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Abstra t
We investigate existen e and uniqueness of duality solutions for a s alar onservation
law with a nonlo al intera tion kernel. Following [3℄, a notion of duality solution for su h
a nonlinear system is proposed, for whi h we do not have uniqueness. Then we prove that
a natural denition of the ux allows to sele t a solution for whi h uniqueness holds.

1

Introdu tion

At a ontinuous level, many physi al or biologi al systems are modelled thanks to s alar onservation laws. In this note we will fo us on a weakly nonlinear system of the kind :

∂t ρ + ∂x (a(u)ρ) = 0,

∂x u = ρ,

(1.1)

where a is a given smooth fun tion, a ∈ C 0 (R). This system is omplemented with the initial
data ρ(t = 0) = ρ0 . We noti e that we an rewrite (1.1) as a single equation sin e we have
u = H ∗ ρ where H is the Heaviside fun tion and we re over the so- alled non lo al aggregation
equation. This model arises in several appli ations in physi s and biology where a self- onsistant
intera tion eld u governs the evolution of a density of population ρ. Then u is dened as
u = −∂x φ where φ is the intera tion potential. For instan e, in the modelling of ell movement
by hemotaxis, φ is the on entration of some hemi al alled hemo-attra tant (when a is
non-in reasing) or hemo-repellent (when a is non-de reasing) whi h drives the dynami s of
individuals (ba teria). In gas dynami s, this model an be derived thanks to a high-eld limit
from the VlasovPoissonFokkerPlan k system [7℄, a nonin reasing (resp. nonde reasing) a
orresponds the to the repulsive (resp. attra tive) ase.
From a mathemati al viewpoint, it is well-known that in the attra tive ase, i.e. when a is
non-in reasing, nite time blow-up of regular solutions for su h system o urs (see e.g. [1℄ and
1

referen es therein). Therefore one has to look for solutions ρ whi h are measure-valued in spa e,
whi h generates several di ulties, be ause the velo ity a(u) turns out to be dis ontinuous, so
that the produ t in the divergen e term is not well dened, and the orresponding ow has to
be dened autiously. A re ent approa h onsists in using te hniques from optimal transport,
see [4℄. Another possibility is to dene a priori the produ t. For the VlasovPoisson system,
this has been done in [7℄.
The aim of this note is to interpret (2.2) as a linear onservation equation solved in the
duality sense [2℄, the produ t being dened afterwards, following the strategy introdu ed in [3℄
for pressureless gases. Therefore we re all in the next se tion the notion of duality solutions
and some useful results. In Se tion 3 we state and prove the main result on erning existen e
and uniqueness of duality solutions of system (1.1). Se tion 4 is devoted to some examples of
appli ations of this result.

2

Duality solutions for linear equations

The notion of duality solutions was introdu ed in [2℄ to give a sense to linear onservation
equations
∂t ρ + ∂x (bρ) = 0,
(2.2)
when the oe ient b an be dis ontinuous but satises the so- alled one-sided Lips hitz (OSL)
ondition
∂x b(t, .) ≤ β(t)
for β ∈ L1 (0, T ) in the distribution sense.
(2.3)
Duality solutions are dened as weak solutions, the test fun tions being spe i Lips hitz solutions to the ba kward linear transport equation

∂t p + b(t, x)∂x p = 0,

p(T, .) = pT ∈ Lip(R).

(2.4)

Denition 2.1 1. We say that a Lips hitz solution p to (2.4) is a reversible solution if p
is lo ally onstant on the set
n
o
Ve = (t, x) ∈ [0, T ] × R; ∃ pe ∈ E, pe (t, x) 6= 0 .

2. We say that ρ ∈ C([0, T ]; Mloc(R) − σ(Mloc, Cc )) is a duality solution to (2.2) if for
any 0 < τ ≤ RT , and any reversible solution p to (2.4) with ompa t support in x, the
fun tion t 7→ R p(t, x)ρ(t, dx) is onstant on [0, τ ].

The most important fa ts for our purpose on erning duality solutions are gathered in the
following theorem.

Theorem 2.2 (Bou hut, James [2℄)
1. Given ρ◦ ∈ Mloc(R), under the assumptions (2.3), there exists a unique ρ ∈ C([0, +∞[, Mloc(R)),
duality solution to (2.2), su h that ρ(0, .) = ρ◦ .
Moreover, if ρ◦ is nonnegative, then ρ(t, ·) is nonnegative for a.e. t ≥ 0. And we have the
mass onservation |ρ(t, ·)|(R) = |ρ◦ |(R), for a.e. t ∈]0, T [.
2

2. Ba kward ow and push-forward: the duality solution satises
∀ t ∈ [0, T ], ∀ φ ∈ Cc (R),

Z

φ(x)ρ(t, dx) =

R

Z

(2.5)

φ(X(t, 0, x))ρ0 (dx),
R

where the ba kward ow X is dened as the unique reversible solution to
∂t X + b(t, x)∂x X = 0

in ]0, s[×R,

X(s, s, x) = x.

