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Abstract. These notes are intended to provide a thorough introduction to the math-
ematical theory of elastic shells.

The main objective of shell theory is to predict the stress and the displacement arising
in an elastic shell in response to given forces. Such a prediction is made either by solving
a system of partial differential equations or by minimizing a functional, which may be
defined either over a three-dimensional set or over a two-dimensional set, depending on
whether the shell is viewed in its reference configuration as a three-dimensional or as a
two-dimensional body (the latter being an abstract idealization of the physical shell when
its thickness is “small”).

The first part of this article is devoted to the three-dimensional theory of elastic bodies,
from which the three-dimensional theory of shells is obtained simply by replacing the
reference configuration of a general body with that of a shell. The particular shape of the
reference configuration of the shell does not play any rôle in this theory.

The second part is devoted to the two-dimensional theory of elastic shells. In contrast
to the three-dimensional theory, this theory is specific to shells, since it essentially depends
on the geometry of the reference configuration of a shell.

For a more comprehensive exposition of the theory of elastic shells, we refer the reader
to Ciarlet [18] and the references therein for the first part of the article, and to Ciarlet
[20] and the references therein for the second part.

Une introduction a la théorie des coques

Resumé. Ces notes sont destinées à fournir une introduction détaillée à la théorie
mathématique des coques élastiques.

L’objectif principal de la théorie des coques est de prédire les contraintes et les dépla-
cements survenant dans une coque élastique en réponse à des forces appliquées. Une telle
prédiction est faite soit en résolvant un système d’équations aux dérivées partielles, soit
en minimisant une fonctionnelle, qui peuvent être définis soit dans un ensemble tridi-
mensionnel, soit dans un ensemble bidimensionnel, selon que la coque est vue dans sa
configuration de référence comme un corps tridimensionnel ou comme un corps bidimen-
sionnel (ce dernier étant alors une idéalisation de la coque physique lorsque son épaisseur
est “petite”).

La première partie de cet article est consacrée à la théorie tridimensionnelle des corps
élastiques, à partir de laquelle la théorie tridimensionnelle des coques est obtenue en
remplaçant simplement la configuration de référence d’un corps élastique général par celle
d’une coque. La forme particulière de la configuration de référence d’une coque ne joue
aucun rôle dans cette théorie.

La deuxième partie de cet article est consacrée à la théorie bidimensionnelle des coques
élastiques. Contrairement à la théorie tridimensionnelle, cette théorie est spécifique aux
coques, puisqu’elle dépend de façon essentielle de la géométrie de la configuration de
référence de la coque.

Pour un exposé plus complet de la théorie de coques élastiques, nous renvoyons le

lecteur à Ciarlet [18] et ses références pour la première partie de cet article, et à Ciarlet

[20] et ses références pour la deuxième.



Contents

Part 1. Three-dimensional theory 1
Outline 1

1.1. Notation, definitions, and some basic formulas 1
1.2. Equations of equilibrium 3
1.3. Constitutive equations of elastic materials 6
1.4. The equations of nonlinear and linearized three-dimensional elasticity 9
1.5. A fundamental lemma of J.L. Lions 11
1.6. Existence theory in linearized three-dimensional elasticity 12
1.7. Existence theory in nonlinear three-dimensional elasticity by the

implicit function theorem 16
1.8. Existence theory in nonlinear three-dimensional elasticity by the

minimization of energy (John Ball’s approach) 18

Part 2. Two-dimensional theory 22
Outline 22

2.1. A quick review of the differential geometry of surfaces in R3 22
2.2. Geometry of a shell 24
2.3. The three-dimensional shell equations 27
2.4. The two-dimensional approach to shell theory 29
2.5. Nonlinear shell models obtained by Γ-convergence 30
2.6. Linear shell models obtained by asymptotic analysis 37
2.7. The nonlinear Koiter shell model 42
2.8. The linear Koiter shell model 44
2.9. Korn’s inequalities on a surface 50
2.10. Existence, uniqueness, and regularity of the solution to the linear

Koiter shell model 60
References 68



Sect. 1.1] An Introduction to Shell Theory 1

Part 1. THREE-DIMENSIONAL THEORY

Outline

In this first part of the article, the displacement and the stress arising in an
elastic shell, or for that matter in any three-dimensional elastic body, in response
to given loads are predicted by means of a system of partial differential equations
in three variables (the coordinates of the physical space). This system is formed
either by the equations of nonlinear three-dimensional elasticity or by the equations
of linearized three-dimensional elasticity.

Sections 1.2–1.4 are devoted to the derivation of the equations of three-dimen-
sional elasticity in the form of two basic sets of equations, the equations of equilib-
rium and the constitutive equations. The equations of nonlinear three-dimensional
elasticity are then obtained by adjoining appropriate boundary conditions to these
equations. The equations of linearized three-dimensional elasticity are obtained
from the nonlinear ones by linearization with respect to the displacement field.

Sections 1.5–1.6 study the existence and uniqueness of solutions to the equations
of linearized three-dimensional elasticity.

Using a fundamental lemma, due to J.L. Lions, about distributions with deriva-
tives in “negative” Sobolev spaces (Section 1.5), we establish in Section 1.6 the
fundamental Korn inequality, which in turn implies that the equations of linearized
three-dimensional elasticity have a unique solution.

In sections 1.7–1.8, we study the existence of solutions to the equations of non-
linear three-dimensional elasticity, which fall into two distinct categories:

If the data are regular, the applied forces are ‘small”, and the boundary condition
does not change its nature along connected portions of the boundary, the equations
of nonlinear three-dimensional elasticity have a solution by the implicit function
theorem (Section 1.7).

If the constituting material is hyperelastic and the associated stored energy func-
tion satisfies certain conditions of polyconvexity, coerciveness, and growth, the
minimization problem associated with the equations of nonlinear three-dimensional
elasticity has a solution by a fundamental theorem of John Ball (Section 1.8).

1.1. Notation, definitions, and some basic formulas

All spaces, matrices, etc., are real. The Kronecker symbol is denoted δji .
The physical space is identified with the three-dimensional vector space R3 by

fixing an origin and a cartesian basis (e1, e2, e3). In this way, a point x in space
is defined by its cartesian coordinates x1, x2, x3 or by the vector x :=

∑
i xiei.

The space R3 is equipped with the Euclidean inner product u · v and with the
Euclidean norm |u|, where u,v denote vectors in R3. The exterior product of two
vectors u,v ∈ R3 is denoted u ∧ v.

For any integer n ≥ 2, we define the following spaces or sets of real square
matrices of order n:

Mn: the space of all square matrices,
An: the space of all anti-symmetric matrices,
Sn: the space of all symmetric matrices,
Mn

+: the set of all matrices A ∈Mn with detA > 0,
Sn>: the set of all positive-definite symmetric matrices,
On: the set of all orthogonal matrices,
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On
+: the set of all orthogonal matrices R ∈ On with detR = 1.

The notation (aij) designates the matrix in Mn with aij as its element at the
i-th row and j-th column. The identity matrix in Mn is denoted I := (δij). The
space Mn, and its subspaces An and Sn are equipped with the inner product A : B
and with the spectral norm |A| defined by

A : B :=
∑
i,j

aijbij ,

|A| := sup{|Av|; v ∈ Rn, |v| ≤ 1},

where A = (aij) and B = (bij) denote matrices in Mn. The determinant and
the trace of a matrix A = (aij) are denoted detA and trA. The cofactor matrix
associated with an invertible matrix A ∈Mn is defined by CofA := (detA)A−T .

Let Ω be an open subset of R3. Partial derivative operators of order m ≥ 1
acting on functions or distributions defined over Ω are denoted

∂k :=
∂|k|

∂xk11 ∂x
k2
2 ∂x

k3
3

where k = (ki) ∈ N3 is a multi-index satisfying |k| := k1 + k2 + k3 = m. Partial
derivative operators of the first, second, and third order are also denoted ∂i :=
∂/∂xi, ∂ij := ∂2/∂xi∂xj , and ∂ijk := ∂3/∂x1∂x2∂x3.

The gradient of a function f : Ω→ R is the vector field grad f := (∂if), where
i is the row index. The gradient of a vector field v = (vi) : Ω → Rn is the matrix
field ∇v := (∂jvi), where i is the row index, and the divergence of the same vector
field is the function div v :=

∑
i ∂ivi. Finally, the divergence of a matrix field

T = (tij) : Ω→Mn is the vector field divT with components (
∑n
j=1 ∂jtij)i.

The space of all continuous functions from a topological space X into a normed
space Y is denoted C0(X;Y ), or simply C0(X) if Y = R.

For any integer m ≥ 1 and any open set Ω ⊂ R3, the space of all real-valued
functions that are m times continuously differentiable over Ω is denoted Cm(Ω).
The space Cm(Ω), m ≥ 1, is defined as that consisting of all vector-valued functions
f ∈ Cm(Ω) that, together with all their partial derivatives of order ≤ m, possess
continuous extentions to the closure Ω of Ω. If Ω is bounded, the space Cm(Ω)
equipped with the norm

‖f‖Cm(Ω) := max
|α|≤m

(
sup
x∈Ω
|∂αf(x)|

)
is a Banach space.

The space of all indefinitely derivable functions ϕ : Ω→ R with compact support
contained in Ω is denoted D(Ω) and the space of all distributions over Ω is denoted
D′(Ω). The duality bracket between a distribution T and a test function ϕ ∈ D(Ω)
is denoted 〈T, ϕ〉.

The usual Lebesgue and Sobolev spaces are respectively denoted Lp(Ω), and
Wm,p(Ω) for any integer m ≥ 1 and any p ≥ 1. If p = 2, we use the notation
Hm(Ω) = Wm,2(Ω). The space Wm,p

loc (Ω) is the space of all mesurable functions
such that f |U ∈ Wm,p(U) for all U b Ω, where the notation f |U designates the
restriction to the set U of a function f and the notation U b Ω means that U is a
compact set that satisfies U ⊂ Ω.
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The space Wm,p
0 (Ω) is the closure of D(Ω) in Wm,p(Ω) and the dual of the space

Wm,p
0 (Ω) is denoted W−m,p

′
(Ω), where p′ = p

p−1 . If the boundary of Ω is Lipschitz-
continuous and if Γ0 ⊂ ∂Ω is a relatively open subset of the boundary of Ω, we
let

W 1,p
Γ0

(Ω) := {f ∈W 1,p(Ω); f = 0 on Γ0},

W 2,p
Γ0

(Ω) := {f ∈W 2,p(Ω); f = ∂νf = 0 on Γ0},
where ∂ν denote the outer normal derivative operator along ∂Ω (since Ω is Lipschitz-
continuous, a unit outer normal vector (νi) exists ∂Ω-almost everywhere along ∂Ω,
and thus ∂ν = νi∂i).

If Y is a finite dimensional vectorial space (such as Rn, Mn, etc.), the notation
Cm(Ω;Y ), Cm(Ω;Y ), Lp(Ω;Y ) and Wm,p(Ω;Y ) designates the spaces of all map-
pings from Ω into Y whose components in Y are respectively in Cm(Ω), Cm(Ω),
Lp(Ω) and Wm,p(Ω). If Y is equipped with the norm | · |, then the spaces Lp(Ω;Y )
and Wm,p(Ω;Y ) are respectively equipped with the norms

‖f‖Lp(Ω;Y ) :=
{∫

Ω

|f(x)|pdx
}1/p

and

‖f‖Wm,p(Ω;Y ) :=
{∫

Ω

(
|f(x)|p +

∑
|k|≤m

|∂kf(x)|p
)
dx
}1/p

.

Throughout this article, a domain in Rn is a bounded and connected open set
with a Lipschitz-continuous boundary, the set Ω being locally on the same side of
its boundary. See, e.g., Adams [2], Grisvard [54], or Nečas [73]. If Ω ⊂ Rn is a
domain, then the following formula of integration by parts is satisfied∫

Ω

divF · v dx = −
∫

Ω

F : ∇v dx+
∫
∂Ω

(Fn) · v da

for all smooth enough matrix field F : Ω → Mk and vector field v : Ω → Rk,
k ≥ 1 (smooth enough means that the regularity of the fields F and v is such that
the above integrals are well defined; for such instances, see, e.g., Evans & Gariepy
[47]). The notation da designates the area element induced on the surface ∂Ω by
the volume element dx. We also record the Stokes formula:∫

Ω

divF dx =
∫
∂Ω

Fn da.

1.2. Equations of equilibrium

In this section, we begin our study of the deformation arising in an elastic body
in response to given forces. We consider that the body occupies the closure of a
domain Ω ⊂ R3 in the absence of applied forces, henceforth called the reference
configuration of the body. Any other configuration that the body might occupy
when subjected to applied forces will be defined by means of a deformation, that
is, a mapping

Φ : Ω→ R3

that is orientation preserving (i.e., det ∇Φ(x) > 0 for all x ∈ Ω) and injective on
the open set Ω (i.e., no interpenetration of matter occurs). The image Φ(Ω) is
called the deformed configuration of the body defined by the deformation Φ. The
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“difference” between a deformed configuration and the reference configuration is
given by the displacement, which is the vector field defined by

u := Φ− id,

where id : Ω→ Ω is the identity map. It is sometimes more convenient to describe
the deformed configuration of a body in terms of the displacement u instead of the
deformation Φ, notably when the body is expected to undergo small deformations
(as typically occurs in linearized elasticity).

Our objective in this section is to determine, among all possible deformed con-
figurations of the body, the ones that are in “static equilibrium” in the presence of
applied forces. More specifically, let the applied forces acting on a specific deformed
configuration Ω̃ := Φ(Ω) be represented by the densities

f̃ : Ω̃→ R3 and g̃ : Γ̃1 → R3,

where Γ̃1 ⊂ ∂Ω̃ is a relatively open subset of the boundary of Ω̃.
If the body is subjected for instance to the gravity and to a uniform pressure on

Γ̃1, then the densities f̃ and g̃ are given by f̃(x̃) = −gρ̃(x̃)e3 and g̃(x̃) = −πñ(x̃),
where g is the gravitational constant, ρ̃ : Ω̃→ R is the mass density in the deformed
configuration, x̃ denotes a generic point in {Ω̃}−, ñ(x̃) is the unit outer normal to
∂Ω̃, and π is a constant, called pressure.

These examples illustrate that an applied force density may, or may not, depend
on the unknown deformation.

Our aim is thus to determine equations that a deformation Φ corresponding to
the static equilibrium of the loaded body should satisfy. To this end, we first derive
the “equations of equilibrium” from a fundamental axiom due to Euler and Cauchy.
The three-dimensional equations of elasticity will then be obtained by combining
these equations with a “constitutive equation” (Section 1.3).

Let
S2 := {v ∈ R3; |v| = 1}

denote the set of all unit vectors in R3. Then, according to the stress principle
of Euler and Cauchy, a body Ω̃ ⊂ R3 subjected to applied forces of densities
f̃ : Ω̃→ R3 and g̃ : Γ̃1 → R3 is in equilibrium if there exists a vector field

t̃ : {Ω̃}− × S2 → R3

such that, for all domains Ã ⊂ Ω̃,∫
Ã

f̃ dx̃+
∫
∂Ã

t̃(x̃, ñ(x̃)) dã = 0,∫
Ã

x̃ ∧ f̃ dx̃+
∫
∂Ã

x̃ ∧ t̃(x̃, ñ(x̃)) dã = 0,

t̃(x̃, ñ(x̃)) = g̃(x̃) for ∂Ω-almost all x̃ ∈ ∂Ã ∩ Γ̃1,

where ñ(x̃) denotes the exterior unit normal vector at x̃ to the surface ∂Ã (because
Ã is a domain, ñ(x̃) exists for dx̃-almost all x̃ ∈ ∂Ã).

This axiom postulates in effect that the “equilibrium” of the body to the applied
forces is reflected by the existence of a vector field t̃ that depends only on the two
variables x̃ and ñ(x̃).
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The following theorem, which is due to Cauchy, shows that the dependence of t̃
on the second variable is necessarily linear:

Theorem 1.2-1. If t̃(·, ñ) : {Ω̃}− → R3 is of class C1 for all ñ ∈ S2, t̃(x̃, ·) :
S2 → R3 is continuous for all x̃ ∈ {Ω̃}−, and f̃ : {Ω̃}− → R3 is continuous, then
t̃ : {Ω̃}− × S2 → R3 is linear with respect to the second variable.

Proof. The proof consists in applying the stress principle to particular subdomains
in {Ω̃}−. For details, see, e.g., Ciarlet [18] or Gurtin & Martins [55]. �

In other words, there exists a matrix field T̃ : {Ω̃}− →M3 of class C1 such that

t̃(x̃, ñ) = T̃ (x̃)ñ for all x̃ ∈ {Ω̃}− and all ñ ∈ S2.

Combining Cauchy’s theorem with the stress principle of Euler and Cauchy
yields, by means of Stokes’ formula (see Section 1.1), the following equations
of equilibrium in the deformed configuration:

Theorem 1.2-2. The matrix field T̃ : {Ω̃}− →M3 satisfies

−div T̃ (x̃) = f̃(x̃) for all x̃ ∈ Ω̃,

T̃ (x̃)ñ(x̃) = g̃(x̃) for all x̃ ∈ Γ̃1,

T̃ (x̃) ∈ S3 for all x̃ ∈ Ω̃.

(1.2-1)

The system (1.2-1) is defined over the deformed configuration Ω̃, which is un-
known. Fortunately, it can be conveniently reformulated in terms of functions
defined over the reference configurence Ω of the body, which is known. To this
end, we use the change of variables x̃ = Φ(x) defined by the unknown deformation
Φ : Ω → {Ω̃}−, assumed to be injective, and the following formulas between the
volume and area elements in {Ω̃}− and Ω (with self-explanatory notations)

dx̃ = |det ∇Φ(x)| dx,
ñ(x̃) dã = Cof∇Φ(x)n(x) da.

We also define the vector fields f : Ω→ R3 and g : Γ1 → R3 by

f̃(x̃) dx̃ = f(x) dx,

g̃(x̃) dã = g(x) da.

Note that, like the fields f̃ and g̃, the fields f and g may, or may not, depend on
the unknown deformation Φ.

First of all, assuming that Φ is smooth enough and using the change of variables
Φ : Ω → {Ω̃}− in the first equation of (1.2-1), we deduce that, for all domains
A ⊂ Ω, ∫

A

f(x) dx+
∫
∂A

T̃ (Φ(x))Cof∇Φ(x)n(x) da = 0.

The matrix field T : Ω → M3 appearing in the second integral, viz., that defined
by

T (x) := T̃ (Φ(x))Cof∇Φ(x) for all x ∈ Ω,
is called the first Piola-Kirchhoff stress tensor field. In terms of this tensor,
the above relation read ∫

A

f(x) dx+
∫
∂A

T (x)n(x) da = 0,
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which implies that the matrix field T satisfies the following partial differential
equation:

−divT (x) = f(x) for all x ∈ Ω.
Using the identity

∇Φ(x)−1T (x) = ∇Φ(x)−1[det ∇Φ(x)T̃ (Φ(x))]∇Φ(x)−T ,

which follows from the definition of T (x) and from the expression of the inverse of
a matrix in terms of its cofactor matrix, we furthermore deduce from the symmetry
of the matrix T̃ (x̃) that the matrix (∇Φ(x)−1T (x)) is also symmetric.

It is then clear that the equations of equilibrium in the deformed configuration
(see eqns. (1.2-1)) are equivalent with the following equations of equilibrium in
the reference configuration:

−divT (x) = f(x) for all x ∈ Ω,

T (x)n(x) = g(x) for all x ∈ Γ1,

∇Φ(x)−1T (x) ∈ S3 for all x ∈ Ω,

(1.2-2)

where the subset Γ1 of ∂Ω is defined by Γ̃1 = Φ(Γ1).
Finally, let the second Piola-Kirchhoff stress tensor field Σ : Ω → S3 be

defined by
Σ(x) := ∇Φ(x)−1T (x) for all x ∈ Ω.

Then the equations of equilibrium defined in the reference configuration take the
equivalent form

−div (∇Φ(x)Σ(x)) = f(x) for all x ∈ Ω,

(∇Φ(x)Σ(x))n(x) = g(x) for all x ∈ Γ1,
(1.2-3)

in terms of the symmetric tensor field Σ.
The unknowns in either system of equations of equilibrium are the deformation

of the body defined by the vector field Φ : Ω → R3, and the stress field inside the
body defined by the fields T : Ω → M3 or Σ : Ω → S3. In order to determine
these unknowns, either system (1.2-2) or (1.2-3) has to be supplemented with an
equation relating these fields. This is the object of the next section.

1.3. Constitutive equations of elastic materials

It is clear that the stress tensor field should depend on the deformation induced
by the applied forces. This dependence is reflected by the constitutive equation of
the material, by means of a response function, specific to the material considered. In
this article, we will consider one class of such materials, according to the following
definition: A material is elastic if there exists a function T ] : Ω×M3

+ →M3 such
that

T (x) = T ](x,∇Φ(x)) for all x ∈ Ω.
Equivalently, a material is elastic if there exists a function Σ] : Ω×M3

+ → S3 such
that

Σ(x) = Σ](x,∇Φ(x)) for all x ∈ Ω.

Either function T ] or Σ] is called the response function of the material.
A response function cannot be arbitrary, because a general axiom in physics

asserts that any “observable quantity” must be independent of the particular or-
thogonal basis in which it is computed. For an elastic material, the “observable
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quantity” computed through a constitutive equation is the stress vector field t̃.
Therefore this vector field must be independent of the particular orthogonal ba-
sis in which it is computed. This property, which must be satisfied by all elastic
materials, is called the axiom of material frame-indifference. The following
theorem translates this axiom in terms of the response function of the material.

Theorem 1.3-1. An elastic material satisfies the axiom of material frame-indifference
if and only if

T ](x,QF ) = QT ](x,F ) for all x ∈ Ω and Q ∈ O3
+ and F ∈M3

+,

or equivalently, if and only if

Σ](x,QF ) = Σ](x,F ) for all x ∈ Ω and Q ∈ O3
+ and F ∈M3

+.

The second equivalence implies that the response function Σ] depend on F only
via the symmetric positive definite matrix U := (F TF )1/2, the square root of the
symmetric positive definite matrix (F TF ) ∈ S3

>. To see this, one uses the polar
factorisation F = RU , where R := FU−1 ∈ O3

+, in the second equivalence of
Theorem 1.3-1 to deduce that

Σ](x,F ) = Σ](x,U) for all x ∈ Ω and F = RU ∈M3
+.

This implies that the second Piola-Kirchhoff stress tensor field Σ : Ω→ S3 depends
on the deformation field Φ : Ω → R3 only via the associated metric tensor field
C := ∇ΦT∇Φ, i.e.,

Σ(x) = Σ̃(x,C(x)) for all x ∈ Ω,

where the function Σ̃ : Ω× S3
> → S3 is defined by

Σ̃(x,C) := Σ](x,C1/2) for all x ∈ Ω and C ∈ S3
>.

We just saw how the axiom of material frame-indifference restricts the form of
the response function. We now examine how its form can be further restricted by
other properties that a given material may possess.

An elastic material is isotropic at a point x of the reference configuration if
the response of the material “is the same in all directions”, i.e., if the Cauchy stress
tensor T̃ (x̃) is the same if the reference configuration is rotated by an arbitrary
matrix of O3

+ around the point x. An elastic material occupying a reference con-
figuration Ω is isotropic if it is isotropic at all points of Ω. The following theorem
gives a characterisation of the response function of an isotropic elastic material:

Theorem 1.3-2. An elastic material occupying a reference configuration Ω is
isotropic if and only if

T ](x,FQ) = T ](x,F )Q for all x ∈ Ω and Q ∈ O3
+ and F ∈M3

+,

or equivalently, if and only if

Σ](x,FQ) = QTΣ](x,F )Q for all x ∈ Ω and Q ∈ O3
+ and F ∈M3

+.

Another property that an elastic material may satisfy is the property of homo-
geneity: An elastic material occupying a reference configuration Ω is homogeneous
if its response function is independent of the particular point x ∈ Ω considered. This
means that the response function T ] : Ω×M3

+ →M3, or equivalently the response
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function Σ] : Ω×M3
+ → S3, does not depend on the first variable. In other words,

there exist mappings (still denoted) T ] : M3
+ →M3 and Σ] : M3

+ → S3 such that

T ](x,F ) = T ](F ) for all x ∈ Ω and F ∈M3
+,

and
Σ](x,F ) = Σ](F ) for all x ∈ Ω and F ∈M3

+.

The response function of an elastic material can be further restricted if its ref-
erence configuration is a natural state, according to the following definition: A
reference configuration Ω is called a natural state, or equivalently is said to be
stress-free, if

T ](x, I) = 0 for all x ∈ Ω,

or equivalently, if
Σ](x, I) = 0 for all x ∈ Ω.

