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The aim of this paper was to complete some aspects of the classical Cauchy—Lipschitz
(or Picard—Lindelof) theory for general nonlinear systems posed on time scales. Despite
a rich literature on Cauchy—Lipschitz type results on time scales, most of the existing
results are concerned with rd-continuous dynamics (and %,-solutions) and do not cover
the framework of general Carathéodory dynamics encountered for instance in control
theory with measurable controls (which are not rd-continuous in general). In this paper,
our main objective was to study A-Cauchy problems with general Carathéodory
dynamics. We introduce the notion of absolutely continuous solution (weaker regularity
than (r)rld) and then the notion of maximal solution. We state and prove a Cauchy—
Lipschitz theorem, providing existence and uniqueness of the maximal solution of a
given A-Cauchy problem under suitable assumptions such as regressivity and local
Lipschitz continuity. Three new related issues are also discussed in this paper: the
boundary value is not necessarily an initial or a final condition, the solutions are
constrained to take their values in a non-empty open subset and the behaviour of maximal
solutions at terminal points is studied.
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1. Introduction

The time scale theory was introduced by S. Hilger in his PhD thesis [16] in 1988 in order
to unify discrete and continuous analysis, with the general idea of extending classical
theories on an arbitrary non-empty closed subset T of R. Such a subset T is called a time
scale. The objective is not only to establish the validity of some results both in the
continuous case T = R and in the purely discrete case T = N, but also to treat more
general models of processes involving both continuous and discrete time elements. We
refer the reader, e.g., to [14,28] where the authors study a seasonally breeding population
whose generations do not overlap or to [4] for applications to economy. By considering
T={0} UAN with 0 < A < 1, the time scale concept also allows to cover quantum
calculus [22]. Since S. Hilger defined the A-derivative and the A-integral on a time scale,
many authors have extended to time scales various results from the continuous or discrete
standard calculus theory (see the surveys [1,2,6,7]). However some items of the basic
nonlinear theory are still to be developed and refined.
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Cauchy-Lipschitz (Picard—Lindelof) type results on time scales are provided in
[6,12,17,24—-26] where the authors prove the existence and uniqueness of solutions for
A-Cauchy problems of the form

q* =10, q(to) = qo, (1

where ty € T. Note that papers are devoted to A-Cauchy problems with parameters in [20]
and with time delays in [23]. Many authors are also interested in shifted A-Cauchy
problems

=10, qt) = q, )

where g7 = g° o (see further for the precise definition of ). Such shifted problems are
often used as models in the existing literature (see, e.g. [5,19,27], [18, Remark 3.9] and
[20, Remark 3.6]), because they emerge in adjoint equations according to the Leibniz
formula (see [6])

(192" = 4795 + 0145 = 4> + 4745 ©)

To the best of our knowledge, most of the existing results are concerned with rd-
continuous dynamics f (and (grld—solutions q) (see e.g. the first result on A-Cauchy problems
due to Hilger [17, Section 5], or [6, Section 8.2], [24,26,29] and references therein).
Nevertheless, they do not cover the framework of general Carathéodory dynamics f (not
necessarily rd-continuous but only measurable in its variable ), encountered for instance
in control theory with measurable controls (that are not rd-continuous in general). Our
main objective in this paper is to treat such general Carathéodory dynamics (weaker
regularity than rd-continuity) and to obtain existence and uniqueness results of absolutely
continuous solutions (weaker regularity than ‘grld).z

Note that the articles [12] and [25], respectively, deal with weak continuous and
Carathéodory dynamics living in a general Banach space. Nevertheless, they only treat
the non-shifted case (1) where go is moreover an initial condition, that is solutions are
only defined for r = ty. In view of considering adjoint equations, it is of interest to
study backward A-Cauchy problems where ¢ is a final condition, for which solutions
are defined for r = #y. As is well known in time scale calculus, the solvability of such
backward non-shifted A-Cauchy problems requires a regressivity assumption on the
dynamics (see e.g. [6,17] and [18, Remark 3.8]). This important issue is not addressed
in [12,25]. Another issue that is not addressed in the literature is the fact that the
classical Cauchy-Lipschitz theory (see, e.g. [13,21]) treats Cauchy problems
constraining the solutions to take their values in a non-empty open subset ) of R".
Finally, to the best of our knowledge, the notion of extension of a solution on time
scales and the behaviour of the maximal solution at terminal points have not been
studied in the literature.

This paper is devoted to fill an existing gap of the literature and to provide a general
Cauchy —Lipschitz theory with Carathéodory dynamics f (only measurable in f) on time
scales, generalizing the basic notions and results of the classical theory surveyed, e.g. in
[13,21]. We first introduce the notion of absolutely continuous solution in the time scale
context. Then we define the concept of extension of a solution and of maximal and global
solutions. We establish a general version of the Cauchy—Lipschitz theorem (existence and
uniqueness of the maximal solution, also referred to as Picard—Lindel6f theorem) under
regressivity and local Lipschitz continuity assumptions for shifted and non-shifted general
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nonlinear A-Cauchy problems. Here we summarize the novelties of this paper:

e the dynamics fis a general A-Carathéodory function (where A-measure . on a time
scale T is defined in terms of Carathéodory extension in [7, chapter 5]), in contrast to
the rd-continuity assumed in most of the existing literature. Consequently, the
solutions obtained are absolutely continuous (more general than %,);

e the boundary value g is not necessarily an initial or a final condition, i.e. #; is not
necessarily equal to min T or max T;

e the solutions are constrained to take their values in a non-empty open subset () of R".

e the behaviour of maximal solutions that are not global is investigated: we prove that
they leave any compact of ().

Remark 1. We stress that, in the absence of a regressivity assumption, a shifted problem
cannot be reduced to an equivalent non-shifted problem in general.” Therefore our results
are established first for general non-shifted A-Cauchy problems (1) and then, separately,
for shifted A-Cauchy problems (2). Note that analogous results on V-Cauchy problems
(p-shifted or not) can be derived in a similar way. We refer to the duality principle provided
in[11].

Remark 2. Our study uses the work of Cabada and Vivero [9], who derived a criterion for
absolutely continuous functions written as the A-integral of their A-derivatives. Their
result allows us to give a A-integral characterization of the solutions of A-Cauchy
problems with Carathéodory dynamics which is instrumental in our proofs.

