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Abstract

In this paper we design and analyse a physiologically based model representing
the accumulation of protein p53 in the nucleus after triggering of ATM by DNA
damage. The p53 protein is known to have a central role in the response of the
cell to cytotoxic or radiotoxic insults resulting in DNA damage. A reasonable
requirement for a model describing intracellular signalling pathways is to take
into account the basic feature of eukaryotic cells: the distinction between nucleus
and cytoplasm. Our aim is to show, on a simple reaction network describing
p53 dynamics, how this basic distinction provides a framework which is able to
yield expected oscillatory dynamics without introducing either positive feedbacks
or delays in the reactions. Furthermore we prove that oscillations appear only if
some spatial constraints are respected, e.g. if the diusion coecients correspond
to known biological values. Finally we analyse how the spatial features of a cell
inuence the dynamic response of the p53 network to DNA damage, pointing out
that the protein oscillatory dynamics is indeed a response that is robust towards
changes with respect to cellular environments. Even if we change the cell shape
or its volume or better its ribosomal distribution, we observe that DNA damage
yields sustained oscillations of p53.
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1. Introduction

Protein p53 is a tumour suppressor and its synthesis is essential for healthy
cell survival. Indeed when damage to the DNA is detected, p53 blocks the cell
cycle, triggers DNA repair processes or launches apoptosis of the cell. The protein
p53 acts primarily as a transcription factor, so that it needs to accumulate in the
nucleus to start the processes mentioned above, thus indirectly determining the
cell fate, survival or apoptosis.
Experimental observations on cell populations [1] and on single cells [2] pointed
out an interesting aspect of p53 dynamics: its oscillatory behaviour. While in
healthy cells p53 concentration is low and at steady state, in damaged cells, where
p53 is activated, the protein concentration rises and undamped oscillations appear.
There are two main issues about the oscillatory behaviour of p53. The rst one
is to understand the biological meaning of these oscillations, i.e. how oscillations
are linked to cell fate `decision' (towards life or death). The second issue is to
identify the physiological mechanisms driving the observed oscillations. Before
understanding why oscillations occur, it is important to recognize the key features
that generate it and mathematical modelling can help to answer this question.
Such an approach allows also the analysis of p53 alterations in disease (knowing
that p53 is mutated and ineective in about 50% of cancers) and it represents
a challenge with possible therapeutic implications. The aim of this work is to
design and analyse a deterministic model for the evolution of the protein p53,
that considers the spatial structure of the cell, in order to describe the protein
intracellular dynamics. A second goal is to exhibit both a stationary behaviour of
p53 intracellular concentrations in the absence of its triggering by DNA damage,
and on the contrary sustained oscillations as soon as such damage is sensed by the
cell.
The paper is organised as follows. In section 2, we recall biological facts about
p53 and how they have been taken into account in the previous published models.
In section 3 we present an Ordinary Dierential Equation (ODE) compartmental
model with two compartments, nucleus and cytoplasm, with exchanges between
them, that exhibits the prescribed oscillations. Section 4 contains the core of this
work, namely a Partial Dierential Equation (PDE) model showing the desired
sustained oscillations in the presence of triggering by DNA damage. We nally
discuss in sections 5 and 6 the main features of this model, its limitations, and
possible future extensions to include even more biological relevance.
2. Common knowledge about protein p53

2.1. Biological background

The p53 protein has a central role in cell survival. Therefore the network that
controls its concentration is rich and complex, so that modelling its dynamics
2
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is a challenge to mathematicians. This protein regulates essential cellular pathways, such as the ones controlling cell cycle arrest, DNA repair and apoptosis,
and thereby it has a decision-making role for the cell, choosing between death
and survival, and such a `decision' must be strictly regulated by specialised cell
signalling pathways. In healthy cells, p53 concentration is kept low by the action
of several proteins. However after the DNA has been damaged, p53 undergoes
many post-translational modications and accumulates in the nucleus. The major
p53 negative regulator, Mdm2, inhibits p53 accumulation in two principal ways:
by enhancing p53 degradation by acting as an enzyme (ubiquitin ligase) and by
marking p53 for degradation [3]; it also reduces p53 nuclear import by masking
its principal NLS (Nuclear Localisation Signal) [4]. Furthermore, Mdm2 interacts
with p53 to inhibit its transcriptional activity [5, 6]. On the other hand, p53 activates Mdm2 transcription [7] so that Mdm2 and p53 together form a negative
feedback loop.
The p53 network can be activated by several independent pathways. Here we
focus on the case of DNA damage (such as caused by ionising radiation or cytotoxic
drug insults), where the activation of the network depends on two protein kinases:
ATM and Chk2 [8, 9]. In particular, ATM responds to damaging agents that
produce double strand breaks in DNA [10] and mediates phosphorylation events
linked to DNA double strand breaks [11]. Finally ATM phosphorylates p53 at
multiple sites [12]. In response to these stimuli, within a few minutes, the protein
accumulates in the cell nucleus [13]. The half-life of p53 rises signicantly because
of post-translational modications, from twenty minutes [14], when for instance no
damage is sensed, to several hours, after detection of a cellular stress [15]. Several
works demonstrate that p53 stabilisation is a consequence of Mdm2-p53 blocked
interaction. Indeed at least 11 post-translational modications of p53 have been
reported in response to DNA damage [8, 16]. On the one hand these modications
allow the stabilisation of p53 in the nucleus, on the other hand they regulate p53
transcriptional activity [16]. The activation of p53 is not fully controlled by any
single phosphorylation site or protein [9] and the mechanisms that control p53
nuclear accumulation have not yet been completely elucidated. See for example
[17] for a review on p53 and Mdm2 cellular location.

2.2. Modelling background: mathematical models of p53 dynamics
Within the regulatory circuit of p53, the existence of a negative feedback between p53 and Mdm2 has been clearly established [18]. The protein Mdm2 is
the major p53 antagonist: as mentioned above, it enhances p53 degradation [19],
blocks its entry to the nucleus [4] and inhibits p53 transcriptional activity [6].
Conversely, p53 activates Mdm2 transcription [7]. It has been shown that, in a
model design perspective, a negative feedback is necessary to obtain oscillations,
but it is not sucient by itself [20]. However, the addition of a third variable to
3
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the system produces oscillations, at least damped ones, as shown in [1]. This third
variable can represent the mRNA of one of the two proteins and serve the purpose
of an underlying time delay. Sustained oscillations, as they have been observed in
biological experiments, can be obtained by using an explicit time delay, namely by
expliciting the dependence of protein production at time t upon its concentration
at t − τ for a xed delay τ , as proposed by Monk and Ma [21, 22]. Interesting
though these models may be, they are not awless with respect to physiological
realism: explicit delays are meant to globally account for translation and translocation processes, and an implicit delay, i.e. a third variable, stands for an abstract
putative intermediate, that lacks physiologically based denition. An oscillatory
behaviour can also be reproduced by adding to the p53-Mdm2 negative loop a
positive feedback, as proposed in [23, 24]. Biological evidence shows that p53 interferes with Mdm2 nuclear entry by inhibiting Mdm2 phosphorylation, which is
needed for its nuclear shuttling [25]. This negative control over Mdm2 is mediated
by several proteins, whose regulation is controlled by p53, but it does not depend
directly on p53.
In another class of models, among which we will set the present work, the
introduction of a spatial component, as already pointed out in [26, 27], allows to
nd the oscillations with a system of simple biochemical reactions. In a rst article
Sturrock et al. [27], replaced the explicit delay in the model proposed by Monk
in [21] by the introduction of a spatial variable and showed that oscillations can
be achieved by considering the location of biological processes. More recently the
same authors, in [28], further detailed their spatial model, including both a nuclear
membrane, as already done in [29, 30], and the structure of cytosolic microtubules.
The result of this work is a robust oscillator. The authors were indeed able to
enlarge the range of parameters over which they obtain oscillations. However the
values of physical parameters, such as diusion or permeability, over which the
oscillatory behaviour is observed, correspond to those of macro-molecules whose
molecular weight is about 500 kDa [31], whereas p53 and Mdm2 molecular weights
are in fact about 50 kDa. It is also important to note that p53 exists as monomers,
dimers and tetramers [32] and this takes its molecular weight to higher values.
In the present work, we do not consider a complicated biological network in
order to introduce a positive feedback. Neither do we use delays that would leave
model details hidden to the understanding of the whole mechanism and would
hinder its future physiological identication. We develop a model that takes into
account the intracellular spatial structure of the cell in the reconstruction of the
dynamics of p53. This allows us to base our model only on well-established biological hypotheses and to use realistic biophysical coecients, related to molecule
diusion or nuclear membrane permeability. In particular, we consider, unlike [28],
that transport of particles through the membrane can be unidirectional, as biology
4