We have seen that the second Piola-Kirchhoff stress tensor field Σ : Ω → S3 is
expressed in terms of the deformation field Φ : Ω→ R3 as

Σ(x) = Σ̃(x,C(x)), where C(x) = ∇ΦT (x)∇Φ(x) for all x ∈ Ω.

If the elastic material is isotropic, then the dependence of Σ(x) in terms of C(x)
can be further reduced in a remarkable way, according to the following Rivlin-
Ericksen theorem:

Theorem 1.3-3. If an elastic material is isotropic and satisfies the principle of
material frame-indifference, then there exists functions γ]i : Ω × R3 → R, i ∈
{1, 2, 3}, such that

Σ(x) = γ0(x)I + γ1(x)C(x) + γ2(x)C2(x) for all x ∈ Ω,

where γi(x) = γ]i (x, trC, tr(CofC),detC).

Proof. See Rivlin & Ericksen [74] or Ciarlet [18]. �

Note that the numbers trC(x), tr(CofC(x)), and detC(x) appearing in the
above theorem constitute the three principal invariants of the matrix C(x).

Although the Rivlin-Ericksen theorem substantially reduces the range of possible
response functions of elastic materials that are isotropic and satisfy the principle of
frame-indifference, the expression of Σ is still far too general in view of an effective
resolution of the equilibrium equations. To further simplify this expression, we now
restrict ourselves to deformations that are “close to the identity”.

In terms of the displacement filed u : Ω→ R3, which is related to the deformation
Φ : Ω→ R3 by the formula

Φ(x) = x+ u(x) for all x ∈ Ω,

the metric tensor field C has the expression

C(x) = I + 2E(x),

where

E(x) :=
1
2

(∇uT (x) + ∇u(x) + ∇uT (x)∇u(x))

denotes the Green-St Venant strain tensor at x.
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Thanks to the above assumption on the deformation, the matrices E(x) are
“small” for all x ∈ Ω, and therefore one can use Taylor expansions to further sim-
plify the expression of the response function given by the Rivlin-Ericksen theorem.
Specifically, using the Taylor expansions

trC(x) = 3 + 2 trE(x),

tr(CofC(x)) = 3 + 4 trE(x) + o(|E(x)|),
detC(x) = 1 + 2 trE(x) + o(|E(x)|),
C2(x) = 1 + 4E(x) + o(|E(x)|),

and assuming that the functions γ]i are smooth enough, we deduce from the Rivlin-
Ericksen theorem that

Σ(x) = Σ](x, I) + {(λ(x) trE(x))I + 2µ(x)E(x)}+ ox(|E(x)|),
where the real-valued functions λ(x) and µ(x) are independent of the displacement
field u. If in addition the material is homogeneous, then λ and µ are constants.

To sum up, the constitutive equation of a homogeneous and isotropic elastic
material that satisfies the axiom of frame-indifference must be such that

Σ(x) = Σ](x, I) + λ(trE(x))I + 2µE(x) + ox(|E(x)|) for all x ∈ Ω.

If in addition Ω is a natural state, a natural candidate for a constitutive equation
is thus

Σ(x) = λ(trE(x))I + 2µE(x) for all x ∈ Ω,
and in this case λ and µ are then called the Lamé constants of the material.

A material whose constitutive equation has the above expression is called a St
Venant-Kirchhoff material. Note that the constitutive equation of a St Venant-
Kirchhoff material is invertible, in the sense that the field E can be also expressed
as a function of the field Σ as

E(x) =
1

2µ
Σ(x)− ν

E
(tr Σ(x))I for all x ∈ Ω.

Remark. The Lamé constants are determined experimentally for each elastic
material and experimental evidence shows that they are both strictly positive (for
instance, λ = 106kg/cm2 and µ = 820000kg/cm2 for steel; λ = 40000kg/cm2 and
µ = 1200kg/cm2 for rubber). Their explicit values do not play any rôle in our
subsequent analysis; only their positivity will be used. The Lamé coefficients are
sometimes expressed in terms of the Poisson coefficient ν and Young modulus E
through the expressions

ν =
λ

2(λ+ µ)
and E =

µ(3λ+ 2µ)
λ+ µ

.

�

1.4. The equations of nonlinear and linearized three-dimensional
elasticity

It remains to combine the equations of equilibrium (equations (1.2-3) in Section
1.2) with the constitutive equation of the material considered (Section 1.3) and with
boundary conditions on Γ0 := ∂Ω \ Γ1. Assuming that the constituting material



10 Philippe Ciarlet and Cristinel Mardare [Part 1

has a known response function given by T ] or by Σ] and that the body is held
fixed on Γ0, we conclude in this fashion that the deformation arising in the body in
response to the applied forces of densities f and g satisfies the nonlinear boundary
value problem:

−divT (x) = f(x), x ∈ Ω,

Φ(x) = x, x ∈ Γ0,

T (x)n(x) = g(x), x ∈ Γ1,

(1.4-1)

where

T (x) = T ](x,∇Φ(x)) = ∇Φ(x)Σ](x,∇Φ(x)) for all x ∈ Ω. (1.4-2)

The equations (1.4-1) constitute the equations of nonlinear three-dimensional
elasticity. We will give in Sections 1.7 and 1.8 various sets of assumptions guar-
anteeing that this problem has solutions.

Consider a body made of an isotropic and homogeneous elastic material such
that its reference configuration is a natural state, so that its constitutive equation
is (see Section 1.3):

Σ(x) = λ(trE(x))I + 2µE(x) + o(|E(x)|),

where λ > 0 and µ > 0 are the Lamé constants of the material. The equations of
linearized three-dimensional elasticity are obtained from the above nonlinear
equations under the assumption that the body will undergo a “small” displacement,
in the sense that

Φ(x) = x+ u(x) with |∇u(x)| � 1 for all x ∈ Ω.

Then, for all x ∈ Ω,

E(x) =
1
2

(∇ΦT (x)∇Φ(x)− I) =
1
2

(∇uT (x) + ∇u(x)) + ox(|∇u(x)|),

and

T (x) = ∇Φ(x)Σ(x) = (I + ∇u(x))
(
λ(trE(x))I + 2µE(x)

)
=
λ

2
tr(∇uT (x) + ∇u(x)) + µ(∇uT (x) + ∇u(x)) + ox(|∇u(x)|).

Therefore the equations of linearized three-dimensional elasticity, which
are obtained from (1.4-1) by replacing T (x) by its linear part with respect to ∇u(x),
are given by

−divσ(x) = f(x), x ∈ Ω,

u(x) = 0, x ∈ Γ0,

σ(x)n(x) = g(x), x ∈ Γ1,

(1.4-3)

where

σ(x) = λ(tr e(x))I + 2µe(x) and e(x) =
1
2

(∇uT (x) + ∇u(x)). (1.4-4)

We show in the next section that this linear system has a unique solution in appro-
priate function spaces.
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1.5. A fundamental lemma of J.L. Lions

We first review some essential definitions and notations, together with a funda-
mental lemma of J.L. Lions (Theorem 1.5-1). This lemma will play a key rôle in
the proofs of Korn’s inequality in the next Section.

Let Ω be a domain in Rn. We recall that, for each integer m ≥ 1, Hm(Ω) and
Hm

0 (Ω) denote the usual Sobolev spaces. In particular,

H1(Ω) := {v ∈ L2(Ω); ∂iv ∈ L2(Ω), 1 ≤ i ≤ n},
H2(Ω) := {v ∈ H1(Ω); ∂ijv ∈ L2(Ω), 1 ≤ i, j ≤ n},

where ∂iv and ∂ijv denote partial derivatives in the sense of distributions, and

H1
0 (Ω) := {v ∈ H1(Ω); v = 0 on Γ},

where the relation v = 0 on Γ is to be understood in the sense of trace. The norm
in L2(Ω) is noted ‖·‖L2(Ω) and the norm in Hm(Ω), m ≥ 1, is noted ‖·‖Hm(Ω). In
particular then,

‖v‖L2(Ω) :=
{∫

Ω

|v|2 dx
}1/2

if v ∈ L2(Ω),

‖v‖H1(Ω) :=
{
‖v‖2L2(Ω) +

n∑
i=1

‖∂iv‖2L2(Ω)

}1/2

if v ∈ H1(Ω).

We also consider the Sobolev space

H−1(Ω) := dual space of H1
0 (Ω).

Another possible definition of the space H1
0 (Ω) being

H1
0 (Ω) = closure of D(Ω) with respect to ‖·‖H1(Ω) ,

where D(Ω) denotes the space of infinitely differentiable real-valued functions de-
fined over Ω whose support is a compact subset of Ω, it is clear that

v ∈ L2(Ω) =⇒ v ∈ H−1(Ω) and ∂iv ∈ H−1(Ω), 1 ≤ i ≤ n,
since (the duality between the spaces D(Ω) and D′(Ω) is denoted by 〈·, ·〉):

|〈v, ϕ〉| =
∣∣∣ ∫

Ω

vϕ dx
∣∣∣ ≤ ‖v‖L2(Ω)‖ϕ‖H1(Ω),

|〈∂iv, ϕ〉| = | − 〈v, ∂iϕ〉| =
∣∣∣− ∫

Ω

v∂iϕdx
∣∣∣ ≤ ‖v‖L2(Ω)‖ϕ‖H1(Ω)

for all ϕ ∈ D(Ω). It is remarkable (but also remarkably difficult to prove!) that the
converse implication holds:

Theorem 1.5-1. Let Ω be a domain in Rn and let v be a distribution on Ω. Then

{v ∈ H−1(Ω) and ∂iv ∈ H−1(Ω), 1 ≤ i ≤ n} =⇒ v ∈ L2(Ω).

�

This implication was first proved by J.L. Lions, as stated in Magenes & Stam-
pacchia [66], p. 320, Note (27); for this reason, it will be henceforth referred to
as the lemma of J.L. Lions. Its first published proof for domains with smooth
boundaries appeared in Duvaut & Lions [46], p. 111; another proof was also given
by Tartar [84]. Various extensions to “genuine” domains, i.e., with Lipschitz-
continuous boundaries, are given in Bolley & Camus [14], Geymonat & Suquet
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[52], and Borchers & Sohr [15]; Amrouche & Girault [6], Proposition 2.10 even
proved that the more general implication

{v ∈ D′(Ω) and ∂iv ∈ Hm(Ω), 1 ≤ i ≤ n} =⇒ v ∈ Hm+1(Ω)

holds for arbitrary integers m ∈ Z.

1.6. Existence theory in linearized three-dimensional elasticity

We define a weak solution to the equations of linearized three-dimensional elas-
ticity (Section 1.4) as a solution to the variational equations∫

Ω

σ : ∇v dx =
∫

Ω

f · v dx+
∫

Γ1

g · v da (1.6-1)

for all smooth vector fields v : Ω→ R3 that satisfy v = 0 on Γ0, where

σ = λ(tr e(u))I + 2µe(u) and e(u) =
1
2

(∇uT + ∇u).

Note that, because the matrix field σ is symmetric, the integrand in the left-hand
side can be also written as

σ : ∇v = σ : e(v),
where

e(v) :=
1
2

(∇vT + ∇v).

The existence of a solution to the above variational problem follows from the
Lax-Milgram lemma. In order to verify the hypotheses of this lemma, we first need
to establish the following classical, and fundamental, inequality:

Theorem 1.6-1 (Korn’s inequality). Let Ω be a domain in R3 and let Γ0 ⊂ ∂Ω
be such that area Γ0 > 0. Then there exists a constant C such that

‖e(v)‖L2(Ω;S3) ≥ C‖v‖H1(Ω;R3)

for all v ∈ H1
Γ0

(Ω; R3) := {v ∈ H1(Ω; R3); v = 0 on Γ0}.

Proof. Several proofs are available in the mathematical literature for this remark-
able inequality. We adapt here that given in Duvaut & Lions [46]. We proceed in
several steps:

(i) Korn’s inequality is a consequence of the identity

∂ijvk = ∂iejk(v) + ∂jeik(v)− ∂keij(v)

relating the matrix fields ∇v = (∂jvi) and e(v) = (eij(v)), where

eij(v) :=
1
2

(∂ivj + ∂jvi).

If v ∈ L2(Ω; R3) and e(v) ∈ L2(Ω; S3), the above identity shows that ∂ijvk ∈
H−1(Ω). Since the functions ∂jvk also belong to the space H−1(Ω), the lemma of
J.L. Lions (Theorem 1.5-1) shows that ∂jvk ∈ L2(Ω). This implies that the space

E(Ω; R3) := {v ∈ L2(Ω; R3); e(v) ∈ L2(Ω; S3)}

coincides with the Sobolev space H1(Ω; R3).
(ii) The space E(Ω; R3), equipped with the norm

‖v‖E(Ω;R3) := ‖v‖L2(Ω;R3) + ‖e(v)‖L2(Ω;R3),
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is clearly a Hilbert space, as is the space H1(Ω; R3) equipped with the norm

‖v‖H1(Ω;R3) := ‖v‖L2(Ω;R3) + ‖∇v‖L2(Ω;R3).

Since the identity mapping

id : v ∈ H1(Ω; R3) 7→ v ∈ E(Ω; R3)

is clearly linear, bijective (thanks to the step (i)), and continuous, the open mapping
theorem (see, e.g., Yosida [87]) shows that id is also an open mapping. Therefore,
there exists a constant C such that

‖v‖H1(Ω;R3) ≤ C‖v‖E(Ω;R3) for all v ∈ E(Ω; R3),

or equivalently, such that

‖v‖L2(Ω;R3) + ‖e(v)‖L2(Ω;S3) ≥ C−1‖v‖H1(Ω;R3)

for all v ∈ H1(Ω; R3).
(iii) We establish that, if v ∈ H1

Γ0
(Ω; R3) satisfies e(v) = 0, then v = 0.

This is a consequence of the identity of Part (i), which shows that any field
v ∈ H1

Γ0
(Ω; R3) that satisfies e(v) = 0 must also satisfy

∂ijvk = 0 in Ω.

Therefore, by a classical result about distributions (see, e.g. Schwartz [80]), the
field v must be affine, i.e., of the form v(x) = b+Ax for all x ∈ Ω, where b ∈ R3

and A ∈M3. Since the symmetric part of the gradient of v, which is precisely e(v),
vanishes in Ω, the matrix A must be in addition antisymmetric. Since the rank of
a nonzero antisymmetric matrix of order three is necessarily two, the locus of all
points x satisfying a +Ax = 0 is either a line in R3 or an empty set, depending on
whether the linear system a +Ax = 0 has solutions or not. But a +Ax = 0 on
Γ0 and area Γ0 > 0. Hence A = 0 and b = 0, and thus v = 0 in Ω.

(iv) The Korn inequality of Theorem 1.6-1 then follows by contradiction. If the
inequality were false, there would exist a sequence (vn)n∈N in H1

Γ0
(Ω; R3) such that

‖vn‖H1(Ω;R3) = 1 for all n,

‖e(vn)‖L2(Ω;S3) → 0 as n→∞.

Because the set Ω is a domain, the inclusion H1(Ω; R3) ⊂ L2(Ω; R3) is compact by
the Rellich-Kondrasov theorem. The sequence (vn) being bounded in H1(Ω; R3),
it contains a subsequence (vσ(n)), where σ : N→ N is an increasing function, that
converges in L2(Ω; R3) as n→∞.

Since the sequences (vσ(n)) and (e(vσ(n))) converge respectively in the spaces
L2(Ω; R3) and L2(Ω; S3), they are Cauchy sequences in the same spaces. Therefore
the sequence (vσ(n)) is a Cauchy sequence with respect to the norm ‖ · ‖E(Ω;R3),
hence with respect to the norm ‖ · ‖H1(Ω;R3) by the inequality established in Part
(ii).

The space H1
Γ0

(Ω; R3) being complete as a closed subspace of H1(Ω; R3), there
exists v ∈ H1

Γ0
(Ω; R3) such that

vσ(n) → v in H1(Ω; R3).

Since its limit satisfies
e(v) = lim

n→∞
e(vσ(n)) = 0,
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it follows that v = 0 by Part (iii). But this contradicts the relation ‖v‖H1(Ω;R3) =
limn→∞ ‖vσ(n)‖H1(Ω;R3) = 1, and the proof is complete. �

The inequality established in Part (ii) of the proof is called Korn’s inequality
without boundary conditions.

The uniqueness result established in Part (iii) of the proof is called the infin-
itesimal rigid displacement lemma. It shows that an infinitesimal rigid
displacement field, i.e., a vector field v ∈ H1(Ω; R3) satisfying e(v) = 0, is
necessarily of the form

v(x) = a + b ∧ x for all x ∈ Ω, where a, b ∈ R3.

Remark. In the special case where Γ0 = ∂Ω, Korn’s inequality is a trivial conse-
quence of the identity∫

Ω

|e(v)|2 dx =
∫

Ω

|∇v|2 dx for all v ∈ H1
0 (Ω; R3),

itself obtained by applying twice the formula of integration by parts (see Section
1.1). �

We are now in a position to establish that the equations of linearized three-
dimensional elasticity have weak solutions. We distinguish two cases depending on
whether area Γ0 > 0 or not.

Theorem 1.6-2. Assume that the Lamé constants satisfy λ ≥ 0 and µ > 0 and
that the densities of the applied forces satisfy f ∈ L6/5(Ω; R3) and g ∈ L4/3(Γ1; R3).

If area Γ0 > 0, the variational problem (1.6-1) has a unique solution in the space

H1
Γ0

(Ω; R3) := {v ∈ H1(Ω; R3); v = 0 on Γ0}.

Proof. It suffices to apply the Lax-Milgram lemma to the variational equation
(1.6-1), since all its assumptions are clearly satisfied. In particular, the coercive-
ness of the bilinear form appearing in the left-hand side of the equation (1.6-1) is
a consequence of Korn’s inequality established in the previous theorem combined
with the positiveness of the Lamé constants, which together imply that, for all
v ∈ H1

Γ0
(Ω; R3), ∫

Ω

σ : e(v) dx =
∫

Ω

(λ[tr(e(v))]2 + 2µ|e(v)|2) dx

≥ 2µ
∫

Ω

|e(v)|2 dx ≥ C‖v‖2H1(Ω;R3).

�

Theorem 1.6-3. Assume that the Lamé constants satisfy λ ≥ 0 and µ > 0 and that
the densities of the applied forces satisfy f ∈ L6/5(Ω; R3) and g ∈ L4/3(∂Ω; R3).

If area Γ0 = 0 and
∫

Ω
f ·w dx+

∫
∂Ω
g ·w da = 0 for all w ∈ H1(Ω; R3) satisfying

e(w) = 0, then the variational problem (1.6-1) has a solution in H1(Ω; R3), unique
up to an infinitesimal rigid displacement field.

Sketch of proof. It is again based on the Lax-Milgram lemma applied to the vari-
ational equations (1.6-1), this time defined over the quotient space H1(Ω; R3)/R0,
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where R0 is the subspace of H1(Ω; R3) consisting of all the infinitesimal rigid dis-
placements fields. By the infinitesimal rigid displacement lemma (see Part (ii) of
the proof of Theorem 1.6-1), R0 is the finite-dimensional space

{w : Ω→ R3; w(x) = a + b ∧ x, a, b ∈ R3}.

The compatibility relations satisfied by the applied forces imply that the variational
equation (1.6-1) is well defined over the quotient space H1(Ω; R3)/R0, which is a
Hilbert space with respect to the norm

‖v̇‖H1(Ω;R3)/R0 = inf
w∈R0

‖v +w‖H1(Ω;R3).

The coerciveness of the bilinear form appearing in the left-hand side of the equation
(1.6-1) is then established as a consequence of another Korn’s inequality:

‖e(v̇)‖L2(Ω;S3) ≥ C‖v̇‖H1(Ω;R3)/R0 for all v̇ ∈ H1(Ω; R3)/R0.

The proof of this inequality follows that of Theorem 1.6-1, with Part (iii) adapted
as follows: The sequence (v̇n)n∈N is now defined in H1(Ω; R3)/R0 and satisfies

‖v̇n‖H1(Ω;R3)/R0 = 1 for all n,

‖e(v̇n)‖L2(Ω;S3) → 0 as n→∞.

Hence there exists an increasing function σ : N → N such that the subsequence
(vσ(n)) is a Cauchy sequence in H1(Ω; R3). This space being complete, there exists
v ∈ H1(Ω; R3) such that

vσ(n) → v in H1(Ω; R3),

and its limit satisfies
e(v) = lim

n→∞
e(vσ(n)) = 0.

Therefore v ∈ R0 by Part (iii), hence (vσ(n) − v) → 0 in H1(Ω; R3). This implies
that

‖v̇σ(n)‖H1(Ω;R3)/R0 ≤ ‖vσ(n) − v‖H1(Ω;R3) → 0 as n→∞,
which contradicts the relation ‖v̇σ(n)‖H1(Ω;R3)/R0 = 1 for all n. �

The variational problem (1.6-1) is called a pure displacement problem when
Γ0 = ∂Ω, a pure traction problem when Γ1 = ∂Ω, and a displacement-
traction problem when area Γ0 > 0 and area Γ1 > 0. �

Since the system of partial differential equations associated with the linear three-
dimensional variational model is elliptic, we expect the solution of the latter to be
regular if the data f , g, and ∂Ω are regular and if there is no change of boundary
condition along a connected portion of ∂Ω. More specifically, the following regu-
larity results hold (indications about the proof are given in Ciarlet [18, Theorem
6.3-6]).

Theorem 1.6-4 (pure displacement problem). Assume that Γ0 = ∂Ω. If
f ∈Wm,p(Ω; R3) and ∂Ω is of class Cm+2 for some integer m ≥ 0 and real number
1 < p < ∞ satisfying p ≥ 6

5+2m , then the solution u to the variational equation
(1.6-1) is in the space Wm+2,p(Ω; R3) and there exists a constant C such that

‖u‖Wm+2,p(Ω;R3) ≤ C‖f‖Wm+2,p(Ω;R3).
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Furthermore, u satisfies the boundary value problem:

−divσ(x) = f , x ∈ Ω,

u(x) = 0, x ∈ ∂Ω.

Theorem 1.6-5 (pure traction problem). Assume that Γ1 = ∂Ω and
∫

Ω
f ·

w dx +
∫
∂Ω
g · w da = 0 for all vector fields v ∈ H1(Ω; R3) satisfying e(w) = 0.

If f ∈ Wm,p(Ω; R3), g ∈ Wm+1−1/p,p(Γ1; R3), and ∂Ω is of class Cm+2 for some
integer m ≥ 0 and real number 1 < p < ∞ satisfying p ≥ 6

5+2m , then any solution
u to the variational equation (1.6-1) is in the space Wm+2,p(Ω; R3) and there exist
a constant C such that

‖u̇‖Wm+2,p(Ω;R3)/R0 ≤ C
(
‖f‖Wm+2,p(Ω;R3) + ‖g‖Wm+1−1/p,p(∂Ω;R3)

)
.

Furthermore, u satisfies the boundary value problem:

−divσ(x) = f(x), x ∈ Ω,

σ(x)n(x) = g(x), x ∈ ∂Ω.

1.7. Existence theory in nonlinear three-dimensional elasticity by
the implicit function theorem

The question of whether the equations of nonlinear three-dimensional elasticity
have solutions has been answered in the affirmative when the data satisfy some
specific assumptions, but remains open in the other cases. To this day, there are
two theories of existence, one based on the implicit function theorem, and one, due
to John Ball, based on the minimization of functionals.

We state here the existence theorems provided by both theories but we will
provide the proof only for the existence theorem based on the implicit function
theorem. For the existence theorem based on the minimization of functionals we
will only sketch of the proof of John Ball (Section 1.8).

The existence theory based on the implicit function theorem asserts that the
equations of nonlinear three-dimensional elasticity have solutions if the solutions
to the associated equations of linearized three-dimensional elasticity are smooth
enough, and the applied forces are small enough. The first requirement essentially
means that the bodies are either held fixed along their entire boundary (i.e., Γ0 =
∂Ω), or nowhere along their boundary (i.e., Γ1 = ∂Ω).

We restrict our presentation to the case of elastic bodies made of a St Venant-
Kirchhoff material. In other words, we assume throughout this section that

Σ = λ(trE)I + 2µE and E =
1
2

(
∇uT + ∇u+ ∇uT∇u

)
, (1.7-1)

where λ > 0 and µ > 0 are the Lamé constants of the material and u : Ω → R3 is
the unknown displacement field. We assume that Γ0 = ∂Ω (the case where Γ1 =
∂Ω requires some extra care because the space of infinitesimal rigid displacements
fields does not reduce to {0}). Hence the equations of nonlinear three-dimensional
elasticity assert that the displacement field u : Ω → R3 inside the body is the
solution to the boundary value problem

−div ((I + ∇u)Σ) = f in Ω,
u = 0 on ∂Ω,

(1.7-2)
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where the field Σ is given in terms of the unknown field u by means of (1.7-1). The
existence result is then the following

Theorem 1.7-1. The nonlinear boundary value problem (1.7-1)-(1.7-2) has a so-
lution u ∈ W 2,p(Ω; R3) if Ω is a domain with a boundary ∂Ω of class C2, and for
some p > 3, f ∈ Lp(Ω; R3) and ‖f‖Lp(Ω;R3) is small enough.