The paper is structured as follows. Section 2 is devoted to recall basic notions of time
scale calculus. In Section 3, we define the notions of a solution, of an extension of a
solution, of a maximal and a global solution for general non-shifted A-Cauchy problems.
Under suitable assumptions on the dynamics, we establish a Cauchy—Lipschitz theorem
and then investigate the behaviour of the maximal solution at its terminal points. Section 4
is devoted to establish similar results for shifted A-Cauchy problems.

2. Preliminaries on time scale calculus

In this section, we recall basic results in time scale calculus. The first part concerns the
structure of time scales and the notion of A-differentiability (see [6]). The second part
concerns the A-Lebesgue measure defined in terms of Carathéodory extension (see [7,15])
and surveys results on A-integrability proved in [10]. The last part gathers the properties of
absolutely continuous functions borrowed from [9].

Let n € N”. Throughout, the notation || - || stands for the Euclidean norm of R". For
every x € R" and every R = 0, the notation B(x, R) stands for the closed ball of R" centred
at x and with radius R.

2.1 Time scale and A-differentiability

Let T be a time scale, that is a non-empty closed subset of R. We assume that card(T) = 2.
For every A C R, we denote Ay = A N T. An interval of T is defined by I where I is an
interval of R.

The backward and forward jump operators p, o : T — T are, respectively, defined by

p(t) =sup{s € T|s <t}, o(t)=inf{s € T|s > ¢},



Downloaded by [BUPMC - Bibliotheque Universitaire Pierre et Marie Curie] at 00:08 30 May 2014

Journal of Difference Equations and Applications 529

forevery t € T, where p(min T) = min T (respectively, o(max T) = max T) whenever T
admits a minimum (respectively, a maximum).

A point r € T is said to be a left-scattered (respectively, right-scattered) point of T if
p(t) <t (respectively, o(r) > t). A point r € T is said to be a left-dense (respectively,
right-dense) point of T if + > inf T and p(r) = ¢ (respectively, t < sup T and o(t) = 1).
The graininess function w : T — R" is defined by u(f) = o(f) — t for every t € T.

We set T = T\{max T} whenever T admits a left-scattered maximum, and T =T
otherwise. A function g : T — R" is said to be A-differentiable at r € T* if the limit

An o q7(0) — q(s)
¢0= ?—»nzl o(t) —s
seT

exists in R", where ¢7 = g° 0. We recall the following well-known results (see [6]):

e if + € T" is a right-dense point of T, then ¢ is A-differentiable at ¢ if and only if the
limit
t p—
70 = Tim q(1) — q(s)
-5

s—t
sET

exists in R";
e if t € T" is a right-scattered point of T and if ¢ is continuous at ¢, then ¢ is
A-differentiable at ¢, and

a°() ~ q(1)
()

2.2 Lebesgue A-measure and Lebesgue A-integrability

q ) =

Recall that the set of right-scattered points # C T is at most countable (see [10, Lemma
3.1]).

Let ua be the Lebesgue A-measure on T defined in terms of Carathéodory extension in
[7, Chapter 5]. We also refer the reader to [3,10,15] for more details on the ua-measure
theory. In particular, for all elements a, b of T such that a =b, one has
ma(la, b)) = b — a. Recall that A C T is a ua-measurable set of T if and only if A is
an usual pup -measurable set of R, where uy denotes the usual Lebesgue measure (see [10,
Proposition 3.1]). Moreover, if A C T\{supT}, then

pa(A) = pL(A) + Y ().

reEANZ

Let A C T. A property is said to hold A-almost everywhere (shortly A-a.e.) on A if it holds
for every t € A\Ag, where Ag C A is some ua-measurable subset of T satisfying
ua(Ag) = 0. In particular, since ua({r}) = w(r) > 0 for every r € #, we conclude that if
a property holds A-a.e. on A, then it holds for every r € A N 4.

LetA C T\{sup T} be a up-measurable set of T. Consider a function ¢ defined A-a.e.
on A with values in R". Let A = A U (r, 0(r)),exnz» and let g be the extension of g defined
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ui-a.e. on A by

g if 1€ A,
q(t) = q(r) if t € (r,o(r))forevery r EAN A.

We recall that g is ua-measurable on A if and only if 7 is u;-measurable on A (see [10,
Proposition 4.1]).

The functional space LT (A, R") is the set of all functions ¢ defined A-a.e. on A, with
values in R", which are wa-measurable on A and such that

supess ||g(D]|| < +o0.
TEA

Endowed with the norm ||q||Lw(A) = sup ess-eallg(7)|l, it is a Banach space (see [3,
Theorem 2.5]). The functional space L(A, R") is the set of all functions g defined A-a.e.
on A, with values in R", which are us-measurable on A and such that

J lg(IAT < +oo.
A

Endowed with the norm ||q||L1 LR = = [, llg(nllA7, it is a Banach space (see [3, Theorem
2.5]). Recall that if g € LT(A R™) then

J g(NAT= J g(ndr= J g(ndr+ 3 w(rg(r)
A A A reEANA
(see [10, Theorems 5.1 and 5.2]). Note that if A is bounded then L7 (A, R") C L{T(A7 R™.

2.3 Properties of absolutely continuous functions

Let a and b be two elements of T such that a < b. Let €([a, b]y, R") denote the space of
continuous functions defined on [a, b]y with values in R". Endowed with its usual norm
|- llo, it is a Banach space. Let AC([a,blr, R") denote the subspace of absolutely
continuous functions. We recall the two following results.

PROPOSITION 1. Let ty € [a,bly and q : [a,b]ly — R". Then ¢ € AC([a, bly,R") if and
only if the two following conditions are satisfied:

1. q is A-differentiable A-a.e. on [a,b)} and g* € L%T([a,b)qr, R™;
2. For every t € [a, bly, there holds

q(t) = q(ty) + J q*(DAT

(10,07

whenever t = t,, and
q(t) = q(to) — J q*(DAT
[#,t0)T

whenever t = t.
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This result can be easily derived from [9, Theorem 4.1]. By combining Proposition 1
and the usual Lebesgue’s point theory in R, we infer the following result (see also [30] for
a similar result).