3. There exists a bounded Borel fun tion bb, alled universal representative of b, su h that
bb = b almost everywhere, and for any duality solution ρ,
∂t ρ + ∂x (bbρ) = 0

in the distributional sense.

(2.6)

Remark 2.3 A similar notion of duality solution for theR transport equation is available ∂t u +
x
b∂x u = 0, and ρ is a duality solution of (2.2) i u =
ρ is a duality solution to transport
equation (see [2℄).
We shall need also the following result whose proof an be found in [3℄ (Theorems 3.1 and
3.2)

Theorem 2.4 Let f ∈ C 1 (R). Let M be an entropy solution to the onservation equation
∂t M + ∂x f (M) = 0,

with nonde reasing initial datum M 0 . Then ρ := ∂x M is a duality solution to
∂t ρ + ∂x (bρ) = 0

where we an hoose b = f ′ (M) a.e. Moreover, for all t ∈]0, +∞[, ∂x b ≤ 1/t and its universal
representative bb satises ∂x f (M) = bb∂x M.

3

Duality solutions for weakly nonlinear equations

We introdu e the following notion of duality solution for the oupled system (1.1), inspired by
the strategy used in [3℄ for pressureless gases (see also se tion 4.2 below).

Denition 3.1 We say that (ρ, u) is a duality solution of (1.1) on ]0, T [ if there exists a bounded
Borel fun tion b with ∂x b ≤ α ∈ L1loc (0, T ) su h that
1. for all 0 < t1 < t2 < T , ∂t ρ + ∂x (bρ) = 0 in the sense of duality on ]t1 , t2 [,
2. we have ∂x u = ρ in the weak sense,
3. b = a(u) almost everywhere.

3

We underline at on e the fa t that this denition does not lead to uniqueness as it stands.
Indeed, assume that a is a non-in reasing C 1 fun tion on R and take for initial data ρ0 = δx0 , a
Dira measure in x0 ∈ R. Looking for a solution as a Dira mass
 δx1 (t) , thanks to Remark 2.3 we
solve the transport equation with oe ient a H(x − x1 (t)) , where H denotes the Heaviside
fun tion. Then δx1 (t) , H(x − x1 (t)) is a duality solution of (1.1) in the sense of Denition 3.1,
provided that x1 (0) = x0 and that the admissibility ondition a(1) < x′1 (t) < a(0) holds. Thus
we have an innite family of duality solutions.
Therefore the main result of this note is to explain how a more pre ise des ription of the
produ t bρ in the s alar onservation equation allows to re over uniqueness. It is a tually given
in a very naive way by writing a(u)ρ = a(u)∂x u = ∂x A(u), where A is an antiderivative of a.
This hoi e an be justied in a more rigourous way when the system (1.1) is obtained as the
hydrodynami limit of a kineti system, as it is the ase both in [6℄ and [7℄. It turns out
R that the
previous formal omputation is orre t at the kineti level, so that the ux Jε := ξfε (ξ) dξ ,
where fε is the distribution fun tion of parti les, a tually onverges to J = ∂x A(u), whi h
denes the ux of the onservation equation. The point now is to justify that this an be used
to solve the onservation equation in the duality sense.

Theorem 3.2 Let ρ0 ∈ Mloc(R), ρ0 ≥ 0. There exists a unique duality solution (ρ, u) to the
non lo al intera tion equation (1.1) in the sense of Denition 3.1, whi h satises bbρ = ∂x (A(u))
where A is an antiderivative of a.
Moreover, if a is a non-in reasing fun tion (i.e. in the attra tive ase), there exists a ow
asso iated to a(u), in other words, there exists a Lips hitz fun tion X su h that ρ(t) = X(t)# ρ0 .
Proof.

Let us denote by u the entropy solution of equation

∂t u + ∂x A(u) = 0,

(3.7)

Rx 0
with initial data u0 :=
ρ (dx). From Theorem 2.4, ρ := ∂x u is a duality solution of ∂t ρ +
∂x (bρ) = 0 where we an hoose b = a(u) almost everywhere and it is the unique solution
satisfying bbρ = ∂x A(u). Indeed if we have two su h nonnegative solutions ρ1 = ∂x u1 and
ρ2 = ∂x u2 , then u1 and u2 are monotonous solutions of (3.7). Thus they are entropy solutions
of this s alar equation and u1 = u2 .
In the attra tive ase, the entropy solution u is nonde reasing. Therefore ρ := ∂x u is
nonnegative and ∂x a(u) = a′ (u)∂x u ≤ 0 sin e in the attra tive ase a is non-in reasing. Thus
the velo ity eld a(u) satises the OSL ondition (2.3) and from Theorem 2.2 (ii) there exist a
ba kward ow X su h that (2.5) is satised.
In the general ase, we an apply the lassi al Oleinik entropy ondition and get that ∂x b ≤
1/t. Then the solution is dened on all ]t1 , t2 [ for 0 < t1 < t2 < T and the ow annot be
dened up to 0.