teaches us. In this way we also emphasize the mechanisms of activation of p53
linked to enhanced nuclear import and reduced nuclear export. Furthermore, the
observed `delays' due to transport or transcription can be explained using diusion or translocation, and molecular reactions can be physiologically located. We
obtain a model in which the behaviour of cell signalling mechanisms is strictly
related to the basic spatial distinction between nucleus and cytoplasm.
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3. An ODE compartmental model

In this section we introduce the model we intend to analyse in this work. We
present it as a compartmental ODE system and we still do not consider the spatial
component, by assuming that the concentrations of proteins are homogeneous in
each compartment. The model involves two distinct states of p53, its primary
inhibitor Mdm2, and the mRNA of Mdm2 whose synthesis is promoted by p53.
Every species of the model exists in a nuclear and in a cytoplasmic form. If
necessary, to avoid confusion between the two compartments, we denote by [·](n)
and [·](c) , respectively, the nuclear and cytoplasmic concentration of each species.
Protein p53 undergoes several conformational changes. In our model we represent
the ubiquitination process, i.e. the enzymatic action of Mdm2 on p53 by which
p53 is marked for degradation. Even if ubiquitination is more complicated than
other enzymatic processes, we choose, for the sake of simplicity, to model it as a
classical enzymatic reaction. Thus, knowing the interactions of p53 and Mdm2,
we can write the following:

[M dm2] + [p53]

k
k−

k

[Complex] →1 [p53U ]

(1)

where p53U represents the ubiquitinated form of p53. Then, following the Law
of Mass Action and applying the Quasi Steady State Approximation [33, 34], the
associated dierential equation describing the chemical kinetics in (1) is given by:

[p53]
d[p53]
= −k2 [M dm2]
,
dt
K1 + [p53]

(2)

k1 + k−
, and k2 [M dm2] represents the maximum rate of the reaction.
k
The right term of equation (2) represents a loss of mass in our system since we
suppose that ubiquitinated p53 will be degraded by the proteasome. In order to be
detected by the proteasome, p53 actually needs to be ubiquitinated several times
(see [5] and reference therein for a review on Mdm2-mediated p53 ubiquitination).
We choose not to describe all the single ubiquitination steps, but rather a global
one, because we are not interested in describing how p53 exits the system, but

where K1 =

5

how it is activated. We also take into account the phosphorylation and dephosphorylation process of p53. As explained in Section 2.1, a single conformational
change cannot uniquely determine the activity of the p53 protein. Several posttranslational transformations decide how p53 will be activated [16] and stabilised.
Since p53 phosphorylation is particularly important for its regulation in response
to DNA damage [35], we represent only this transformation and we treat the phosphorylated form of p53 as a generic `active' species. Furthermore, although we are
aware of the fact that dierent kinases are activated and are able to phosphorylate
p53 depending on the type of damage, we choose to model here only the ATM
kinase, that is thus here meant to roughly represent a DNA damage sensor. For
the sake of simplicity we treat ATM as parameter and consider simple enzymatic
kinetics. We consider the following reactions:
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[AT M ] + [p53]
[E] + [p53p ]

k2

k

k−2
k4

k−4

[Complex] →3 [p53p ],
k

[Complex] →5 [p53],

(3)
(4)

where p53p is the phosphorylated form of p53, while [E] is a generic phosphatase
that removes a phosphate group from its substrate p53p . Again by the Law of
Mass Action and the quasi Steady State Approximation we obtain the following
equations:

[p53]
[p53p ]
d[p53]
= kph
− k3 [AT M ]
,
dt
Kph + [p53p ]
KAT M + [p53]

(5)

d[p53p ]
[p53p ]
[p53]
= k3 [AT M ]
− kph
,
dt
KAT M + [p53]
Kph + [p53p ]

(6)

−4
where kph is the maximum velocity of the dephosphorylation process, Kph = k5 +k
k4
−2
and Katm = k3 +k
. We assume that the phosphorylated form of p53, that is the
k2
product of the reaction in equation (3), is unable to interact with Mdm2, so that
after DNA damage, a pool of p53 is not subject to Mdm2 control and is active
in the nucleus as a transcription factor. We then model protein transcription
and translation: the mRNA of Mdm2 is produced in the nucleus at a constant
rate but also in a p53-dependent manner. Since p53 is known to be active as
a transcription factor when it is formed out of four sub-units, we represent, as
is classical in modelling cooperative processes [36], this reaction by using a Hill
function with coecient 4:

d[M dm2RN A ]
([p53p ])4
,
= kSm + kSp
4
dt
([p53p ])4 + KSp
6

(7)
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these reactions being located only in the nucleus. The mRNA of Mdm2 is then
translated in the cytoplasm by the ribosomes, located only in the cytoplasm. We
assume a constant production rate for the synthesis of p53 in the cytoplasmic
compartment. Indeed, we do not have any biological evidence about changes
of p53 transcription after a cell damage and therefore we choose not to represent
explicitly its mRNA. Based on our assumptions we obtain the following dierential
equation system for the activity of the coupled oscillator p53-Mdm2 in the nucleus:

[p53p ](n)
[p53](n)
k3 [AT M ][p53](n)
d[p53](n)

(n)

−
k
[M
dm2]
−
=
k

ph
1


dt
Kph + [p53p ](n)
K1 + [p53](n) KAT M + [p53](n)




−ρp Vr ([p53](n) − [p53](c) ),



(n)


 d[M dm2] = −δm [M dm2](n) − ρm Vr ([M dm2](n) − [M dm2](c) ),

dt
d[M dm2RN A ](n)
([p53p ](n) )h


=
k
+
k
− δr [M dm2RN A ](n)
Sm
Sp

(n) )h + K h

dt
([p53
]

p
Sp




−ρr Vr [M dm2RN A ](n) ,




k3 [AT M ][p53](n)
[p53p ](n)
 d[p53p ](n)


= ρq Vr [p53p ](c) +
−
k
,
ph
dt
KAT M + [p53](n)
Kph + [p53p ](n)
(8)
and the following one in the cytoplasm:

d[p53](c)
[p53p ](c)
[p53](c)