PROPOSITION 2. Let ty € [a,b]y and g € L{T([a, b)t, R"). Let Q be the function defined on
la, bl by

o) = J g(AT

[t0,0)7

if t = to, and by

0@1) = — J q(nAT

[1,10)T

ift = ty. Then Q € AC([a, bly,R") and Q* = q A-a.e. on [a, b)y.

Note that, in the results above, for = 1, the integral is taken over [#¢, f)1 (open at £),
whereas for ¢ = 1y, the integral is taken over [f, )y (closed at 7). This will have some
consequences in the forward or backward solvability of a A-Cauchy problem (see the
remark following Lemma 1 further).

3. General non-shifted A-Cauchy problem

Throughout this section we consider the general non-shifted A-Cauchy problem

*O =f@®,0, qt))=qo, (A-CP)

where 10 € T, go € ), where () is a non-empty open subset of R", and f:
QX T\{sup T} — R" is a A-Carathéodory function. The notation K stands for the set of
compact subsets of ().

3.1 Preliminaries

In what follows it will be important to distinguish between three cases:

1. tp = minT;
2. to= max [;
3. to #inf T and 7y # sup T.

Indeed, the interval of definition of a solution of (A-CP) will depend on the specific case
under consideration. If f) = min T, then a solution can only go forward since
(=00, to) = . If to = max T, then a solution can only go backward. If ry # inf T and
to # sup T, then a solution can go backward and forward.

DEFINITION 1. For all (a,b) € T2, we say that a <ty < b if

e a=1ty<binthe case ty = min T;
e a < fty=bin the case ty = max [;
e a<ty<binthe case ty 7 inf T and ty # sup T.
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If a <ty I b then [a, b]y is a potential interval of definition for a solution of (A-CP).
Due to this difference in intervals, it is required to make different assumptions on f
accordingly, whence the following series of definitions.

DEFINITION 2. The function f is said to be locally bounded on Q X T\{sup T} if, for every
K € K, for all (a,b) € T? such that a < b, there exists M = O such that

lfG,oll =M,  (Hw)

for every x € K and for A-a.e. t € [a,b)y.
In what follows this property will be referred to as (Hw).

DEFINITION 3. The function f is said to be locally Lipschitz continuous with respect to the
first variable at right-dense points if, for every X € Q and every right-dense point
1€ T\{sup T}, there exist R > 0,8 > 0 and L = 0 such that B(x,R) C Qandi+ 8 € T,
and such that

IfCer, ) = O, Ol = Ll = xll, (Hiseys,)

for all x,x, € B(x,R) and for A-a.e. t € [T+ O)T.
In what follows this property will be referred to as (H{gC,Lip).
DEFINITION 4. The function f is said to be forward ()-stable at right-scattered points if the
mapping
G : Q—=R"  (H™)

stab

x = x4 wf (x, 1)

takes its values in (), for every t € 4.

In what follows this property will be referred to as (Hg?;g“ ).

DEFINITION 5. The function f is said to be locally Lipschitz continuous with respect to the
first variable at left-dense points if, for every X € Q) and every left-dense point
7€ T\{inf T}, there existm R > 0,8 > 0 and L = 0 such that B(x,R) C Q and7— 6 €
T and such that

G, ) = O, Ol = Ll = xll,  (HSy)

for all x,x, € B(x,R) and for A-a.e. t € [t — §,Dr.

In what follows this property will be referred to as (H{SC_UP).

DEFINITION 6. The function f is said to be backward regressive at right-scattered points if
G* (1) isinvertible, (Hb“k)

regr

for every t € A.
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In what follows this property will be referred to as (H‘;’:grk).

Assumption (Hs) will be instrumental to provide a A-integral characterization of the
solutions of (A-CP) (see Lemma 1 in Section 5.1). The other assumptions play a role in
order to go forward or backward for a solution of a non-shifted A-Cauchy problem. More
precisely, (H{gc_up) and (H®) allow to go forward, and (H{gc_up) and (H?é’grk) allow to go
backward (see the proofs of Propositions 3 and 4 in Section 5.1 for more details).

In view of investigating global solutions, the following definition will also be useful.

DEFINITION 7. The function f is said to be globally Lipschitz continuous in its first variable
if for all (a,b) € T? such that a < b, there exists L = 0 such that

£ G, 0) = fO, Ol = Ll = x| (HES)
Forall x;,x, € Q and for A-a.e. t € [a, b)y. In what follows this property will be referred
to as (Hfli(;b).

3.2 Definition of a maximal solution

Recall that an interval of T is defined by IT = I N T where [ is an interval of R. In view of
defining the notion of a solution of (A-CP) on general intervals of T, we set

= {IquEIa,b S I‘ﬂ',aﬁl()ﬁb}.

[ is the set of potential intervals of T for a solution of (A-CP).

DEFINITION 8. Let IT € [ and let q : It — (). The couple (g, I1) is said to be a solution of
(A-CP) if q(ty) = qo and if, for all a,b € It satisfying a <ty <1b, ¢ € AC([a, bly, R") and
g™ (1) = f(q(1),1) for A-a.e. t € [a,b)r.

Note that, if (g, I%T) is a solution of (A-CP), then (g, I) is as well a solution of (A-CP)
for all It € [ such that IT C ler- Finally, we define the notion of maximal solution.

DEFINITION 9. Let (g, IT) and (q1, ler) be two solutions of (A-CP). The solution (q;, I%I) is
said to be an extension of the solution (q, IT) if IT C I1lr and q; = q on It. A solution (q, IT)
of (A-CP) is said to be maximal if, for every extension (ql,I{T) of (q,It), there holds
I} = It. A solution (g, It) of (A-CP) is said to be global if It = T.

Note that, if (¢, I7) is a global solution of (A-CP), then (g, IT) is a maximal solution of
(A-CP).

3.3 Main results

Recall that we consider the general non-shifted A-Cauchy problem

¢*(1) =fqn,n, qt))=q0,  (A-CP)

where 10 €T, go € Q, where ) is a non-empty open subset of R", and f:
OXxXT\{supT} = R" is a A-Carathéodory function. We have the following general
Cauchy-Lipschitz result.
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THEOREM 1. We make the following assumptions on the dynamics f, depending on t.

