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Motivation

Self-propulsion at micro-scales ?
Many applications are concerned :

in Biology (fertility, human diagnosis,
therapy),
in Robotic (artificial self-propulsion at
micro-scales).
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Micro-Robots

Spintec Lab
Remi Dreyfus et al.
Microscopic artificial swimmers, Nature, 2005.
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Swimmer-fluid interaction / Dynamics of swimmer

L.Giraldi

Micro-swimming

Swimmer
The swimmer is represented by a deformable solid, noted N . It
is described by the variables (p, ξ),
p ∈ R3 × SO(3) is the position and the orientation of the
swimmer,
ξ defines the shape of the swimmer. Usually, ξ ∈ Rk .
The state of the swimmer can evolve in M := {(p, ξ)} (a
submanifold of Rj ).
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Fluid-Swimmer Interaction
The fluid is governed by the Navier-Stokes equation
ρf (∂t u + (u · ∇) u) − µ∆u + ∇p = ρf g ,
We add the boundary condition,

u = Ω × (x − xc ) + v + ud
u=0
on ∂O.

div u = 0 in F.

on ∂N ,

with the Newton law
 Z

σ(u, p) · n ds = −m0 (g + ẍ) ,

Z∂N


σ(u, p) · n × (x − xc ) ds = −m0 x × g + Ω̇ ,
∂N

where σ(u, p) = µ(∇u + ∇t u) − pId is the Cauchy tensor.
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Rescaling
The fluid is governed by the Navier-Stokes equation


∗
Re τ ∂u
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where, Re = ρfµUL , F = LG
L .
with the boundary condition,

u = Ω × (x − xc ) + v + ud
u=0
on ∂O.

on ∂N ,

with the Newton law
 Z
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ρm


g∗ + 2 ẍ∗ ,
σ(u∗ , p∗ ) · n ds = − Re

ρf
F
τ

Z∂N
ρ
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m

x∗ × g∗ + 2 Ω̇∗ ,
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F
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∂N
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as Re :=

ρf UL
µ

→0

The fluid is governed by the Navier-Stokes equation
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Picture to sum up
For micro-organisms : L ∼ 1µm, U ∼ 1µm/s
Re =

L.Giraldi

ρUL
∼ 10−6 .
µ
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Reversibility for Laminar Flow
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Equation of motion
Newton Law,
 Z

σ(u, p) · n ds = 0 ,

Z∂N


σ(u, p) · n × (x − xc ) ds = 0 ,
∂N

where σ(u, p) = µ(∇u + ∇t u) − pId is the Cauchy tensor.
on the boundary the speed u is linear on ξ̇ and ṗ.
As the result of the linearity of the Stokes equation we get,
M(ξ, p) ṗ + N(ξ, p)ξ̇ = 0 .
Then,
ṗ =

k
X

Fi (ξ, p)ξ˙i .

i=1
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Swimmer dynamics

The dynamics is an ODE linear with respect to (ξ̇) and without drift.
For each initial position and deformation, there exists an unique
trajectory.
Question
If at beginning the swimmer is at the state (ξ0 , p0 ), could it reach (ξf , pf ) (i.e.,
a given position with a given shape) ?
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at that moment, and by nothing in the past.

First answer by ItPurcell
in 1976
helps to imagine under what conditions a man would be
Exemple de robot nageur (Purcell) swimming at, say, the same Reynolds number as his own sperm.

Well you put him in a swimming pool that is full of molasses, and
the you forbid him to move any pare of his body faster than 1
cm/min. Now imagine yourself in that condition; you're under the
swimming pool in molasses, and now you can only move like the
hands of a clock. If under those ground rules you are able to move a
few meters in a couple of weeks, you may qualify as a low
Reynolds number swimmer.