=
k
+
k
−
k
[M
dm2]
S
ph
1


dt
Kph + [p53p ](c)
K1 + [p53](c)


(c)


k3 [AT M ][p53]


−
− ρp ([p53](c) − [p53](n) ) − δp [p53](c) ,

(c)

K
+
[p53]

AT M


 d[M dm2]
= ktm [M dm2RN A ](c) − ρm ([M dm2](c) − [M dm2](n) ) − δm [M dm2](c) ,
dt


d[M dm2RN A ](c)


= ρr [M dm2RN A ](n) − ktm [M dm2RN A ](c)


dt




−δr [M dm2RN A ](c) ,




d[p53p ](c)
[p53](c)
[p53p ](c)


− ρq [p53(c)
= k3 [AT M ]
−
k

ph
p ].
dt
KAT M + [p53](c)
Kph + [p53p ](c)
(9)
Note that we denoted by h the exponent of the Hill term in the equation for
[M dm2RN A ](n) . Here we include degradation terms as linear functions of each protein concentration. Since it has been proved that p53 degradation occurs mainly
in the cytoplasm [4], we add, besides the ubiquitination term, a classical degradation term for p53, in the cytoplasm. Nuclear p53 also undergoes degradation
([37, 38]), but in normal growth conditions this is not the preferential way chosen
by the cell [19]. Phosphorylated p53 poorly interacts with Mdm2 and it is thus
not marked for degradation by Mdm2. We assume that it will not be degraded at
7

all and do not consider any degradation term. Following Ciliberto et al. in [24],
we model the exchanges between compartments as a linear contribution of a difference between averaged nuclear and cytoplasmic concentrations and we multiply
the nuclear ux by Vr , a nondimensional quantity representing the volume ratio
between cytoplasm and nucleus. This choice will be also supported by further discussion in Section 4. It is known that p53 and Mdm2 can shuttle between nucleus
and cytoplasm [4, 7]. On the contrary nuclear export of phosphorylated p53, that
represents active p53, is inhibited after DNA damage [39, 40]. Therefore, basing
our modelling hypotheses on these biological observations, we assume here that
p53 and Mdm2 can traverse the dierent compartments. The phosphorylated form
of p53 is assumed to move from cytoplasm to nucleus but not backwards. On the
contrary, we assume that the mRNA of Mdm2 only moves from the nucleus, where
it is transcribed, to the cytoplasm, where it is translated.

hal-00726014, version 1 - 28 Aug 2012

3.1. Sustained Oscillations appear in the ODE model.

In this section we begin the study of our model in the compartmental setting
in order to capture the temporal dynamics of the system [41]. To simplify our notations, let us set p = [p53], m = [M dm2], r = [M dm2RN A ] and q = [p53P ]. In the
sequel we denote the nuclear and cytoplasmic concentrations by the superscripts
(n) and (c). Finally the autonomous dierential system resulting from the model
presented in Section 3 may be written as:
 (n)
(n)
(n)
dp
p(n)

+ kph (Kphq +q(n) )
= −k1 m(n) (Km1p +p(n) ) − k3 AT M (Katm

dt
+p(n) )




−Vr ρp (p(n) − p(c) ),




dm(n)

= −Vr ρm (m(n) − m(c) ) − δm m(n) ,

dt


(n)h
(n)

dr

= kSm + kSp ( (K hq +q(n)h ) ) − Vr ρr r(n) − δr r(n) ,

dt

Sp


 dq(n) = k AT M
q (n)
p(n)
−
k
+ Vr ρq q (c) ,
ph
3
(n)
dt
(Katm +p )
(Kph +q (n) )
(c)
dp(c)
p(c)
q (c)


= kS − k1 m(c) (Km1p +p(c) ) − k3 AT M (Katm
+
k
ph
(c)

dt
+p )
(Kph +q (c) )




+ρp (p(n) − p(c) ) − δp p(c) ,


 dm(c)


= ktm r(c) + ρm (m(n) − m(c) ) − δm m,

dt


dr(c)


= −ktm r(c) + ρr r(n) − δr r(c) ,

dt

(c)

p(c)
q (c)
(c)
 dq = k3 AT M
.
(c) − kph
(c) − ρq q
dt

(Katm +p

)

(Kph +q

)

(10)
Here the rst four equations represent the nuclear concentrations and the others
the cytoplasmic ones.
First of all we nondimensionalise the system by writing

p̄(τ ) =

p(t)
, . . . , q̄(τ )
αp
τ = tt?

8

=

q(t)
αq
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where the αs are concentrations of the `s' species, s = p, m, r, q (expressed in µM ),
and t? is a time constant, expressed in minutes. We xed αp = αq as p53 reference
concentrations and αm = αr as Mdm2 reference concentrations. Then we chose
k
. Thus the nondimensional system depends on
αp = Katm , t∗ = k13 and αm = kSp
3
less parameters than the dimensional one. Namely it does not depend on Katm , k3
and kSp , while retaining all of its geometry. The nondimensional can be written
as follows:
 (n)
dp̄
p̄(n)
q̄ (n)
p̄(n)

(n)

=
−k
m̄
−
+
k̄
AT
M

ub
ph

dτ
(Kub + p̄(n) )
(1 + p̄(n) )

(K̄ph + q̄ (n) )




−Vr ρ̄p (p̄(n) − p̄(c) ),




dm̄(n)


= −Vr ρ̄m (m̄(n) − m̄(c) ) − δ̄m m̄(n) ,



dτ



dr̄(n)
q̄ (n)h


=
k̄
− Vr ρ̄r r̄(n) − δ̄r r̄(n) ,
Sm +

h
(n)h )

dτ
(
K̄
+
q̄

Sp


(n)
(n)

dq̄
p̄
q̄ (n)



= AT M
−
k̄
+ Vr ρ̄q q̄ (c) ,
ph
(n)
(n)
dτ
(1 + p̄ )
(K̄ph + q̄ )
(c)
(c)

dp̄
p̄(c)
p̄
q̄

(c)

=
k̄
−
k
m̄
−
AT
M
+
k̄

S
ub
ph
(c)
(c)

dτ
(Kub + p̄ )
(1 + p̄ )
(K̄ph + q̄)





+ρ̄p (p̄(n) − p̄(c) ) − δ̄p p̄(c) ,




dm̄(c)


= k̄tm r̄(c) + ρ̄m (m̄(n) − m̄(c) ) − δ̄m m̄(c) ,



dτ

(c)



 dr̄2 = −k̄tm r̄(c) + ρ̄r r̄(n) − δ̄r r̄(c) ,



dτ(c)


p̄(c)
dq̄
q̄ (c)



= AT M
−
k̄
− ρ̄q q̄ (c) .
ph
dτ
(1 + p̄(c) )
(K̄ph + q̄ (c) )
(11)
kph t?
K
Km1
αm
AT M
?
,
Here we set: kub := t k4 αp , Kub := αp , AT M := αp , k̄ph := αp , K̄ph := αph
p
?
?
K
k̄Sm = t kSm , K̄Sp := Sp , k̄tp := t ktp , k̄S := t? kS . Then ρ¯s = t? ρs and δ¯s = t? δs
αm

αp

α0

for s = p, m, r, q . We performed simulations of this system, using the values of
the parameters on column 3 of Table 1. Those values have been obtained by
numerical data tting, starting from values found in the biological or modelling
literature on p53. Next we found for each parameter a range of values for which the
oscillations are present. To do this, we xed all the parameters, except for one that
we varied, to assess the response of the system. These ranges correspond in order
of magnitude to the corresponding parameters of many other models [24, 42, 43].
In Figure 1(a) we represent the temporal evolution of nuclear concentrations
of phosphorylated p53 and Mdm2 (respectively q̄ (n) and m̄(n) ). We can observe
sustained oscillations of their concentrations. On 1(b) we show the phase plane
relative to the same simulation where we can observe the corresponding limit cycle
9

in the (q̄ (n) , m̄(n) ) plane (respectively nuclear p53p and M dm2).
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Figure 1: ODE Model. Simulations results. (a): Evolution of nuclear concentrations of
and

p53p

for

AT M = 30,

a value in the range

[1.4, 97.5],
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p53p ).