Proof. Define the spaces

X := {v ∈W 2,p(Ω; R3);v = 0 on ∂Ω},
Y := Lp(Ω; R3).

Define the nonlinear mapping F : X → Y by

F(v) := −div ((I + ∇v)Σ) for any v ∈X,

where
Σ = λ(trE)I + 2µE and E =

1
2

(
∇vT + ∇v + ∇vT∇v

)
.

It suffices to prove that the equation

F(u) = f

has solutions in X provided that the norm of f in the space Y is small enough.
The idea for solving the above equation is as follows. If the norm of f is small,

we expect the norm of u to be small too, so that the above equation can be written
as

F(0) + F ′(0)u+ o(‖u‖X) = f ,

Since F(0) = 0, we expect the above equation to have solution if the linear equation

F ′(0)u = f

has solutions inX. But this equation is exactly the system of equations of linearized
three-dimensional elasticity. Hence, as we shall see, this equation has solutions in
X thanks to Theorem 1.6-4.

In order to solve the nonlinear equation F(u) = f , it is thus natural to apply the
inverse function theorem (see, e.g., Taylor [85]). According to this theorem, if F :
X → Y is of class C1 and the Fréchet derivative F ′(0) : X → Y is an isomorphism
(i.e., an operator that is linear, bijective, and continuous with a continuous inverse),
then there exist two open sets U ⊂ X and V ⊂ Y with 0 ∈ U and 0 = F(0) ∈ V
such that, for all f ∈ V , there exists a unique element u ∈ U satisfying the equation

F(u) = f .

Furthermore, the mapping
f ∈ V 7→ u ∈ U

is of class C1.
It remains to prove that the assumptions of the inverse function theorem are

indeed satisfied. First, the function F is well defined (i.e., F(u) ∈ Y for all u ∈X)
since the space W 1,p(Ω) is an algebra (thanks to the assumption p > 3). Second,
the function F : X → Y is of class C1 since it is multilinear (in fact, F is even of
class C∞). Third, the Fréchet derivative of F is given by

F ′(0)u = −divσ,

where
σ := λ(tr e)I + 2µ e and e :=

1
2

(∇uT + ∇u),
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from which we infer that the equation F ′(0)u = f is exactly the equations of lin-
earized three-dimensional elasticity (see (1.4-3)-(1.4-4) with Γ0 = ∂Ω). Therefore,
Theorem 1.6-4 shows that the function F ′(0) : X → Y is an isomorphism

Since all the hypotheses of the inverse function theorem are satisfied, the equa-
tions of nonlinear three-dimensional elasticity (1.7-1)-(1.7-2) have a unique solution
in the neighborhood U of the origin in W 2,p(Ω; R3) if f belongs to the neighborhood
V of the origin in Lp(Ω; R3). In particular, if δ > 0 is the radius of a ball B(0, δ) con-
tained in V , then the problem (1.7-1)-(1.7-2) has solutions for all ‖f‖Lp(Ω) < δ. �

The unique solution u in the neighborhood U of the origin in W 2,p(Ω; R3) of the
equations of nonlinear three-dimensional elasticity (1.7-1)-(1.7-2) depends continu-
ously on f , i.e., with self-explanatory notation

fn → f in Lp(Ω; R3)⇒ un → u in W 2,p(Ω; R3).

This shows that, under the assumptions of Theorem 1.7-1, the system of equations
of nonlinear three-dimensional elasticity is well-posed.

Existence results such as Theorem 1.7-1 can be found in Valent [86], Marsden
& Hughes [68], Ciarlet & Destuynder [25], who simultaneously and independently
established the existence of solutions to the equations of nonlinear three-dimensional
elasticity via the implicit function theorem.

1.8. Existence theory in nonlinear three-dimensional elasticity by
the minimization of energy (John Ball’s approach)

We begin with the definition of hyperelastic materials. Recall that (see Section
1.3) an elastic material has a constitutive equation of the form

T (x) := T ](x,∇Φ(x)) for all x ∈ Ω,

where T ] : Ω×M3
+ →M3 is the response function of the material and T (x) is the

first Piola-Kirchhoff stress tensor at x.
Then an elastic material is hyperelastic if there exists a function W : Ω×M3

+ →
R, called the stored energy function, such that its response function T ] can be
fully reconstructed from W by means of the relation

T ](x,F ) =
∂W

∂F
(x,F ) for all (x,F ) ∈ Ω×M3

+,

where ∂W
∂F denotes the Fréchet derivative of W with respect to the variable F . In

other words, at each x ∈ Ω, ∂W
∂F (x,F ) is the unique matrix in M3 that satisfies

W (x,F +H) = W (x,F ) +
∂W

∂F
(x,F ) : H + ox(|H|)

for all F ∈ M3
+ and H ∈ M3 (a detailed study of hyperelastic materials can be

found in, e.g., Ciarlet [18, Chap. 4]).
John Ball [9] has shown that the minimization problem formally associated with

the equations of nonlinear three-dimensional elasticity (see (1.4-1)) when the ma-
terial constituting the body is hyperelastic has solutions if the function W satisfies
certain physically realistic conditions of polyconvexity, coerciveness, and growth. A
typical example of such a function W , which is called the stored energy function of
the material, is given by

W (x,F ) = a‖F ‖p + b‖CofF ‖q + c|detF |r − d log(detF )
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for all F ∈ M3
+, where p ≥ 2, q ≥ p

p−1 , r > 1, a > 0, , b > 0, c > 0, d > 0, and ‖ · ‖
is the norm defined by ‖F ‖ := {tr(F TF )}1/2 for all F ∈M3.

The major interest of hyperelastic materials is that, for such materials, the equa-
tions of nonlinear three-dimensional elasticity are, at least formally, the Euler equa-
tion associated with a minimization problem (this property only holds formally
because, in general, the solution to the minimization problem does not have the
regularity needed to properly establish the Euler equation associated with the min-
imization problem). To see this, consider first the equations of nonlinear three-
dimensional elasticity (see Section 1.4):

−divT ](x,∇Φ(x)) = f(x), x ∈ Ω,

Φ(x) = x, x ∈ Γ0,

T ](x,∇Φ(x))n(x) = g(x), x ∈ Γ1,

(1.8-1)

where, for simplicity, we have assumed that the applied forces do not depend on
the unknown deformation Φ.

A weak solution Φ to the boundary value problem (1.8-1) is then the solution to
the following variational problem, also known as the principle of virtual works:∫

Ω

T ](·,∇Φ) : ∇v dx =
∫

Ω

f · v dx+
∫

Γ1

g · v da (1.8-2)

for all smooth enough vector fields v : Ω→ R3 such that v = 0 on Γ0.
If the material is hyperelastic, then T ](x,∇Φ(x)) = ∂W

∂F (x,∇Φ(x)), and the
above equation can be written as

J ′(Φ)v = 0,

where J ′ is the Fréchet derivative of the functional J defined by

J(Ψ) :=
∫

Ω

W (x,∇Ψ(x)) dx−
∫

Ω

f ·Ψ dx−
∫

Γ1

g ·Ψ da,

for all smooth enough vector fields Ψ : Ω → R3 such that Ψ = id on Γ0. The
functional J is called the total energy.

Therefore the variational equations associated with the equations of nonlinear
three-dimensional elasticity are, at least formally, the Euler equations associated
with the minimization problem

J(Φ) = min
Ψ∈M

J(Ψ),

where M is an appropriate set of all admissible deformations Ψ : Ω → R3 (an
example is given in the next theorem).

John Ball’s theory provides an existence theorem for this minimization problem
when the function W satisfies the following fundamental definition (see [9]): A
stored energy function W : Ω ×M3

+ → R is said to be polyconvex if, for each
x ∈ Ω, there exists a convex function W(x, ·) : M3 ×M3 × (0,∞)→ R such that

W (x,F ) =W(x,F ,CofF ,detF ) for all F ∈M3
+.

Theorem 1.8-1 (John Ball). Let Ω be a domain in R3 and let W be a polyconvex
function that satisfies the following properties:

The function W(·,F ,H, δ) : Ω→ R is measurable for all (F ,H, δ) ∈M3×M3×
(0,∞).
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There exist numbers p ≥ 2, q ≥ p
p−1 , r > 1, α > 0, and β ∈ R such that

W (x,F ) ≥ α(‖F ‖p + ‖CofF ‖q + |detF |r)− β
for almost all x ∈ Ω and for all F ∈M3

+.
For almost all x ∈ Ω, W (x,F )→ +∞ if F ∈M3

+ is such that detF → 0.
Let Γ1 be a relatively open subset of ∂Ω, let Γ0 := ∂Ω \Γ1, and let there be given

fields f ∈ L6/5(Ω; R3) and g ∈ L4/3(Γ1; R3). Define the functional

J(Ψ) :=
∫

Ω

W (x,∇Ψ(x)) dx−
∫

Ω

f(x) ·Ψ(x) dx−
∫

Γ1

g(x) ·Ψ(x) da,

and the set
M := {Ψ ∈W 1,p(Ω; R3); Cof(∇Ψ) ∈ Lq(Ω; M3), det(∇Ψ) ∈ Lr((Ω),

det(∇Ψ) > 0 a.e. in Ω, Ψ = id on Γ0}.
Finally, assume that area Γ0 > 0 and that infΨ∈M J(Ψ) <∞.

Then there exists Φ ∈M such that

J(Φ) = inf
Ψ∈M

J(Ψ).

Sketch of proof (see Ball [9], or Ciarlet [18], for a detailed proof). Let Φn be a
infimizing sequence of the functional J , i.e., a sequence of vector fields Φn ∈ M
such that

J(Φn)→ infΨ∈M J(Ψ) <∞.

The coerciveness assumption onW implies that the sequences (Φn), (Cof(∇Φn)),
and (det(∇Φn)) are bounded respectively in the spaces W 1,p(Ω; R3), Lq(Ω; M3),
and Lr(Ω). Since these spaces are reflexive, there exist subsequences (Φσ(n)),
(Cof(∇Φσ(n))), and (det(∇Φσ(n))) such that (⇀ denotes weak convergence)

Φσ(n) ⇀ Φ in W 1,p(Ω; R3),

Hσ(n) := Cof(∇Φσ(n)) ⇀H in Lq(Ω; M3),

δσ(n) := det(∇Φσ(n)) ⇀ δ in Lr(Ω).

For all Φ ∈ W 1,p(Ω; R3), H ∈ Lq(Ω; M3), and δ ∈ Lr(Ω) with δ > 0 almost
everywhere in Ω, define the functional

J (Φ,H, δ) :=
∫

Ω

W(x,∇Φ(x),H(x), δ(x)) dx

−
∫

Ω

f(x) ·Φ(x) dx−
∫

Γ1

g(x) ·Φ(x) da,

where, for each x ∈ Ω, W(x, ·) : M3 × M3 × (0,∞) → R is the function given
by the polyconvexity assumption on W . Since W(x, ·) is convex, the above weak
convergences imply that

J (Φ,H, δ) ≤ lim inf
n→∞

J (Φσ(n),Hσ(n), δσ(n)).

But J (Φσ(n),Hσ(n), δσ(n)) = J(Φσ(n)) and J(Φn) → infΨ∈M J(Ψ). Therefore
J (Φ,H, δ) = infΨ∈M J(Ψ).

A compactness by compensation argument applied to the weak convergences
above then shows that

H = Cof(∇Φ) and δ = det(∇Φ).
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Hence J(Φ) = J (Φ,H, δ).
It remains to prove that Φ ∈ M. The property that W (F ) → +∞ if F ∈ M+

is such that detF → 0, then implies that det(∇Φ) > 0 a.e. in Ω. Finally, since
Φn ⇀ Φ in W 1,p(Ω; R3) and since the trace operator is linear, it follows that Φ = id
on Γ0. Hence Φ ∈M.

Since J(Φ) = J (Φ,H, δ) = infΨ∈M J(Ψ), the weak limit Φ of the sequence
Φσ(n) satisfies the conditions of the theorem.

�

A St Venant-Kirchhoff material with Lamé constants λ > 0 and µ > 0 is hyper-
elastic, but not polyconvex. However, Ciarlet & Geymonat [26] have shown that
the stored energy function of a St Venant-Kirchhoff material, which is given by

W (F ) =
λ

8
(tr(F TF − I))2 +

µ

4
‖F TF − I‖2,

can be “approximated” with polyconvex stored energy functions in the following
sense: There exists polyconvex stored energy functions of the form

W [(F ) = a‖F ‖2 + b‖CofF ‖2 + c|detF |2 − d log(detF ) + e

with a > 0, b > 0, c > 0, d > 0, e ∈ R, that satisfy

W [(F ) = W (F ) +O(‖F TF − I‖3).

A stored energy function of this form possesses all the properties required for ap-
plying Theorem 1.8-1. In particular, it satisfies the coerciveness inequality:

W [(F ) ≥ α(‖F ‖2 + ‖CofF ‖2 + (detF )2) + β, with α > 0 and β ∈ R.
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Part 2. TWO-DIMENSIONAL THEORY

Outline

In the first part of the article, we have seen how an elastic body subjected to ap-
plied forces and appropriate boundary conditions can be modeled by the equations
of nonlinear or linearized three-dimensional elasticity. Clearly, these equations can
be used in particular to model an elastic shell, which is nothing but an elastic body
whose reference configuration has a particular shape.

In the second part of the article, we will show how an elastic shell can be modeled
by equations defined on a two-dimensional domain. These new equations may be
viewed as a simplification of the equations of three-dimensional elasticity, obtained
by eliminating some of the terms of lesser order of magnitude with respect to the
thickness of the shell. This simplification is done by exploiting the special geometry
of the reference configuration of the shell, and especially, the assumed “smallness”
of the thickness of the shell.

In the next section, we begin our study with a brief review of the geometry of
surfaces in R3 defined by curvilinear coordinates. Of special importance are their
first and second fundamental forms.

In Section 2.2, we define the reference configuration of a shell as the set in R3

formed by all points within a distance ≤ ε from a given surface in R3. This surface
is the middle surface of the shell and ε is its half-thichness. We then define a
system of three-dimensional “natural” curvilinear coordinates inside the reference
configuration of a shell.

In Section 2.3, the equations of nonlinear or linearized three-dimensional elas-
ticity, which were written in Cartesian coordinates in the first part of the article,
are recast in terms of these natural curvilinear coordinates, as a preliminary step
toward the derivation of two-dimensional shell theories.

In Section 2.5, we give a brief account of the derivation of nonlinear membrane
and flexural shell models by letting the thickness ε approach zero in the equations of
nonlinear three-dimensional elasticity in curvilinear coordinates. The same program
is applied in Section 2.6 to the equations of linearized three-dimensional elasticity in
curvilinear coordinates to derive the linearized membrane and flexural shell models.

In Sections 2.7–2.10, we study the nonlinear and linear Koiter shell models.
The energy of the nonlinear Koiter shell model is defined in terms of the covariant
components of the change of metric and change of curvature tensor fields associated
with a displacement field of the middle surface of the reference configuration of the
shell. The linear Koiter shell model is then defined by linearizing the above tensor
fields. Finally, the existence and uniqueness of solutions to the linear Koiter shell
equations are established, thanks to a fundamental Korn inequality on a surface
and to an infinitesimal rigid displacement lemma on a surface.

2.1. A quick review of the differential geometry of surfaces in R3

To begin with, we briefly recapitulate some important notions of differential
geometry of surfaces (for detailed expositions, see, e.g., Ciarlet [22, 23]).

Greek indices and exponents (except ν in the notation ∂ν) range in the set {1, 2},
Latin indices and exponents range in the set {1, 2, 3} (save when they are used for
indexing sequences), and the summation convention with respect to repeated indices
and exponents is systematically used.
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Let ω be a domain in R2. Let y = (yα) denote a generic point in the set ω and
let ∂α := ∂/∂yα. Let there be given an immersion θ ∈ C3(ω; R3), i.e., a mapping
such that the two vectors

aα(y) := ∂αθ(y)

are linearly independent at all points y ∈ ω. These two vectors thus span the
tangent plane to the surface

S := θ(ω)

at the point θ(y), and the unit vector

a3(y) :=
a1(y) ∧ a2(y)
|a1(y) ∧ a2(y)|

is normal to S at the point θ(y). The three vectors ai(y) constitute the covariant
basis at the point θ(y), while the three vectors ai(y) defined by the relations

ai(y) · aj(y) = δij ,

where δij is the Kronecker symbol, constitute the contravariant basis at the point
θ(y) ∈ S. Note that a3(y) = a3(y) and that the vectors aα(y) are also in the
tangent plane to S at θ(y). As a consequence, any vector field η : ω → R3 can be
decomposed over either of these bases as

η = ηiai = ηiai,

where the coefficients ηi and ηi are respectively the covariant and the contravariant
components of η.

The covariant and contravariant components aαβ and aαβ of the first fundamen-
tal form of S, the Christoffel symbols Γσαβ , and the covariant and mixed components
bαβ and bβα of the second fundamental form of S are then defined by letting:

aαβ := aα · aβ , aαβ := aα · aβ , Γσαβ := aσ · ∂βaα,

bαβ := a3 · ∂βaα, bβα := aβσbσα.

The area element along S is
√
a dy, where

a := det(aαβ).

Note that one also has
√
a = |a1 ∧ a2|.

The derivatives of the vector fields ai can be expressed in terms of the Christoffel
symbols and of the second fundamental form by means of the equations of Gauss
and Weingarten:

∂αaβ = Γναβaν + bαβa3,

∂αa3 = −bναaν .

Likewise, the derivatives of the vector fields aj satisfy

∂αaτ = −Γτανa
ν + bταa3,

∂αa3 = −bανaν .

These equations, combined with the symmetry of the second derivatives of the
vector field aα (i.e., ∂τ (∂σaα) = ∂σ(∂τaα)), imply that

(∂τΓνσα + ΓµσαΓντµ − bσαbντ )aν + (∂τ bσα + Γµσαbτµ)a3

= (∂σΓντα + ΓµταΓνσµ − bταbνσ)aν + (∂σbτα + Γµταbσµ)a3.
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These relations are equivalent to the Gauss and Codazzi-Mainardi equations, namely,

Rν·αστ = bταb
ν
σ − bσαbντ ,

∂σbτα − ∂τ bσα + Γµταbσµ − Γµσαbτµ = 0,

where
Rν·αστ := ∂σΓντα − ∂τΓνσα + ΓµταΓνσµ − ΓµσαΓντµ

are the mixed components of the Riemann curvature tensor associated with the
metric (aαβ). If Rνβ· ·στ := aαβRν·αστ , then one can see that all these functions
vanish, save for R12

· ·12. This function is the Gaussian curvature of the surface S,
given by

R12
· ·12 =

det(bαβ)
det(aαβ)

.

We will see that the sign of the Gaussian curvature plays an important rôle in the
two-dimensional theory of shells.

2.2. Geometry of a shell

Let the set ω ⊂ R2 and the mapping θ : ω → R3 be as in Section 2.1. In
what follows, the surface S = θ(ω) will be identified with the middle surface of
a shell before deformation occurs, i.e., S is the middle surface of the reference
configuration of the shell. The coordinates y1, y2, of the points y ∈ ω constitute
a system of “two-dimensional” curvilinear coordinates for describing the middle
surface of the reference configuration of the shell.

More specifically, consider an elastic shell with middle surface S = θ(ω) and
(constant) thickness 2ε > 0, i.e., an elastic body whose reference configuration is
the set {Ω̂ε}− := Θ(Ω

ε
), where (cf. Figure 2.2-1)

Ωε := ω × (−ε, ε) and Θ(y, xε3) := θ(y) + xε3a3(y) for all (y, xε3) ∈ Ω
ε
.

The more general case of shells with variable thickness or with a middle surface
described by several charts (such as an ellipsoid or a torus) can also be dealt with;
see, e.g., Busse [16] and S. Mardare [67].

Naturally, this definition makes sense physically only if the mapping Θ is globally
injective on the set Ω

ε
. Fortunately, this is indeed the case if the immersion θ is

itself globally injective on the set ω and ε is small enough, according to the following
result (due to Ciarlet [20], Theorem 3.1-1).

Theorem 2.2-1. Let ω be a domain in R2, let θ ∈ C3(ω; R3) be an injective
immersion, and let Θ : ω × R→ R3 be defined by

Θ(y, x3) := θ(y) + x3a3(y) for all (y, x3) ∈ ω × R.

Then there exists ε > 0 such that the mapping Θ is a C2-diffeomorphism from
ω×[−ε, ε] onto Θ(ω×[−ε, ε]) and det(g1, g2, g3) > 0 in ω×[−ε, ε], where gi := ∂iΘ.

Proof. The assumed regularity on θ implies that Θ ∈ C2(ω × [−ε, ε]; R3) for any
ε > 0. The relations

gα = ∂αΘ = aα + x3∂αa3 and g3 = ∂3Θ = a3

imply that
det(g1, g2, g3)|x3=0 = det(a1,a2,a3) > 0 in ω.

Hence det(g1, g2, g3) > 0 on ω × [−ε, ε] if ε > 0 is small enough.
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Therefore, the implicit function theorem can be applied if ε is small enough:
It shows that, locally, the mapping Θ is a C2-diffeomorphism: Given any y ∈ ω,
there exist a neighborhood U(y) of y in ω and ε(y) > 0 such that Θ is a C2-
diffeomorphism from the set U(y)× [−ε(y), ε(y)] onto Θ(U(y)× [−ε(y), ε(y)]). See,
e.g., Schwartz [81], Chapter 3 (the proof of the implicit function theorem, which is
almost invariably given for functions defined over open sets, can be easily extended
to functions defined over closures of domains, such as the sets ω× [−ε, ε]; see, e.g.,
Stein [82]).

To establish that the mapping Θ : ω × [−ε, ε] → R3 is injective provided ε > 0
is small enough, we proceed by contradiction: If this property is false, there exist
εn > 0, (yn, xn3 ), and (ỹn, x̃n3 ), n ≥ 0, such that

εn → 0 as n→∞, yn ∈ ω, ỹn ∈ ω, |xn3 | ≤ εn, |x̃n3 | ≤ εn,

(yn, xn3 ) 6= (ỹn, x̃n3 ) and Θ(yn, xn3 ) = Θ(ỹn, x̃n3 ).

Since the set ω is compact, there exist y ∈ ω and ỹ ∈ ω, and there exists an
increasing function σ : N→ N such that

yσ(n) → y, ỹσ(n) → ỹ, x
σ(n)
3 → 0, x̃

σ(n)
3 → 0 as n→∞.

Hence
θ(y) = lim

n→∞
Θ(yσ(n), x

σ(n)
3 ) = lim

n→∞
Θ(ỹσ(n), x̃

σ(n)
3 ) = θ(ỹ),

by the continuity of the mapping Θ and thus y = ỹ since the mapping θ is injective
by assumption. But these properties contradict the local injectivity (noted above)
of the mapping Θ. Hence there exists ε > 0 such that Θ is injective on the set
ω × [−ε, ε]. �

In what follows, we assume that ε > 0 is small enough so that the conclusions
of Theorem 2.2-1 hold. The reference configuration of the considered shell is then
defined by

{Ω̂ε}− := Θ(Ω
ε
),

where Ωε := ω× (−ε, ε) and Ω̂ε := Θ(Ωε). Let xε = (xεi ) denote a generic point in
the set Ω

ε
(hence xεα = yα) and let x̂ε = (x̂εi ) denote a generic point in the reference

configuration {Ω̂ε}−. The reference configuration of the shell can thus be described
either in terms of the “three-dimensional” curvilinear coordinates y1, y2, x

ε
3, or in

terms of the Cartesian coordinates x̂ε1, x̂
ε
2, x̂

ε
3, of the same point x̂ε = Θ(xε) ∈

{Ω̂ε}−.
To distinguish functions and vector fields defined in Cartesian coordinates from

the corresponding functions and vector fields defined in curvilinear coordinates, we
henceforth adopt the following convention of notation: Any function or vector field
defined on Ω̂ε is denoted by letters surmounted by a hat (e.g., ĝε is a function defined
on Ω̂ε, f̂

ε
is a vector field defined on Ω̂ε, etc.). The corresponding functions and

vector fields defined in curvilinear coordinates are then denoted by the same letters,
but without the hat (e.g., gε is the function defined on Ωε by gε(xε) = ĝε(x̂ε) for
all xε ∈ Ωε, fε is the vector field defined on Ωε by fε(xε) = f̂

ε
(x̂ε) for all xε ∈ Ωε,

etc., the points x̂ε and xε being related by x̂ε = Θ(xε)).
Let ∂εi := ∂/∂xεi (hence ∂/∂xεα = ∂/∂yα) and let ∂̂εi := ∂/∂x̂εi . For each xε ∈ Ω

ε
,

the three linearly independent vectors gεi (x
ε) := ∂εiΘ(xε) constitute the covariant

basis at the point Θ(xε), and the three (likewise linearly independent) vectors
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gj,ε(xε) defined by the relations gj,ε(xε) · gεi (xε) = δji constitute the contravariant
basis at the same point. As a consequence, any vector field uε : Ωε → R3 can be
decomposed over either basis as

uε = uεig
i,ε = ui,εgεi ,

where the coefficients uεi and ui,ε are respectively the covariant and the contravari-
ant components of uε.

