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SUMMARY

The main objective of this paper is to propose two vorticity–vector potential formulations of the Stokes
problem in the half space of R3. Weighted spaces are used for describing the behaviour at large
distances.

R �ESUM�E

On propose deux formulations de type vorticit�e–potentiel vecteur du probl�eme de Stokes dans le demi-
espace de R3. Les espaces de Sobolev avec poids sont utilis�es pour d�ecrire le comportement des
fonctions �a l’in�ni. Copyright ? 2004 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Let n be an integer and let Rn+ = {(x1; x2; : : : ; xn)∈Rn; xn¿0} be the upper half-space of Rn.
In this paper, we consider the Stokes equations governing the motion of an incompressible
viscous �uid in Rn+. They are given by

−��u +∇p= f in Rn+; div u=0 in Rn+
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904 T. Z. BOULMEZAOUD AND M. MEDJDEN

where u and p are the primitive variables, namely the velocity and the pressure of the �uid,
and f is the external force. These equations must be completed by some conditions at the
boundary {x3 = 0} and, since the half-space is unbounded, by a careful speci�cation of what
happens at in�nity.
The Stokes system in unbounded regions of space has been studied by several authors,

especially when the domain is the exterior of a bounded obstacle or the whole space (see
References [1–5]). When the domain is the half-space, one can recall the works of Ukai [6],
Borchers and Miyakawa [7], Borchers and Pileckas [8], Cattabriga [3], Galdi [2], Simader [9]
and Boulmezaoud [10]. The results exposed in Reference [10], based on the use of weighted
Sobolev spaces, cover a wide class of behaviours at in�nity. One of these results states that
for each integer k ∈Z, the Stokes system with an adhesion or a slip condition at x3 = 0, admits
at least one solution (u; p) satisfying∫

Rn+
(1 + |x|2)k−1|u|2 dx¡+∞;

∫
Rn+
(1 + |x|2)k |∇u|2 dx¡ +∞

∫
Rn+
(1 + |x|2)k |p|2 dx¡+∞

provided that f satis�es some natural conditions.
The main purpose of this paper is to prove that in the case k=0, the 3D Stokes problem

(P1)




−��u +∇p= f in R3+
div u= h in R3+
u= g at x3 = 0

admits two well posed weak formulations in terms of vorticity and vector potential. Namely,
we prove that an adequate use of weighted spaces for describing the decay of functions at
large distances leads in an easy way to these formulations, without handling singular integrals.
The results exposed in papers [10,11] concerning the Laplace equation, curl–div systems and
the Stokes equations are extensively used here.
The remainder of this paper is divided into four sections. In Sections 2 and 3, we recall

some properties of weighted Sobolev spaces, and some results concerning the Laplace operator
and vector potentials in the half-space. The fourth section is devoted to a �rst formulation of
the problem (P1) in terms of vector potential and vorticity. A second formulation of the same
problem is given in the �fth section.
In the sequel, �= {x3 = 0} will refer to the boundary of R3.

2. WEIGHTED SOBOLEV SPACES

In R3 we consider the basic weight

�(r)=
√
1 + r2

with r=(x21 + x
2
2 + x

2
3)
1=2 the distance to the origin. Given two integers m¿0 and k ∈Z,

Wm
k (R3+) denote the space of all the measurable functions u whose generalized derivatives

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:903–915



VORTICITY–VECTOR POTENTIAL FORMULATIONS 905

for orders |�|6m satisfy
�k+|�|−mD�u∈L2(R3+)

(D�u= @�11 @
�2
2 @

�3
3 u, �=(�1; �2; �3)). The space W

m
k (R3+) is a Hilbert space when it is equipped

with the inner product:

(u; v)Wm
k (R

3
+)
=
∑

|�|6m

∫
R3+
�(r)2(k−m+|�|)D�u:D�v dx

In what follows D(R3+) denotes the space of C∞ functions with a compact support included

in R3+. The closure of D(R3+) in Wm
� (R3+) is denoted by

◦
Wm
� (R3+). When m¡0, Wm

� (R3+) refers
to the dual of

◦
W−m

−� (R3+).
The reader can consult, e.g. References [11–14] for a detailed study of these spaces. Note

that all the local properties of Wm
� (R3+) coincide with those of classical Sobolev spaces.

