state
we have the energy

1
/ (032t + 2k, %)) + (3 (t + 2k, %))” dx
0

t+2k+1
= / o} (s)* ds
t

+2k—1
t+1 t+1

= / o) (s +2k)% ds = |z, / o) (s)? ds,
t—1 t—1

for every t € (0,2) and every k € N. Theorem 1 is proved for
T = +o0.
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Remark 7. The computation of the solution with the characteristic
polynomial p;, is related to techniques used for linear difference
equations, or for finite-dimensional linear systems with tridiagonal
matrices (see [24]).

3.3. Proof of Theorem 2

We assume that T = 2n. Using (12), we have ﬁ = H;*, and
then, using
- 0-y-b), te©
2d t O 9 9 9
uj(t) = 1( ) (36)
— (yr(t—1 t—1), te(,2
240 ot =D 4yt =1), te(,2)

and the representation (7) of u3°, we infer (13). We have

P 1/2
( / us®(t)? dt)
0

< (1 +2) (IVollzony + 1llze) -
The inequality (14) follows similarly, using u{(t + 2k) =
(—Dkul(¢) and (8), since

2 1/2
I = e =1 = ] ([ o)

The proof for the case T ¢ {2, 4, 6, ...} works analogously.
Theorem 2 is proved.

4. A general perspective

In this section we want to illustrate the generality of the
turnpike phenomenon in the framework of an evolution equation
within the context of semigroup theory. We consider an optimal
control problem with an objective function that is again the convex
combination of a control cost and a tracking term. In the optimal
control problem for the Neumann control of the vibrating string
that we have considered in the previous sections the tracking term
depends on a boundary observation of the state. In contrast to this
situation, the tracking term in Section 4 contains the full state, thus
the results that we have presented for the vibrating string cannot
be derived easily from the general results given in this section. In
contrast to [3], in the optimal control problem that we consider in
this section, a terminal constraint appears that prescribes exactly
the desired terminal state.

We consider a Hilbert space (X, (, )x) that contains the states
and another Hilbert space (U, (, )y) that contains the controls.
As in [25] let A DA) C X — X be the generator of
a strongly continuous semigroup (T;).-o (for the definitions see
also for example [26]) and let B denote an admissible control
operator. As stated in [25], B maps U to the space X_;, where
X_1 is defined as the completion of X with respect to the norm
llzll—1 = (B —A)~'z||x where 8 € p(A) is fixed. In fact the space
X_q is independent of the choice of . Let an initial state yg € X,
andatimeT > 0be given. Asin [25, Proposition 4.2.5] we consider
a system that is governed by the differential equation

Y () =Ay(t) +Bu(t), tel0,T]

with the initial condition y(0) = y, € X.Foru € [*((0, T); U) and
t € [0, T], define

t
CD[(u) = / Tt,(,-Bu(U) do.
0

We assume that there exists a time T, > O such that for all
T > Tmin the considered system is exactly controllable in the sense
that

Ran &1 = X.

Let us assume that T > Tpn, then there exists a control function
u € I?((0, T); U) such that the terminal constraint y(T) = 0 holds.
Let A € (0, 1) be given. Consider the problem of optimal exact
control

T

min [ (1= O, YOh -+ A0, uO)) de
subjegt toy' (t) =Ay(t) +Bu(t), tel0,T]; (37)
y(©0) =yo, ¥(T)=0.

The static optimal control problem corresponding to (37) is
min ((1—2) (¥, y)x + A (u, u)y) (38)
subjectto0 = Ay + Bu.

It is clear that the solution of (38) is zero. The solution of the static
optimal control problem (38) determines the turnpike which in our
case is (U, yop) = (0, 0).

Let u; denote the optimal control and y, the optimal state for
(37). In order to determine the structure of the optimal control we
look at the necessary optimality conditions for (37).