The functions gεij(x
ε) := gεi (x

ε) ·gεj(xε) and gij,ε(xε) := gi,ε(xε) ·gj,ε(xε) are re-
spectively the covariant and contravariant components of the metric tensor induced
by the immersion Θ. The volume element in Θ(Ω

ε
) is then

√
gε dxε, where

gε := det(gεij).

For details about these notions of three-dimensional differential geometry, see
Ciarlet [23, Sections 1.1-1.3]

Figure 2.2-1. The reference configuration of an elastic shell. Let
ω be a domain in R2, let Ωε = ω × (−ε, ε), let θ ∈ C3(ω; R3) be an

immersion, and let the mapping Θ : Ω
ε → R3 be defined by Θ(y, xε3) =

θ(y) + xε3a3(y) for all (y, xε3) ∈ Ω
ε
. Then the mapping Θ is globally

injective on Ω
ε

if the immersion θ is globally injective on ω and ε > 0
is small enough (Theorem 2.2-1). In this case, the set Θ(Ω

ε
) may be

viewed as the reference configuration of an elastic shell with thickness
2ε and middle surface S = θ(ω). The coordinates (y1, y2, x

ε
3) of an

arbitrary point xε ∈ Ω
ε

are then viewed as curvilinear coordinates of
the point bxε = Θ(xε) of the reference configuration of the shell.
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2.3. The three-dimensional shell equations

In this section, we consider an elastic shell whose reference configuration is
{Ω̂ε}− := Θ(Ω

ε
) (see Section 2.2), and we make the following assumptions.

The shell is subjected to applied body forces given by their densities f̂
ε

: Ω̂ε →
R3 (this means that f̂

ε
dx̂ε is the body force applied to the volume dx̂ε at each

x̂ε ∈ Ω̂ε). For ease of exposition, we assume that there are no applied surface forces.
The shell is subjected to a homogeneous boundary condition of place along the

portion Θ(γ0 × [−ε, ε]) of its lateral face Θ(∂ω × [−ε, ε]), where γ0 is a measur-
able subset of the boundary ∂ω that satisfies length γ0 > 0. This means that the
displacement field of the shell vanishes on the set Θ(γ0 × [−ε, ε]).

The shell is made of a homogeneous hyperelastic material, thus characterized by
a stored energy function (see Section 1.8)

Ŵ : M3 → R.
Such a shell problem can thus be modeled by means of a minimization problem

(Section 1.8), which is expressed in Cartesian coordinates, in the sense that all
functions appearing in the integrands depend on three variables, the Cartesian
coordinates x̂ε = (x̂εi ) of a point in the reference configuration {Ω̂ε}− of the shell.
We now recast this problem in terms of the curvilinear coordinates xε = (xεi )
describing the reference configuration {Ω̂ε}− = Θ(Ω

ε
) of the same shell. This will

be the natural point of departure for the two-dimensional approch to shell theory
described in the next sections.

More specifically, the minimization problem consists in finding a minimizer Φ̂ε :
{Ω̂ε}− → R3 of the functional Ĵε (see Section 1.8) defined by

Ĵε(Ψ̂ε) :=
∫

Ω̂ε
Ŵ (∇̂

ε
Ψ̂ε) dx̂ε −

∫
Ω̂ε
f̂
ε
· Ψ̂ε dx̂ε

over a set of smooth enough vector fields Ψ̂ε = {Ω̂ε}− → R3 satisfying Ψ̂ε(x̂ε) = x̂ε

for all x̂ε ∈ Θ(γ0 × [−ε, ε]). Recall that the functional Ĵε is the total energy of the
shell.

This minimization problem can be transformed into a minimization problem
posed over the set Ω

ε
, i.e., expressed in terms of the “natural” curvilinear coordi-

nates of the shell, the unknown Φε : Ω
ε → R3 of this new problem being defined

by
Φε(xε) = Φ̂ε(x̂ε) for all x̂ε = Θ(xε), xε ∈ Ω

ε
.

If ε > 0 is small enough, the mapping Θ is a C1-diffeomorphism of Ω
ε

onto its
image {Ω̂ε}− = Θ(Ω

ε
) and det(∇εΘ) > 0 in Ω

ε
(Theorem 2.2-1). The formula for

changing variables in multiple integrals then shows that Φε is a minimizer of the
functional Jε defined by

Jε(Ψε) :=
∫

Ωε
Ŵ (∇Ψε(xε)(∇εΘ(xε))−1) det ∇εΘ dxε

−
∫

Ωε
fε(xε) ·Ψε(xε) det ∇εΘ dxε,

where the matrix field ∇εΨε : Ω
ε →M3 is defined by ∇εΨε = (∂jψεi ) (cf. Section

1.1) and the vector field fε : Ω
ε → R3 is defined by

fε(xε) := f̂
ε
(x̂ε) for all x̂ε = Θ(xε), xε ∈ Ωε.
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Note that the function det ∇εΘ is equal to the function
√
gε, where gε = det(gεij);

cf. Section 2.2.
Consider next a linearly elastic shell with Lamé constants λ > 0 and µ >

0. In this case, the minimization problem associated with the equations of lin-
earized three-dimensional elasticity (Section 1.4) consists in finding a minimizer
Φ̂ε : {Ω̂ε}− → R3 over a set of smooth enough vector fields Ψ̂ε = {Ω̂ε}− → R3

satisfying Ψ̂ε(x̂ε) = x̂ε for all x̂ε ∈ Θ(γ0 × [−ε, ε]) of the functional Ĵε defined by

Ĵε(Ψ̂ε) :=
∫

Ω̂ε
Ŵ (∇̂

ε
Ψ̂ε) dx̂ε −

∫
Ω̂ε
f̂
ε
· Ψ̂ε dx̂ε,

where

Ŵ (F ) =
λ

8
(tr(F T + F − 2I))2 +

µ

4
‖F T + F − 2I‖2 for all F ∈M3

(this stored energy function for a linearly elsatic material easily follows from the
equations of linearized three-dimensional elasticity given in Section 1.4). Its ex-
pression shows that the functional Ĵε is well defined if Ψ̂ε ∈ H1(Ω̂ε; R3).

As in the nonlinear case, this minimization problem can be recast in curvilinear
coordinates. As such, it consists in finding a minimizer Φε : Ω

ε → R3 over the
set of all vector fields Ψε ∈ H1(Ω

ε
; R3) satisfying Ψε = Θ on γ0 × [−ε, ε] of the

functional Jε defined by

Jε(Ψε) =
∫

Ωε
Ŵ (∇εΨε(∇εΘ)−1)

√
gε dxε −

∫
Ωε
fε ·Ψε√gε dxε.

As usual in linearized elasticity, it is more convenient to express this energy in
terms of the displacement field uε : Ω

ε → R3, defined by

Φε(xε) = Θ(xε) + uε(xε) for all xε ∈ Ω
ε
.

Likewise, let vε : Ω
ε → R3 be such that Ψε = Θ + vε. Then a straightforward

calculation shows that

Ŵ (∇εΨε(∇εΘ)−1) = Aijk`,εeεij(v
ε)eεk`(v

ε),

where
Aijk`,ε := λgij,εgk`,ε + µ(gik,εgj`,ε + gi`,εgjk,ε),

eεij(v
ε) :=

1
2

(∂εi v
ε · gεj + ∂εjv

ε · gεi ).

The functions Aijk`,ε and eεij(u
ε) denote respectively the contravariant components

of the three-dimensional elasticity tensor in curvilinear coordinates, and the covari-
ant components of the linearized strain tensor associated with the displacement
field vε. It is then easy to see that uε is a minimizer over the vector space

V (Ωε) := {uε = uεig
i,ε; uεi ∈ H1(Ωε), uεi = 0 on γ0 × (−ε, ε)},

of the functional Jε defined by

Jε(uε) :=
1
2

∫
Ωε
Aijk`,εeεij(u

ε)eεk`(u
ε)
√
gε dxε −

∫
Ωε
fε · uε

√
gε dxε.

This minimization problem will be used in Section 2.6 as a point of departure for
deriving two-dimensional linear shell models.
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2.4. The two-dimensional approach to shell theory

In a two-dimensional approach, the above minimization problems of Section 2.3
are “replaced” by a, presumably much simpler, two-dimensional problem, this time
“posed over the middle surface S of the shell”. This means that the new unknown
should be now the deformation ϕ : ω → R3 of the points of the middle surface
S = θ(ω), or, equivalently, the displacement field ζ : ω → R3 of the points of the
same surface S (the deformation and the displacement fields are related by the
equation ϕ = θ + ζ); cf. Figure 2.4-1.

Figure 2.4-1. An elastic shell modeled as a two-dimensional problem. For
ε > 0 “small enough” and data of ad hoc orders of magnitude, the
three-dimensional shell problem is “replaced” by a “two-dimensional
shell problem”. This means that the new unknowns are the three co-
variant components ζi : ω → R of the displacement field ζia

i : ω → R3

of the points of the middle surface S = θ(ω). In this process, the
“three-dimensional” boundary conditions on Γ0 need to be replaced by
ad hoc “two-dimensional” boundary conditions on γ0. For instance, the
“boundary conditions of clamping” ζi = ∂νζ3 = 0 on γ0 (used in Koiter’s
linear equations; cf. Section 2.8) mean that the points of, and the tan-
gent spaces to, the deformed and undeformed middle surfaces coincide
along the set θ(γ0).

The two-dimensional approach to shell theory yield a variety of two-dimensional
shell models, which can be classified in two categories (the same classification applies
for both nonlinear and linearized shell models):

A first category of two-dimensional models are those that are obtained from the
three-dimesional equations of shells “by letting ε go to zero”. Depending on the
data (geometry of the middle surface of the shell, boundary conditions imposed on
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the displacement fields, applied forces) one obtains either a membrane shell model,
or a flexural shell model, also called a bending shell model. A brief description of
these models and of their derivation is given in Sections 2.5 and 2.6.

A second category of two-dimensional models are those that are obtained from
the three-dimensional model by restricting the range of admissible deformations
and stresses by means of specific a priori assumptions that are supposed to take
into account the “smallness” of the thickness (e.g., the Cosserat assumptions, the
Kirchhoff-Love assumptions, etc.). A variety of two-dimensional models of shells
are obtained in this fashion, as, e.g., those of Koiter, Naghdi, etc. A detailed
description of Koiter’s model is given in Sections 2.7 and 2.8.

2.5. Nonlinear shell models obtained by Γ-convergence

Remarkable achievements in the asymptotic analysis of nonlinearly elastic shells
are due to Le Dret & Raoult [64] and to Friesecke, James, Mora & Müller [49],
who gave the first (and only ones to this date) rigorous proofs of convergence as the
thickness approaches zero. In so doing, they extended to shells the analysis that
they had successfully applied to nonlinearly elastic plates in Le Dret & Raoult [62]
and Friesecke, James & Müller [48].

We begin with the asymptotic analysis of nonlinearly elastic membrane shells. H.
Le Dret and A. Raoult showed that a subsequence of deformations that minimize (or
rather “almost minimize” in a sense explained below) the scaled three-dimensional
energies weakly converges in W 1,p(Ω; R3) as ε → 0 (the number p > 1 is governed
by the growth properties of the stored energy function). They showed in addition
that the weak limit minimizes a “membrane” energy that is the Γ-limit of the
(appropriately scaled) energies. We now give an abridged account of their analysis.

Let ω be a domain in R2 with boundary γ and let θ ∈ C2(ω; R3) be an injective
mapping such that the two vectors aα(y) = ∂αθ(y) are linearly independent at all
points y = (yα) ∈ ω.

Consider a family of elastic shells with the same middle surface S = θ(ω) and
whose thickness 2ε > 0 approaches zero. The reference configuration of each shell
is thus the image Θ(Ω

ε
) ⊂ R3 of the set Ω

ε ⊂ R3 through a mapping Θ : Ω
ε → R3

defined in Section 2.2.
By Theorem 2.2-1, if the injective mapping θ : ω → R3 is smooth enough, the

mapping Θ : Ω
ε → R3 is also injective for ε > 0 small enough and y1, y2, x

ε
3

then constitute the “natural” curvilinear coordinates for describing each reference
configuration Θ(Ω

ε
).

Assume that all the shells in the family are made of the same hyperelastic ho-
mogeneous material (see Section 1.8), satisfying the following properties :

The stored energy function Ŵ : M3 → R of the hyperelastic material satisfies the
following assumptions: There exist constants C > 0, α > 0, β ∈ R, and 1 < p <∞
such that

|Ŵ (F )| ≤ C(1 + |F |p) for all F ∈M3,

Ŵ (F ) ≥ α|F |p + β for all F ∈M3,

|Ŵ (F )− Ŵ (G)| ≤ C(1 + |F |p−1 + |G|p−1)|F −G|
for all F , G ∈M3.
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It can be verified that the stored energy function of a St Venant-Kirchhoff ma-
terial, which is given by

Ŵ (F ) =
µ

4
tr (F TF − I)2 +

λ

8

{
tr (F TF − I)

}2

,

satisfies such inequalities with p = 4.

Remark. By contrast, the stored energy function of a linearly elastic material,
which is given by

Ŵ (F ) =
µ

4
‖F + F T − 2I‖2 +

λ

8

{
tr (F T + F − 2I)

}2

,

where ‖F ‖ := {tr F TF }1/2, satisfies the first inequality with p = 2, but not the
second one. �

It is further assumed that, for each ε > 0, the shells are subjected in their interior
to applied body forces of density f̂

ε
= f̂εi g

i,ε : Ω̂ε → R3 per unit volume, where
f̂εi ∈ Lq(Ω̂ε) and 1

p + 1
q = 1, and that these densities do not depend on the unknown

deformation. Applied surface forces on the “upper” and “lower” faces of the shells
could be likewise considered, but are omitted for simplicity; see in this respect Le
Dret & Raoult [64] who consider a pressure load, an example of applied surface
force that depends on the unknown deformation.

Finally, it is assumed that each shell is subjected to a boundary condition of
place along its entire lateral face Θ(γ × [−ε, ε]), where γ := ∂ω, i.e., that the
displacement vanishes there.

The three-dimensional problem is then posed as a minimization problem in terms
of the unknown deformation field

Φε(xε) := Θ(xε) + uε(xε), xε ∈ Ω
ε
,

of the reference configuration, where uε : Ω
ε → R3 is its displacement field (Section

2.3): It consists in finding Φε such that

Φε ∈M(Ωε) and Jε(Φε) = inf
Ψε∈M(Ωε)

Jε(Ψε), where

M(Ωε) := {Ψε ∈W 1,p(Ωε; R3); Ψε = Θ on γ × [−ε, ε]},

Jε(Ψε) =
∫

Ωε
Ŵ
(
∇εΨε(∇εΘ)−1

)
det ∇εΘ dxε

−
∫

Ωε
fε ·Ψε det ∇εΘ dxε.

This minimization problem may have no solution; however, this is not a short-
coming as only the existence of a “diagonal infimizing family”, whose existence is
always guaranteed, is required in the ensuing analysis (Theorem 2.5-1).

The above minimization problem is then transformed into an analogous one, but
now posed over the fixed domain Ω := ω×] − 1, 1[. Let x = (x1, x2, x3) denote a
generic point in Ω and let ∂i := ∂/∂xi. With each point x ∈ Ω, we associate the
point xε ∈ Ω

ε
through the bijection

πε : x = (x1, x2, x3) ∈ Ω→ xε = (xεi ) = (x1, x2, εx3) ∈ Ω
ε
.

We then define the unknown scaled deformation Φ(ε) : Ω→ R3 by letting

Φ(ε)(x) := Φε(xε) for all xε = πεx, x ∈ Ω.
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Finally, we assume that the applied body forces are of order O(1) with respect
to ε, in the sense that there exists a vector field f ∈  L2(Ω; R3) independent of ε
such that

fε(xε) = f(x) for all xε = πεx, x ∈ Ω.

Remark. Should applied surface forces act on the upper and lower faces of the
shells, we would then assume that they are of order O(ε) with respect to ε. �

In what follows, the notation (b1; b2; b3) stands for the matrix in M3 whose
three column vectors are b1, b2, b3 (in this order).

These scalings and assumptions then imply that the scaled deformation Φ(ε)
satisfies the following minimization problem:

Φ(ε) ∈M(ε; Ω) and J(ε)(Φ(ε)) = inf
Ψ∈M(ε; Ω)

J(ε)(Ψ), where

M(ε; Ω) := {Ψ ∈W 1,p(Ω; R3); Ψ = Φ0(ε) on γ × [−1, 1]},

J(ε)(Ψ) :=
∫

Ω

Ŵ
((
∂1Ψ; ∂2Ψ;

1
ε
∂3Ψ

)
(G(ε))−1

)
detG(ε) dx

−
∫

Ω

f ·ψ detG(ε) dx,

where the vector field Φ0(ε) : Ω→ R3 is defined for each ε > 0 by

Φ0(ε)(x) := Θ(xε) for all xε = πεx, x ∈ Ω,

and the matrix field G(ε) : Ω→M3 is defined by

G(ε)(x) := ∇εΘ(xε) for all xε = πεx, x ∈ Ω.

The scaled displacement

u(ε) := Φ(ε)−Φ0(ε)

therefore satisfies the following minimization problem:

u(ε) ∈W (Ω; R3) and J(ε)(u(ε)) = inf
v∈W (Ω;R3)

J(ε)(v), where

W (Ω; R3) := {v ∈W 1,p(Ω; R3); v = 0 on γ × [−1, 1]}

J(ε)(v) :=
∫

Ω

Ŵ
(
I +

(
∂1v; ∂2v;

1
ε
∂3v
)
(G(ε))−1

)
detG(ε) dx

−
∫

Ω

f · (Φ0(ε) + v) detG(ε) dx.

Central to the ensuing result of convergence is the notion of quasiconvexity,
due to Morrey [71, 72] (an account of its importance in the calculus of variations is
provided in Dacorogna [38, Chap 5]): Let Mm×n denote the space of all real matrices
with m rows and n columns; a function Ŵ : Mm×n → R is quasiconvex if, for all
bounded open subsets U ⊂ Rn, all F ∈Mm×n, and all ξ = (ξi)mi=1 ∈W

1,∞
0 (U ; Rm),

Ŵ (F ) ≤ 1
meas U

∫
U

Ŵ (F + ∇ξ(x)) dx,

where ∇ξ denotes the matrix (∂jξi) ∈Mm×n. Given any function Ŵ : Mm×n → R,
its quasiconvex envelope QŴ : Mm×n → R is the function defined by

QŴ := sup{X̂ : Mm×n → R; X̂ is quasi-convex and X̂ ≤ Ŵ}.
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Remark. An illuminating instance of actual computation of a quasiconvex enve-
lope is found in Le Dret & Raoult [63], who explicitly determine the quasiconvex
envelope of the stored energy function of a St Venant-Kirchhoff material. �

Also central to the ensuing analysis is the notion of Γ-convergence, a powerful
theory initiated by De Giorgi [40, 41] (see also De Giorgi & Franzoni [43]); an
illuminating introduction is found in De Giorgi & Dal Maso [42] and thorough
treatments are given in the books of Attouch [8] and Dal Maso [39]. As shown
by Acerbi, Buttazzo & Percivale [1] for nonlinearly elastic strings, by Le Dret
& Raoult [62, 64] for nonlinearly elastic planar membranes and membrane shells,
by Friesecke, James & Müller [48] for nonlinearly elastic flexural plates, and by
Friesecke, James, Mora & Müller [49] for nonlinearly elastic flexural shells, this
approach has thus far provided the only known convergence theorems for justifying
lower-dimensional nonlinear theories of elastic bodies. See also Ciarlet [19, Section
1.11] for an application to linearly elastic plates.

We then recall the fundamental definition underlying this theory: Let V be a
metric space and let J(ε) : V → R be functionals defined for all ε > 0. The family
(J(ε))ε>0 is said to Γ-converge as ε → 0 if there exists a functional J : V →
R ∪ {+∞}, called the Γ-limit of the functionals J(ε), such that

v(ε)→ v as ε→ 0⇒ J(v) ≤ lim inf
ε→0

J(ε)(v(ε)),

on the one hand and, given any v ∈ V , there exist v(ε) ∈ V, ε > 0, such that

v(ε)→ v as ε→ 0 and J(v) = lim
ε→0

J(ε)(v(ε)),

on the other.
As a preparation to the application of Γ-convergence theory, the scaled energies

J(ε) :M(Ω) → R found above are first extended to the larger space Lp(Ω; R3) by
letting

J̃(ε)(v) =

{
J(ε)(v) if v ∈M(Ω),
+∞ if v ∈ Lp(Ω; R3) but v /∈M(Ω).

Such an extension, customary in Γ-convergence theory, has inter alia the advan-
tage of “incorporating” the boundary condition into the extended functional.

Le Dret & Raoult [64] then establish that the family (J̃(ε))ε>0 of extended en-
ergies Γ-converges as ε → 0 in Lp(Ω; R3) and that its Γ-limit can be computed by
means of quasiconvex envelopes.

More precisely, their analysis leads to the following remarkable convergence the-
orem, where the limit minimization problems are directly posed as two-dimensional
problems (part c)); this is licit since the solutions of these limit problems do not
depend on the transverse variable (part (b)). Note that, while minimizers of J(ε)
over M(Ω) need not exist, the existence of a “diagonal infimizing family” in the
sense understood below is always guaranteed because infv∈M(Ω) J(ε)(v) > −∞.

In what follows, the notation (b1; b2) stands for the matrix in M3×2 with b1, b2

(in this order) as its column vectors and
√
a dy denotes as usual the area element

along the surface S.

Theorem 2.5-1. Assume that the applied body forces are of order O(1) with respect
to ε, and that there exist C > 0, α > 0, β ∈ R, and 1 < p <∞ such that the stored
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energy function Ŵ : M3 → R satisfies the following growth conditions:

|Ŵ (F )| ≤ C(1 + |F |p) for all F ∈M3,

Ŵ (F ) ≥ α|F |p + β for all F ∈M3,

|Ŵ (F )− Ŵ (G)| ≤ C(1 + |F |p−1 + |G|p−1)|F −G| for all F , G ∈M3.

Let the space M(Ω) be defined by

M(Ω) := {v ∈W 1,p(Ω; R3); v = 0 on γ × [−1, 1]},

and let (u(ε))ε>0 be a “diagonal infimizing family” of the scaled energies, i.e., a
family that satisfies

u(ε) ∈M(Ω) and J(ε)(u(ε)) ≤ inf
v∈M(Ω)

J(ε)(v) + h(ε) for all ε > 0,

where h is any positive function that satisfies h(ε)→ 0 as ε→ 0. Then:
(a) The family (u(ε))ε>0 lies in a weakly compact subset of the space W 1,p(Ω; R3).
(b) The limit u ∈ M(Ω) as ε → 0 of any weakly convergent subsequence of

(u(ε))ε>0 satisfies ∂3u = 0 in Ω and is thus independent of the transverse variable.
(c) The vector field ζ := 1

2

∫ 1

−1
u dx3 satisfies the following minimization problem:

ζ ∈W 1,p
0 (ω; R3) and jM (ζ) = inf

η∈W 1,p
0 (ω;R3)

jM (η),

where

jM (η) := 2
∫
ω

QŴM (y, (a1 + ∂1η; a2 + ∂2η))
√
a dy −

∫
ω

{∫ 1

−1

f dx3

}
· η
√
a dy,

ŴM (y, (b1; b2)) := inf
b3∈R3

Ŵ ((b1; b2; b3)G−1(y)) for all (y, (b1; b2)) ∈ ω ×M3×2,

G(y) := (a1(y); a2(y); a3(y)),

the vectors ai(y) forming for each y ∈ ω the covariant basis at the point θ(y) ∈ S,
and QŴ0(y, ·) denotes for each y ∈ ω the quasiconvex envelope of Ŵ0(y, ·).

�

It remains to de-scale the vector field ζ. In view of the scalings performed
on the deformations, we are naturally led to defining for each ε > 0 the limit
displacement field ζε : ω → R3 of the middle surface S by

ζε := ζ.