Following Reference [14] one can extend the above de�nition of Wm
� (R3+) to real val-

ues of m. This extension is skipped here by sake of simplicity. We retain only that for
any integer m¿1 and any real �, there exists a linear, continuous, and onto trace mapping
�=(�0; �1; : : : ; �m−1) from Wm

� (R3+) into
∏m−1
j=0 W

m−j−1=2
� (�) such that �u=(u(x′; 0);

@3u(x′; 0); : : : ; @m−1
3 u(x′; 0)) for each u∈D( �R3+).

Now, for each real k, consider the spaces

Hk(div; R3+) = {u∈D′(R3+)3; �(r)k−1u∈L2(R3+)3; �(r)kdiv u∈L2(R3+)}

Hk(curl; R3+) = {u∈D′(R3+)3;�(r)k−1u∈L2(R3+)3; �(r)kcurl u∈L2(R3+)3}

equipped, respectively, with the norms:

‖u‖Hk (div;R3+) = (‖�k−1u‖2L2(R3+) + ‖�kdiv u‖2L2(R3+))
1=2

‖u‖Hk (curl;R3+) = (‖�k−1u‖2L2(R3+) + ‖�kcurl u‖2L2(R3+))
1=2

Recall that the normal trace operator u−→ u:e3 = u3(x3 = 0) is well de�ned and continuous
from Hk(div; R3+) onto W

−1=2
k−1 (�), the dual of W

1=2
−k+1(�). In particular, if u is a function in

W 1
k−1(R3+) and if �u∈W 0

k (R3+), then the normal derivative �1u= @3u|x3=0 is meaningful and
belongs to W−1=2

k−1 (R3+). Similarly, the tangential trace operator u−→ u∧ e3 is also well de�ned
from Hk(curl;R3+) into W

−1=2
k−1 (�)

3. We have the following Green’s formula

∀u∈Hk(div;R3+);∀’∈W 1
−k+1(R3+); (div u; ’) + (u;∇’) = 〈u:e3;’〉x3=0 (1)

∀u∈Hk(curl; R3+);∀’∈W 1
−k+1(R3+)3; (curl u;’)− (u; curl’) = 〈u∧ e3;’〉x3=0 (2)

Here (: ; :) refer to the L2 inner product while 〈: ; :〉 is the duality.

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:903–915



906 T. Z. BOULMEZAOUD AND M. MEDJDEN

The closure of D(R3+)3 in Hk(div; R3+) is denoted by
◦
Hk (div;R3+). Similarly

◦
Hk (curl; R3+)

denotes the closure of D(R3+)3 in Hk(curl; R3+). Recall that (see Reference [11])

◦
Hk (div;R3+) = {u∈Hk(div;R3+); u:e3 = 0 at x3 = 0}
◦
Hk (curl; R3+) = {u∈Hk(curl; R3+); u∧ e3 = 0 at x3 = 0}

Let H−1
−k (div; R3+) (resp. H

−1
−k (curl; R3+)) refer to the dual of

◦
Hk (div;R3+) (resp.

◦
Hk (curl;

R3+)). Both are spaces of distributions.
In what follows, A�

k (resp. N�
k ) denotes the space of harmonic polynomials with total

degree 6k and which are odd (resp. even) with respect to the last variable x3. When k6−1,
we set A�

k =N�
k = {0}.

The following results concern the Laplace operator with Neumann or Dirichlet conditions
at x3 = 0. The reader can refer to Reference [11] for the proof.