1. If to = min T, then we assume that
o f satisfies (Hw), that is f is locally bounded on QX T\{sup T};
o f satisfies (H{gc_up), that is f is locally Lipschitz continuous with respect to the
first variable at right-dense points;
o f satisfies (HWY), that is f is forward Q-stable at right-scattered points.
2. If to = max T, then we assume that
o f satisfies (Hw), that is f is locally bounded on QX T\{sup T};
o f satisfies (H{gc_up), that is f is locally Lipschitz continuous with respect to the
first variable at left-dense points;
o f satisfies (H}.’é‘g‘) that is f is backward regressive in right-scattered points.
3. If tg # inf T and ty # sup T, then we assume that
o f satisfies (Hw), that is f is locally bounded on X T\{sup T};
o f satisfies (Hfgc_up), that is f is locally Lipschitz continuous with respect to the
first variable at right-dense points;
o f satisfies (H W), that is f is forward Q-stable at right-scattered points;
o f satisfies (H{gc_Lip), that is f is locally Lipschitz continuous with respect to the
first variable at left-dense points;

o f satisfies (Hfé‘gcf), that is f is backward regressive in right-scattered points.

Then, the non-shifted A-Cauchy problem (A-CP) has a unique maximal solution (q, It).
Moreover, (q,IT) is the maximal extension of any other solution of (A-CP).

This theorem is proved in Section 5.1. The following result gives information on the
behaviour of a maximal solution at its terminal points.

THEOREM 2. Under the assumptions of Theorem 1, let (q, IT) be the maximal solution of the
non-shifted A-Cauchy problem (A-CP). Then either It = T, that is the maximal solution
(g, I1) is global, or the maximal solution is not global and then

1. if to = min'T then It = [ty, b)T where b € (ty, +0)y is a left-dense point of T;

2. ifto = max T then IT = (a, to]y where a € (—00, 1))y is a right-dense point of T;

3. ifto # inf T and ty # sup T then It = (a,+0)y or [T = (—00,b)y or It = (a,b)y,
where a € (—00, 1))y is a right-dense point of T and b € (ty, +0)y is a left-dense
point of T,

and moreover, for every K € I there exists t € It (close to a or b depending on the cases
listed above) such that q(t) € Q\K.

This theorem is proved in Section 5.2. It states that the maximal solution must go out of
any compact of () near its terminal points whenever it is not global.

The following last result states that, under global Lipschitz assumption, the maximal
solution is global.

THEOREM 3. If to = min T, Q = R", if f satisfies (Hw), that is { is locally bounded on
R* X T\{sup T}, and if f satisfies (Hfli‘;b), that is f is globally Lipschitz continuous in its
first variable, then the non-shifted A-Cauchy problem (A-CP) has a unique maximal
solution (q, IT), which is moreover global.

The proof is done in Section 5.3.
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Remark 3. As an application of Theorem 3, we recover the well-known fact that, in the
linear case

g (1) = h(1) X q(t),

where h: T\{sup T} — R™" such that h € L$([a,b)y, R™") for all (a,b) € T? with
a < b, solutions are global.

3.4 Further comments

In this section, we provide simple examples (in the one-dimensional case) showing the
sharpness of the assumptions made in Theorem 1. Indeed, if one of these assumptions is
not satisfied, then the existence or the uniqueness of the maximal solution is no more
guaranteed.

Example 1. (Lack of Assumption (H{SC_UP) in the first case). Let T = [0, +oo[, ) = R,
to=0,g0 = 0andf : Rx T — R be defined by f(x, 1) = 2/|x|. The function f obviously
satisfies (Hg‘t’;gv ) since # = (J; however, it does not satisfy (Hfgc_Lip). The corresponding
A-Cauchy problem (A-CP) has two global solutions ¢; and g, given by ¢;() = 0 and
qx(t) =t forevery t € T.

This example shows that, in the absence of Assumption (H

Joc-Lip)> the uniqueness of the
maximal solution is not guaranteed.

Example 2. (Lack of Assumption (Hz‘[’;l‘j’) in the first case). Let T=1{0,1}, Q = (-1, 1),
to=0,go=0and f : QX {0} — R be defined by f(x,?) = 1. The function f obviously
satisfies (Hjy.;,) since T\{supT} = {0} does not admit any right-dense point of T
however, it does not satisfy (Hff;l‘j” ) since x + 1 & Q for x € [0, 1). Since g(0) = 0 and
q(1) = q(0) + w(0)f(¢(0),0) imply g(1) =1 & ), we conclude that (A-CP) does not
admit any solution.

Therefore, in the absence of Assumption (Hf"rw

b )» (A-CP) may fail to have a solution.

Example 3. (Lack of Assumption (H{SC_UP) in the second case). Let T = (—00,0], Q) = R,
t0=0, g=0 and f: RXT—R be defined by f(x,r) = —2+/|x]. The function f
obviously satisfies (H?:;f) since # = J; however, it does not satisfy (H{SC_UP). The
corresponding A-Cauchy problem (A-CP) has two global solutions ¢; and ¢, given by
q1(t) =0 and ¢,(t) = t* for every t € T.

This example shows that, in the absence of Assumption (H

maximal solution is not guaranteed.

rd

Joc-Lip)» the uniqueness of the

Example 4. (Lack of Assumption (H?X) in the second case). Let T =1{0,1}, Q =R,

regr

to=1,q0 € Rand f : RX {0} — R be defined by f(x, 1) = —x. The function f obviously
satisfies (HS, ;) since T\{inf T} = {1} does not admit any left-dense point of T however,
it does not satisfy (H?:gﬁ‘) since G*(0) = 0. As a consequence, if gy # 0, (A-CP) does not
admit any solution. Indeed, g(1) = ¢go and ¢(1) = ¢g(0) + w(0)f(¢(0),0) imply ¢(1) = 0,
which is a contradiction. If gy = 0, we obtain an infinite number of global solutions.

Indeed, any function ¢ defined on T with ¢(1) = 0 is then a global solution of (A-CP).
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4. General shifted A-Cauchy problem
Throughout this section we consider the general shifted A-Cauchy problem

a*() =f(q°(®,0, q(te) =qo,  (A-CP?)

where 10 € T, go € ), where ) is a non-empty open subset of R" and f:
QX T\{sup T} — R" is a A-Carathéodory function.