It is then immediately verified that ζε satisfies the following minimization problem
(the notations are those of Theorem 2.5-1):

ζε ∈W 1,p
0 (ω; R3) and jεM (ζε) = inf

η∈W 1,p
0 (ω;R3)

jεM (η), where

jεM (η) = 2ε
∫
ω

QŴM (y, (a1 + ∂1η; a2 + ∂2η))
√
a dy

−
∫
ω

{∫ ε

−ε
fε dxε3

}
· η
√
a dy.
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The unknown η in the above minimization problem appears only by means of
its first-order partial derivatives ∂αη in the stored energy function

η ∈W 1,p(ω; R3)→ εQŴF (·, (a1 + ∂1η; a2 + ∂2η))

found in the integrand of the energy jεM .
Assume that the original stored energy function is frame-indifferent, in the sense

that
Ŵ (RF ) = Ŵ (F ) for all F ∈M3 and R ∈ O3

+.

This relation is stronger than the usual one, which holds only for F ∈ M3 with
detF > 0 (see Ciarlet [18, Theorem 4.2-1]); it is, however, verified by the kinds
of stored energy functions to which the present analysis applies, e.g., that of a St
Venant-Kirchhoff material. Under this stronger assumption, Le Dret & Raoult [64,
Theorem 10] establish the crucial properties that the stored energy function found
in jεM , once expressed as a function of the points of S, is frame-indifferent and that
it depends only on the metric of the deformed middle surface. For this reason, this
theory is a frame-indifferent, nonlinear “membrane” shell theory.

It is remarkable that the stored energy function found in jεM can be explicitly
computed when the original three-dimensional stored energy function is that of a
St Venant-Kirchhoff material; see Le Dret & Raoult [64, Section 6].

Again for a St Venant-Kirchhoff material, Genevey [50] has furthermore shown
that, when the singular values of the 3×2 matrix fields (∂αηi) associated with a field
η = ηiai belong to an appropriate compact subset of R2 (which can be explicitely
identified), the expression jεM (η) takes the simpler form

jεM (η) =
ε

8

∫
ω

aαβστ (aστ (η)−aστ )(aαβ(η)−aαβ)
√
ady−

∫
ω

{∫ ε

−ε
fεdxε3

}
·η
√
ady,

where

aαβστ :=
4λµ
λ+ 2µ

aαβaστ + 2µ(aασaβτ + aατaβσ),

aαβ(η) := ∂α(θ + ηiai) · ∂β(θ + ηjaj).

This is precisely the expression of jεM (η) that was found by Miara [69] to hold “for all
fields η” (i.e., without any restriction on the fields η such as that found by Genevey
[50]), by means of a formal asymptotic analysis. This observation thus provides a
striking example where the limit equations found by a formal asymptotic analysis
“do not always coincide” with those found by means of a rigorous convergence
theorem.

Le Dret & Raoult [64, Section 6] have further shown that, if the stored energy
function is frame-indifferent and satisfies Ŵ (F ) ≥ Ŵ (I) for all F ∈M3 (as does the
stored energy function of a St Venant-Kirchhoff material), then the corresponding
shell energy is constant under compression. This result has the striking consequence
that “nonlinear membrane shells offer no resistance to crumpling. This is an em-
pirical fact, witnessed by anyone who ever played with a deflated balloon” (to quote
H. Le Dret and A. Raoult).

We now turn our attention to the asymptotic analysis, by means of Γ-convergence
theory, of nonlinearly elastic flexural shells. In its principle, the approach is essen-
tially the same (although more delicate) as that used for deriving the nonlinear
membrane shell equations. There are, however, two major differences regarding
the assumptions that are made at the onset of the asymptotic analysis.
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A first difference is that the applied body forces are now assumed to be of order
O(ε2) with respect to ε (instead of O(1)), in the sense that there exists a vector
field f ∈ L2(Ω; R3) independent of ε such that

fε(xε) = ε2f(x) for all xε = πεx ∈ Ω.

A second difference (without any counterpart for membrane shells) is that the set
denotedMF (ω) in the next theorem contains other fields than θ (the interpretation
of this key assumption is briefly commented upon after the theorem).

Under these assumptions, Friesecke, James, Mora & Müller [49] have proved
the following result. The notations a3(ψ), aαβ(ψ), and bαβ(ψ) used in the next
statement are self-explanatory: Given an arbitrary vector field ψ ∈ H2(ω; R3),

a3(ψ) :=
∂1ψ ∧ ∂2ψ

|∂1ψ ∧ ∂2ψ|
, aαβ(ψ) := ∂αψ · ∂βψ, bαβ(ψ) := −∂αa3(ψ) · ∂βψ.

Theorem 2.5-2. Assume that the applied body forces are of order O(ε2) with
respect to ε. Assume in addition that the stored energy function Ŵ : M3 → R
satisfies the following properties: It is measurable and of class C2 in a neighborhood
of O3

+, it satisfies

Ŵ (I) = 0 and Ŵ (RF ) = Ŵ (F ) for all F ∈M3 and R ∈ O3
+,

and, finally, it satisfies the following growth condition: There exists a constant
C > 0 such that

|Ŵ (F )| ≥ C inf
R∈O3

+

|F −R|2 for all F ∈M3.

Finally, assume that the set

MF (ω) := {ψ ∈ H2(ω; R3); aαβ(ψ) = aαβ in ω;

ψ = θ and a3(ψ) = a3 on γ0},
contains other vector fields than θ.

Then the scaled energies J(ε), ε > 0, constitute a family that Γ-converges as
ε → 0 in the following sense: Any “diagonal infimizing family” (defined as in
Theorem 2.5-1) contains a subsequence that strongly converges in H1(Ω; R3).

Besides, the limit Φ of any such subsequence is independent of the transverse

variable, and the vector field ϕ :=
1
2

∫ 1

−1

Φdx3 satisfies

ϕ ∈MF (ω) and jF (ϕ) = inf
ψ∈MF (ω)

jF (ψ),

where the functional jF :MF (ω)→ R is defined by

jF (ψ) =
2
3

∫
ω

ŴF (y, ((b1β(ψ)− b1β)aβ ; (b2β(ψ)− b2β)aβ))
√
a dy

−
∫
ω

{∫ 1

−1

fε dx3

}
·ψ
√
a dy,

where

ŴF (y, (b1; b2)) := inf
b3∈R3

1
2
∂2Ŵ

∂F 2 (I)((b1; b2; b3)G−1(y), (b1; b2; b3)G−1(y))

for all (y, (b1; b2)) ∈ ω ×M3×2,

G(y) := (a1(y); a2(y); a3(y)).
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The assumption that the set MF (ω) contains other vector fields than θ means
that there exist nonzero displacement fields ηiai of the middle surface θ(ω) that
are both inextensional, in the sense that the surfaces θ(ω) and ψ(ω), where ψ :=
θ + ηiai, have the same metric (as reflected by the assumption aαβ(ψ) = aαβ in
ω), and admissible, in the sense that the points of, and the tangent spaces to, the
surfaces θ(ω) and ψ(ω) coincide along the set θ(γ0) (as reflected by the boundary
conditions ψ = θ and a3(ψ) = a3 on γ0).

It follows that the “de-scaled” unknown deformation ϕε : ω → R3 of the middle
surface of the shell is a minimizer over the set MF (ω) of the functional jεF defined
by

jεF (ψ) :=
2ε3

3

∫
ω

ŴF (y, ((b1β(ψ)− b1β)aβ ; (b2β(ψ)− b2β)aβ))
√
a dy

−
∫
ω

{∫ ε

−ε
fε dx

ε
3

}
·ψ
√
a dy for all ψ ∈MF (ω).

When the original three-dimensional stored energy function is that of a St Venant
Kirchhoff material, the expression jεF (ψ) takes the simpler form

jεF (ψ) =
ε3

6

∫
ω

aαβστ (bστ (ψ)−bστ )(bαβ(ψ)−bαβ)
√
a dy−

∫
ω

{∫ ε

−ε
fε dx

ε
3

}
·ψ
√
a dy,

where
aαβστ :=

4λµ
λ+ 2µ

aαβaστ + 2µ(aασaβτ + aατaβσ).

Interestingly, exactly the same expression jεF (ψ) was found for all ψ ∈ MF (ω)
by means of a formal asymptotic analysis by Lods & Miara [65], as the outcome
of sometimes exceedingly delicate computations. This observation is thus in sharp
contrast with that made for a membrane shell, whose limit equations cannot always
be recovered by a formal approach, as noted earlier.

Remark. Although Γ-convergence automatically provides the existence of a min-
imizer of the Γ-limit functional, the existence of a minimizer of the functional jF
over the setMF (ω) can be also established by means of a direct method of calculus
of variations; cf. Ciarlet & Coutand [24]. �

2.6. Linear shell models obtained by asymptotic analysis

In this section, we briefly review the genesis of those two-dimensional linear shell
theories that can be found, and rigorously justified, as the outcome of an asymptotic
analysis of the equations of three-dimensional linearized elasticity as ε→ 0.

The asymptotic analysis of elastic shells has been a subject of considerable at-
tention during the past decades. After the landmark attempt of Goldenveizer [53],
a major step for linearly elastic shells was achieved by Destuynder [44] in his Doc-
toral Dissertation, where a convergence theorem for “membrane shells” was “almost
proved”. Another major step was achieved by Sanchez-Palencia [77], who clearly
delineated the kinds of geometries of the middle surface and boundary conditions
that yield either two-dimensional membrane, or two-dimensional flexural, equations
when the method of formal asymptotic expansions is applied to the variational equa-
tions of three-dimensional linearized elasticity (see also Caillerie & Sanchez-Palencia
[17] and Miara & Sanchez-Palencia [70]).
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Then Ciarlet & Lods [27, 28] and Ciarlet, Lods & Miara [31] carried out an
asymptotic analysis of linearly elastic shells that covers all possible cases: Under
three distinct sets of assumptions on the geometry of the middle surface, on the
boundary conditions, and on the order of magnitude of the applied forces, they
established convergence theorems in H1, in L2, or in ad hoc completion spaces,
that justify either the linear two-dimensional equations of a “membrane shell”, or
those of a “generalized membrane shell”, or those of a “flexural shell”.

More specifically, consider a family of linearly elastic shells of thickness 2ε that
satisfy the following assumptions: All the shells have the same middle surface
S = θ(ω) ⊂ R3, where ω is a domain in R2 with boundary γ, and θ ∈ C3(ω; R3).
Their reference configurations are thus of the form Θ(Ω

ε
), ε > 0, where

Ωε := ω × (−ε, ε) ,

and the mapping Θ is defined by

Θ(y, xε3) := θ(y) + xε3a3(y) for all (y, xε3).

All the shells in the family are made with the same homogeneous isotropic elastic
material and that their reference configurations are natural states. Their elastic
material is thus characterized by two Lamé constants λ > 0 and µ > 0.

The shells are subjected to body forces and that the corresponding applied body
force density is O(εp) with respect to ε, for some ad hoc power p (which will be
specified later). This means that, for each ε > 0, the contravariant components
f i,ε ∈ L2(Ωε) of the body force density fε = f i,εgεi are of the form

f i,ε(y, εx3) = εpf i(y, x3) for all (y, x3) ∈ Ω := ω × ]−1, 1[ ,

and the functions f i ∈ L2(Ω) are independent of ε (surface forces acting on the
“upper” and “lower” faces of the shell could be as well taken into account but
will not be considered here, for simplicity of exposition). Let then the functions
pi,ε ∈ L2(ω) be defined for each ε > 0 by

pi,ε :=
∫ ε

−ε
f i,ε dxε3.

Finally, each shell is subjected to a boundary condition of place on the portion
Θ(γ0×[−ε, ε]) of its lateral face, where γ0 is a fixed portion of γ, with length γ0 > 0.

Then the displacement field of the shell satisfies the following minimization prob-
lem associated with the equations of linearized three-dimensional elasticity in curvi-
linear coordinates (see Section 2.3):

uε ∈ V (Ωε) and Jε(uε) = min
vε∈V (Ωε)

Jε(vε), where

Jε(vε) :=
1
2

∫
Ωε
Aijk`,εeεij(v

ε)eεk`(v
ε)
√
gε dxε −

∫
Ωε
fε · vε

√
gε dxε,

V (Ωε) := {vε = vεi g
i,ε; vεi ∈ H1(Ω), vεi = 0 on γ0 × (−ε, ε)}.

For each ε > 0, this problem has one and only one solution uε ∈ V (Ω).
For any displacement field η = ηiai : ω → R3, let

γαβ(η) =
1
2

(∂βη · aα + ∂αη · aβ) and ραβ(η) = (∂αβη − Γσαβ∂ση) · a3

denote as usual the covariant components of the linearized change of metric, and
linearized change of curvature, tensors.
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In Ciarlet, Lods & Miara [31] it is first assumed that the space of linearized
inextensional displacements (introduced by Sanchez-Palencia [75])

V F (ω) := {η = ηiai; ηα ∈ H1(ω), η3 ∈ H2(ω);

ηi = ∂νη3 = 0 on γ0, γαβ(η) = 0 in ω}

contains non-zero functions. This assumption is in fact one in disguise about the
geometry of the surface S and on the set γ0. For instance, it is satisfied if S is a
portion of a cylinder and θ(γ0) is contained in one or two generatrices of S, or if S
is contained in a plane, in which case the shells are plates.

Under this assumption Ciarlet, Lods & Miara [31] showed that, if the applied
body force density is O(ε2) with respect to ε, then

1
2ε

∫ ε

−ε
uε dxε3 → ζ in H1(ω; R3) as ε→ 0,

where the limit vector field ζ := ζiai belongs to the space V F (ω) and satisfies the
equations of a linearly elastic “flexural shell” , viz.,

ε3

3

∫
ω

aαβστρστ (ζ)ραβ(η)
√
a dy =

∫
ω

pi,εηi
√
a dy

for all η = ηiai ∈ V F (ω). Observe in passing that the limit ζ is indeed independent
of ε, since both sides of these variational equations are of the same order (viz., ε3),
because of the assumptions made on the applied forces.

Equivalently, the vector field ζ satisfies the following constrained minimization
problem:

ζ ∈ V F (ω) and jεF (ζ) = inf jεF (η),

where

jεF (η) :=
1
2

∫
ω

ε3

3
aαβστρστ (η)ραβ(η)

√
a dy −

∫
ω

pi,εηi
√
a dy

for all η = ηiai ∈ V F (ω), where the functions

aαβστ =
4λµ

(λ+ 2µ)
aαβaστ + 2µ(aασaβτ + aατaβσ)

are precisely the familiar contravariant components of the shell elasticity tensor.
If V F (ω) 6= {0}, the two-dimensional equations of a linearly elastic “flexural

shell” are therefore justified.
If V F (ω) = {0}, the above convergence result still applies. However, the only

information it provides is that
1
2ε

∫ ε

−ε
uε dxε3 → 0 in H1(ω; R3) as ε→ 0. Hence a

more refined asymptotic analysis is needed in this case.
A first instance of such a refinement was given by Ciarlet & Lods [27], where it

was assumed that γ0 = γ and that the surface S is elliptic, in the sense that its
Gaussian curvature is > 0 everywhere. As shown in Ciarlet & Lods [27] and Ciar-
let & Sanchez-Palencia [35], these two conditions, together with ad hoc regularity
assumptions, indeed imply that V F (ω) = {0}.

In this case, Ciarlet & Lods [28] showed that, if the applied body force density is
O(1) with respect to ε, then

1
2ε

∫ ε

−ε
uεα dx

ε
3 → ζα in H1(ω) and

1
2ε

∫ ε

−ε
uε3 dx

ε
3 → ζ3 in L2(ω) as ε→ 0,
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where the limit vector field ζ := ζiai belongs to the space

V M (ω) := {η = ηiai; ηα ∈ H1
0 (ω), η3 ∈ L2(ω)},

and solves the equations of a linearly elastic “membrane shell”, viz.,∫
ω

εaαβστγστ (ζ)γαβ(η)
√
a dy =

∫
ω

pi,εηi
√
a dy

for all η = ηiai ∈ V M (ω), where the functions aαβστ , γαβ(η), a, and pi,ε have the
same meanings as above. If γ0 = γ and S is elliptic, the two-dimensional equations
of a linearly elastic “membrane shell” are therefore justified. Observe that the limit
ζ is again independent of ε, since both sides of these variational equations are of
the same order (viz., ε), because of the assumptions made on the applied forces.

Equivalently, the field ζ satisfies the following unconstrained minimization prob-
lem:

ζ ∈ V M (ω) and jεM (ζ) = inf
η∈V M (ω)

jεM (η),

where

jεM (η) :=
1
2

∫
ω

εaαβστγστ (η)γαβ(η)
√
a dy −

∫
ω

pi,εηi
√
a dy.

Finally, Ciarlet & Lods [30] studied all the “remaining” cases where V F (ω) =
{0}, e.g., when S is elliptic but length γ0 < length γ, or when S is for instance a
portion of a hyperboloid of revolution, etc. To give a flavor of their results, consider
the important special case where the semi-norm

|·|Mω : η = ηiai → |η|Mω =
{∑
α,β

‖γαβ(η)‖20,ω
}1/2

becomes a norm over the space

W (ω) := {η ∈H1(ω; R3); η = 0 on γ0}.
In this case, Ciarlet & Lods [30] showed that, if the applied body forces are

“admissible” in a specific sense (but a bit too technical to be described here), and
if their density is again O(1) with respect to ε, then

1
2ε

∫ ε

−ε
uε dxε3 −→ ζ in V ]

M (ω) as ε→ 0,

where
V ]
M (ω) := completion of W (ω) with respect to |·|Mω .

Furthermore, the limit field ζ ∈ V ]
M (ω) solves “limit” variational equations of the

form
εB]M (ζε,η) = L],εM (η) for all η ∈ V ]

M (ω),

where B]M is the unique extension to V ]
M (ω) of the bilinear form BM defined by

BM (ζ,η) :=
1
2

∫
ω

aαβστγστ (ζ)γαβ(η)
√
a dy for all ζ,η ∈W (ω),

i.e., εBM is the bilinear form found above for a linearly elastic “membrane shell”,
and L],εM : V ]

M (ω) → R is an ad hoc linear form, determined by the behavior as
ε→ 0 of the admissible body forces.

In the “last” remaining case, where V F (ω) = {0} but |·|Mω is not a norm over
the space W (ω), a similar convergence result can be established, but only in the
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completion V̇
]

M (ω) with respect of |·|Mω of the quotient space W (ω)/W 0(ω), where
W 0(ω) = {η ∈W (ω); γαβ(η) = 0 in ω}.

Either one of the above variational problems corresponding to the “remaining”
cases where V F = {0} constitute the equations of a linearly elastic “general-
ized” membrane shell, whose two-dimensional equations are therefore justified.

The proofs of the above convergence results are long and technically difficult.
Suffice it to say here that they crucially hinge on the Korn inequality “with boundary
conditions” (Theorem 2.9-3) and on the Korn inequality “on an elliptic surface”
(end of Section 2.9).

Combining these convergences with earlier results of Destuynder [45] and Sanchez-
Palencia [75, 76, 78] (see also Sanchez-Hubert & Sanchez-Palencia [79]), Ciarlet &
Lods [28, 29] have also justified as follows the linear Koiter shell equations studied
in Sections 2.8 to 2.10, again in all possible cases.

Let ζε denote for each ε > 0 the unique solution (Theorem 2.10-2) to the linear
Koiter shell equations, viz., the vector field that satisfies

ζε ∈ V (ω) = {η = ηiai; ηα ∈ H1(ω), η3 ∈ H2(ω); ηi = ∂νη3 = 0 on γ0},∫
ω

{
εaαβστγστ (ζε)γαβ(η) +

ε3

3
aαβστρστ (ζε)ραβ(η)

}√
a dy

=
∫
ω

pi,εηi
√
a dy for all η = ηiai ∈ V (ω),

or equivalently, the unique solution to the minimization problem

ζε ∈ V (ω) and j(ζε) = inf
η∈V (ω)

j(η)

where

j(η) =
1
2

∫
ω

{
εaαβστγστ (η)γαβ(η) +

ε3

3
aαβστρστ (η)ραβ(η)

}√
a dy

−
∫
ω

pi,εηi
√
a dy.

Observe in passing that, for a linearly elastic shell, the stored energy function
found in Koiter’s energy, viz.,

η −→
{ε

2
aαβστγστ (η)γαβ(η) +

ε3

6
aαβστρστ (η)ραβ(η)

}
is thus exactly the sum of the stored energy function of a linearly elastic “membrane
shell” and of that of a linearly elastic “flexural shell”.

Then, for each category of linearly elastic shells (membrane, generalized mem-

brane, or flexural), the vector fields ζε and
1
2ε

∫ ε

−ε
uε dxε3, where uε denotes the

solution of the three-dimensional problem, have exactly the same asymptotic behav-
ior as ε→ 0, in precisely the same function spaces that were found in the asymptotic
analysis of the three-dimensional solution.

It is all the more remarkable that Koiter’s equations can be fully justified for
all types of shells, since it is clear that Koiter’s equations cannot be recovered
as the outcome of an asymptotic analysis of the three-dimensional equations, the
two-dimensional equations of linearly elastic, membrane, generalized membrane, or
flexural, shells exhausting all such possible outcomes!
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So, even though Koiter’s linear model is not a limit model, it is in a sense the
“best” two-dimensional one for linearly elastic shells!

One can thus only marvel at the insight that led W.T. Koiter to conceive the
“right” equations, whose versatility is indeed remarkable, out of purely mechanical
and geometrical intuitions!

We refer to Ciarlet [20] for a detailed analysis of the asymptotic analysis of
linearly elastic shells, for a detailed description and analysis of other linear shell
models, such as those of Naghdi, Budiansky and Sanders, Novozilov, etc., and for
an extensive list of references.

2.7. The nonlinear Koiter shell model

pagestylemyheadings
In this section, we begin our study of the equations proposed by W.T. Koiter for

modeling thin elastic shells. These equations are “two-dimensional”, in the sense
that they are expressed in terms of two curvilinear coordinates used for defining
the middle surface of the shell.

To begin with, we describe the nonlinear Koiter shell equations, so named after
Koiter [59], and since then a two-dimensional nonlinear model of choice in compu-
tational mechanics.

Given an arbitrary displacement field η := ηiai : ω → R3 of the surface S with
smooth enough components ηi : ω → R, let

aαβ(η) := aα(η) · aβ(η), where aα(η) := ∂α(θ + η),

denote the covariant components of the first fundamental form of the deformed
surface (θ + η)(ω). Then the functions

Gαβ(η) :=
1
2

(aαβ(η)− aαβ)

denote the covariant components of the change of metric tensor associated
with the displacement field η = ηiai of S.

If the two vectors aα(η) are linearly independent at all points of ω, let

bαβ(η) :=
1√
a(η)

∂αβ(θ + η) · {a1(η) ∧ a2(η)},

where
a(η) := det(aαβ(η)),

denote the covariant components of the second fundamental form of the deformed
surface (θ + η)(ω). Then the functions

Rαβ(η) := bαβ(η)− bαβ
denote the covariant components of the change of curvature tensor field
associated with the displacement field η = ηiai of S. Note that

√
a(η) = |a1(η) ∧

a2(η)|.
Note that both surfaces θ(ω) and (θ + η)(ω) are equipped with the same curvi-

linear coordinates y1, y2.
As a point of departure, consider an elastic shell made of a St Venant-Kichhoff

material modeled as a three-dimensional problem (Section 2.3). The nonlinear
two-dimensional equations proposed by Koiter [59] for modeling such an elastic
shell are then derived from those of nonlinear three-dimensional elasticity on the
basis of two a priori assumptions: One assumption, of a geometrical nature, is
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the Kirchhoff-Love assumption. It asserts that any point situated on a normal to
the middle surface remains on the normal to the deformed middle surface after the
deformation has taken place and that, in addition, the distance between such a point
and the middle surface remains constant. The other assumption, of a mechanical
nature, asserts that the state of stress inside the shell is planar and parallel to the
middle surface (this second assumption is itself based on delicate a priori estimates
due to John [56, 57]).

Taking these a priori assumptions into account, W.T. Koiter then reached the
conclusion that the displacement field ζε = ζεi a

i of the middle surface S := θ(ω)
of the shell, where the functions ζεi are unknowns, should be a stationary point, in
particular a minimizer, over a set of smooth enough vector fields η = ηiai : ω → R3

satisfying ad hoc boundary conditions on γ0, of the functional j defined by (cf.
Koiter [59], eqs. (4.2), (8.1), and (8.3)):

j(η) =
1
2

∫
ω

{
εaαβστGστ (η)Gαβ(η) +

ε3

3
aαβστRστ (η)Rαβ(η)

}√
a dy

−
∫
ω

pi,εηi
√
a dy,

where the functions aαβστ and pi,ε ∈ L2(ω) are the same as in Section 2.6, i.e., they
are defined by

aαβστ :=
4λµ
λ+ 2µ

aαβaστ + 2µ(aασaβτ + aατaβσ)

pi,ε :=
∫ ε

−ε
f i,ε dx3.