M dm2

giving rise to sustained oscillations

(see section 3.1.1) . (b): Phase plane relative to the variable
nuclear

3.5

m̄(n)

and

q̄ (n)

(nuclear

M dm2

and

The orbit of the solution tends towards a stable limit cycle.

3.1.1. A supercritical Hopf Bifurcation explains the oscillations

In healthy cells, p53 is targeted by Mdm2-mediated ubiquitination and it is
highly degraded by the cell machinery. The damage sensor ATM is inactive and
no oscillations are present, which our model reproduces accurately, as shown below.
On the contrary, when a damage to the DNA occurs, conformational transformations of both Mdm2 and p53 allow p53 to be released from tight control, allowing
a pool of active p53 to accumulate and oscillations to begin. In system (11) we
set q̄ = p53p as the free and active species and the growth of its concentration is
related to the phosphorylation process, exerted by ATM. Thus, if AT M = 0, i.e.
if ATM is inactive, q̄ tends to zero and no oscillations appear, as is easily seen in
system (11). Using the numerical values given in Table 1, it is possible to numerically determine the coordinates of the equilibrium point for AT M = 0. Setting
c̄ = [p̄(n) , m̄(n) , r̄(n) , q̄ (n) , p̄(c) , m̄(c) , r̄(c) , q̄ (c) ] we calculate the stable equilibrium
point whose coordinates are: c̄ = [0.2364, 0.0024, 0.0125, 0, 0.3028, 0.0029, 0.0005, 0].
Note that in this set of values determined for AT M = 0, the coordinates of the
equilibrium point, owing to the transcription source terms, are nonnegative, except
for the actual activity variables p53p (nuclear and cytoplasmic), that are triggered
from zero only if AT M > 0. Then, by a classical continuation-bifurcation method,
we determined the equilibrium point for each positive value of AT M . When we increase the value of the parameter AT M the equilibrium value of q̄ becomes strictly
positive in the cytoplasm and in the nucleus. As a consequence, the p53-Mdm2
negative feedback turns on and for values of AT M high enough we reproduce the
well-known oscillations of the p53 system. We nd that for values of AT M < 1.4
10
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at a second threshold the equilibrium becomes stable again through a second supercritical Hopf
bifurcation (AT M

∼ 97.5).

and AT M > 97.5, the corresponding equilibrium points of system (11) are stable
since all the eigenvalues of the linearized system are strictly negative [44]. At
AT M ∼ 1.4 and AT M ∼ 97.5 two supercritical Hopf bifurcations occur. Indeed, all the hypotheses necessary to apply the Hopf Theorem are satised [45]
(which we did verify by numerical simulations, data not shown) and a supercritical Hopf bifurcation actually occurs. More technical details about the bifurcation
analysis of this ODE system, will be given in a future work. For all values of
AT M ∈ [1.4, 97.5], the equilibrium point of system (11) is unstable and a stable
limit cycle exist, towards which the solution of the system tends. Thus the system
oscillates and reproduces the observed biological behaviour. As proposed in [22],
our results can be interpreted as follows. If the damage is too low, the cell does
not need to activate the p53 pathway in order to repair. When the damage is high
enough, the p53 pathway needs to be launched and the oscillations begin. On the
contrary, if the damage is too big, the cell does not start repair processes, but
directly launches apoptosis. Figure 2 presents the bifurcation diagram of q̄ (n) and
m̄(n) . The dotted curves represent the value of the unstable equilibrium for each
of the variables. The +-marked curves represent the oscillation amplitude that, as
we can observe, varies slightly. The period of oscillations varies between 25 and
33 min for values of AT M ∈ [1.4, 97.5] (results not shown). This observation is
consistent with biological experiments showing that the amplitude of oscillations
varies with growing damage level, while the period is more stable when the damage level varies [46]. The characteristic period of these numerical simulations is
shorter than the experimental one (∼ 4 − 5h [46]). However, the exact values
of the parameters in Table 1 are not easy to be determined physiologically, and
11

hal-00726014, version 1 - 28 Aug 2012

Param.

kph
Kph
k1
K1
k3
Katm
δm
kSm
kSp
KSp
h
δr
kS
δp
ktm
Vr
ρp
ρm
ρr
ρq

Description

Chosen Value

Dephosphorylation rate

0.1
0.05
100
1.01
1
0.1
0.16
0.005
1
0.1
4
0.0001
0.015
0.2
1
10
0.083
0.04
0.083
0.083

Michaelis dephosporylation constant
Ubiquitination rate
Michaelis ubiquination constant
Phosphorylation velocity
Michaelis phosphorylation constant
Mdm2 degradation rate
basal Mdm2 mRNA transcription rate
p53-dependent Mdm2 mRNA transcription rate
Michaelis p53-dependent Mdm2 mRNA transcription
Hill coecient
Mdm2 mRNA degradation rate
p53 synthesis rate
p53 degradation rate
Mdm2 translation rate
Volume ratio
p53

permeability

Mdm2 permeability
Mdm2 mRNA permeability
p53p

permeability

Table 1: Parameter values for system (10).

Units

Ranges for osc.

µM/min
µM
min−1
µM
min−1
µM
min−1
µM/min
min−1
µM

0.039 ≤ kph ≤ 1.73
0.0001 ≤ Kph ≤ 2.2
30.5 ≤ k1 ≤ 4180
0.023 ≤ K1 ≤ 3.3

adim
min−1
µM/min
min−1
min−1
adim

min−1
min−1
min−1
min−1

xed
xed

0.03 ≤ δm ≤ 0.45
0 ≤ kSm ≤ 0.19

xed

0.06 ≤ KSp ≤ 0.9
h≥2
0 ≤ δmRN A ≤ 0.41
0.001 ≤ kS ≤ 0.02
0 ≤ δp53 ≤ 23
∀ktm ≥ 0.02
0.8 ≤ Vr ≤ 24.2
ρp ≥ 0
ρm > 0
ρr > 0
ρq > 0.01

Starting from values taken from [42, 43] and [24]

we numerically obtained by data tting, a complete set of parameter values that are used in
the sequel for the simulations. Keeping all but one of these parameters xed at these reference
values, and varying the last one, we also calculated ranges of parameters (in projection on each
parameter axis) for which sustained oscillations take place. Note that the parameters
and

kSp

are presented in this table as

xed

k3 , Katm

because they have been xed to constant values by

the change of variables occurring in the nondimensionalisation process (see text in Section 3.1).

we will perform such physiological interpretation only in the PDE case with the
introduction of space. We will indeed show in the next Sections how we can obtain
more realistic periods in our model. From this preliminary study of the ODE compartmental model, we veried, in a simplied setting, that the system proposed
reproduces the expected behaviour, with no need of any articial mechanism. In
the next sections we analyse the behaviour of the system in a spatial setting and
we study its stability under spatial perturbations.
4. Adding the spatial variable: the PDE case

In this section we complete the setting of our model, introducing a spatial
variable.
12

4.1. Mathematical formulation of the model in the 2-dimensional case
Ω2
Γ12
Ω1

Γ3

Figure 3: Domain of the PDE system: we represent the two dierent compartments,
nucleus and
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Γ3

Ω2

for the cytoplasm.