The results of the section follow the same lines as in the previous section. Therefore we
do not give any proof nor counterexamples as above. Some comments are however done in
Section 5.4.

4.1 Preliminaries
As in Section 3.1, it will be important to distinguish between three cases:

1. to = minT;
2. tp = max T;
3. to #inf T and 7y # sup T.

With respect to Section 3.1, we introduce two additional concepts.

DEFINITION 10. The function f is said to be backward ()-stable at right-scattered points if
the mapping
G H:Q—-R" (H™N

x = x = u)f (x,1)

takes its values in ), for every t € 4.

In what follows this property will be referred to as (HY$).

DEFINITION 11. The function f is said to be forward regressive at right-scattered points if

G (1) : Q— R"isinvertible, (Hyen)
For every t € A.
In what follows this property will be referred to as (Hffc’gr”).
These above assumptions play a role in order to go forward or backward for a solution
of a shifted A-Cauchy problem. Precisely, (H! . ) and (H™) allow to go forward.

loc-Lip regr

Similarly, (H{SC_UP) and (Hséfbk) allow to go backward.

4.2 Definition of a maximal solution

DEFINITION 12. Let IT € land let q : It — Q. The couple (g, IT) is said to be a solution of
(A-CP?) if q(to) = qo and if. for all a,b € It satisfying a<ty<b, ¢ € AC([a,blr,R")
and q*(t) = f(q°(1), 1) for A-a.e. t € [a,b)y.

DEFINITION 13. Let (g, IT) and (g1, I}) be two solutions of (A-CP?). The solution (q,1}) is
said to be an extension of the solution (q, IT) if [T C I%I and q; = q on It. A solution (q, IT)
of (A-CP) is said to be maximal if, for every extension (qi,1%) of (q,It), there holds
I} = It. A solution (g, It) of (A-CP?) is said to be global if It = T.
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4.3 Main results
Recall that we consider the general shifted A-Cauchy problem

O =£@°®,0, qlt))=qo,  (A-CP’)

where 10 €T, gy € Q where ) is a non-empty open subset of R" and f:
QX T\{sup T} — R" is a A-Carathéodory function.

THEOREM 4. We make the following assumptions on the dynamics f, depending on t.

1. If to = min T, then we assume that
o f satisfies (Hw), that is T is locally bounded on Q X T\{sup T};
o f satisfies (H{gC,LiP), that is f is locally Lipschitz continuous with respect to the
first variable at right-dense points;
o f satisfies (Hfgg’), that is f is forward regressive in right-scattered points.
2. If to = max T, then we assume that
o f satisfies (Hw), that is T is locally bounded on Q X T\{sup T};
o f satisfies (H{gc_up), that is f is locally Lipschitz continuous with respect to the
first variable at left-dense points;
o f satisfies (Hgécbk), that is f is backward Q-stable in right-scattered points.
3. If to # inf T and ty # sup T, then we assume that
o f satisfies (Hw), that is T is locally bounded on QX T\{sup T};
o f satisfies (HfgC,Lip), that is f is locally Lipschitz continuous with respect to the
first variable at right-dense points;
o f satisfies (Hﬁgr‘r"), that is f is forward regressive at right-scattered points;

o f satisfies (HfOC_Lip), that is f is locally Lipschitz continuous with respect to the
first variable at left-dense points;

o f satisfies (HYX), that is f is backward Q-stable at right-scattered points.

Then the shifted A-Cauchy problem (A-CPY) has a unique maximal solution (q,IT).
Moreover, (q,I7) is the maximal extension of any other solution of (A-CP?).

THEOREM 5. Under the assumptions of Theorem 4, let (q, IT) be the maximal solution of the
shifted A-Cauchy problem (A-CP?). Then either It =T, that is the maximal solution
(g, I1) is global, or the maximal solution is not global and then

1. if to = min'T then It = [ty, b)T where b € (ty, +0)y is a left-dense point of T;

2. if to = max T then It = (a, to]y where a € (—00, 1))y is a right-dense point of T;

3. iftg # inf T and ty # sup T then It = (a,+00)y or It = (—00,b)y or It = (a,b)y
where a € (—o0, to)y is a right-dense point of T and b € (ty, +0)t is a left-dense
point of T;

and moreover, for every K € K there exists t € I (close to a or b depending on the cases
listed above) such that q(t) € QO\K.

THEOREM 6. If to = max T, Q = R", if f satisfies (Hw), that is f is locally bounded on
R" X T\{sup T}, and if T satisfies (Hfli‘;b), that is f is globally Lipschitz continuous in its
first variable, then the shifted A-Cauchy problem (A-CP?) has a unique maximal solution
(g, It), which is moreover global.
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Remark 4. As in Remark 3, in the linear case the maximal solution of any shifted
A-Cauchy problem is automatically global.

5. Proofs of the results
5.1 Proof of Theorem 1
If f satisfies (Hw), then for all (a,b) € T? such that a < b, there holds

f(g,t) € LY ([a, b)y, R") C Li(la, b)y, R"), )

for every g € %([a, b]y, R"). Then, from Section 2.3, we have the following A-integral
characterization of the solutions of (A-CP).

LEMMA 1. Let It € [ and let q : It — Q. If f satisfies (Hw), then the couple (q,I7) is a
solution of (A-CP) if and only if for all a,b € It satisfying a <ty <b, one has q €
%([a, D]y, R") and

90+ Jn, S@(D, DAT if 1= 1o,

M= go— o flam DAT i =10,

for every t € [a,b]y.

Note that, if r < 1 is right-scattered, then ¢(f) appears in the two sides of the above
equation. Therefore this equation is implicit in g(#) and a regressivity assumption is then
required to ensure the existence of a solution.

The characterization of the solutions given by Lemma 1 allows one to prove the
following result.

LEmMA 2. If f satisfies (Ho), then every solution of (A-CP) can be extended to a maximal
solution.

Proof. Let (g, IT) be a solution of (A-CP). Let us define the non-empty set & of extensions
of (g, It). The set # is ordered by

(ql,l%) = (qz,l%) if and only if (qz,l%) is an extension of (ql,l%y).