The above functional j is called Koiter’s energy for a nonlinear elastic
shell.

The stored energy function wK found in Koiter’s energy j is thus defined by

wK(η) =
ε

2
aαβστGστ (η)Gαβ(η) +

ε3

6
aαβστRστ (η)Rαβ(η)

for ad hoc vector fields η = ηiai. This expression is the sum of the “membrane”
part

wM (η) =
ε

2
aαβστGστ (η)Gαβ(η)

and of the “flexural” part

wF (η) =
ε3

6
aαβστRστ (η)Rαβ(η).

Another closely related set of nonlinear shell equations “of Koiter’s type” has
been proposed by Ciarlet [21]. In these equations, the denominator

√
a(η) that

appears in the functions Rαβ(η) = bαβ(η)− bαβ is simply replaced by
√
a, thereby

avoiding the possibility of a vanishing denominator in the expression wK(η). Then
Ciarlet & Roquefort [34] have shown that the leading term of a formal asymptotic
expansion of a solution to this two-dimensional model, with the thickness 2ε as the
“small” parameter, coincides with that found by a formal asymptotic analysis of
the three-dimensional equations. This result thus raises hopes that a rigorous jus-
tification, by means of Γ-convergence theory, of a nonlinear shell model of Koiter’s
type might be possible.
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2.8. The linear Koiter shell model

Consider the Koiter energy j for a nonlinearly elastic shell, defined by (cf. Section
2.7)

j(η) =
1
2

∫
ω

{
εaαβστGστ (η)Gαβ(η) +

ε3

3
aαβστRστ (η)Rαβ(η)

}√
a dy

−
∫
ω

pi,εηi
√
a dy,

for smooth enough vector fields η = ηiai : ω → R3. One of its virtues is that
the integrands of the first two integrals are quadratic expressions in terms of the
covariant components Gαβ(η) and Rαβ(η) of the change of metric, and change
of curvature, tensors associated with a displacement field η = ηiai of the middle
surface S = θ(ω) of the shell. In order to obtain the energy corresponding to
the linear equations of Koiter [60], which we are about to describe, it suffices, “by
definition”, to replace the covariant components

Gαβ(η) =
1
2

(aαβ(η)− aαβ) and Rαβ(η) = bαβ(η)− bαβ ,

of these tensors by their linear parts with respect to η, respectively denoted γαβ(η)
and ραβ(η) below. Accordingly, our first task consists in finding explicit expressions
of such linearized tensors. To begin with, we compute the components γαβ(η).

Theorem 2.8-1. Let ω be a domain in R2 and let θ ∈ C2(ω; R3) be an immersion.
Given a displacement field η := ηiai of the surface S = θ(ω) with smooth enough
covariant components ηi : ω → R, let the function γαβ(η) : ω → R be defined by

γαβ(η) :=
1
2

[aαβ(η)− aαβ ]lin ,

where aαβ and aαβ(η) are the covariant components of the first fundamental form
of the surfaces θ(ω) and (θ+η)(ω), and [· · · ]lin denotes the linear part with respect
to η in the expression [· · · ]. Then

γαβ(η) =
1
2

(∂βη · aα + ∂αη · aβ) = γβα(η)

=
1
2

(ηα|β + ηβ|α)− bαβη3

=
1
2

(∂βηα + ∂αηβ)− Γσαβησ − bαβη3,

where the covariant derivatives ηα|β are defined by ηα|β = ∂βηα − Γσαβησ. In par-
ticular then,

ηα ∈ H1(ω) and η3 ∈ L2(ω)⇒ γαβ(η) ∈ L2(ω).

Proof. The covariant components aαβ(η) of the metric tensor of the surface (θ +
η)(ω) are by definition given by

aαβ(η) = ∂α(θ + η) · ∂β(θ + η).

The relations
∂α(θ + η) = aα + ∂αη
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then show that

aαβ(η) = (aα + ∂αη) · (aβ + ∂βη)
= aαβ + ∂βη · aα + ∂αη · aβ + ∂αη · ∂βη,

hence that

γαβ(η) =
1
2

[aαβ(η)− aαβ ]lin =
1
2

(∂βη · aα + ∂αη · aβ).

The other expressions of γαβ(η) immediately follow from the relation

∂αη = ∂α(ηiai) = (∂αησ − Γτασητ − bαση3)aσ + (∂αη3 + bταητ )a3,

itself a consequence of the Gauss and Weingarten equations (see Section 2.1)

∂αaτ = −Γτασaσ + bταa3,

∂αa3 = −bασaσ.

�

The functions γαβ(η) are called the covariant components of the linearized
change of metric tensor associated with a displacement η = ηiai of the surface
S.

We next compute the components ραβ(η).

Theorem 2.8-2. Let ω be a domain in R2 and let θ ∈ C3(ω; R3) be an immersion.
Given a displacement field η := ηiai of the surface S = θ(ω) with smooth enough
and “small enough” covariant components ηi : ω → R, let the functions ραβ(η) :
ω → R be defined by

ραβ(η) := [bαβ(η)− bαβ ]lin,

where bαβ and bαβ(η) are the covariant components of the second fundamental form
of the surfaces θ(ω) and (θ+η)(ω), and [· · · ]lin denotes the linear part with respect
to η in the expression [· · · ]. Then

ραβ(η) = (∂αβη − Γσαβ∂ση) · a3 = ρβα(η)

= η3|αβ − bσαbσβη3 + bσαησ|β + bτβητ |α + bτβ |αητ
= ∂αβη3 − Γσαβ∂ση3 − bσαbσβη3

+bσα(∂βησ − Γτβσητ ) + bτβ(∂αητ − Γσατησ)

+(∂αbτβ + Γτασb
σ
β − Γσαβb

τ
σ)ητ ,

where the covariant derivatives ηα|β, η3|αβ, and bτβ |α are defined by

ηα|β := ∂βηα − Γσαβησ,

η3|αβ := ∂αβη3 − Γσαβ∂ση3,

bτβ |α := ∂αb
τ
β + Γτασb

σ
β − Γσαβb

τ
σ.

In particular then,

ηα ∈ H1(ω) and η3 ∈ H2(ω)⇒ ραβ(η) ∈ L2(ω).

The functions bτβ |α satisfy the symmetry relations

bτβ |α = bτα|β .
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Proof. For convenience, the proof is divided into five parts. In parts (i) and (ii),
we establish elementary relations satisfied by the vectors ai and ai of the covariant
and contravariant bases along S.

(i) The two vectors aα = ∂αθ satisfy |a1 ∧ a2| =
√
a, where a = det(aαβ).

Let A denote the matrix of order three with a1,a2,a3 as its column vectors.
Consequently,

detA = (a1 ∧ a2) · a3 = (a1 ∧ a2) · a1 ∧ a2

|a1 ∧ a2|
= |a1 ∧ a2|.

Besides,

(detA)2 = det(ATA) = det(aαβ) = a,

since aα · aβ = aαβ and aα · a3 = δα3. Hence |a1 ∧ a2| =
√
a.

(ii) The vector fields ai and aα are related by a1 ∧ a3 = −
√
aa2 and a3 ∧ a2 =

−
√
aa1.

To prove that two vector fields c and d coincide, it suffices to prove that c · ai =
d · ai for i ∈ {1, 2, 3}. In the present case,

(a1 ∧ a3) · a1 = 0 and (a1 ∧ a3) · a3 = 0,

(a1 ∧ a3) · a2 = −(a1 ∧ a2) · a3 = −
√
a,

since
√
aa3 = a1 ∧ a2 by (i), on the one hand; on the other hand,

−
√
aa2 · a1 = −

√
aa2 · a3 = 0 and −

√
aa2 · a2 = −

√
a,

since ai · aj = δij . Hence a1 ∧ a3 = −
√
aa2. The other relation is similarly estab-

lished.

(iii) The covariant components bαβ(η) satisfy

bαβ(η) = bαβ + (∂αβη − Γσαβ∂ση) · a3 + h.o.t.,

where “h.o.t.” stands for “higher-order terms”, i.e., terms of order higher than
linear with respect to η. Consequently,

ραβ(η) := [bαβ(η)− bαβ ]lin =
(
∂αβη − Γσαβ∂ση

)
· a3 = ρβα(η).

Since the vectors aα = ∂αθ are linearly independent in ω and the fields η =
ηiai are smooth enough by assumption, the vectors ∂α(θ + η) are also linearly
independent in ω provided the fields η are “small enough”, e.g., with respect to the
norm of the space C1(ω; R3). The following computations are therefore licit as they
apply to a linearization around η = 0.

Let

aα(η) := ∂α(θ + η) = aα + ∂αη and a3(η) :=
a1(η) ∧ a2(η)√

a(η)
,

where

a(η) := det(aαβ(η)) and aαβ(η) := aα(η) · aβ(η).
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Then

bαβ(η) = ∂αaβ(η) · a3(η)

=
1√
a(η)

(∂αaβ + ∂αβη) · (a1 ∧ a2 + a1 ∧ ∂2η + ∂1η ∧ a2 + h.o.t.)

=
1√
a(η)

{√
a(bαβ + ∂αβη · a3)

}
+

1√
a(η)

{
(Γσαβaσ + bαβa3) · (a1 ∧ ∂2η + ∂1η ∧ a2) + h.o.t.

}
,

since bαβ = ∂αaβ · a3 and ∂αaβ = Γσαβaσ + bαβa3 by the formula of Gauss. Next,

(Γσαβaσ + bαβa3) · (a1 ∧ ∂2η)

= Γ2
αβa2 · (a1 ∧ ∂2η)− bαβ∂2η · (a1 ∧ a3)

=
√
a
(
−Γ2

αβ∂2η · a3 + bαβ∂2η · a2
)
,

since, by (ii), a2 ·(a1∧∂2η) = −∂2η ·(a1∧a2) = −
√
a∂2η ·a3 and a1∧a3 = −

√
aa2;

likewise,

(Γσαβaσ + bαβa3) · (∂1η ∧ a2) =
√
a(−Γ1

αβ∂1η · a3 + bαβ∂1η · a1).

Consequently,

bαβ(η) =
√

a

a(η)
{
bαβ(1 + ∂ση · aσ) + (∂αβη − Γσαβ∂ση) · a3 + h.o.t.

}
.

There remains to find the linear term with respect to η in the expansion
1√
a(η)

=

1√
a

(1 + · · · ). To this end, we note that

det(A+H) = (detA)(1 + tr(A−1H) + o(H)),

with A := (aαβ) and A+H := (aαβ(η)). Hence

H = ∂βη · aα + ∂αη · aβ + h.o.t.,

since [aαβ(η)− aαβ ]lin = ∂βη · aα + ∂αη · aβ (Theorem 2.8-1). Therefore,

a(η) = det(aαβ(η)) = det(aαβ)(1 + 2∂αη · aα + h.o.t.),

since A−1 = (aαβ); consequently,
1√
a(η)

=
1√
a

(1− ∂αη · aα + h.o.t.).

Noting that there are no linear terms with respect to η in the product (1−∂αη ·
aα)(1 + ∂ση · aσ), we find the announced expansion, viz.,

bαβ(η) = bαβ + (∂αβη − Γσαβ∂ση) · a3 + h.o.t.

(iv) The components ραβ(η) can be also written as

ραβ(η) = η3|αβ − bσαbσβη3 + bσαησ|β + bτβητ |α + bτβ |αητ ,

where the functions η3|αβ and bτβ |α are defined as in the statement of the theorem.
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The Gauss and Weingarten equations, viz.,

∂αaτ = −Γτασaσ + bταa3,

∂αa3 = −bασaσ,

imply that

∂ση = (∂σηβ − Γτσβητ − bσβη3)aβ + (∂ση3 + bτσητ )a3,

then that

∂αβη · a3 = ∂α
{

(∂βησ − Γτβσητ − bβση3)aσ + (∂βη3 + bτβητ )a3
}
· a3

= (∂βησ − Γτβσητ − bβση3)∂αaσ · a3

+(∂αβη3 + (∂αbτβ)ητ + bτβ∂αητ )a3 · a3 + (∂βη3 + bτβητ )∂αa3 · a3

= bσα(∂βησ − Γτβσητ )− bσαbσβη3 + ∂αβη3 + (∂αbτβ)ητ + bτβ∂αητ ,

since
∂αaσ · a3 = (−Γσατa

τ + bσαa3) · a3 = bσα,

∂αa3 · a3 = −bασaσ · a3 = 0.
We thus obtain

ραβ(η) = (∂αβη − Γσαβ∂ση) · a3

= bσα(∂βησ − Γτβσητ )− bσαbσβη3 + ∂αβη3 + (∂αbτβ)ητ + bτβ∂αητ

−Γσαβ(∂ση3 + bτσητ ).

While this relation seemingly involves only the covariant derivatives η3|αβ and
ησ|β , it may be easily rewritten so as to involve in addition the functions ητ |α and
bτβ|α. The stratagem simply consists in using the relation Γτασb

σ
βητ − Γσατ b

τ
βησ = 0!

This gives

ραβ(η) = (∂αβη3 − Γσαβ∂ση3)− bσαbσβη3

+bσα(∂βησ − Γτβσητ ) + bτβ(∂αητ − Γσατησ)

+(∂αbτβ + Γτασb
σ
β − Γσαβb

τ
σ)ητ .

(v) The functions bτβ |α are symmetric with respect to the indices α and β.
Again, because of the formulas of Gauss and Weingarten, we can write

0 = ∂αβaτ − ∂βαaτ = ∂α
(
−Γτβσaσ + bτβa3

)
− ∂β

(
−Γτασaσ + bταa3

)
= −(∂αΓτβσ)aσ + ΓτβσΓσανa

ν − Γτβσb
σ
αa3 + (∂αbτβ)a3 − bτβbασaσ

+(∂βΓτασ)aσ − ΓτασΓσβµaµ + Γτασb
σ
βa3 − (∂βbτα)a3 + bταbβσaσ.

Consequently,

0 = (∂αβaτ − ∂βαaτ ) · a3 = ∂αb
τ
β − ∂βbτα + Γτασb

σ
β − Γτβσb

σ
α,

on the one hand. On the other hand, we immediately infer from the definition of
the functions bτβ |α that we also have

bτβ |α − bτα|β = ∂αb
τ
β − ∂βbτα + Γτασb

σ
β − Γτβσb

σ
α,

and thus the proof is complete. �
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The functions ραβ(η) are called the covariant components of the linearized
change of curvature tensor associated with a displacement η = ηiai of the
surface S. The functions

η3|αβ = ∂αβη3 − Γσαβ∂ση3 and bτβ |α = ∂αb
τ
β + Γτασb

σ
β − Γσαβb

τ
σ

respectively represent a second-order covariant derivative of the vector field ηiai

and a first-order covariant derivative of the second fundamental form of S, defined
here by means of its mixed components bτβ .

Remarks. (1) The functions bαβ(η) are not always well defined (in order that
they be, the vectors aα(η) must be linearly independent in ω), but the functions
ραβ(η) are always well defined.

(2) The symmetry ραβ(η) = ρβα(η) follows immediately by inspection of the
expression ραβ(η) = (∂αβη − Γσαβ∂ση) · a3 found there. By contrast, deriving the
same symmetry from the other expression of ραβ(η) requires proving first that the
covariant derivatives bσβ |α are themselves symmetric with respect to the indices α
and β (cf. part (v) of the proof of Theorem 2.8-1). �

While the expression of the components ραβ(η) in terms of the covariant com-
ponents ηi of the displacement field is fairly complicated but well known (see, e.g.,
Koiter [60]), that in terms of η = ηiai is remarkably simple but seems to have
been mostly ignored, although it already appeared in Bamberger [10]. Together
with the expression of the components γαβ(η) in terms of η (Theorem 2.8-1), this
simpler expression was efficiently put to use by Blouza & Le Dret [13], who showed
that their principal merit is to afford the definition of the components γαβ(η) and
ραβ(η) under substantially weaker regularity assumptions on the mapping θ.

More specifically, we were led to assume that θ ∈ C3(ω; R3) in Theorem 2.8-2 in
order to insure that ραβ(η) ∈ L2(ω) if η = ηiai with ηα ∈ H1(ω) and η3 ∈ H2(ω).
The culprits responsible for this regularity are the functions bτβ |α appearing in the
functions ραβ(η). Otherwise Blouza & Le Dret [13] have shown how this regularity
assumption on θ can be weakened if only the expressions of γαβ(η) and ραβ(η) in
terms of the field η are considered.

We are now in a position to describe the linear Koiter shell equations. Let
γ0 be a measurable subset of γ = ∂ω that satisfies length γ0 > 0, let ∂ν denote the
outer normal derivative operator along ∂ω, and let the space V (ω) be defined by

V (ω) :=
{
η = ηiai; ηα ∈ H1(ω), η3 ∈ H2(ω), ηi = ∂νη3 = 0 on γ0

}
.

Then the displacement field ζε = ζεi a
i of the middle surface S = θ(ω) of the

shell (the covariant components ζεi are unknown) should be a stationary point over
the space V (ω) of the functional j defined by

j(η) =
1
2

∫
ω

{
εaαβστγστ (η)γαβ(η) +

ε3

3
aαβστρστ (η)ραβ(η)

}√
a dy

−
∫
ω

pi,εηi
√
a dy

for all η = ηiai ∈ V (ω). This functional j is called Koiter’s energy for a linearly
elastic shell.
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Equivalently, the vector field ζε = ζεi a
i ∈ V (ω) should satisfy the variational

equations ∫
ω

{
εaαβστγστ (ζε)γαβ(η) +

ε3

3
aαβστρστ (ζε)ραβ(η)

}√
a dy

=
∫
ω

pi,εηi
√
a dy for all η = ηiai ∈ V (ω).

We recall that the functions

aαβστ :=
4λµ
λ+ 2µ

aαβaστ + 2µ(aασaβτ + aατaβσ)

denote the contravariant components of the shell elasticity tensor (λ and µ are the
Lamé constants of the elastic material constituting the shell), γαβ(η) and ραβ(η)
denote the covariant components of the linearized change of metric, and change
of curvature, tensors associated with a displacement field η = ηiai of S, and the
given functions pi,ε ∈ L2(ω) account for the applied forces. Finally, the boundary
conditions ηi = ∂νη3 = 0 on γ0 express that the shell is clamped along the portion
θ(γ0) of its middle surface (see Figure 2.4-1).

The choice of the function spaces H1(ω) and H2(ω) for the tangential compo-
nents ηα and normal components η3 of the displacement fields η = ηiai is guided
by the natural requirement that the functions γαβ(η) and ραβ(η) be both in L2(ω),
so that the energy is in turn well defined for η ∈ V (ω). Otherwise these choices
can be weakened to accommodate shells whose middle surfaces have little regularity
(see Blouza & Le Dret [13]).

Remark. Koiter’s linear equations can be fully justified by means of an asymptotic
analysis of the “three-dimensional” equations of linearized elasticity as ε → 0; see
Section 2.6. For more details, see Ciarlet [20], Chapter 7 and the references therein.

�

2.9. Korn’s inequalities on a surface

Our objective in the next sections is to study the existence and uniqueness of
the solution to the variational equations associated with the linear Koiter model.
To this end, we shall see (Theorem 2.10-1) that, under the assumptions 3λ+2µ > 0
and µ > 0, there exists a constant ce > 0 such that∑

α,β

|tαβ |2 ≤ ceaαβστ (y)tστ tαβ

for all y ∈ ω and all symmetric matrices (tαβ). When length γ0 > 0, the existence
and uniqueness of a solution to this variational problem by means of the Lax-
Milgram lemma will then be a consequence of the existence of a constant c such
that {∑

α

‖ηα‖2H1(ω) + ‖η3‖2H2(ω)

}1/2

≤ c
{∑
α,β

‖γαβ(η)‖2L2(ω) +
∑
α,β

‖ραβ(η)‖2L2(ω)

}1/2

for all η = ηiai ∈ V (ω).
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Such a key inequality is an instance of a Korn inequality on a surface. The
objective of this section is to establish such an inequality.

To begin with, we establish a Korn’s inequality on a surface, “without
boundary conditions”, as a consequence of the lemma of J.L. Lions (cf. Theorem
1.5-1). We follow here Ciarlet & Miara [33] (see also Bernadou, Ciarlet & Miara
[12]).

Theorem 2.9-1. Let ω be a domain in R2 and let θ ∈ C3(ω; R3) be an injective
immersion. Given η = ηiai with ηα ∈ H1(ω) and η3 ∈ H2(ω), let

γαβ(η) :=
{1

2
(∂βη · aα + ∂αη · aβ)

}
∈ L2(ω),

ραβ(η) :=
{

(∂αβη − Γσαβ∂ση) · a3

}
∈ L2(ω)

denote the covariant components of the linearized change of metric, and linearized
change of curvature, tensors associated with the displacement field η = ηiai of the
surface S = θ(ω). Then there exists a constant c0 = c0(ω,θ) such that

{∑
α

‖ηα‖2H1(ω) + ‖η3‖2H2(ω)

}1/2

≤ c0
{∑

α

‖ηα‖2L2(ω) + ‖η3‖2H1(ω) +
∑
α,β

‖γαβ(η)‖2L2(ω) +
∑
α,β

‖ραβ(η)‖2L2(ω)

}1/2

for all η = ηiai with ηα ∈ H1(ω) and η3 ∈ H2(ω).

Proof. The “fully explicit” expressions of the functions γαβ(η) and ραβ(η), as found
in Theorems 2.8-1 and 2.8-2, are used in this proof, simply because they are more
convenient for its purposes.

(i) Define the space

W (ω) :=
{
η = ηiai; ηα ∈ L2(ω), η3 ∈ H1(ω),

γαβ(η) ∈ L2(ω), ραβ(η) ∈ L2(ω)
}
.

Then, equipped with the norm ‖·‖W (ω) defined by

‖η‖W (ω) :=
{∑

α

‖ηα‖2L2(ω)+‖η3‖2H1(ω)+
∑
α,β

‖γαβ(η)‖2L2(ω)+
∑
α,β

‖ραβ(η)‖2L2(ω)

}1/2

,

the space W (ω) is a Hilbert space.
The relations “γαβ(η) ∈ L2(ω)” and “ραβ(η) ∈ L2(ω)” appearing in the defini-

tion of the space W (ω) are to be understood in the sense of distributions. They
mean that a vector field η = ηiai, with ηα ∈ L2(ω) and η3 ∈ H1(ω), belongs to
W (ω) if there exist functions in L2(ω), denoted γαβ(η) and ραβ(η), such that for



52 Philippe Ciarlet and Cristinel Mardare [Part 2

all ϕ ∈ D(ω),∫
ω

γαβ(η)ϕdy = −
∫
ω

{1
2

(ηβ∂αϕ+ ηα∂βϕ) + Γσαβησϕ+ bαβη3ϕ
}
dy,

∫
ω

ραβ(η)ϕdy = −
∫
ω

{
∂αη3∂βϕ+ Γσαβ∂ση3ϕ+ bσαbσβη3ϕ

+ ησ∂β(bσαϕ) + bσαΓτβσητϕ

+ ητ∂α(bτβϕ) + bτβΓσατησϕ

−
(
∂αb

τ
β + Γτασb

σ
β − Γσαβb

τ
σ

)
ητϕ

}
dy.

Let there be given a Cauchy sequence (ηk)∞k=1 with elements ηk = ηki a
i ∈

W (ω). The definition of the norm ‖·‖W (ω) shows that there exist ηα ∈ L2(ω),
η3 ∈ H1(ω), γαβ ∈ L2(ω), and ραβ ∈ L2(ω) such that

ηkα → ηα in L2(ω), ηk3 → η3 in H1(ω),
γαβ(ηk)→ γαβ in L2(ω), ραβ(ηk)→ ραβ in L2(ω)

as k →∞. Given a function ϕ ∈ D(ω), letting k →∞ in the relations∫
ω

γαβ(ηk)ϕdω = . . . and
∫
ω

ραβ(ηk)ϕdω = . . .

then shows that γαβ = γαβ(η) and ραβ = ραβ(η).

(ii) The spaces W (ω) and {η = ηiai; ηα ∈ H1(ω), η3 ∈ H2(ω)} coincide.
Clearly, {η = ηiai; ηα ∈ H1(ω), η3 ∈ H2(ω)} ⊂ W (ω). To prove the other

inclusion, let η = ηiai ∈W (ω). The relations

sαβ(η) :=
1
2

(∂αηβ + ∂βηα) = γαβ(η) + Γσαβησ + bαβη3

then imply that sαβ(η) ∈ L2(ω) since the functions Γσαβ and bαβ are continuous on
ω. Therefore,

∂σηα ∈ H−1(ω),

∂β(∂σηα) = {∂βsασ(η) + ∂σsαβ(η)− ∂αsβσ(η)} ∈ H−1(ω),

since χ ∈ L2(ω) implies ∂σχ ∈ H−1(ω). Hence ∂σηα ∈ L2(ω) by the lemma of J.L.
Lions (Theorem 1.5-1) and thus ηα ∈ H1(ω).