Γ12

Ω1

for the

is the common boundary between the two compartments;

is the exterior boundary, representing the cellular membrane.

We cast our system in a 2-dimensional domain divided into a nuclear and a
cytoplasmic compartment as shown in Figure 3. We set Ω as the entire domain of
the cell and we dene Ω1 as the nuclear compartment and Ω2 as the cytoplasmic
one. We set Γ12 := ∂Ω1 ∩ ∂Ω2 for the common boundary and Γ3 := ∂Ω \ Γ12 .
Each species is a function of time t and position x = (x, y); we suppose that
each species is able to diuse in the cytoplasm and in the nucleus. We include
permeability conditions at the common boundary Γ12 that take into account the
nuclear membrane. As for the ODE case, we nondimensionalise the system. Setting

, . . . , q̄(τ ) =
p̄(ξ, η, τ ) = p(x,y,t)
αp
t
τ = t? , ξ = Lx , η = Ly ,

q(x,y,t)
,
αq

where L, expressed in µm, is some 1-dimensional space parameter related to cell
size, we obtain in Ω1 :
 ∂ p̄
p̄
= D̄p ∆p̄ − kub m̄ (Kubp̄+p̄) − AT M (1+p̄)
+ k̄ph (K¯phq̄ +q̄) ,

∂τ



 ∂ m̄ = D̄m ∆m̄ − δ̄m m̄,
∂τ
h
(12)
∂ r̄
= D̄r ∆r̄ + k̄Sm + (K̄ hq̄ +q̄h ) − δ̄r r̄,


∂τ
Sp


 ∂ q̄
p̄
D̄
∆q̄
+
=
AT
M
− k̄ph (K̄phq̄ +q̄) ,
q
∂τ
(1+p̄)
and in Ω2 :

∂ p̄
p̄

= D̄p ∆p̄ + k̄S − kub m̄ (Kubp̄+p̄) − AT M (1+p̄)
+ k̄ph (K̄phq̄ +q̄) − δ̄p p̄,

∂τ


 ∂ m̄ = D̄ ∆m̄ + k̄ r̄ − δ̄ m̄,
m
tm
m
∂τ
∂ r̄

= D̄r ∆r̄ − k̄tm r̄ − δ̄r r̄,

∂τ


q̄
 ∂ q̄ = D̄ ∆q̄ + AT M p̄ − k̄
q
ph (K̄ph +q̄) ,
∂τ
(1+p̄)
13
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hal-00726014, version 1 - 28 Aug 2012

where we used the same notations as in section 3.1. Notice that, as in [29], we used
Fick's Law to model the diusion of each species concentration. We dened D̄s =
t? Ds
, i = 0, . . . , 3, as the nondimensional diusion coecients, where Ds is the
L2
dimensional diusion parameter of the `s' species, expressed in µm2 /min. Finally,
following [29] and [30], and consistently with the assumptions of the ODE model,
we x Kedem-Katchalsky [47] boundary conditions at the common boundary Γ12
for the species that cross the nuclear membrane from both sides:
 n
 ∂ p̄ = ρ̄p (p̄c − p̄n ) = ∂ p̄c
on Γ12 ,
∂n
∂n
D̄p
(14)
 ∂ m̄n = ρ̄m (m̄c − m̄n ) = ∂ m̄c on Γ12 ,
∂n
∂n
D̄m
meaning that the ux of each species through the nuclear envelope is proportional
to the dierence between the concentrations at the two sides of the membrane.
Notice that the normal vector n is pointing outwards from the nucleus and that
uxes are continuous. We x the following boundary conditions for r̄ and q̄ :
 n
 ∂ r̄ = ρ̄r (−r̄n ) = ∂ r̄c on Γ12 ,
∂n
∂n
D̄r
(15)
c
n
ρ̄
∂
q̄
∂
q̄
q
c

=
q̄
=
on
Γ
,
12
∂n
∂n
D̄q
that include the directionality of transport: r̄, the mRNA of Mdm2, is only able to
exit the nucleus, while q̄ , phosphorylated p53, traverses the nuclear membrane only
towards the nucleus. Again notice that the uxes are continuous. The constants ρ̄s
are the permeability coecients relative to each species and are expressed, in the
dimensional model, in µm/min. We also assume that proteins are not able to exit
the cell and we use Neumann homogeneous boundary conditions on Γ3 (zero-ux)
for all species:
∂s
= 0 on Γ3 , s = p, m, r, q.
(16)
∂n
Since nuclear pores are homogeneously distributed on the nuclear envelope and
far from saturation [30], the choice of Kedem-Katchalsky boundary conditions,
to model membrane permeability [47], is consistent with our environment; see
[29] and references therein for more details on Kedem-Katchalsky conditions in
the case of the nuclear membrane. We emphasize here that the choice of the
boundary condition is coherent with the choice of the ODE model, where we xed
an exchange rule between compartments as the linear contribution of the dierence
of the mean concentrations in each compartment. Let us consider a simplied
system for one generic species s that can only diuse in the domain Ω:
( (n)
∂s
= Dn ∆s(n) in Ω1 ,
∂t
(17)
(c)
∂s
= Dc ∆s(c) in Ω2 ,
∂t
14

and let us couple this system by using the boundary conditions:

Dn

∂s(n)
∂s(c)
= ρ(s(c) − s(n) ) = Dc
∂n
∂n
(n)

on Γ12 ,

(18)

(c)
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closed by the continuity of the ux: Dn ∂s∂n = Dc ∂s∂n . Here again the normal
vector n is the same on both sides. If we integrate over the whole region and
apply Green's formula, we obtain:
( (n)
R
ρ
ds
(s(c) − s(n) )dσ,
=
dt
|Ω1 | Γ12
R
(19)
ds(c)
= |Ωρ2 | Γ12 (s(n) − s(c) )dσ,
dt
thus reducing the initial system (17) to system (19) above, in agreement with
equations:
ds(n)
ds(c)
= ρVr (s(c) − s(n) ),
= ρ(s(n) − s(c) ),
(20)
dt
dt
which corresponds to our choices in the ODE model.

4.2. Spatial parameters
In this new setting, the number of parameters of the system has increased.
Diusion and permeability coecients need to be set accordingly to the biophysical
knowledge of the cellular environment and molecular species. Since, according to
[29], the diusion coecient of a general protein with a mass of about 40kDa is
roughly 600µm2 /min, we take this value as a reference for all the protein species,
p53 and Mdm2, in the nucleus and in the cytoplasm. Using single molecule tracking
and statistical analysis, recent works managed to calculate the mRNA diusion
coecient [48, 49, 50] and found that the coecient of a single mRNA particle is
∼ 6 − 30µm2 /min, i.e., the ratio between mRNA and protein diusion coecients
is about 1 : 100. Concerning the permeability coecient, we supposed, to tie in
with this diusion coecient ratio, that the ratio between the mRNA and the
protein permeability coecient is 1 : 100. In the sequel, all the simulations will be
done for values of parameters listed in Table 2.