Proposition 2.1 (The Dirichlet problem)
Let k be an integer. Then, for each pair (f; g)∈W−1

k (R3+)×W 1=2
k (�), the problem

�u=f in R3+; u= g at x3 = 0 (3)

has a solution in W 1
k (R3+) if and only if f and g satisfy

∀q∈A�
k−1; 〈f; q〉 −

∫
�
g(x′):@3q(x′) dx′=0

When it exists, the solution is unique up to an element of A�
−k−1. Moreover, if (f; g)∈

Wm−1
m+k (R3+)×Wm+1=2

m+k (�) with m¿0 an integer, then u∈Wm+1
m+k (R3+) (and depends continuously

on f and g with respect to the quotient norm).

Proposition 2.2 (The Neumann problem)
Let k be an integer. Then, for each pair (f; g)∈W 0

k+1(R3+)×W−1=2
k (�), the problem

�u=f in R3+; @3u= g at x3 = 0 (4)

has a solution in W 1
k (R3+) if and only if f and g satisfy

∀q∈N�
k−1;

∫
R3+
f(x)q(x) dx + 〈g; q〉� =0

When it exists, the solution is unique up to an element of N�
−k−1. Moreover, if (f; g)∈

Wm−1
m+k (R3+)×Wm−1=2

m+k (�) with m¿1 an integer, then u∈Wm+1
m+k (R3+) (and depends continuously

on f and g with respect to the quotient norm).

Proposition 2.3 (Boulmezaoud [10; 11])
Let m¿1 and k be two integers. For any h in W 0

k+1(R3+) and any g ∈W 1=2
k+1(�)

3, the problem

div u= h in R3+
u= g at x3 = 0

(5)

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:903–915



VORTICITY–VECTOR POTENTIAL FORMULATIONS 907

admits at least one solution u∈W 1
k+1(R3+)3 if and only if the following condition is ful�lled:

if k¿1
∫
R3+
h(x) dx +

∫
�
g:e3 dx′=0 (6)

In that case, u can be selected such that

‖u‖W 1
1+k (R

3
+)3
6C{‖g‖W 1=2

k+1(�)
3 + ‖h‖W 0

k+1(R
3
+)

} (7)

with C a constant depending only on k.

3. SOME BASIC RESULTS ON VECTOR POTENTIALS

Consider the space:

Xk(R3+)= {’∈W 0
k−1(R3+)3; �kcurl’∈L2(R3+)3; �kdiv’∈L2(R3+)}

This is a Hilbert space for the inner product associated to the norm

‖’‖Xk (R3+) = (‖�k−1’‖2L2(R3+) + ‖�kdiv’‖2L2(R3+) + ‖�kcurl’‖2L2(R3+))
1=2

Consider also the subspaces of Xk(R3+)

X Tk (R3+) = {’∈Xk(R3+); ’:e3 = 0 at x3 = 0}
XNk (R3+) = {’∈Xk(R3+); ’× e3 = 0 at x3 = 0}

In Reference [11] (Corollaries 8 and 10), it is proved that

XNk (R3+) ,→W 1
k (R3+)3; X Tk (R3+) ,→W 1

k (R3+)3

It follows in particular that the norm ‖:‖W 1
k (R

3
+)3
is well de�ned on both the spaces XNk (R3+)

and X Tk (R3+) and is equivalent to the norm ‖:‖Xk (R3+).
Now, for each integer k, we denote by G�k (resp. H

�
k ) the space of functions ’∈XN−k(R3+)

(resp. ’∈X T−k(R3+)) satisfying

curl’= 0 in R3+; div’=0 in R3+

We know that (see Reference [11])

G�k = {∇q; q∈A�
k }; H�

k = {∇q; q∈N�
k }

In the sequel, for each ’∈XN−k(R3+), �k’ denotes the orthogonal projection of ’ on G�k with
respect to the inner product of (: ; :)XN−k (R

3
+)
. It is also its projection with respect to the weighted

L2 inner product (: ; :)W 0
−k−1(R

3
+)3
.