The definition of the functions ραβ(η), the continuity over ω of the functions
Γσαβ , bσβ , b

σ
α, and ∂αb

τ
β , and the relations ραβ(η) ∈ L2(ω) then imply that ∂αβη3 ∈

L2(ω), hence that η3 ∈ H2(ω).

(iii) Korn’s inequality without boundary conditions.
The identity mapping ι from the space {η = ηiai; ηα ∈ H1(ω), η3 ∈ H2(ω)}

equipped with the norm η = ηiai 7→ {
∑
α ‖ηα‖2H1(ω) +‖η3‖2H2(ω)}

1/2 into the space
W (ω) equipped with ‖ · ‖W (ω) is injective, continuous, and surjective by (ii). Since
both spaces are complete (cf. (i)), the open mapping theorem then shows that the
inverse mapping ι−1 is also continuous or equivalently, that the inequality of Korn’s
type without boundary conditions holds. �

In order to establish a Korn’s inequality “with boundary conditions”, we have to
identify classes of boundary conditions to be imposed on the fields η = ηiai, with
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ηα ∈ H1(ω) and η3 ∈ H2(ω), in order that we can “get rid” of the norms ‖ηα‖L2(ω)

and ‖η3‖H1(ω) in the right-hand side of the above inequality, i.e., situations where
the semi-norm

η = ηiai →
{∑
α,β

‖γαβ(η)‖2L2(ω) +
∑
α,β

‖ραβ(η)‖2L2(ω)

}1/2

becomes a norm, which should be in addition equivalent to the norm

η = ηiai 7→ {
∑
α

‖ηα‖2H1(ω) + ‖η3‖2H2(ω)}
1/2.

To this end, we need an infinitesimal rigid displacement lemma “on a surface”
(the adjective “infinitesimal” reminds that only the linearized parts γαβ(η) and
ραβ(η) of the “full” change of metric and curvature tensors 1

2 (aαβ(η) − aαβ) and
(bαβ(η) − bαβ) are required to vanish in ω), which is due to Bernadou & Ciarlet
[11], Theorems 5.1-1 and 5.2-1; see also Bernadou, Ciarlet & Miara [12], Lemmas
2.5 and 2.6 and Blouza & Le Dret [13], Theorem 6.

Part (a) in the next theorem is an infinitesimal rigid displacement lemma
on a surface, “without boundary conditions”, while part (b) is an infinitesi-
mal rigid displacement lemma on a surface, “with boundary conditions”.

Any proof of this theorem is, at least to some extent, delicate. The one given
here is not the shortest, but it is a natural one: It relies on the classical, and
much easier to prove, “three-dimensional infinitesimal rigid displacement lemma in
Cartesian coordinates” used in part (iii) of the next proof (a “direct” proof, such
as the one originally found by Bernadou & Ciarlet [11], is surprisingly “technical”).

In the next proof, the functions êij(v̂) and eij(v) are the Cartesian and co-
variant components of the “three-dimensional” linearized strain tensor respectively
associated with a displacement field v̂iêi : {Ω̂}− → R3 and a displacement field
vig

i : Ω → R3; the functions Γpij are the Christoffel symbols (of the second kind)
associated with the mapping Θ : Ω → {Ω̂}−; finally, the functions vi‖j are the
covariant derivatives of the vector field vig

i : Ω→ R3. �

Theorem 2.9-2. Let there be given a domain ω in R2 and an injective immersion
θ ∈ C3(ω; R3).

(a) Let η = ηiai with ηα ∈ H1(ω) and η3 ∈ H2(ω) be such that

γαβ(η) = ραβ(η) = 0 in ω.

Then there exist two vectors a, b ∈ R3 such that

η(y) = a + b ∧ θ(y) for all y ∈ ω.
(b) Let γ0 be a dγ-measurable subset of γ = ∂ω that satisfies length γ0 > 0 and

let a vector field η = ηiai with ηα ∈ H1(ω) and η3 ∈ H2(ω) be such that

γαβ(η) = ραβ(η) = 0 in ω and ηi = ∂νη3 = 0 on γ0.

Then η = 0 in ω.

Proof. The proof is divided into five parts, numbered (i) to (v).

(i) In parts (i) to (iii), Ω denotes a domain in R3 and Θ : Ω → R3 denotes a
C2-diffeomorphism from Ω onto its image Θ(Ω). Consequently, the three vectors
gi(x) := ∂iΘ(x), where ∂i = ∂/∂xi, are linearly independent at all points x =
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(xi) ∈ Ω and the three vectors gi(x) defined by gi(x)gj(x) = δij are likewise linearly
independent at all points x ∈ Ω. Note also that gi ∈ C1(Ω; R3) and gi ∈ C1(Ω; R3).

Let êi denote the basis of R3, let x̂i denote the Cartesian coordinates of a point
x̂ ∈ R3, let ∂̂i := ∂/∂x̂i, and let Ω̂ := Θ(Ω). With any vector field v = vig

i : Ω →
R3 with vi ∈ H1(Ω), we then associate a vector field v̂ = v̂iêi : {Ω̂}− → R3 by
letting

v̂i(x̂)êi = vi(x)gi(x) for all x̂ = Θ(x), x ∈ Ω.

It is then clear that v̂i ∈ H1(Ω̂).
We now show that, for all x ∈ Ω,

∂̂j v̂i(x̂) =
(
vk‖`[gk]i[g`]j

)
(x), x̂ = Θ(x),

where
vi‖j := ∂jvi − Γpijvp and Γpij := gp · ∂igj ,

and
[gk(x)]i := gk(x) · êi

denotes the i-th component of gk(x) over the basis {ê1, ê2, ê3}.
In what follows, the simultaneous appearance of x̂ and x in an equality means

that they are related by x̂ = Θ(x) and that the equality in question holds for all
x ∈ Ω.

Let Θ(x) = Θk(x)êk and Θ̂(x̂) = Θ̂i(x̂)ei, where Θ̂ : Ω̂→ R3 denotes the inverse
mapping of Θ : Ω→ R3. Since Θ̂(Θ(x)) = x for all x ∈ Ω, the chain rule shows that
the matrices ∇Θ(x) := (∂jΘk(x)) (the row index is k) and ∇̂Θ̂(x̂) := (∂̂kΘ̂i(x̂))
(the row index is i) satisfy

∇̂Θ̂(x̂)∇Θ(x) = I,

or equivalently,

∂̂kΘ̂i(x̂)∂jΘk(x) =
(
∂̂1Θ̂i(x̂) ∂2Θ̂i(x̂) ∂3Θ̂i(x̂)

)∂jΘ1(x)
∂jΘ2(x)
∂jΘ3(x)

 = δij .

The components of the above column vector being precisely those of the vector
gj(x), the components of the above row vector must be those of the vector gi(x)
since gi(x) is uniquely defined for each exponent i by the three relations gi(x) ·
gj(x) = δij , j = 1, 2, 3. Hence the k-th component of gi(x) over the basis {ê1, ê2, ê3}
can be also expressed in terms of the inverse mapping Θ̂, as:

[gi(x)]k = ∂̂kΘ̂i(x̂).

We next compute the derivatives ∂`gq(x) (it is easily seen that the fields gq = gqrgr
are of class C1 on Ω since Θ is assumed to be of class C2). These derivatives will
be needed below for expressing the derivatives ∂̂j ûi(x̂) as functions of x (recall that
ûi(x̂) = uk(x)[gk(x)]i). Recalling that the vectors gk(x) form a basis, we may write
a priori

∂`g
q(x) = −Γq`k(x)gk(x),

thereby unambiguously defining functions Γq`k : Ω → R. To find their expressions
in terms of the mappings Θ and Θ̂, we observe that

Γq`k(x) = Γq`m(x)δmk = Γq`m(x)gm(x) · gk(x) = −∂`gq(x) · gk(x).
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Hence, noting that ∂`(gq(x) · gk(x)) = 0 and [gq(x)]p = ∂̂pΘ̂q(x̂), we obtain

Γq`k(x) = gq(x) · ∂`gk(x) = ∂̂pΘ̂q(x̂)∂`kΘp(x) = Γqk`(x).

Since Θ ∈ C2(Ω; R3) and Θ̂ ∈ C1(Ω̂; R3) by assumption, the last relations show
that Γq`k ∈ C0(Ω).

We are now in a position to compute the partial derivatives ∂̂j v̂i(x̂) as functions
of x, by means of the relation v̂i(x̂) = vk(x)[gk(x)]i. To this end, we first note that
a differentiable function w : Ω→ R satisfies

∂̂jw(Θ̂(x̂)) = ∂`w(x)∂̂jΘ̂`(x̂) = ∂`w(x)[g`(x)]j ,

by the chain rule. In particular then,

∂̂j v̂i(x̂) = ∂̂jvk(Θ̂(x̂))[gk(x)]i + vq(x)∂̂j [gq(Θ̂(x̂))]i

= ∂`vk(x)[g`(x)]j [gk(x)]i + vq(x)
(
∂`[gq(x)]i

)
[g`(x)]j

= (∂`vk(x)− Γq`k(x)vq(x)) [gk(x)]i[g`(x)]j ,

since ∂`gq(x) = −Γq`k(x)gk(x). We have therefore shown that

∂̂j v̂i(x̂) = vk‖`(x)[gk(x)]i[g`(x)]j ,

where
vk‖`(x) := ∂`vk(x)− Γq`k(x)vq(x),

and [gk(x)]i and Γq`k(x) are defined as above.

(ii) With any vector field v = vig
i : Ω→ R3 with vi ∈ H1(Ω), we next associate

the functions eij(v) ∈ L2(Ω) defined by

eij(v) :=
1
2

(vi‖j + vj‖i) =
1
2

(∂jvi + ∂ivj)− Γpijvp,

and, with any vector field v̂ = v̂iêi : Ω̂ → R3 with v̂i ∈ H1(Ω̂) we associate the
functions êij(v̂) ∈ L2(Ω̂) defined by

êij(v̂) :=
1
2

(∂̂j v̂i + ∂̂iv̂j).

If the fields v and v̂ are related as in (i), it then immediately follows from (i)
that

êij(v̂)(x̂) =
(
ek`(v)[gk]i[g`]j

)
(x) for all x̂ = Θ(x), x ∈ Ω.

(iii) Let a vector field v = vig
i with vi ∈ H1(Ω) be such that

eij(v) = 0 in Ω.

Then there exist two vectors a, b ∈ R3 such that the associated vector field vig
i is

of the form
v(x) = a + b ∧Θ(x) for all x ∈ Ω.

Next, let Γ0 be a dΓ-measurable subset of the boundary ∂Ω that satisfies area Γ0 >
0, and let a vector field v = vig

i with vi ∈ H1(Ω) be such that

eij(v) = 0 in Ω and v = 0 on Γ0.

Then v = 0 in Ω.
It follows from part (ii) that

eij(v) = 0 in Ω implies êij(v̂) = 0 in Ω̂.
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Then the identity

∂̂j(∂̂kv̂i) = ∂̂j êik(v̂) + ∂̂kêij(v̂)− ∂̂iêjk(v̂) in D′(Ω̂)

further shows that

êij(v̂) = 0 in Ω̂ implies ∂̂j(∂̂kv̂i) = 0 in D′(Ω̂).

By a classical result from distribution theory (Schwartz [80], p. 60), each function
v̂i is therefore a polynomial of degree ≤ 1 in the variables x̂j , since the set Ω̂ is
connected. There thus exist constants ai and bij such that

v̂i(x̂) = ai + bij x̂j for all x̂ = (x̂i) ∈ Ω̂.

But êij(v̂) = 0 also implies that bij = −bji. Hence there exist two vectors a, b ∈ R3

such that (x̂ denotes the column vector with components x̂i)

v̂i(x̂)êi = a + b ∧ x̂ for all x̂ ∈ Ω̂,

or equivalently, such that

vi(x)gi(x) = a + b ∧Θ(x) for all x ∈ Ω.

Since the set where such a vector field v̂iêi vanishes is always of zero area unless
a = b = 0 (as is easily proved; see, e.g., Ciarlet [18], Theorem 6.3-4), the assumption
area Γ0 > 0 implies that v̂ = 0.

(iv) We now let
Ω := ω × (−ε0, ε0) ,

and we let the mapping Θ : Ω→ R3 be defined by

Θ(y, x3) := θ(y) + x3a3(y) for all x = (xi) := (y, x3) ∈ Ω,

where ε0 > 0 has been chosen in such a way that the mapping Θ is a C2-diffeomorphism
from Ω into its image Θ(Ω) (Theorem 2.2-1). With any vector field η = ηiai with
covariant components ηα in H1(ω) and η3 in H2(ω), let there be associated the
vector field v = vig

i defined on Ω by

vi(y, x3)gi(y, x3) = ηi(y)ai(y)− x3(∂αη3 + bσαησ)(y)aα(y)

for all (y, x3) ∈ Ω, where the vectors gi are defined by gi · gj = δij.
Then the covariant components vi of the vector field vig

i are in H1(Ω) and the
corresponding functions eij(v) ∈ L2(Ω) defined as in part (ii) are given by

eαβ(v) = γαβ(η)− x3ραβ(η)

+
x2

3

2
{
bσαρβσ(η) + bτβρατ (η)− 2bσαb

τ
βγστ (η)

}
,

ei3(v) = 0.

Note that, as in the above expressions of the functions eαβ(v), the dependence
on x3 is explicit, but the dependence with respect to y ∈ ω is omitted, throughout
the proof. The explicit expressions of the functions γαβ(η) and ραβ(η) in terms of
the functions ηi (Theorems 2.8-1 and 2.8-2) are used in this part of the proof.

To prove the above assertion, we proceed in two stages. First, given functions
ηα,Xα ∈ H1(ω) and η3 ∈ H2(ω), let the vector field v = vig

i be defined on Ω by

vig
i = ηiai + x3Xαaα.
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Then the functions vi are in H1(Ω). Besides, the functions ei‖j(v) defined as in
part (ii) are given by

eαβ(v) =
{1

2
(ηα|β + ηβ|α)− bαβη3

}
+
x3

2
{
Xα|β + Xβ|α − bσα(ησ|β − bβση3)− bτβ(ητ |α − bατη3)

}
+
x2

3

2
{
− bσαXσ|β − bτβXτ |α

}
,

eα3(v) =
1
2

(Xα + ∂αη3 + bσαησ),

e33(v) = 0,

where ηα|β = ∂βηα − Γσαβησ and Xα|β = ∂βXα − ΓσαβXσ designate the covariant
derivatives of the fields ηiai and Xiai with X3 = 0.

To see this, we note that
∂αa3 = −bσαaσ

by the formula of Weingarten (see Section 2.1). Hence, the vectors of the covariant
basis associated with the mapping Θ = θ + x3a3 are given by

gα = aα − x3b
σ
αaσ and g3 = a3.

The assumed regularities of the functions ηi and Xα imply that

vi = (vjgj) · gi = (ηjaj + x3Xαaα) · gi ∈ H1(Ω)

since gi ∈ C
1(Ω). The announced expressions for the functions eij(v) are then

obtained by simple computations, based on the relations vi‖j = {∂j(vkgk)} · gi
(part (i)) and eij(v) = 1

2 (vi‖j + vj‖i).
Second, we show that, when

Xα = −(∂αη3 + bσαησ),

the functions eij(v) above take the expressions announced in the statement of part
(iv).

We first note that Xα ∈ H1(ω) (since bσα ∈ C1(ω)) and that eα3(v) = 0 when
Xα = −(∂αη3 + bσαησ). It thus remains to find the explicit forms of the functions
eαβ(v) in this case. Replacing the functions Xα by their expressions and using the
symmetry relations bσα|β = bσβ |α (Theorem 2.8-2), we find that

1
2
{
Xα|β + Xβ|α − bσα(ησ|β − bβση3)− bτβ(ητ |α − bατη3)

}
= −η3|αβ − bσαησ|β − bτβητ |α − bτβ|αητ + bσαbσβη3,

i.e., the factor of x3 in eαβ(v) is equal to −ραβ(η). Finally,

−bσαXσ|β − bτβXτ |α

= bσα
(
η3|βσ + bτσ|βητ + bτσητ |β

)
+ bτβ

(
η3|ατ + bστ |αησ + bστ ησ|α

)
= bσα

(
ρβσ(η)− bτβητ |σ + bτβbτση3

)
+ bτβ

(
ρατ (η)− bσαησ|τ + bσαbστη3

)
= bσαρβσ(η) + bτβρατ (η)− 2bσαb

τ
βγστ (η),

i.e., the factor of x2
3

2 in eαβ(v) is indeed as announced.
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(v) Let the set Ω = ω×(−ε0, ε0) and let the vector field v = vig
i with vi ∈ H1(Ω)

be defined as in part (iv). By part (iv), the assumption that γαβ(η) = ραβ(η) = 0
in ω implies that

eij(v) = 0 in Ω.

Therefore, by part (iii), there exist two vectors a, b ∈ R3 such that

vi(y, x3)gi(y, x3) = a + b ∧ {θ(y) + x3a3(y)} for all (y, x3) ∈ Ω.

Hence

ηi(y)ai(y) = vi(y, x3)gi(y, x3)|x3=0 = a + b ∧ θ(y) for all y ∈ ω,

and part (a) of the theorem is established.
Let next γ0 ⊂ γ be such that length γ0 > 0. If in addition ηi = ∂νη3 = 0 on γ0,

the functions χα = −(∂αη3 + bσαησ) vanish on γ0, since η3 = ∂νη3 = 0 on γ0 implies
∂αη3 = 0 on γ0. Part (iv) then shows that

vi = (vjgj) · gi = (ηjaj + x3Xαaα) · gi = 0 on Γ0 := γ0 × [−ε0, ε0] .

Since area Γ0 > 0, part (iii) implies that v = 0 in Ω, hence that η = 0 on ω and
part (b) of the theorem is established. �

We are now in a position to prove the announced Korn’s inequality on a
surface, “with boundary conditions”.

This inequality was first proved by Bernadou & Ciarlet [11]. It was later given
other proofs by Ciarlet & Miara [33] and Bernadou, Ciarlet & Miara [12]; then
by Akian [4] and Ciarlet & S. Mardare [32], who showed that it can be directly
derived from the three-dimensional Korn inequality in curvilinear coordinates (this
idea goes back to Destuynder [45]); then by Blouza & Le Dret [13], who showed
that it still holds under a less stringent smoothness assumption on the mapping θ.
We follow here the proof of Bernadou, Ciarlet & Miara [12].

Theorem 2.9-3. Let ω be a domain in R2, let θ ∈ C3(ω; R3) be an injective
immersion, let γ0 be a dγ-measurable subset of γ = ∂ω that satisfies length γ0 > 0,
and let the space V (ω) be defined as:

V (ω) := {η = ηiai; ηα ∈ H1(ω), η3 ∈ H2(ω), ηi = ∂νη3 = 0 on γ0}.

Given η = ηiai with ηα ∈ H1(ω) and η3 ∈ H2(ω), let

γαβ(η) :=
{1

2
(∂βη · aα + ∂αη · aβ

}
∈ L2(ω),

ραβ(η) :=
{

(∂αβη − Γσαβ∂ση) · a3

}
∈ L2(ω)

denote the covariant components of the linearized change of metric and linearized
change of curvature tensors associated with the displacement field η = ηiai of the
surface S = θ(ω). Then there exists a constant c = c(ω, γ0,θ) such that{∑

α

‖ηα‖2H1(ω) + ‖η3‖2H2(ω)

}1/2

≤ c
{∑
α,β

‖γαβ(η)‖2L2(ω) +
∑
α,β

‖ραβ(η)‖2L2(ω)

}1/2

for all η = ηiai ∈ V (ω).
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Proof. Let the space Ṽ (ω) := {η = ηiai; ηα ∈ H1(ω), η3 ∈ H2(ω)} be equipped
with the norm

‖η‖H1(ω)×H1(ω)×H2(ω) :=
{∑

α

‖ηα‖2H1(ω) + ‖η3‖2H2(ω)

}1/2

.

If the announced inequality is false, there exists a sequence (ηk)∞k=1 of vector
fields ηk ∈ V (ω) such that

‖ηk‖H1(ω)×H1(ω)×H2(ω) = 1 for all k,

lim
k→∞

{∑
α,β

‖γαβ(ηk)‖2L2(ω) +
∑
α,β

‖ραβ(ηk)‖2L2(ω)

}1/2

= 0.

Since the sequence (ηk)∞k=1 is bounded in Ṽ (ω), a subsequence (ησ(k))∞k=1 (σ :
N → N is an increasing function) converges in Ṽ (ω) by the Rellich-Kondrašov
theorem. Furthermore, each sequence (γαβ(ησ(k)))∞k=1 and (ραβ(ησ(k)))∞k=1 also
converges in L2(ω) (to 0, but this information is not used at this stage) since

lim
k→∞

{∑
α,β

‖γαβ(ησ(k))‖2L2(ω) +
∑
α,β

‖ραβ(ησ(k))‖2L2(ω)

}1/2

= 0.

The subsequence (ησ(k))∞k=1 is thus a Cauchy sequence with respect to the norm

η = ηiai →
{∑

α

‖ηα‖2L2(ω)+‖η3‖2H1(ω)+
∑
α,β

‖γαβ(η)‖2L2(ω)+
∑
α,β

|ραβ(η)|2L2(ω)

}1/2

,

hence with respect to the norm ‖·‖H1(ω)×H1(ω)×H2(ω) by Korn’s inequality without
boundary conditions (Theorem 2.9-1).

The space V (ω) being complete as a closed subspace of the space Ṽ (ω), there
exists η ∈ V (ω) such that

ησ(k) → η in Ṽ (ω)
and the limit η satisfies

‖γαβ(η)‖L2(ω) = lim
k→∞

‖γαβ(ησ(k))‖L2(ω) = 0,

‖ραβ(η)‖L2(ω) = lim
k→∞

‖ραβ(ησ(k))‖L2(ω) = 0.

Hence η = 0 by Theorem 2.9-2. But this contradicts the relations

‖ησ(k)‖H1(ω)×H1(ω)×H2(ω) = 1 for all k ≥ 1,

and the proof is complete. �

If the mapping θ is of the form θ(y1, y2) = (y1, y2, 0) for all (y1, y2) ∈ ω, the
inequality of Theorem 2.9-3 reduces to two distinct inequalities (obtained by letting
first ηα = 0, then η3 = 0):

‖η3‖H2(ω) ≤ c
{∑
α,β

‖∂αβη3‖2L2(ω)

}1/2

for all η3 ∈ H2(ω) satisfying η3 = ∂νη3 = 0 on γ0, and{∑
α

‖ηα‖2H1(ω)

}1/2

≤ c
{∑
α,β

∥∥∥1
2

(∂βηα + ∂αηβ)
∥∥∥2

L2(ω)

}1/2
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for all ηα ∈ H1(ω) satisfying ηα = 0 on γ0. The first inequality is a well-known
property of Sobolev spaces. The second inequality is the two-dimensional Korn
inequality in Cartesian coordinates. Both play a central rôle in the existence theory
for linear two-dimensional plate equations (see, e.g., Ciarlet [19], Theorems 1.5-1
and 1.5-2).

As shown by Blouza & Le Dret [13], Le Dret [61], and Anicic, Le Dret & Raoult
[7], the regularity assumptions made on the mapping θ and on the field η in both
the infinitesimal rigid displacement lemma and the Korn inequality on a surface of
Theorems 2.9-2 and 2.9-3 can be substantially weakened.

It is remarkable that, for specific geometries and boundary conditions, a Korn
inequality can be established that only involves the linearized change of metric ten-
sors. More specifically, Ciarlet & Lods [27] and Ciarlet & Sanchez-Palencia [35]
have established the following Korn inequality “on an elliptic surface”:

Let ω be a domain in R2 and let θ ∈ C2,1(ω; R3) be an injective immersion with
the property that the surface S = θ(ω) is elliptic, in the sense that all its points
are elliptic (this means that the Gaussian curvature is > 0 everywhere on S). Then
there exists a constant cM = cM (ω,θ) > 0 such that{∑

α

‖ηα‖2H1(ω) + ‖η3‖2L2(ω

}1/2

≤ cM
{∑
α,β

‖γαβ(η)‖2L2(ω)

}1/2

for all η = ηiai with ηα ∈ H1
0 (ω) and η3 ∈ L2(ω).

Remarks. (1) The norm ‖η3‖H2(ω) appearing in the left-hand side of the Korn
inequality on a “general” surface (Theorem 2.9-3) is now replaced by the norm
‖η3‖L2(ω). This replacement reflects that it is enough that ηα ∈ H1(ω) and η3 ∈
L2(ω) in order that γαβ(η) ∈ L2(ω), where η = ηiai. As a result, no boundary
condition can be imposed on η3.