Let u = u; + 8; with a control variation 8; € L?((0, T); U)
that does not change the terminal state. Let y = y; + &, denote
the corresponding variation of the state, that is we have §, €
C([0, T]; X) with §,(0) = 0, 5,(T) = 0 and &, = A8, + Bé;. For
the objective function in (37) we introduce the notation

T
Juy) = / (1 =2 E®O), yO))x + Au®), u(®)y) dt.
0

Then for all p € C([0, T]; X) we have J(u;, + 81, y; + 82)

T
=](UA7YA)+2/ A (u(s), 81(9))u
0

+ (1= 2)(y(s), 82(5))x ds

T
+2(1-4) / (85(s) —A82(s) — B1(s), p(s))x ds
0

+ /TA (51(5), 51y + (1~ D(B2(5), 8(5))x d
=](ux?yx)

2 f ") — (1 DB p. 519Ny

= A = AP+, By s

+ LR 81(6), 515Ny + (1 — D(5206), 52(5))x s

Hence u,, can only be an optimal control if there exists a multiplier
p. € C([0, T]; X) such that the optimality system

¥, = Ay, +Bu,

p; = _A*p)u + Y, (39)
1— )\B*
3 D

with the conditions y; (0) = yq, ¥, (T) = 0is satisfied (see also the
Lagrange multiplier rule as e.g. in [27]). By the second equation in
the optimality system (39) we get the equation Ay, = A(p} +A*p,).
With the third and the first equation in the optimality system (39)
this yields y;, — 1=2BB* p, =y, — Bu; = A(p, + A*p,). This yields
the second order equation

u, =

(p/—i-A* " — AD * 1—2 *
f py) =A@, +A Ih)-i—i)L BB p;.. (40)

In the remaining discussion we omit the subscript A, that is we
write p instead of p;, u instead of u; and y instead of y;.
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4.1. Skew-adjoint operators

Let us assume that A is skew-adjoint, i.e.,, A* = —A. In [3],
turnpike inequalities for the case of the wave equation where A* =
—A are given in Section 4. Eq. (40) yields
p’ =Lp+2Ap (41)
where
L = AA* + =2 BB*.

Now we assume that A and BB* are diagonalizable with the
same sequence of orthonormal eigenfunctions (¢y), and that the
eigenvalues of % BB* are bounded from below by w? > 0. Then
(41)yields a sequence of ordinary differential equations for hy (t) =
(p(t), ¢x)x namely
hy = @k Low)x i + 2ok, Api)x hy,. (42)
The characteristic polynomial is
pe(@) = 2> = 2(¢r, Apidxz — (ks Low)x
and since (¢, A@i)x is purely imaginary it has roots 8,?, 8, such
that Re(8) > @ > Oand Re(§;) < —w < 0. Thus get the
solutions
hi(t) = uexp(8; t) + v exp(8; t).

The coefficients u; and vy are chosen such that p’(0) = yo + Ap(0)
and p'(T) = Ap(T), because then we have y(0) = yo and y(T) = 0.
In fact, this yields a constant Cy,, that is independent of yg and T
such that for all T > Ty, we have the inequality

> (luel® + |exp@8{ 1| [oel®) < Conin llyoll3-
k

Using Parseval’s equation from the representation

p(t) = > h(t) gr = (Z . exp(8y ) w)
k k
+ (Z vk exp(8t) </’k>
k

we get the inequality

1/2
Ip@®)llx < e (Z |uk|2>
k

1/2
+e @0 (Z |exp(28{T)| |vk|2) (43)
k
< (e +e7*T79) 2\/Coin llyollx- (44)

Inequalities (43)-(44) reflect a turnpike inequality for p. They
state that the norm of p(t) is bounded above by a sum of a part
that is exponentially decreasing with time and a second part that is
exponentially increasing towards T. Due to (39) the optimal control
has the form u = %B* p, so it also shows a turnpike structure.
Note that the optimal control norms are decreasing with T, hence
they are uniformly bounded.

4.2. Self-adjoint operators

Let us assume that A is self-adjoint. Turnpike inequalities for the
parabolic case where A* = A were given in [3, Section 3]. Eq. (40)
yields

p’ =Lp. (45)

Thus we get

p(t) = cosh (t L%> p(0) + L_% sinh (tﬁ) p'(0)

with the cosh and sinh operators as defined in [28]. For the optimal
state we have

y=p +Ap.
The equations y(0) = yq, y(T) = 0 yield a system of linear
equations for p(0), p’(0). In fact we have p’(0) = yo — A* p(0) and
p(T) = —A*p(T).