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:903–915



908 T. Z. BOULMEZAOUD AND M. MEDJDEN

Proposition 3.1 (Boulmezaoud [11])
The space XNk (R3+) is continuously imbedded in W 1

k (R
3
+)
3. In addition, there exists a constant

C, which depends only on k such that:

‖’‖W 1
k (R

3
+)
6(‖�kdiv’‖2L2(R3+) + ‖�kcurl’‖L2(R3+)3 + ‖�k−1�−k’‖2L2(R3+)3)

1=2

for every function ’∈XNk (R3+).
Note that when k=−1, one has A�

−k =A�
1 = {q(x)= cx3; c∈R}. Hence G�−k =G�1 =

{v(x)= c e3; c∈R}. It follows that for every ’∈XN−1(R3+),

�1’=

∫
R3+
�−4’:e3 dx∫
R3+
�−4 dx

e3

Since ∫
R3+
�−4 dx=

�2

2

one gets

�1’=
2
�2

(∫
R3+
�−4’:e3 dx

)
e3

Proposition 3.1 states that the semi norm

’ −→

‖�−1div’‖2L2(R3+) + ‖�−1curl’‖2L2(R3+) +

(∫
R3+
�−4’:e3 dx

)2
1=2

is a norm on XN−1(R3+) equivalent to the norm ‖:‖X−1(R3+).
We need the two following propositions which assert the existence of vector potentials, with

a vanishing normal or tangential component (see Reference [11] for a more general version).

Proposition 3.2
Let k62 and m¿0 be two integers. Let C∈Wm

m+k(R3+)3 such that div C=0. Then there exists
a unique function ’∈Wm+1

m+k (R3+)3=H�
−k depending continuously on u such that

curl’= C in R3+; div’=0 in R3+ and ’:e3 = 0 at x3 = 0

Proposition 3.3
Let k62 and m¿0 be two integers. Let C∈Wm

k+m(R3+)3 such that div C=0 in R3+; C:e3 = 0 at
x3 = 0. Then there exists a unique function ’∈Wm+1

k+m (R3+)3=G�−k depending continuously on C
such that

curl’= C in R3+; div’=0 in R3+ and ’ ∧ e3 = 0 at x3 = 0

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:903–915
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4. A FIRST MIXED FORMULATION

Let k be an integer. Let us consider �rstly the inhomogeneous Stokes system (P1) with
f ∈W−1

k (R3+)3, h∈W 0
k (R3+) and g ∈W 1=2

k (�)3. Then, according to Proposition 2.3, we can
introduce a vector �eld u0 ∈W 1

k (R3+)3 such that

div u0 = h in R3+; u0 = g at x3 = 0

provided that h and g satisfy the compatibility condition (6) when k¿1. Consequently, we
shall suppose without loss of generality that h=0 and g=0. In the sequel, we deal with the
homogeneous Stokes problem
Find u∈W 1

k (R3+)3 and p∈W 0
k (R3+) solution of

(P2)




−��u +∇p= f in R3+
div u=0 in R3+
u= 0 at x3 = 0

where f ∈W−1
k (R3+)3.

The well-posedness, the regularity and the kernel of problem (P2) were treated in
Reference [11] for several kinds of behaviours at in�nity. Here, we focus our attention on
a formulation of this problem in terms of vorticity and vector potential. Such a formulation
seems to be well-posed in the sense of Babuska–Brezzi only in the intermediate case k=0,
for which there is in a way a duality between the behaviours at in�nity of the vorticity and the
vector potential. Note that the problem (P2) admits also a direct mixed formulation in terms of
the velocity and the pressure when k=0 (see Reference [10]). In what follows, we consider
the problem (P2) when k=0. Let us start with the following simple lemma.

Lemma 4.1
Let f ∈H−1

0 (div; R3+). Then, curl f ∈H−1
1 (curl; R3+) and

‖curl f ‖H−1
1 (curl;R3+)

6‖f ‖H−1
0 (div; R3+)

(8)

Proof
Recall �rst that D(R3+)3 is dense in

◦
H−1 (curl; R3+). Let ’∈D(R3+)3. Then, curl’∈ ◦

H 0

(div; R3+), and

‖curl’‖H0(div; R3+) = ‖curl’‖W 0
−1(R3+)

In the sense of distributions, we can write

〈curl f ;’〉D′(R3+);D(R3+) = 〈f ; curl’〉
H−1
0 (div; R3+);

◦
H 0(div; R3+)

It follows that

|〈curl f ;’〉|6 ‖f ‖H−1
0 (div; R3+)

‖curl’‖H0(div; R3+)
6 ‖f ‖H−1

0 (div; R3+)
‖’‖H−1(curl;R3+)

which ends the proof.