4.3. Simulations results in a 1-dimensional domain
We begin the study of the system in a simplied 1-dimensional domain, plotted
in Figure 4. This domain is given by two adjoining segments that represent the
cytoplasmic and nuclear compartments. We x an interval [a, c] = [0 , 10] (in µm),
[a, c] = [a, b]∪[b, c], with [a, b] = [0 , 9] the cytoplasmic compartment, and [b, c] =
[9 , 10] the nucleus, as shown in Figure 4. We performed all simulations using nite
dierences schemes and we used a basic IMEX numerical scheme. For further
details see [52]. Even if the geometry is oversimplied, there is a striking dierence
15

Parameter
Dp
Dm
Dr
Dq
ρp
ρm
ρr
ρq

Description
p53 Diusion coecient
Mdm2 Diusion coecient
Mdm2 mRNA Diusion coecient
p53P Diusion coecient
p53 permeability coecient
Mdm2 permeability coecient
Mdm2 mRNA permeability coecient
p53p permeability coecient

Value
600µm2 /min
600µm2 /min
6µm2 /min
600µm2 /min
10µm/min
10µm/min
0.1µm/min
10µm/min

Table 2: Parameter values for the 1-dimensional and 2-dimensional model.

Reference
[29, 51]
[29]
[48, 49]
[29, 51]
obtained
obtained
obtained
obtained

The permeability

coecients are obtained by numerical data tting. A more accurate description of the choice of
the permeability parameter is done in section 4.4.2.
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Ω2

Ω1

a

b

c

Figure 4: A 1-dimensional simplied domain of the cell.

with with the ODE case. The protein ux from one compartment to the other is
not given, as in the ODE case, by an average of the total concentration over the
whole compartment, but by the protein concentration that actually exists at the
membrane location. In order to test whether the system reproduces the oscillatory
behaviour observed in the ODE case, rst we analyse it by following the variations
of the AT M parameter. As explained above, this parameter is meant to represent
the DNA damage and it is the switch that turns on the system, giving rise to
robust oscillations. In the sequel we x a time duration of 500 min to compare
the results for dierent values of the parameters. We observed, see Figure 5(a),
that for values of AT M < 2, rst the system tends towards a stable equilibrium,
then starts to produce damped oscillations (Figures 5(c) and 5(e)). Oscillations
become undamped and their amplitude rises when AT M > 2, see Figures 5(d),
5(f). As for the ODE case, oscillations disappear again for values of AT M higher
than a second threshold (∼ 45). It is known from in vitro observations [2, 46] that
the period of oscillations is stable over dierent irradiation doses and consequent
damages. The same behaviour may be observed on our simulation results that
show that once the undamped oscillations occur, the period varies between 26 and
40 minutes. See Figure 5(b) where we plotted the number of peaks of the sustained
oscillations observed in 500 min, against AT M variations.
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Figure 5: 1-dimensional PDE model. (a): amplitude of oscillations of

over time,

q (n)

AT M = 3

as a function of

AT M .

(b): Number of sustained oscillations peaks observed in a xed duration of 500 minutes. Oscillations in the 1-dimensional case: (c),(d) evolution of p53 concentration, nuclear compartment.
(e), (f ): evolution of Mdm2 concentration, nuclear compartment. Undamped oscillations occur
only for value of

AT M > 2 (AT M = 0.2).

4.3.1. The response of the system is robust upon changes of the diusion coecients.

Once the oscillatory regime is established, we can vary the spatial parameters, namely diusion and permeability, to understand how the system responds
to spatial perturbations. In Section 4.2 we pointed out that the physiological ratio
between protein and mRNA diusion is about 100:1. Keeping this ratio xed, we
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Figure 6: Oscillations in the 1-dimensional PDE case. If the ratio between protein to mRNA
diusion is kept 100:1, varying the diusion coecient does not compromise the oscillatory
behaviour of the system. (a): amplitude of oscillations of
Number of peaks of the sustained oscillations during
(c): Evolution of

q (n)

500

q̄ (n)

over the diusion coecients. (b):

min for each diusion coecient value.

over time, for a diusion coecient equal to 50 and

1200µm2 /min.

performed simulations, varying only the diusion coecients. Our results show
that the oscillatory behaviour is highly robust over a wide range of variation for
the diusion coecient. Oscillations arise for low diusion coecient (see Fig.
6) and remain active for very large values of the parameters. The amplitude of
oscillations decreases slightly with the diusion coecient but the period of oscillations is almost constant. We can observe damped oscillations for values of protein
diusion lower than 10µm2 /min, but once this threshold is crossed, undamped oscillations arise with a period of about 35 minutes (lower than the period observed
in biological experiments [2, 46]). Conversely, if simulations are performed with a
1:1 ratio between mRNA and protein diusion, oscillations disappear quickly, for
18

diusion values D ≥ 100, as shown in Figure 7. This suggests that the dierence
between mRNA and protein diusion coecients is crucial to the oscillations of
the system.
10

nuclear p53p

8
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Figure 7: 1-dimensional PDE model. Temporal evolution of nuclear

p53p

and

M dm2

concentra-
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tions. For homogeneous values of the diusion coecient (ratio 1:1) only damped oscillations
occur. Here we xed

Ds = 200,

for

s = p, m, r, q .

All the other parameter values are xed to the

reference ones reported in Table 1 and 2.

4.3.2. Low permeability is essential for oscillations in the 1-D case.

We analysed the behaviour of the system under variations of the permeability
coecient. In order to cross the nuclear membrane, proteins and RNAs need to
pass through large protein channels, called nuclear pore complexes (NPCs), that let
only authorised molecules to pass through. Even though a nuclear pore can be up
to 100 nm long [53] and the access to the pore is highly controlled, the translocation
pathway is impressively ecient. The mass ow through a single NPC can be up
to 80 M Da/s [54] and the time needed for translocation through the pore lasts
only 5-7ms [55]. In order to understand whether the permeability parameter is
determinant for the model behaviour, we performed numerical simulations for
dierent permeability values. As in Section 4.3.1, the ratio between the diusion
coecients of protein and mRNA has been set to 100:1. In the 1-dimensional case,
undamped oscillations occur for values of the permeability ρs included between 3
and 20 µm/min. Some damped oscillations still appear for values of the parameter
ρs ∈ [20, 40], as shown in Figure 8. We also notice that, unlike in the previous
experiments on diusion coecients, the period of the oscillations depends highly
on permeability variations. Figure 8(b) shows the number of peaks of p53 level
observed in 500 minutes.
These rst results bring out the importance of the spatial variable: analysing
variations of the system with respect to coecients that could not be studied in
the ODE case, we have pointed out the strong dependence of the solution upon the
permeability coecient. However, the range of values over which we can observe
the expected oscillatory behaviour is lower than the permeability values proposed
19
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Corresponding number of oscillations in 500 min.

in the literature (see e.g. [30]), that range around 100 µm/min−1 . We also noticed
that dierent diusion coecients did not inuence - neither qualitatively nor
quantitatively - the behaviour of the system. Since the 1-dimensional case is an
oversimplied model of the cell, where the nuclear membrane is reduced to a single
point and diusion is too fast to allow for signicantly dierent behaviours, we
will now analyse the behaviour of the model in a still simple, but more realistic,
2-dimensional domain.