Now let us assume that L is diagonalizable and the eigenvalues

of L are bounded from below by w? > 0.Then we have the turnpike
inequality

1
PO < 2 exp(=wt) (Ip©@] + IL~2pO)11)

1
+ 5 exp(—o(T = ) (Il exp(LT) p(O) ||

+ [ expL*T) L2 p'(0)])) .
The optimal control has the form

11—, 1
u(t) = TB cosh(tL2) p(0)

1—A 1 1
+ — B*L™2 sinh(tL2) p'(0). (46)

This means that also the optimal control can be represented as
the sum of families of increasing and decreasing exponentials with
rates w. For the optimal state the equation y = p’ + Ap yields a
similar representation.

5. Conclusion

We have presented optimal Neumann boundary controls for
the 1D wave equation for finite an infinite horizons and different
weights in the objective function. If the objective function is the
control norm and the terminal state is prescribed exactly, the
control action is distributed periodically over the whole time
horizon and coincides with the control given by the Hilbert
Uniqueness Method. In contrast, if the objective function involves
an additional tracking term the optimal control action is essentially
concentrated at the starting time O and at the terminal time T,
and in-between it is exponentially close to 0. The control is the
sum of an exponentially decreasing term and of an exponentially
increasing one. If the time horizon is infinite only the first term
remains, and the optimal control exponentially stabilizes the
system, according to the classical Riccati theory. The norms of the
control action and of the optimal state decay then exponentially in
time. These results show that as soon as the objective functional of
the optimal control problems for the considered system contains
a nontrivial tracking term, the optimal solution has a special
behavior referred to as the turnpike phenomenon. We have shown
that, if the final time T is a positive even integer, there exists a
weight A such that the solution of the problem of exact control with
minimal control norm coincides with the solution of the infinite
horizon optimal control problem along the time interval [0, 2].
This result justifies a receding horizon control strategy, where the
first part of a finite horizon optimal control is used and then the
procedure is updated in order to control the system over an infinite
time horizon.

As already said, the turnpike property has been much
investigated in finite dimension (see [8] and references therein
for a general result). In the infinite-dimensional setting, in [3]
distributed control has been considered both for the heat equation
and the wave equation. The turnpike phenomenon put in evidence
in the present paper shows an interesting qualitative bifurcation
of the HUM control as soon as the objective functional involves a
tracking term.

Several open questions are in order. First of all, it makes sense
to consider an objective functional in which the tracking term is
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replaced with a discrepancy between the solution and a time-
independent function, which is not necessarily a steady-state.
According to the results of [8], we expect then that the turnpike
property still holds true, and that, in large time, the optimal
trajectory remains essentially close to the optimal steady-state,
defined as the closest steady-state to the objective. However, in
this case, it might be difficult to derive explicit formulas as done in
the present paper. Moreover, here we only considered a functional
penalizing the normal derivative at x = 0, and then we can only
consider a time-independent function that is a steady-state, as
said in Remark 4. But if instead, we were considering for instance
the full norm in H'(0, 1), then we could consider in the objective
functional a term of the form ||y(t, -) — a(-)||%, where a(-) need not
be a steady-state. Then, what can be expected is that, in large time,
the optimal trajectory remains essentially close to the steady-state
of the form o x that is the closest possible to the target a(-).

For more general multi-D wave equations, the situation is open.
Even if explicit computations can only be done in specific cases, we
expect that the turnpike phenomenon is generic within the class
of optimal control problems for controllable wave equations, and
that HUM controls characterized by the adjoint system develop a
quasi-periodic pattern, but when characterized by a more robust
optimality cost, then, satisfy the turnpike property.

Another open issue is the investigation of semilinear wave
equations (see [29]), for which steady-states may play an impor-
tant role. Of course, in that case, we cannot expect that the turn-
pike property hold globally, but it should also hold as well at least
in some neighborhood of an optimal steady-state (see discussions
in [8]).
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