(2) The Korn inequality on an elliptic surface was first established by Destuynder
[45], Theorems 6.1 and 6.5, under the additional assumption that the C0(ω)-norms
of the Christoffel symbols are small enough. �

Only compact surfaces defined by a single injective immersion θ ∈ C3(ω) have
been considered so far. By contrast, a compact surface S “without boundary” (such
as an ellipsoid or a torus) is defined by means of a finite number I ≥ 2 of injective
immersions θi ∈ C3(ωi), 1 ≤ i ≤ I, where the sets ωi are domains in R2, in such a
way that S =

⋃
i∈I θi(ωi). As shown by S. Mardare [67], the Korn inequality “with-

out boundary conditions” (Theorem 2.9-1) and the infinitesimal rigid displacement
lemma on a surface “without boundary conditions” (Theorem 2.9-2) can be both
extended to such surfaces without boundary.

2.10. Existence, uniqueness, and regularity of the solution to the
linear Koiter shell model

Let ω be a domain in R2, let γ0 be a measurable subset of γ = ∂ω that satisfies
length γ0 > 0, let ∂ν denote the outer normal derivative operator along ∂ω, let
θ ∈ C3(ω; R3) be an immersion, and let the space V (ω) be defined by

V (ω) := {η = ηiai; ηα ∈ H1(ω), η3 ∈ H2(ω); ηi = ∂νη3 = 0 on γ0},
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where γ0 is a dγ-measurable subset of γ := ∂ω that satisfies length γ0 > 0. Our
primary objective consists in showing that the bilinear form B : V (ω)×V (ω)→ R
defined by

B(ζ,η) :=
∫
ω

{
εaαβστγστ (ζ)γαβ(η) +

ε3

3
aαβστρστ (ζ)ραβ(η)

}√
a dy

for all (ζ,η) ∈ V (ω)× V (ω) is V (ω)-elliptic.
As a preliminary, we establish the uniform positive-definiteness of the elasticity

tensor of the shell, given here by means of its contravariant components aαβστ

(note that the assumptions on the Lamé constants, viz., 3λ + 2µ > 0 and µ > 0,
are weaker than those usually made for elastic materials).

Theorem 2.10-1. Let ω be a domain in R2, let θ ∈ C3(ω; R3) be an injective
immersion, let aαβ denote the contravariant components of the metric tensor of the
surface θ(ω), let the contravariant components of the two-dimensional elasticity
tensor of the shell be given by

aαβστ =
4λµ
λ+ 2µ

aαβaστ + 2µ(aασaβτ + aατaβσ),

and assume that 3λ + 2µ > 0 and µ > 0. Then there exists a constant ce =
ce(ω,θ, λ, µ) > 0 such that∑

α,β

|tαβ |2 ≤ ceaαβστ (y)tστ tαβ

for all y ∈ ω and all symmetric matrices (tαβ).

Proof. In what follows, M2 and S2 respectively designate the set of all real matrices
of order two and the set of all real symmetric matrices of order two.

(i) To begin with, we establish a crucial inequality. Let χ and µ be two constants
satisfying χ+ µ > 0 and µ > 0. Then there exists a constant γ = γ(χ, µ) > 0 such
that

γ tr(BTB) ≤ χ(trB)2 + 2µ tr(BTB) for all B ∈M2.

If χ ≥ 0 and µ > 0, this inequality holds with γ = 2µ. It thus remains to
consider the case where −µ < χ < 0 and µ > 0. Given any matrix B ∈M2, define
the matrix C ∈M2 by

C = AB := χ(trB)I + 2µB.

The linear mapping A : M2 → M2 defined in this fashion can be easily inverted if
χ+ µ 6= 0 and µ 6= 0, as

B = A−1C = − χ

4µ(χ+ µ)
(trC)I +

1
2µ
C.

Noting that the bilinear mapping

(B,C) ∈M2 ×M2 → B : C := tr(BTC)

defines an inner product over the space M2, we thus obtain

χ(trB)2 + 2µ tr(BTB) = (AB) : B = C : A−1C

= − χ

4µ(χ+ µ)
(trC)2 +

1
2µ

tr(CTC) ≥ 1
2µ
C : C
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for any B = A−1C ∈ M2 if −µ < χ < 0 and µ > 0. Since there clearly exists a
constant β = β(χ, µ) > 0 such that

B : B ≤ βC : C for all B = A−1C ∈M2,

the announced inequality also holds if −µ < χ < 0 and µ > 0, with γ = (2µβ)−1

in this case.

(ii) We next show that, for any y ∈ ω and any nonzero symmetric matrix (tαβ),

aαβστ (y)tστ tαβ ≥ γaασ(y)aβτ (y)tστ tαβ > 0,

where γ = γ(χ, µ) > 0 is the constant found in (i).
Given any y ∈ ω and any symmetric matrix (tαβ), let

A(y) = (aαβ(y)) and T = (tαβ),

let K(y) ∈ S2 be the unique square root of A(y) (i.e., the unique positive-definite
symmetric matrix that satisfies (K(y))2 = A(y)), and let

B(y) := K(y)TK(y) ∈ S2.

Then

1
2
aαβστ (y)tστ tαβ = χ

(
trB(y)

)2

+ 2µ tr
(
B(y)TB(y)

)
with χ :=

2λµ
λ+ 2µ

.

By the inequality established in part (i), there thus exists a constant α(λ, µ) > 0
such that

1
2
aαβστ (y)tστ tαβ ≥ α tr

(
B(y)TB(y)

)
if χ+ µ > 0 and µ > 0, or equivalently, if 3λ+ 2µ > 0 and µ > 0.

(iii) Conclusion: Since the mapping

(y, (tαβ)) ∈K := ω ×
{

(tαβ) ∈ S2;
∑
α,β

|tαβ |2 = 1
}
−→ aασ(y)aβτ (y)tστ tαβ ,

is continuous and its domain of definition is compact, we infer that

δ = δ(ω;θ) := inf
(y,(tαβ))∈K

aασ(y)aβτ (y)tστ tαβ > 0.

Hence

δ
∑
α,β

|tαβ |2 ≤ aασ(y)aβτ (y)tστ tαβ

and thus ∑
α,β

|tαβ |2 ≤ ceaαβστ (y)tστ tαβ

for all y ∈ ω and all symmetric matrices (tαβ), with ce := (γδ)−1. �

Combined with Korn’s inequality “with boundary conditions” (Theorem 2.9-
3), the positive definiteness of the elasticity tensor leads to the existence of a weak
solution, i.e., a solution to the variational equations of the linear Koiter shell model.
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Theorem 2.10-2. Let ω be a domain in R2, let γ0 be a subset of γ = ∂ω with
length γ0 > 0, and let θ ∈ C3(ω; R3) be an injective immersion. Finally, let there
be given constants λ and µ that satisfy 3λ + 2µ > 0 and µ > 0, and functions
pα,ε ∈ Lr(ω) for some r > 1 and p3,ε ∈ L1(ω).

Then there is one and only one solution ζε = ζεi a
i to the variational problem:

ζε ∈ V (ω) = {η = ηiai; ηα ∈ H1(ω), η3 ∈ H2(ω), ηi = ∂νη3 = 0 on γ0},∫
ω

{
εaαβστγστ (ζε)γαβ(η) +

ε3

3
aαβστρστ (ζε)ραβ(η)

}√
a dy

=
∫
ω

pi,εηi
√
a dy for all η = ηiai ∈ V (ω),

where

aαβστ =
4λµ
λ+ 2µ

aαβaστ + 2µ(aασaβτ + aατaβσ),

γαβ(η) =
1
2

(∂βη · aα + ∂αη · aβ) and ραβ(η) = (∂αβη − Γσαβ∂ση) · a3.

The field ζε ∈ V (ω) is also the unique solution to the minimization problem:

j(ζε) = inf
η∈V (ω)

j(η),

where

j(η) :=
1
2

∫
ω

{
εaαβστγστ (η)γαβ(η) +

ε3

3
aαβστρστ (η)ραβ(η)

}√
a dy

−
∫
ω

pi,εηi
√
a dy.

Proof. As a closed subspace of the space Ṽ (ω) := {η = ηiai; ηα ∈ H1(ω), η3 ∈
H2(ω)} equipped with the hilbertian norm

‖η‖H1(ω)×H1(ω)×H2(ω) :=
{∑

α

‖ηα‖2H1(ω) + ‖η3‖2H2(ω)

}1/2

,

the space V (ω) is a Hilbert space. The assumptions made on the mapping θ
ensure in particular that the vector fields ai and ai belong to C2(ω; R3) and that
the functions aαβστ , Γσαβ , and a are continuous on the compact set ω. Hence the
bilinear form defined by the left-hand side of the variational equations is continuous
over the space Ṽ (ω).

The continuous embeddings of the space H1(ω) into the space Ls(ω) for any
s ≥ 1 and of the space H2(ω) into the space C0(ω) show that the linear form
defined by the right-hand side is continuous over the same space.

Since the symmetric matrix (aαβ(y)) is positive-definite for all y ∈ ω, there exists
a0 such that a(y) ≥ a0 > 0 for all y ∈ ω.

Finally, the Korn inequality “with boundary conditions” (Theorem 2.9-3) and
the uniform positive definiteness of the elasticity tensor of the shell (Theorem 2.10-
1) together imply that

min
{
ε,
ε3

3

}
c−1
e c−2√a0

(∑
α

‖ηα‖2H1(ω) + ‖η3‖2H2(ω)

)
≤
∫
ω

{
εaαβστγστ (η)γαβ(η) +

ε3

3
aαβστρστ (η)ραβ(η)

}√
a dy
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for all η = ηiai ∈ V (ω). Hence the bilinear form B is V (ω)-elliptic.
The Lax-Milgram lemma then shows that the variational equations have one and

only one solution. Since the bilinear form is symmetric, this solution is also the
unique solution of the minimization problem stated in the theorem. �

The above existence and uniqueness result applies to linearized pure displacement
and displacement-traction problems, i.e., those that correspond to length γ0 > 0.

We next derive the boundary value problem that is, at least formally, equivalent
to the variational equations of Theorem 2.10-2. In what follows, γ1 := γ \ γ0, (να)
is the unit outer normal vector along γ, τ1 := −ν2, τ2 := ν1, and ∂τχ := τα∂αχ
denotes the tangential derivative of χ in the direction of the vector (τα).

Theorem 2.10-3. Let ω be a domain in R2 and let θ ∈ C3(ω; R3) be an injective
immersion. Assume that the boundary γ of ω and the functions pi,ε are smooth
enough. If the solution ζε = ζεi a

i to the variational equations found in Theorem
2.10-2 is smooth enough, then ζε is also a solution to the following boundary value
problem:

mαβ |αβ − bσαbσβmαβ − bαβnαβ = p3,ε in ω,

−(nαβ + bασm
σβ)|β − bασ(mσβ |β) = pα,ε in ω,

ζεi = ∂νζ
ε
3 = 0 on γ0,

mαβνανβ = 0 on γ1,

(mαβ |α)νβ + ∂τ (mαβνατβ) = 0 on γ1,

(nαβ + 2bασm
σβ)νβ = 0 on γ1,

where

nαβ := εaαβστγστ (ζε) and mαβ :=
ε3

3
aαβστρστ (ζε),

and, for an arbitrary tensor field with smooth enough covariant components tαβ :
ω → R,

tαβ |β := ∂βt
αβ + Γαβσt

βσ + Γββσt
ασ,

tαβ |αβ := ∂α(tαβ |β) + Γσασ(tαβ |β).

Proof. For simplicity, we give the proof only in the case where γ0 = γ, i.e., when
the space V (ω) of Theorem 2.10-2 reduces to

V (ω) = {η = ηiai; ηα ∈ H1
0 (ω), η3 ∈ H2

0 (ω)}.
The extension to the case where length γ1 > 0 is straightforward.

In what follows, we assume that the solution ζε is “smooth enough” in the sense
that nαβ ∈ H1(ω) and mαβ ∈ H2(ω).

(i) We first establish the relations

∂α
√
a =
√
aΓσσα.

Let A denote the matrix of order three with a1,a2,a3 as its column vectors, so that√
a = detA (see part (i) of the proof of Theorem 2.10-2). Consequently,

∂α
√
a = det(∂αa1,a2,a3) + det(a1, ∂αa2,a3) + det(a1,a2, ∂αa3)

= (Γ1
1α + Γ2

2α + Γ3
3α) det(a1,a2,a3) =

√
aΓσσα
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since ∂αaβ = Γσβαaσ + bαβa3 (see Section 2.1).

(ii) Using the Green formula in Sobolev spaces (see, e.g., Nečas [73]) and as-
suming that the functions nαβ = nβα are in H1(ω), we first transform the first
integral appearing in the left-hand side of the variational equations. This gives, for
all η = ηiai with ηα ∈ H1

0 (ω) and η3 ∈ L2(ω), hence a fortiori for all η = ηiai with
ηα ∈ H1

0 (ω) and η3 ∈ H2
0 (ω),

∫
ω

aαβστγστ (ζε)γαβ(η)
√
a dy =

∫
ω

nαβγαβ(η)
√
a dy

=
∫
ω

√
anαβ

(1
2

(∂βηα + ∂αηβ)− Γσαβησ − bαβη3

)
dy

=
∫
ω

√
anαβ∂βηα dy −

∫
ω

√
anαβΓσαβησ dy −

∫
ω

√
anαβbαβη3 dy

= −
∫
ω

∂β
(√
anαβ

)
ηα dy −

∫
ω

√
anαβΓσαβησ dy −

∫
ω

√
anαβbαβη3 dy

= −
∫
ω

√
a
(
∂βn

αβ + Γατβn
τβ + Γββτn

ατ
)
ηα dy −

∫
ω

√
anαβbαβη3 dy

= −
∫
ω

√
a
{(
nαβ |β

)
ηα + bαβn

αβη3

}
dy.

(iii) We then likewise transform the second integral appearing in the left-hand
side of the variational equations, viz.,

1
3

∫
ω

aαβστρστ (ζε)ραβ(η)
√
a dy =

∫
ω

mαβραβ(η)
√
a dy

=
∫
ω

√
amαβ∂αβη3 dy

+
∫
ω

√
amαβ(2bσα∂βησ − Γσαβ∂ση3) dy

+
∫
ω

√
amαβ(−2bτβΓσατησ + bσβ |αησ − bσαbσβη3) dy,

for all η = ηiai with ηα ∈ H1
0 (ω) and η3 ∈ H2

0 (ω). Using the symmetrymαβ = mβα,
the relation ∂β

√
a =
√
aΓσβσ (cf. part (i)), and the same Green formula as in part

(ii), we obtain

∫
ω

mαβραβ(η)
√
a dy = −

∫
ω

√
a(∂βmαβ + Γσβσm

αβ + Γασβm
σβ)∂αη3 dy

+2
∫
ω

√
amαβbσα∂βησ dy

+
∫
ω

√
amαβ(−2bτβΓσατησ + bσβ |αησ − bσαbσβη3) dy.
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The same Green formula further shows that

−
∫
ω

√
a(∂βmαβ + Γσβσm

αβ + Γασβm
σβ)∂αη3 dy

= −
∫
ω

√
a(mαβ |β)∂αη3 dy =

∫
ω

∂α(
√
amαβ |β)η3 dy

=
∫
ω

√
a(mαβ |αβ)η3 dy,

2
∫
ω

√
amαβbσα∂βησ dy = −2

∫
ω

√
a
{
∂β(bσαm

αβ) + Γτβτ b
σ
αm

αβ
}
ησ dy.

Consequently,∫
ω

mαβραβ(η)
√
a dy =

∫
ω

√
a
{
− 2(bασm

σβ)|β + (bαβ |σ)mσβ
}
ηα dy

+
∫
ω

√
a
{
mαβ |αβ − bσαbσβmαβ

}
η3 dy.

Using in this relation the easily verified formula

(bασm
σβ)|β = (bαβ |σ)mσβ + bασ(mσβ |β)

and the symmetry relations bαβ |σ = bασ |β (Theorem 2.8-2), we finally obtain∫
ω

mαβραβ(η)
√
a dy =−

∫
ω

√
a
{

(bασm
σβ)|β + bασ(mσβ |β)

}
ηα dy

−
∫
ω

√
a
{
bσαbσβm

αβ −mαβ |αβ
}
η3 dy.

(iv) By parts (ii) and (iii), the variational equations∫
ω

{
aαβστγστ (ζε)γαβ(η) +

1
3
aαβστρστ (ζε)ραβ(η)− pi,εηi

}√
a dy = 0

imply that ∫
ω

√
a
{

(nαβ + bασm
σβ)|β + bασ(mσβ |β) + pα,ε

}
ηα dy

+
∫
ω

√
a
{
bαβn

αβ + bσαbσβm
αβ −mαβ |αβ + p3,ε

}
η3 dy = 0

for all η = ηiai with ηα ∈ H1
0 (ω) and η3 ∈ H2

0 (ω). The announced partial differen-
tial equations are thus satisfied in ω. �

The functions
nαβ = εaαβστγστ (ζε)

are the contravariant components of the linearized stress resultant tensor
field inside the shell, and the functions

mαβ =
ε3

3
aαβστρστ (ζε)

are the contravariant components of the linearized stress couple, or lin-
earized bending moment, tensor field inside the shell.
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The functions

tαβ |β = ∂βt
αβ + Γαβσt

βσ + Γββσt
ασ,

tαβ |αβ = ∂α(tαβ |β) + Γσασ(tαβ |β),

which have naturally appeared in the course of the proof of Theorem 2.10-3, consti-
tute examples of first-order, and second order, covariant derivatives of a tensor field
defined on a surface, here by means of its contravariant components tαβ : ω → R.

Finally, we state a regularity result that provides an instance where the weak
solution, viz., the solution of the variational equations, is also a classical solution,
viz., a solution of the associated boundary value problem. The proof of this result,
which is due to Alexandrescu [5], is long and delicate and for this reason is only
briefly sketched here.

Theorem 2.10-4. Let ω be a domain in R2 with boundary γ and let θ : ω → R3

be an injective immersion. Assume that, for some integer m ≥ 0 and some real
number q > 1, γ is of class Cm+4, θ ∈ Cm+4(ω; R3), pα,ε ∈ Wm+1,q(ω), and
p3,ε ∈ Wm,q(ω). Finally, assume that γ0 = γ. Then the weak solution ζε = ζεi a

i

found in Theorem 2.10-2 satisfies

ζεα ∈Wm+3,q(ω) and ζε3 ∈Wm+4,q(ω).

Sketch of proof. To begin with, assume that the boundary γ is of class C4 and
the mapping θ belongs to the space C4(ω; R3).

One first verifies that the linear system of partial differential equations found in
Theorem 2.10-3 (which is of the third order with respect to the unknowns ζεα and of
the fourth order with respect to the unknown ζε3) is uniformly elliptic and satisfies
the supplementing condition on L and the complementing boundary conditions, in
the sense of Agmon, Douglis & Nirenberg [3].

One then verifies that the same system is also strongly elliptic in the sense of
Nečas [73], p. 185. A regularity result of Nečas [73], Lemma 3.2, p. 260 then
shows that the weak solution ζε = ζεi a

i found in Theorem 2.10-2, with components
ζεα ∈ H1

0 (ω) and ζε3 ∈ H2
0 (ω) since γ0 = γ by assumption, satisfies

ζεα ∈ H3(ω) and ζε3 ∈ H4(ω)

if pα,ε ∈ H1(ω) and p3,ε ∈ L2(ω).
A result of Geymonat [51], Theorem 3.5 about the index of the associated linear

operator then implies that

ζεα ∈W 3,q(ω) and ζε3 ∈W 4,q(ω)

if pα,ε ∈W 1,q(ω) and p3,ε ∈ Lq(ω) for some q > 1.
Assume finally that, for some integer m ≥ 1 and some real number q > 1, γ is

of class Cm+4 and θ ∈ Cm+4(ω; R3). Then a regularity result of Agmon, Douglis &
Nirenberg [3] implies that

ζεα ∈Wm+3,q(ω) and ζε3 ∈Wm+4,q(ω).

if pα,ε ∈Wm+1,q(ω) and p3,ε ∈Wm,q(ω). �

Acknowledgments. With the kind permission of Springer-Verlag, some por-
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thor “An introduction to Differential Geometry with Applications to Elasticity”,
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Dunod, Paris, 1972 (English translation: Inequalities in Mechanics and Physics,
Springer-Verlag, Berlin, 1976).

[47] Evans L.C.; Gariepy R.F.: Measure Theory and Fine Properties of Functions,
CRC Press, 1992.

[48] Friesecke, G.; James, R.D.; Müller, S. : A theorem on geometric rigidity
and the derivation of nonlinear plate theory from three-dimensional elasticity.
Comm. Pure Appl. Math. 55 (2002), 1461-1506.

[49] Friesecke, G.; James, R.D.; Mora, M.G.; Müller, S. : Derivation of nonlinear
bending theory for shells from three dimensional nonlinear elasticity by Gamma-
convergence, C.R. Acad. Sci. Paris, Sér. I, 336 (2003), 697-702.

[50] Genevey, K.: Remarks on nonlinear membrane shell problems. Math. Mech.
Solids 2, (1997), 215-237.

[51] Geymonat, G. : Sui problemi ai limiti per i sistemi lineari ellittici, Ann. Mat.
Pura Appl. 69 (1965), 207-284.

[52] Geymonat, G.; Suquet, P. : Functional spaces for Norton-Hoff materials, Math.
Methods Appl. Sci. 8 (1986), 206-222.

[53] Goldenveizer, A.L. : Derivation of an approximate theory of shells by means
of asymptotic integration of the equations of the theory of elasticity, Prikl. Mat.
Mech. 27 (1963), 593-608.

[54] Grisvard P.: Elliptic Problems in Nonsmooth Domains, Pitman, Boston, 1985.
[55] Gurtin M.E.; Martins L.C.: Cauchy’s theorem in classical physics, Arch. Ra-

tional Mech. Anal. 60 (1976), 305-328.
[56] John, F. : Estimates for the derivatives of the stresses in a thin shell and

interior shell equations, Comm. Pure Appl. Math. 18 (1965), 235-267.
[57] John, F. : Refined interior equations for thin elastic shells, Comm. Pure Appl.

Math. 18 (1971), 235-267.
[58] Klingenberg, W. : Eine Vorlesung über Differentialgeometrie, Springer-Verlag,

Berlin, 1973 (English translation: A Course in Differential Geometry, Springer-
Verlag, Berlin, 1978).

[59] Koiter, W.T. : On the nonlinear theory of thin elastic shells, Proc. Kon. Ned.
Akad. Wetensch. B69 (1966), 1-54.

[60] Koiter, W.T. : On the foundations of the linear theory of thin elastic shells,
Proc. Kon. Ned. Akad. Wetensch. B73 (1970), 169-195.



References] An Introduction to Shell Theory 71

[61] Le Dret, H. : Well-posedness for Koiter and Naghdi shells with a G1-
midsurface, Analysis and Applications 2 (2004), 365-388.

[62] Le Dret, H.; Raoult, A.: The nonlinear membrane model as variational limit of
nonlinear three-dimensional elasticity, J. Math. Pures Appl. 74 (1995), 549-578.

[63] Le Dret, H.; Raoult, A.: The quasiconvex envelope of the Saint Venant-
Kirchhoff stored energy function, Proc. Royal Soc. Edinburgh 125A (1995),
1179-1192.

[64] Le Dret, H.; Raoult, A. : The membrane shell model in nonlinear elasticity:
A variational asymptotic derivation, J. Nonlinear Sci. 6 (1996), 59-84.

[65] Lods, V.; Miara, B. : Nonlinearly elastic shell models. II. The flexural model,
Arch. Rational Mech. Anal. 142 (1998), 355-374.

[66] Magenes, E.; Stampacchia, G. : I problemi al contorno per le equazioni dif-
ferenziali di tipo ellittico, Ann. Scuola Norm. Sup. Pisa 12 (1958), 247-358.

[67] Mardare, S. : Inequality of Korn’s type on compact surfaces without boundary,
Chinese Annals Math. 24B (2003), 191-204

[68] Marsden,J.E.; Hughes, T.J.R.: Mathematical Foundations of Elasticity,
Prentice-Hall, Englewood Cliffs, 1983.

[69] Miara, B. : Nonlinearly elastic shell models. I. The membrane model, Arch.
Rational Mech. Anal. 142 (1998), 331-353.

[70] Miara, B.; Sanchez-Palencia, E.: Asymptotic analysis of linearly elastic shells,
Asymptotic Anal. 12 (1996), 41-54..

[71] Morrey, Jr., C.B. : Quasi-convexity and the lower semicontinuity of multiple
integrals, Pacific J. Math. 2 (1952), 25-53.

[72] Morrey, Jr., C.B.: Multiple Integrals in the Calculus of Variations, Springer-
Verlag, Berlin, 1966.
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