The scallop theorem [Purcell, 1976]
Time-reversible strokes leads to no
displacement.
Edward Mills Purcell
(1912 - 1997)

F. Alouges

I
ut swimming at low Reynolds number in a very general way. What does it mean to swim? Well, it means simply
ome liquid and are allowed to deform your body in some manner. That's all you can do. Move it around and move it
you choose some kind of cyclic deformation because you want to keep swimming, and it doesn't do any good to
t goes to zero asymptotically. You have to keep moving. So, in general, we are interested n cyclic deformations of a
here are no external torques or forces except those exerted by theL.Giraldi
surrounding fluid.
In Fig. 5, there is an object
Micro-swimming

controllability issues
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Controllability issues

Question
Is it possible to control the state of the swimmer (ξ and p)
by using as a control function the rate of deformation ξ̇ ?
Let (p0 , ξ 0 ), (pf , ξ f ) and T fixed, does there exists ξ such
as (p, ξ) satisfy

P
ṗ = ki=1 Fi (ξ, p)ξ˙i ,
(p, ξ)(0) = (p0 , ξ 0 ) fixed
and (p, ξ)(T ) = (pf , ξ f ) ?
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Lie Bracket
If k = 2.

at that moment, and by nothing in the past.
It helps to imagine under what conditions a man would be
swimming at, say, the same Reynolds number as his own sperm.
Well you put him in a swimming pool that is full of molasses, and
the you forbid him to move any pare of his body faster than 1
cm/min. Now imagine yourself in that condition; you're under the
swimming pool in molasses, and now you can only move like the
hands of a clock. If under those ground rules you are able to move a
few meters in a couple of weeks, you may qualify as a low
Reynolds number swimmer.

ṗ = ξ̇ 1 F1 (ξ, p) + ξ̇ 2 F2 (ξ, p),

si (ξ(0), p(0)) = (ξ 0 , p0 ),
(ξ̇ 1 , ξ̇ 2 ) = (1, 0)

sur

[0, ε[,

I
want to talk about swimming at low Reynolds number in a very general way. What does it mean to swim? Well, it means simply
that you are in some liquid and are allowed to deform your body in some manner. That's all you can do. Move it around and move it
back. Of course, you choose some kind of cyclic deformation because you want to keep swimming, and it doesn't do any good to
use a motion that goes to zero asymptotically. You have to keep moving. So, in general, we are interested n cyclic deformations of a
body on which there are no external torques or forces except those exerted by the surrounding fluid. In Fig. 5, there is an object
which has a shape shown by the solid line; it changes its shape to the dashed contour and then it changes back. When it finally gets
back to its original shape, the dotted contour, it has moved over and rotated a little. It has been swimming. When it executed the
cycle, a displacement resulted. If it repeats the cycle, it will, of course, effect the same displacement, and in tow dimensions we'd
see it progressing around a circle. In three dimensions its most general trajectory is a helix consisting of little kinks, each of which
is the result of one cycle of shape change.

(ξ̇ 1 , ξ̇ 2 ) = (0, 1)

sur

[ε, 2ε[,

(ξ̇ 1 , ξ̇ 2 ) = (−1, 0)

sur

[2ε, 3ε[,

(ξ̇ 1 , ξ̇ 2 ) = (0, −1)

sur

[3ε, 4ε[.

alors, p(4ε) = p0 + ε2 [F1 , F2 ](ξ 0 , p0 ) + O(ε3 ),
[F1 , F2 ] = (F1 · ∇)F2 − (F2 · ∇)F1
is the Lie Bracket between F1 and F2 .
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Lie Bracket
If k = 2.
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Lie Bracket
If k = 2.
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Lie Algebra

Let F a family of vector fields (here F = (Fi )), Lie(F) is the
smallest algebra generated by F.
=> Lie(F) is the smallest space which satisfies,
∀(F, G) ∈ Lie(F)2 , [F, G] ∈ Lie(F)
For all (ξ, p) ∈ M,
Lie(ξ,p) (F) := {G(ξ, p)

t.q. G ∈ Lie(F)} .