Let us prove that  is inductive. Let 4 = U,e»{(¢,,’})} be a non-empty totally ordered
subset of #. Let us prove that % admits an upper bound.

Let us define 1= UpexI?. This is an interval of R, since #o € N,exl?. Then
It = U,exl’; € 1. For every t € Iy, there exists p € 2 such that ¢ € I} and, since ¥ is
totally ordered, if ¢ € I' N I'? then g, (t) = g,,(r). Consequently, we can define g by

Vi € I, q(t) = qp(1) € Q  where t € I 5)

Our aim is to prove that (g, IT) is a solution of (A-CP). Let a, b € It satisfying a <ty < b.
Since ¥ is totally ordered, there exists p € £ such that [a,b]y C I{? and g = g, on [a, b]y.
Since (g, I%) is a solution of (A-CP), we obtain that g, satisfies the necessary and
sufficient condition of Lemma 1 on [a, b]y. Consequently, this holds true as well for g on
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[a, b]y. Finally, since this last sentence is true for all a,b € Iy satisfying a <ty < b, we
infer from Lemma 1 that (g,It) is a solution of (A-CP). Since (g, I1) is obviously an
extension of any element of ¥, we obtain that 4 admits an upper bound and then, # is
inductive.

Finally, & is a non-empty ordered inductive set and consequently, from Zorn’s
lemma, admits a maximal element. The proof is complete. |

PRrOPOSITION 3. (EXISTENCE OF A LOCAL SOLUTION). There exist a,b € T satisfying
a<ty<band q : [a,b]ly — Q such that (g, [a, bly) is a solution of (A-CP).

Proof. We only prove this proposition in the third case of Theorem 1 (the two first cases
are derived similarly) for which 7y # inf T and 79 # sup T. We distinguish between four
situations.

First case. ty is a left- and a right-scattered point of T. In this case, it is sufficient to
consider a = p(ty) € (—o0, )y, b = a(ty) € (tp,+00)r and the function ¢ defined on
[a,bly ={a,tp,b} with values in Q by g(a)=G () q), qto)=qo and
q(b) = G*(t9)(go). We note that g(a) is well defined in ) from (H?:gg‘) and q(b) € Q
from (HOY).

Second case. 1, is a left- and a right-dense point of T. Let R/, & and L’ associated with
go and 7o in (H{SC_UP) and let R”, 8" and L" associated with g¢ and  in (H{SC_UE). We define
R = min(R,R") >0 and L= max(L',L") = 0. Let M associated with B(go,R) € K
and [tg — 8,0+ &)1 in (Hs). Consider 0 < 5 =& and 0< 8§ = & such that
a=ty— 0 € (—00,ty), b=ty + & € (ty,+00)y and &, and J, are sufficiently small in
order to have max(8;, 5%)M = R and max(d;,6,)L < 1. Then, we can construct the
max(8;, 6;)L-contraction map with respect to the norm || - ||

F : %([a, blt, B(qo, R)) — €(la, bly,B(q0,R) g~ F(g),
with

g0+ J‘[to.t)vf(q(TL AT if t = 1,

F(g): — B(qo,R) t+— ,
(@) : [a, bly = Blgo, R 1 90 = Jyu, f@(m), DAT if 1 = tq.

It follows from the Banach fixed-point theorem that F has a unique fixed point denoted by
g, and then (g, [a, b]7) is a solution of (A-CP).

Third case. t is a left-scattered and a right-dense point of T. Let R, & and L associated
with go and ¢ in (H{gc_up). Let M associated with B(go, R) € K and [to, to + &)1 in (He).
Consider 0 < §; = 6 such that b = 1y 4 6; € (#p, +°)y and §; is sufficiently small in
order to have §;M = R and 6,L < 1. Then, we can construct the §; L-contraction map with
respect to the norm || - |«

F : €([to, b1, B(qo, R)) — €([to, bly, B(q0,R)) g+ F(q)

with

F(q) : [t0,bly — B(qo, R) t'—'CI0+J flg(7), DAT.

[t0.0)7
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It follows from the Banach fixed-point theorem that F has a unique fixed point denoted by
q defined on [¢¢, b]y. Finally, since t is a left-scattered point of T and from (HE:;“), we
define a = p(ty) € (—o0,19)7 and g(a) = G+(a)_'(q0) € (). We have thus obtained a
solution (g, [a, b]t) of (A-CP).

Fourth case. 1y is a left-dense and a right-scattered point of T. Let R, 6 and L associated
with g and 7y in (H{gc_up). Let M associated with B(gg, R) € K and [ty — 8, tp)1 in (He).
Consider 0 < 6; = 6 such that a =ty — 6; € (—0,#y) and &, is sufficiently small in
order to have ;M = R and §,L < 1. Then, we can construct the §; L-contraction map with

respect to the norm || - [l

F : €([a,t]1,B(q0,R)) — %([a, tol1,B(q0,R)) g+ F(q)

with

F(q) : [a,t)]lr — B(qo,R) t+ qo — J fg(n), DAT.

[1.00)7

It follows from the Banach fixed-point theorem that ' admits a unique fixed point denoted
by ¢ defined on [a, t]7. Since ¢ is a right-scattered point of T, and from (Hg‘l’;,‘)” ), we define

b = o(ty) € (to, +00)r and g(b) = G1(to)(qo) € Q. We have thus obtained a solution
(g la,bly) of (A-CP). O

From Lemma 2, we can extend the solution given in Proposition 3 and we obtain the
existence of a maximal solution. The following result proves that it is unique.

PROPOSITION 4. (LOCAL UNIQUENESS OF A SOLUTION). Let (q1,1}) and (q2,1%) be two
solutions of (A-CP). Then, g1 = g, on I%T N I%T.

Proof. As before, we only prove this proposition in the third case of Theorem 1. We denote
by I =1' N I? (interval of R). One can easily prove that It = I1lr N I% € [. It is sufficient
to prove that gq; = g, on [a,b]y for all a,b € It satisfying a Ity <b. Let a,b € It
satisfying a <7y < b. Set

A={t € [a,tolT,q:1(t) # q2(D)},

and
B = {t € [19,b]y,q1(t) # q2(0)}.