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:903–915



910 T. Z. BOULMEZAOUD AND M. MEDJDEN

Now, let u∈W 1
0 (R3+) be solution of (P2). We associate to u two vector �elds as follows:

• The vorticity of u is the vector �eld of L2(R3+)3 given by
w= curl u (9)

• The vector potential of u is the unique vector �eld ’∈XN−1(R3+) satisfying

curl’= u in R3+; div’=0 in R3+;
∫
R3+

’:e3
�4

dx=0 (10)

The existence and the uniqueness of ’ is ensured by Proposition 3.3.

The vector functions ’ and w are related by the identity

curl curl’=w in R3+ (11)

Consider now the spaces

X = {�∈ ◦
H 1 (div;R3+); curl curl �∈H−1

1 (curl; R3+)}

M =

{
’∈XN−1(R3+);

∫
R3+
�−4’:e3 dx=0

}

equipped with their natural norms. Notice that M ,→ ◦
H−1 (curl; R3+).

We are now in position to state the following.

Proposition 4.2
Suppose that f ∈H−1

0 (div; R3+) (,→W−1
0 (R3+)3), and let (u; p)∈W 1

0 (R3+)3 ×L2(R3+) be the
solution of (P2). Then, the pair (w;’) belongs to X ×M and is solution of the problem

(P3)




∀�∈X;
∫
R3+
w:� dx − 〈curl curl �;’〉 − �

∫
R3+
div �:div’ dx=0

∀C∈M; 〈curl curlw; C〉+ �
∫
R3+
divw:div C dx= �−1〈curl f ; C〉

for any real number �.

Proof
We have ’∈M by de�nition. On the other hand, observe that

divw = 0 in R3+; w:e3 =
2∑
i=1

@
@xi
(u × e3):ei=0 at x3 = 0

curl curlw = −curl(�u)= �−1curl f
Hence, w∈X , thanks to Lemma 4.1. The second identity of (P3) stems clearly from the last

equality. The �rst identity stems from (11) and the inclusion M ,→ ◦
H−1 (curl; R3+).

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:903–915
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The problem (P3) can be put into the abstract framework:

(P′
3)



�nd w∈X; ’∈M such that:

∀�∈X; a(w; �) + b�(�;’)=0
∀C∈M; b�(w; C)=‘(C)

where

a(w; �) =
∫
R3+
w:� dx

b�(�;’) =−〈curl curl’; �〉 − �
∫
R3+
div’:div � dx

‘(C) = 1
�

∫
R3+
f :curl C dx

Theorem 4.3
Suppose that �¿0. Then, problem (P3) admits one and only one solution (w;’)∈X ×M .
Furthermore,

‖w‖X 6C1	−1
0 ‖f ‖H−1

0 (div; R3+)

‖’‖X−1(R3+)6C2	−1
0 ‖f ‖H−1

0 (div; R3+)
(12)

where 	0 = �min(1; �). C1 and C2 are two constants not depending on f , � and �.

Proof
The proof of Theorem 4.3 rests on the use well known Babuska–Brezzi theorem (see
References [15,16] or [17]):

Theorem 4.4
Let X and M be two Hilbert spaces with norms ‖:‖X and ‖:‖M and let X ′ and M ′ be their
duals. Let a(: ; :) : X ×X →R and b(: ; :) : X ×M →R be two bilinear and continuous forms.
Assume that a(: ; :) is such that

a(v; v)¿�‖v‖2X ; ∀v∈V = {w∈X ; b(w; �)=0 ∀�∈M}

for some constant �¿0. Then the problem: given ‘∈X ′, 
∈M ′, �nd (u; �)∈X ×M such that

a(u; v) + b(v; �) = 〈‘; v〉; ∀v∈X
b(u; �) = 〈
; �〉 ∀�∈M

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:903–915
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has a solution if and only if b(: ; :) satis�es

inf
�∈M

sup
v∈X

b(v; �)
‖v‖X ‖�‖M¿	

for some constant 	¿0. In that case, the solution is unique.