All the vector in Lie(ξ,p) (F) are reachable.
Lie(ξ,p) (F) ⊆ T(ξ,p) M, is a finite-dimensional vector space.
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Controllability Results

Under the hypothesis that (Fi ) are analytics.
Theorem [Chow(1939) - Rashevski 1938)]
if Lie(ξ,p) (F) = T(ξ,p) M, then the system is locally controllable
around the state (ξ, p).
Theorem [Hermann (1963) - Nagano (1966) - (Lobry (1970))]
Each orbit is an analytic manifold.
Its tangent space is the set Lie(ξ,p) (F), for all (ξ, p).
In particular, the dimension of Lie(ξ,p) (F) remains constant
along an orbit.
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Difficulties
The vector fields (Fi ) are expressed by the
Dirichet-to-Neumann map of the associated stokes
problem.
=> In general, (Fi ) are not explicits!

Problems
How to prove the regularity of the vector
fields (Fi ) ?
How to compute the dimension of the
Lie algebra generated by (Fi ) ?
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Effect of boundary on the controllability of micro-swimmers
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Motivation

Photo by Stephen C. Jacobson
L. Rothschild
Non-random distribution of bull spermatozoa in a drop of sperm
suspension, Nature, 1963.
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Motivation
Questions
Does the boundary affect the controllability of particular swimmers ?

F. Alouges, L. Giraldi
Enhanced controllability of low Reynolds number swimmers in the
presence of a wall, Acta Applicandae Mathematicae, 2013.
D. Gérard-Varet, L. Giraldi
Rough wall effect on micro-swimmers, Preprint hal-00867599,
submitted.
L.Giraldi
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3-sphere swimmer / 4-sphere swimmer
Introduction

Le “3-sphere swimmer” est constitué de trois boules alignées (voir Fig 4.2). Il est représenté
par le vecteur (ξ1 , ξ2 , θ, φ, xc ) ∈ R3 × [0, 2π]2 où θ est l’angle entre le nageur et l’axe z, φ est
l’angle entre l’axe y et la projection de la direction du nageur dans le plan Oxy et xc est la
coordonnée du centre de la sphère milieu.

The swimmers consist of N = 3, 4 balls connected by jacks. The change of the
swimmer’s shape consists in changing the lenght of its arms (ξi ).

L’objectif est de comparer les résultats obtenus pour ces nageurs dans l’espace R3 tout
entier avec leur généralisation dans le cas où ils évoluent dans le demi-espace F. Dans le cas
de l’espace R3 , il a été montré dans [7] que le “4-sphere swimmer” est contrôlable, tandis
que le “3-sphere swimmer” peut se déplacer dans une unique direction (celle qui définie son
orientation).

z
ξ2
(xc , yc , zc )
θ

φ

ξ1

y

x

Figure 5 – Coordinates of the 3-sphere swimmer

On considère que le nageur est constitué de N sphères de rayon a que l’on note Bl ,
l = 1, . . . , N (N = 3 pour le “3-sphere swimmer” et N = 4 pour le “4-sphere swimmer”).
Par ailleurs, on note H 1/2 (resp. H −1/2 ) l’espace fractionnaire de Sobolev classique (resp.
l’espace fonctionnel définie comme l’espace image par l’opérateur Trace de H 1 ), pour une
définition plus détaillée de ces espaces voir [25].

Control functions : ξ̇k où k ∈ {1, · · · , 4}
position : xc := (xc , yc , zc ) ∈ R3 and orientation : R ∈ SO3 ou
Une étape préliminaire est de considérer l’opérateur Dirichlet-to-Neumann associé au pro(θ, φ) ∈ [0, π] × [0, 2π]
blème de Stokes.
DN :

N
�

H 1/2 (∂Bl ) �→

N
�

H −1/2 (∂Bl ),

(ul ) �→ (fl := σ(u, p)n|∂Bl ) ,

Theorem
whole space [F. Alouges et al.]
où (u, p) est solution
du problème de Stokes
l=1

−∆u + ∇p = 0,

l=1

div u = 0 in F,

u|∂O = 0,

u|∂Bl = ul .