Let us prove by contradiction that A U B = (J. Assume that A # J and let 7= supA.
Note that 7 € [a,ty]y (since T is closed) and that ¢; = ¢» on |7, #p]y. In order to raise a
contradiction, we first derive the four following facts.

1. Fact 1: T <ty. If 1y is a left-scattered point of T, this claim is obvious since

q1(t0) = ga(t0) = go and g1 (p(t0)) = q2(p(10)) = G (p(10)) ™" (qo) from (HPEK). If 1
is a left-dense point of T, let R, 6 and L associated with go and #; in (H{SC_UP). Let M
associated with B(gg,R) € K and [ty — 8, ty)7 in (Hs). Consider 0 < §; = 6 such
that ¢ =ty — 8, € [a,ty)y and &, is sufficiently small in order to have ;M = R,

8L < 1and gy, g» € €([c, o]y, B(qo, R)). Since ¢, and ¢ are solutions of (A-CP)
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on [a, b]y, they are in particular fixed points of the &, L-contraction map
F : %([c, tolt, B(qo, R) = €([c, tolT, B(q0, R)) g+ F(q)

with
F(q) : [c,toly — B(qo,R) 1+ qo — J fg(7), DAT.
[t,t0)T

Since F has a unique fixed point from the Banach fixed-point theorem, we conclude
that g; = ¢» on [c, tp]y. Hence 7 < 1.
2. Fact 2: q1(ft) = ¢»(7). If 7 is a right-scattered point of T, then o(7) is a left-
scattered point of T and ¢i(0(®)) = q2(0(f)). As a consequence,
q1() = g2() = G (q1(o(D)). If 7 is a right-dense point of T, then g,(7) =
q>(7) from the continuity of ¢; and ¢, and since q; = ¢, on |7, to].
Fact 3: T > a. Indeed, if 7 = a then A = J since q(7) = ¢2(D);
4. Fact 4:7is a left-dense point of T. Indeed, if 7 were to be a left-scattered point of T,
since ¢1() = g2, then q1(p(®) = g2(p(@) = G (p() " (1 (D) and then it would
raise a contradiction with the definition of 7.

(O8]

Let us denote by X = ¢ (7) = ¢»(7). Let R, 6 and L associated with 7 and X in (H{gchip). Let
M associated with B(x,R) € K and [7 — 8,7)7 in (Hw). Consider 0 < 8; = & such that
co =1— 0) € [a,D)T and & is sufficiently small in order to have §;M = R, L < 1 and
q1, g2 € €([co, T, B(x, R)). Since ¢; and g are solutions of (A-CP) on [a, b]y, they are in

particular fixed points of the §;L-contraction map
FO : (g([cmf]—lﬁ B()_Ca R)) - (g([COvﬂT7 B()_Cv R)) qr— FO(CI)

with
Fo(q) : [co, Tly = B(x,R) t+— X — J ., flg(m), DAT.
[

Since F has a unique fixed point from the Banach fixed-point theorem, we conclude that
g1 = ¢2 on [cy, ]y, and this is a contradiction. Consequently A = .
In the same way, we prove that B = (J and the proof is complete. ]

Theorem 1 follows from Lemma 2, Propositions 3 and 4.

5.2 Proof of Theorem 2

PROPOSITION 5. Under the assumptions of Theorem 1, let (g, IT) be the maximal solution of
(A-CP). Then either It = T, that is the solution (q, IT) is global, or

1. ifto = min T then It = [to, b)y where b € (ty, +0)y is a left-dense point of T;

2. ifto = max T then It = (a, to]t where a € (—o0,1y)7 is a right-dense point of T;

3. ifto # inf T and ty # sup T then It = (a,+0)y or [T = (—00,b)y or It = (a,b)y,
where a € (— 0, ty)y is a right-dense point of T and b € (ty, +0)t is a left-dense
point of T.

Proof. We only prove this proposition in the first case of Theorem 1 (the other ones are
derived similarly).
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Let us first prove that if It = [fo,b]y then b= max T (and thus Iyt =T). By
contradiction, assume that I = [to, b]y with b < sup T. Consider the A-Cauchy problem

20 =f@@),0,  2b) = q(b).

As in Proposition 3, we can prove that it has a solution (z, [b, b1]y) with b €]b, +00)y.
Then, we define g; by

6)

q(t) if 1 € 10, b]r,
q (1) = {Z(t) if t € [b, b1y,

for every t € [ty,b;]y. Then q; € % ([ty, b1]y) and one can easily prove that

q1(1) =610+J f(qi(7), DAT.

[to,0)T

for every t € [to, by ]y. It follows from Lemma 1 that (g, [#, b;]t) is a solution of (A-CP)
and is a strict extension of (q,[to,b]y). It is a contradiction with the maximality of
(q, [to, b7).

If It = [to, b)y with b a left-scattered point of T, then I1 = [a, p(b)]T with p(b) <
sup T and we recover to the previous contradiction. g

LeEmMmA 3. Under the assumptions of Theorem 1, let (q,IT) be the maximal solution of
(A-CP). If (¢, IT) is not global, then q cannot be continuously extended with a value in ) at
t =a or at t = b (see Proposition 5 for a and b).

Proof. We only prove this lemma in the first case of Theorem 1. By contradiction, let us
assume that g can be continuously extended with a value in ) at t=b, that is
limy—p resy.0), 9(1) = qp € €. Then, we define g; by
q(n) if 1 € [19,b)7,
NO=9 0 it =,
for every t € [ty, bly. In particular g, : [ty, b]ly — Q and q; € ¥ ([t0, b]y, R"). Our aim is

to prove that (q1, [0, b]y) is a solution of (A-CP).
Since (g, [to, b)1) is a solution of (A-CP), it follows from Lemma 1 that

q1(t) = q(®) = qo + J flg(m), DAT=qo + J flqi(7), AT, @)

[t0,D7 [t0.0)7

for every b' € (o, b)y and every t € [to, b]1. Since f(q1,1) € Li([to, b)r, R") (see (4)),

we infer from Lebesgue’s dominated convergence theorem that

q1(b) =q» = qo +J , flqi(m), DAT.
[t0,b)T

Therefore (7) also holds for &' = b. It follows from Lemma 1 that (¢, [y, b]t) is a solution
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of (A-CP) and is a strict extension of (g, [tg, b)7). It is a contradiction with the maximality
of (g, [t0, D)T). U

LEMMA 4. Under the assumptions of Theorem 1, let (q,I71) be the maximal solution of
(A-CP). If (g, I7) is not global, then for every K € K there exists t € It (close to a or b
depending on the cases listed in the theorem) such that q(t) € Q\K.