4.4. Results in the 2-Dimensional domain
In this section we analyse the system in a 2-dimensional cell-shaped domain.
All simulations have been performed using the open source tool FreeFem++ 1 . For
our simulations we chose the domain represented in Fig. 9, where the total area
is of about 300 µm2 , while the ratio between cytoplasmic and nuclear areas is
10 : 1. These values will be varied only when specied. References values for
spatial parameters have been reported in Table 2. Most importantly, we remark
that all the following simulations are done for the value of AT M = 3, for which
sustained oscillations occur. As we veried by numerical simulations, also in the
2-dimensional case, sustained oscillations occur for values of AT M higher than a
minimum threshold and disappear if the value of AT M is too high.
We reproduced the spatial dynamics of the p53-Mdm2 system, as observed in
[2, 46]. As can be observed in Figure 10, 30 min after damage sensing, the p53
protein accumulates in the nucleus. A rst peak of p53 concentration appears 1
1 FreeFem++ (http://www.freefem.org/++/) is a computer language dedicated to the nite
element method, developed at Jacques-Louis Lions Laboratory, Pierre et Marie Curie University
(UPMC), Paris.
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Figure 9: Simulation domain of the 2-dimensional PDE model, Volume ratio:

(C : N ) = 10 : 1

hour after the start of simulations. Then the cytoplasm and the nucleus empty and
a second cycle starts. Oscillations of Mdm2 follow, see Figure 11. The period of
oscillations is about 300 min and corresponds to the actual period experimentally
observed [2, 46].

Figure 10: 2-dimensional PDE model. Spatial distribution of

p53p

at dierent time-step on the

reference domain. Phosphorylated p53 spatial distribution and temporal evolution. As observed
in biological experiments [2, 46] p53 accumulates in the nucleus.

The peak of p53 protein is

observed at 1h from damage sensing. Then the level of p53 steps back towards the initial state.

4.4.1. Oscillations exist for realistic protein and mRNA diusion values.

Following the results of [48, 49] and the numerical results of the previous section, we xed the protein to mRNA diusion coecient ratio to 100 : 1. As in
21
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Figure 11: 2-dimensional PDE model. Mdm2 evolution in time and space. As shown in biological
experiments, the peak level of Mdm2 follows the peak of p53 [46]. The peak of nuclear Mdm2
takes place at t=2h, while p53 peaks at t=1h. To compare with p53 evolution, see Figure 10.

section 4.3.1, we observe a robust oscillatory behaviour, with sustained oscillations occurring for diusion values ranging in [10, 1000]µm2 /min (see Table 3 and
Figure 12). Comparing these results with the 1-dimensional case, we remark that
diusion values play a more important role. Indeed in Section 4.3.1 we obtained
an oscillatory behaviour for all diusion values > 10 µm2 /min. Adding the second
dimension to the system, we remark instead that oscillations disappear for values
of the diusion coecient higher than 1000 µm2 /min, which implies that very
fast diusion of molecules prevents the occurrence of oscillations. This emphasizes
the importance in the 2D model of spatial diusion, with physiological values for
the diusion cecients. As shown in [51] experimentally observed p53 mobility
reduces drastically after DNA damage, and its diusion coecient passes from ∼
18 µm2 /s to ∼ 3 µm2 /s (1000 µm2 /min - 180 µm2 /min), within 8 hours. This reduced mobility is probably due to increased protein-protein interactions and DNA
binding of active p53. Interestingly, the oscillatory dynamics is captured by our
model for all those dierent values. Nevertheless, we did not consider the diusion
of p53 as a function of time and DNA damage, which is an open option left for
future works.

4.4.2. Period depends on permeability, but sustained oscillations are always present.
We tested again the robustness of the system towards perturbations of the
permeability coecients. We know, from the previous section, that in the 1dimensional case the response of the system is sensitive to permeability variations.
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expressed in

µm2 /min.

In the 1-dimensional setting, oscillations disappear for permeability values lower
than the realistic ones (see [30]). In the 2-dimensional model the system reacts in
a dierent way, and we can observe oscillations over a much larger range of the
permeability coecient. We set the diusion constant to 600µm2 /min for proteins
and to 6µm2 /min for the variable r, representing the mRNA, and we varied the
permeability coecient.
In the 2-dimensional case the system is much more robust and oscillations
arise for permeability values strictly higher than 5 µm/min. We notice that the
amplitude of oscillations is almost constant (see Figure 13(a)), whereas, again, it
is the period of oscillations that exhibits the most remarkable variations. It varies
from 250 min for permeability values of 10µm/min to about 40 min when the
permeability is set to 200 µm/min (and 2 µm/min for the mRNA), see Fig 13(b)
and Table 3.
We notice that, in the 2-dimensional setting, the period of oscillations strongly
depends on these spatial coecients. For high permeability constants the frequencies of oscillations are high, while for lower permeabilities we can reproduce the
period of in vitro observations (about 4-5h, [2]).
The discrepancy between our values and those found in the literature could
be due to the simplication of the transport machinery used in our model. We
supposed indeed that proteins could traverse the nuclear membrane by themselves,
which is not the case. Proteins like p53 or Mdm2 need to be carried by a chaperone
through the membrane and then be released in the destination compartment. The
translocation process imply a number of reactions, like the recognition by the
importin and exportin proteins and the binding (and unbinding) to the small
GTPase RAN, that handle the directionality of the transport. The time needed
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Figure 13: 2-dimensional PDE model. Oscillations in the 2-dimensional case. Variations according to the permeability coecient: in the 2-dimensional domain, undamped oscillations appear
for a wide range of permeability values (see Table 3). In (a) we plotted the amplitude of oscillations for
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while in (b) we plotted the number of oscillations in 500 min. The protein to
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mRNA permeabilty ratio is xed to 100:1.

Parameter
V ol
Vr
ρs
Ds

Description
Total area of the simulations domain
Volume ratio Cytoplasm:Nucleus
Protein permeabilities
Protein diusion coecients

Ref. values
300µm2
10
10µm/min
600µm2 /min

values for oscillations
V ol > 0(µm2 )
2 ≤ Vr ≤ 100
5 ≤ ρs ≤ 5000(µm/min)
10 ≤ Di ≤ 1000(µm2 /min)

Table 3: Parameter ranges of spatial values for which oscillations occurs. Remark: As explained
within the text, the ratio protein diusion:mRNA diusion has been xed to 100:1. Consistently
to this choice also the ratio protein permeability:mRNA permeability has been xed to 100:1.
Range of parameters obtained as in Table 1.

for these events to occur is not taken into account by our model and this led us
to set low permeability values, namely 10µm/min instead of 100µm/min [30], in
order to get oscillations with the period observed in the literature. Note that this
point is more extensively commented on Section 6.