The 4-sphere swimmer is controllable.

Plus précisément, les champs de vecteurs utilisent l’opérateur DN restreint aux N -uplet
de champ vitesses rigides définis sur la frontière entre les boules et le fluide, i.e., ∂Bl ,

The 3-sphere swimmer controllable in a straight line (the one which contents the
swimmer).
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Controllability results
Theorem flat wall [F. Alouges and L.G.]
The 4-sphere swimmer is “almost everywhere” locally controllable.
The 3-sphere swimmer is “almost everywhere” locally controllable in a plane (the
one which contents the swimmer).
Theorem rough wall [D. Gérard-Varet and L.G.]
The 4-sphere swimmer is “almost everywhere” locally controllable.
There exists a rough wall such as the 3-sphere swimmer be “almost everywhere”
locally controllable.
Remarks:
“almost everywhere” locally controllable := for almost all initial configurations it
can reach all final state in a neighborhood.
Moral of this story:
Boundary does not affect a controllable swimmer.
Whereas the boundary enhances the reachable set of a non-controllable
swimmer.
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What is happening ?
“break the symmetry of the system enhances the Lie algebra”
dimM = 8
By symmetry, the dimension of
the Lie algebra is ≤ 3 and
actually = 3 (Theorem [Alouges
et al.]).

By symmetry, the dimension of
the Lie algebra is ≤ 5 and
actually = 5 generically
(Theorem [Alouges and L.G.]).

The dimension of the Lie algebra
is generically = 7 (Theorem
[Gérard-Varet, L.G.]).
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Sketch of the proofs I - Analyticity
Analyticity of the operator DN,
DN :

N
Y

H 1/2 (∂Bl ) 7→

l=1

N
Y

H −1/2 (∂Bl ),


(ul ) 7→ fl := σ(u, p)n|∂Bl ,

l=1

where (u, p) is solution
−∆u + ∇p = 0,

div u = 0

das F ,

u|∂O = 0,

u|∂Bl = ul .

flat wall: ND is explicit -> Green function (image methods [Blake])
rough wall: Implicit function Theorem
Consequences: controllability of “4-sphere swimmer”
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Sketch of the proofs II
Plane wall :
Asymptotic expansion of the vector fields with respect to small radius for the
spheres.
Rough wall :
Asymptotic expansion of the vector fields with respect to small roughness.
The idea is to expand the solution (u, p) of the Stokes problem as
u = u0 + u1 + o()
p = p0 + p1 + o()
where,
(u0 , p0 ) corresponds to the Stokes problem associated with a flat wall,
(u1 , p1 ) is the solution of the Stokes problem by adding the boundary
condition (a compensation term),
u1 = −h(x)∂z u0

on ∂R3+

Chow theorem leads to get the result.
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N-link swimmer: A Buildable Model
F. Alouges, A. DeSimone, L. Giraldi, and M. Zoppello
Self-propulsion of slender micro- swimmers by curvature
control : N-link swimmers, Journal of Non-Linear
Mechanics, 2013.
L. Giraldi, P. Martinon, M. Zoppello
Controllability and Optimal Strokes for N-link
Micro-swimmer, To appear in Proc. 52th Conf. on Dec. and
Contr. (Florence, Italy), dec. 2013, Hal (hal-00798363).
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Simplify the physics to approximate (Fi )i

Resistive Force Theory
For a stick with a speed v then the associated distribution of
forces, called F, is given by
F = ξ(v.eθ )eθ + ν(v.fθ )fθ
J. Gray and J. Hancock
The propulsion of sea-urchin spermatozoa, Journal of
Experimental Biology, 1955.
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The swimmer considered - The N-link swimmer