Proof. We only prove this lemma in the first case of Theorem 1. By contradiction, assume
that there exists K € K such that g takes its values in K on IT = [t, b)y with b a left-dense
point of T. Consider M = 0 associated with K € K and [f¢, D) in (Hs). For all t; = 1,
elements of [zy, b)y, one has

lg(2) — gDl = J 1 (g(m, DIIAT = Mt — 1)),

(11,027

Therefore g is Lipschitz continuous and thus uniformly continuous on [#(, b))t with b a left-
dense point of T. Hence ¢ can be continuously extended at 7 = b with a value ¢, € R".
Moreover, since g takes its values in the compact K C (), it follows that ¢, € (). Using
Lemma 3, this raises a contradiction. OJ

The proof of Theorem 2 follows from Proposition 5 and Lemma 4.

5.3 Proof of Theorem 3

Note that since {2 = R" and since f satisfies (H

Lip stab
(H{SC_Lip). Since o = min T, (A-CP) admits a unique maximal solution from Theorem 1.

Proving that this maximal solution is global requires the following result.

goby f automatically satisfies (H™) and

LeEmMMA 5. If to = min T then

— k+1
J (T_to)kATgw’
[t0,0)7 k+1

for every k € N and every t € T.

Proof. One has

| eewtar= | a-wters Y woe -
[t0.D7 [t0,0)7

rE€lioNyyNA

for every k € N and every r € T. Since

> w1t =

J (t— to)kdr,
rElto,)rNA# rElto,yyN% J (r,0(n)

(r—tfdr = J
r€lto,yyN# J (r,0(n)
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it follows that

1
(t — to)**

(1= to)'AT= J (1 —to)fdr= ,
J [to.07 ) k+1

and the proof is complete. (|

For every b € T\{t}, we define the mapping
Fy, 2 6([to, blv, R") = % ([10, b]7,R") g+ F(q)

with

Fi(@) : lto,bly — R n~%+J Fla(r), DA™,

[t0.0)7

From Lemma 5 and Assumption (ngili(;b), one can easily prove by induction that

Lk
H%@mo—%@wwsgﬂm—@ma—mﬂ

for every k € N, all ¢1, ¢, € 6([to, blr,R"), and every t € [to, b]y. Then,

(L(b — 1))

T lg1 — @2l

|Fy(q) — Fi(@2)]| .=

for every k € N*, all q1,92 € €([ty, bly,R"). Therefore F, admits a contraction iterate
and thus has a unique fixed point that is a solution on [z, b]y of (A-CP). In the case of a
bounded time scale T, it suffices to take » = max . In the case where T is not bounded,
it suffices to make b tend to + oo. This last comment concludes the proof of Theorem 3.

5.4 Further comments for the shifted case
An important remark in the shifted case is the following. Let (a,b) € T? satisfying
a<ty<db and let g : [a,b]y — Q. Since o(t) € [a, b]y for every t € [a,b)y, q7 is well
defined on [a, b)y. This remark permits to derive all results of Section 3 in a similar way
since A-integrals are considered on intervals of the form [a, b)y.

For example, if f satisfies (Hs ), then for all (a,b) € T? such that a < b,

f(q7, 1) € LY([a, b)y,R") C Li(la, b)t, R"),

for every g € 4([a, b]t,R"). This remark permits to prove (from Section 2.3) the
following A-integral characterization of the solutions of (A-CP?).

LEMMA 6. Let It € land q : It — Q. If f satisfies (Hw), then the couple (q, I1) is a solution
of (A-CP?) if and only if for all a,b € Iy satisfying a <ty < b, one has g € €([a, b]y,R")
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and

90 + J][loﬂl)vf(q‘r(T)’ T)AT if 1= fo,

1) = .
q(0) qo — f[ljto)vf(q"(f), AT if t=1.

for every t € [a, bly.

All results permitting to prove Theorems 4 and 5 can be derived as in Section 5.

Nevertheless, in order to derive Theorem 6, the following result is required.

LEMMA 7. If tg = max T then

(to — !

(ty — o(M)'AT = :
J[z,rm ’ k+1

for every k € N and every t € T.

Proof. One has

L )(to—O(T))kATIJ (th— D+ 3wt — o),

[t.00)7 rE€lt,to)rNA

for every k € N and every r € T. Since

> wn)o — o) = (1o — o(r)’dr

rElt o)y N2 rElt,to)rNA J (r,0(r))

I\

(to — Dtdr,
r€lti0)yN# J (r,o()

we infer that

J (to — o(D)A <J @ e d (to — D!
— o(nN)Ar = - ndr=——"—,
i o) k+1

and the statement follows. O

Notes

1. Email: emmanuel.trelat@upmec.fr

2. Actually, this paper was motivated by the needs of completing the existing results on Cauchy—
Lipschitz theory on time scales, in order to investigate nonlinear control systems with
measurable controls, and finally to derive a strong version of the Pontryagin maximum principle
in optimal control theory on time scales (see [8]).

3. Indeed, in the discrete case and in the case of an initial condition, such an assertion would imply

that an implicit discrete equation is equivalent to an explicit discrete equation. But this is wrong:
an implicit equation does not necessarily admit a solution while an explicit equation always
does. For example, let us consider T = N and 7y = 0. In this case, the non-shifted A-Cauchy
problem ¢*(¢) = f(q(t), 1), g(0) = 0, has a unique global solution for any function f. At the
opposite, the shifted A-Cauchy problem g A= f(q?(), 1), g(0) = 0, has no solution whenever
f(g,t) = g + 1 for example. Hence, this shifted problem cannot be reduced into an equivalent


mailto:emmanuel.trelat@upmc.fr
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non-shifted problem. It can be noted that the reduction procedure mentioned in [19] is based in a
crucial way on a regressivity assumption (denoted by (A1) in this paper) on f. We insist that we
do not make such an assumption in our paper.
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