4.4.3. Period depends on the total volume of the cell rather than on cytoplasmic
to nuclear volume ratio.

The spatial treatment of the problem allowed us to analyse the response of
the model in dierent domains. Numerical simulations have been performed over
a large range of domains having dierent total area, while the ratio between cytoplasmic and nuclear area was kept x at 10 : 1. Our results show that the
oscillatory dynamics is the constant response of the system. However the period
of oscillations depends on the total volume of the in silico cell, see Fig. 14(b). For
smaller volumes, the period is shorter and it rises with the volume. We observed
variations between 55 and 1000 min.
We also analysed how the nuclear:cytoplasmic volume ratio aects the response
24

of the system. In this case, we xed the total area to 300µm2 (Figure 9), and we
varied the nuclear area. Here again, the temporal dynamics of the system is
oscillatory and oscillations do not depends on the volume ratio. The period of
sustained oscillations varies between 175 and 400 min. Two or three peaks of p53
level (in the xed time lapse of 500 minutes) can be observed in Figure 15(b) for
volume ratios varying between 2 and 100. See Figures 14 and 15 below and Table
3 for more quantitative details.
One can remark that the dynamics of the system is robust as sustained oscillations can be observed over dierent domains. This information let us speculate
that the role of oscillations is crucial for the p53-Mdm2 system. Indeed, even if
we change drastically the physical environment, or the cell shape (as we will see
in the next section), sustained oscillations are always present.
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4.4.4. The geometry of the domain does not change the dynamics of the system.

We analysed the behaviour of the system over dierent geometric domains:
rectangular, elliptic and `cell-shaped' domains. In accordance with Terry et al
[56] we conclude that the geometry of the domain does not inuence the dynamic
response of the system. In Figure 16, we reported the cellular domain used in
simulations and the corresponding temporal evolution of nuclear and cytoplasmic
levels of p53, all three domains having approximately the same area and same
volume ratio. As can be seen, the reproduced temporal dynamics of the three
systems are the same. Furthermore, the spatial dynamics does not depend on
the shape of the domain, as can be observed in Figure 17 where we reported the
simulations results in two dierent domains.
We also performed simulations locating the ribosomes, the big protein complexes, scattered within the cytoplasm, that translate the mRNAs into proteins.
We designed the spatial distribution of ribosomes in such a way that their total
concentration did not change, varying only their location. To do this, we considered dierent functions dened on the domain of Figure 9, all having the same
mean. No inuence of the ribosome location could be observed and we could
conclude that the oscillatory behaviour is robust upon changes on the location
of ribosomes. This result diers from [27] where the authors stated that the p53
oscillatory response was dependent on ribosome location. However the same authors in [28], when more precisely studying the spatial distribution of ribosomes,
observed a lower inuence of this location. In an equivalent manner, we changed
the transcription locus in the nucleus, where the mRNA of Mdm2 is produced.
We xed the mean of the function representing the transcription domain and we
varied its location within the nucleus. Also in this case, we could not observe any
quantitative or qualitative variation of the cell behaviour.
5. Summary of the results

In this work we studied a new model for p53 which describes both its temporal and spatial dynamics. Considering only the basic pathways and the distinction
between nucleus and cytoplasm we have reproduced the spatial and temporal oscillations of the p53-Mdm2 system. Firstly, we have shown that we could reproduce
sustained oscillations for the p53-Mdm2 network by considering a nuclear and a
cytoplasmic compartment, without further introduction of intracellular space, in
Section 3.1. Next we studied a PDE model by introducing a spatial variable in
the previously designed ODE model. We were able to reproduce oscillations with
the period observed in in vitro experiments, namely 4 - 5 hours [2], using realistic
diusion coecients, by this addition of a spatial variable. Furthermore we observed that the response of the system strongly depends on the spatial coecients
of the system (diusion, permeability, total volume of the cell), which points out
26

Figure 16: 2-dimensional PDE model. Dierent simulation domains having the same total volume
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and same nucleus to cytoplasmic volume ratio, lead to similar oscillatory behaviours of nuclear
and cytoplasmic concentration of phosphorylated p53.

the signicant role of space in the p53 system. Moreover by means of the PDE
model, we have also shown that, using realistic diusion coecients for protein and
mRNA [48, 49, 50, 51], it is possible to reproduce the oscillatory p53 regime with
the exact observed period of oscillations, and that these oscillations are present
for all known values of p53 diusivity [51] (knowing that p53 mobility is reduced
after DNA damage).
We have also studied how the system responds to variations in permeability
coecients, total volume and nuclear to cytoplasmic volume ratio. We have shown
that the oscillatory response is robust towards such variations, and that the period
of oscillations depends on the permeability coecient, and also on the total volume
of the cell.
The distinction between nucleus and cytoplasm is the characteristic feature of
eukaryotic cells. We think that a model of signal transduction needs to consider
this basic and simple distinction in order to be consistent with common knowledge
of the intracellular biology and topology.
6. Conclusions and Perspectives

We have proposed in this paper a model for p53 nuclear accumulation. We have
shown that the negative p53-Mdm2 feedback reproduces the oscillatory behaviour
observed in cultured cells, if the distinction between the nuclear and cytoplasmic
compartments is taken into account. This implies locating the main cellular processes and making explicit the delays due to transcription, translation and translocation between compartments. Firstly, we have studied the response of the ODE
27
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(a)

(b)

Figure 17: 2-dimensional PDE model. (a): p53 oscillations in the 2-dimensional case: after 30
minutes the concentration of the molecule accumulates in the whole cell. Then the nucleus lls
up and the cytoplasmic concentration decreases. The cycle starts again. (b): spatial dynamics
of p53 in the reference domain. The spatial and temporal dynamics do not depend on cell shape.
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dierential system, and we have veried that the dynamics of the network proposed was the expected one. We have reproduced undamped oscillations against
ATM variations showing the existence of a Hopf supercritical bifurcation. Then we
have introduced a spatial variable and numerically analysed the simulation results
in the new PDE setting. Our choice to develop a spatial model of the p53 network
has led us to remark that taking into account physiological phenomena within the
cellular space explains in biologically relevant details the expected oscillations. We
have shown that the experimental diusion values t our model and reproduce the
oscillatory behaviour with a good estimation of the period observed in vitro. We
have provided evidence that the oscillatory behaviour of the system is also robust
towards variations of the nuclear to cytoplasmic ratio and of cell shapes. This allows us to speculate that such a robust response of the system towards changes in
physical coecients, as cell volume, diusion coecient or volume ratios, testies
the crucial role of oscillations in the p53 system.
It is worth noting that the permeability values that reproduce the physiological
behaviour in our model are lower than the values proposed in other works [29,
30]. We believe that, taking into account more signalling pathways involved in
the import and export nucleocytoplasmic machinery should permit to consider
more realistic permeability values. Indeed, it is known that the translocation
rate is given by the nucleocytoplasmic transport machinery [50], and not by the
translocation through the nuclear pore complexes, since the time during which
molecules bind to the central region of the nuclear pore is very low [55]. Thus to
take into account more realistic transport timing it would be important to couple
the model we have designed with the model of nucleocytoplasmic transport studied
in [29]. Preliminary studies with compartmental models are under way. It would
also be interesting to model the cytoskeloton activity in the transport mechanism,
as done in [28, 29]. It has indeed been shown that p53 uses the microtubule
laments in order to get to the nucleus faster [57, 58]. However, there is still
no experimental evidence for a role of microtubules in Mdm2 cytosolic transport.
Another important extension of our model, that would introduce more realism,
would be to include the third dimension and explore the behaviour of the system
in the 3-dimensional setting.
To conclude on a medically oriented note, the simplicity of the network considered in this work may oer in the future an eective tool to understand the
eects of known mutations of p53 with respect to the dierent mechanism that we
represent in our model, as nuclear import, translation, or phosphorylation. Indeed
p53 is known to be mutated in more than 50% of cancer cells and it is a future
goal with possible pharmacological and clinical consequences for us to understand
how these mutations inuence the spatio-temporal dynamics of p53.
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