•

αN−1

•

xN

=>
•

x1

•

•θ

p := (x1 , θ1 )
ξ := (α1 , . . . , αN−1 )

α1

1

By neglecting the interaction between the sticks
=> we get an explicit dynamics for the swimmer
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If we prescribe the following deformation
  N−1
X
x˙1
Fi (θ1 , α2 , · · · , αN ) α̇i ,
=
˙
θ1
i=1
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Then dynamics looks like

=> Good agreement with reality
Same behavior than the one observed by B. M. Friedrich et al.
in the experiments.
B. M. Friedrich et al.
High-precision tracking of sperm swimming fine structure
provides strong test of resistive force theory, The Journal of
Experiment Biology, 2010.
L.Giraldi
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Controllability results for the N-link swimmer

Theorème [G, Martinon, Zoppello]
If N ≥ 3, the “N-link swimmer” is controllable for almost every
size of the sticks.
Idea of the Proof :
1
2

Analyticity of the vector fields (Fi )
Controllability of the 3-link swimmer
Formal calculation of the Lie Algebra
Chow Theorem, Orbit Theorem

3

Generalization where N ≥ 3
“The more control functions, the more controllable the
swimmer is”

L.Giraldi
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Optimal time problem for bounded control i.e., “swim as fast as
possible”.

inf T




ṗ(t) = f (p(t), u(t)) , ∀t ∈ [0, T ]



(α̇1 , · · · , α̇N−1 ) := u(t) ∈ U := [−1, 1]N−1 , ∀t ∈ [0, T ]
(OCP)
, ∀t ∈ [0, T ]
 (α1 , · · · , αN−1 ) ∈ [−∆θ, ∆θ]N−1



 p(0) = pi


p(T ) = pf
Due to Filippov-Cesary Theorem we get,
Theorem [G, Martinon, Zoppello]
There exists solutions for (1)

•

αN−1

•

x1
L.Giraldi

•

xN

• α1
•θ1
Micro-swimming

(1)

Numerical Results - Comparison with the Purcell stroke

Numerical results were obtained by BOCOP (developed by the INRIA
team Commands)

!2

I
ut swimming at low Reynolds number in a very general way. What does it mean to swim? Well, it means simply
ome liquid and are allowed to deform your body in some manner.Purcell
That's all you
can
do.
Move
it
around
and
move
it
Stroke
you choose some kind of cyclic deformation because you want to keep swimming, and it doesn't do any good to
t goes to zero asymptotically. You have to keep moving. So, in general, we are interested n cyclic deformations of a
here are no external torques or forces except those exerted by the surrounding fluid. In Fig. 5, there is an object
1 finally gets
e shown by the solid line; it changes its shape to the dashed contour and then it changes back. When it
OPTIMAL STROKE
0.8
al shape, the dotted contour, it has moved over and rotated a little. It has been swimming. When it executed
the STROKE
PURCELL
0.6
ment resulted. If it repeats the cycle, it will, of course, effect the same displacement, and in tow dimensions
we'd
g around a circle. In three dimensions its most general trajectory is a helix consisting of little kinks, each
of which
0.4
ne cycle of shape change.
0.2

E. M. Purcell
Life at low Reynolds number, American
journal of Phys., 1977.
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Micro-robot

Dynamics of swimmer takes into account
Hydrodynamics : RFT
Elasticity : Springs between the links
Magnetism : Fixed magnetization on each link

F. Alouges, A. DeSimone, L. Giraldi, and M. Zoppello
Slender micro- swimmers controlled by a magnetic fields, in
preparation.
L.Giraldi
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Numerical Result
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Conclusion

“More the domain around the swimmer is complex and
more the swimmer is controllable”.
In real life, all the micro-organismes are controllable.
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Perspectives
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Perspectives

Find the cost function which are used by real
micro-organisms (Optimal inverse control problem)
Robotic micro-swimmers
Controllability result in Navier-Stokes
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