4

Examples

4.1 Positive hemotaxis
Equation (1.1) for a non-in reasing fun tion a an be obtained from a hydrodynami al limit of
a kineti model des ribing positive hemotaxis (see e.g. [5, 6℄). Thus from Theorem 3.2, there
4

exists a ow X su h that ρ = X# ρ0 . Let us rst ome ba k to the example in subse tion 3.1:
we assume that a is a given non-in reasing C 1 fun tion and take ρ0 = δx0 . Then we solve the
Riemann problem
∂t u + ∂x A(u) = 0,
u(t = 0, x) = H(x − x0 ),
where A is a on ave fun tion. Then the entropy solution is given by u(t, x) = H(x − x1 (t))
where the Rankine-Hugoniot ondition implies x′1 (t) = A(1) − A(0). Thus the unique duality
solution in the sense of Theorem 3.2 is given by (ρ, u) = (δx1 (t) , H(x − x1 (t))) where x1 (t) =
x0 + (A(1) − A(0))t.
On the other hand, if we look for a solution in the form ρ(t) = δx1 (t) , then u(t, x) =
H(x − x1 (t)). Integrating equation (2.6) we get that bbρ = −∂t u = x′1 (t)δx1 (t) . By deriving
in the distribution sense A(u), we get that the denition of the produ t in Theorem 3.2 bbρ =
∂x A(u) is satised if and only if x′1 (t) = A(1) − A(0), thus we re over the Rankine-Hugoniot
ondition. Hen e the denition of the produ t allows to sele t one solution among those found in
subse tion 3.1. It givesPmore generally the dynami of aggregates, whi h are modelledP
by a sum
0
′
of Dira masses ρ =
mi δxi . A similar omputation gives the velo ity xi (t) = A( i mj ) −

P
A( i−1 mj ) /mi . Noti e that the velo ity of ea h aggregate is dened by a lo al equation,
despite the fa t that the initial equation is non lo al. In the parti ular ase where A is stri tly
on ave, aggregates ollapse in nite time.

4.2 High eld limit of VlasovPoissonFokkerPlan k
In [7℄, the authors prove that solutions to the VlasovPoissonFokkerPlan k system onverge
in the high eld limit to solutions of (1.1) where a(u) = u in the repulsive ase and a(u) = −u
in the attra tive ase. To do so, the authors dene a weak produ t ρu, whi h an be proved
to oin ide with the one used here. Applying Theorem 3.2 we an re over the result stated
in Theorem 2 of [7℄ : there exists a unique global in time solution of (1.1) in the distribution
sense su h that the produ t ρu = ±u2 /2. Moreover, in the attra tive ase, there exists a ow
X su h that ρ = X# ρ0 , and the dynami s of aggregates is similar to the one of hemotaxis. In
the general ase, the Oleinik entropy ondition gives that ρ ≤ 1/t. Finally, we noti e that the
result of [7℄ has been extended in two dimensions by Poupaud in [8℄ by using defe t measures
to dene the produ t of ρ by u. However, there is no uniqueness of solutions.
To on lude, we fo us on the onne tion between pressureless gases and the VlasovPoisson
FokkerPlan k limit whi h is mentioned in [7℄. The pressureless gases system reads

∂t (ρv) + ∂x (ρv 2 ) = 0.

∂t ρ + ∂x (ρv) = 0,

(4.8)

Bou hut and James in [3℄ introdu ed the notion of duality solution to (4.8):

Denition 4.1 We say that a ouple (ρ, q), ρ, q ∈ C([0, T [; Mloc(R)), ρ ≥ 0, is a duality
solution to (4.8) if there exists b ∈ L∞ (]0, T [×R) and α ∈ L1loc (]0, T [) satisfying ∂x b ≤ α in
]0, T [×R su h that
1. For all 0 < t1 < t2 < T , we have in the sense of duality on ]t1 , t2 [×R
∂t ρ + ∂x (bρ) = 0,

2. bbρ = q .
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∂t q + ∂x (bq) = 0;

The existen e result for the Cau hy problem with initial data (ρ0 , q 0 ) strongly exploits the
relationships between (4.8) and the onservation law ∂t u + ∂x A(u) = 0, where ρ = ∂x u, q =
∂x A(u) and A is determined by ρ and q . Uniqueness follows if A an be dened by the initial
data, whi h enfor es additional onditions on (ρ0 , q 0 ).
In the ontext of VlasovPoissonFokkerPlan k, the fun tion A is given: A(u) = −u2 /2
(attra tive ase) or A(u) = u2 /2 (repulsive ase). Therefore we propose the following variant to
the results of [3℄.

Theorem
4.2 Let ρ0 ∈ Mloc(R), ρ0 ≥ 0 and A ∈ C 1 (R). Dene q 0 = ∂x A(u0 ), where u0 =
Rx 0
ρ . Then there exists a duality solution (ρ0 , q 0 ) of the pressureless gases system (4.8) in the
sense of Denition 4.1. Moreover Rthis solution is the unique duality solution whi h satisfy the
relation bbρ = ∂x [A(u)], where u = x ρ(dx).

This theorem is proved in the same way as Theorem 3.2. The solution to the high-eld limit
of the VlasovPoissonFokkerPlan k system obtained in [7℄ is therefore the unique duality
solution to (4.8) given by Theorem 4.2 for the orresponding A.
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