Now, let us consider the space

V�= {�∈X ; b�(�; C)=0}
Lemma 4.5
Suppose that � 
=0. Then, a vector function �∈L2(R3+)3 belongs to V� if and only if

curl curl �= 0 in R3+; div �=0 in R3+

Proof
Let �∈V� and set C=∇h with h∈W 2

−1(R3+) solution of

�h= �2div � in R3+

h=0 at x3 = 0

This problem admits one and only one solution. It follows that

b�(�; C)=−�
∫
R3+
�2|div �|2 dx=0

Thus div �=0. Moreover, for any C∈D(R3+)3 we have

b�(�; C)= 〈curl curl �; C〉 =0
Hence, curl curl �= 0 in D′(R3+). This ends the proof of the lemma.

We conclude from Lemma 4.5 that

a(�; �)= ‖�‖2L2(R3+) = ‖�‖2X
for each �∈V�. Hence, a is V�-elliptic. It remains to prove inf–sup condition on b�(: ; :).
Lemma 4.6 (Inf–sup condition)
Suppose that �¿0. Then, there exists a constant 	¿0, not depending on �, such that

inf
C∈M

sup
�∈X

b�(�; C)
‖�‖X ‖C‖XN−1(R3+)

¿min(1; �)	 (13)

Proof
Let C∈M and let q∈W 2

2 (R3+) be solution of the Laplace equation{
�q= −div (�−2curl C)=−∇�−2:curl C∈W 0

2 (R3+)
q=0 at x3 = 0

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:903–915
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According to Proposition 2.1, q exists and satis�es

‖q‖W 2
2 (R3+). ‖�−3curl C‖W 0

2 (R3+). ‖C‖XN−1(R3+)

Consider also the function �∈W 2
1 (R3+) solution of


��=�−2div C in R3+ (∈W 0

1 (R3+))
@�
@x3

= 0 at x3 = 0

By virtue of Theorem 2.1, � exists, is unique and satis�es

‖�‖W 2
1 (R3+). ‖�−2div C‖W 0

1 (R3+). ‖C‖XN−1(R3+)

According to Proposition 3.2 there exists a unique vector �eld w0 ∈W 1
1 (R3+)3 solution of


curlw0=�−2curl C+∇q in R3+; (∈W 0

1 (R3+))

divw0 =0 in R3+
w0:e3 =0 at x3 = 0

We set �= − w0 − ∇�. Then, clearly � belongs to X and

b�(�; C)=
∫
R3+

|�−1curl C|2 dx + �
∫
R3+

|�−1div C|2 dx

Here, we used the identity ∫
R3+
curl C:∇q dx=0

Inequality (13) stems from Proposition 3.1. This completes also the proof of Theorem 4.3
and Lemma 4.6.

5. A SECOND FORMULATION

Our task here is to give another formulation of problem (P2) when the right hand side f is
slightly smoother. The �rst step of this formulation consists to introduce two vector potential
operators PT and PN de�ned from the space

X T1;0(R3+)= {�∈X T1 (R3+); div �=0}
into W 2

1 (R3+)3 as follows:

• PT assigns to each �∈X T1;0(R3+) the unique vector �eld �∈W 2
1 (R3+)3 satisfying

curl �= �; div�=0; and �:e3 = 0 at x3 = 0
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• PN assigns to each �∈X T1;0(R3+) the unique vector �eld �∈W 2
1 (R3+) satisfying

curl �= �; div�=0; and �× e3 = 0 at x3 = 0

These linear operators are well de�ned and are continuous from X T1;0(R3+) into W 1
0 (R3+)3,

thanks to Propositions 3.2 and 3.3.
Now, we consider the closed subspace of X T1 (R3+) de�ned as

X̃ = {�∈X T1;0(R3+); (PT − PN )�=0}
It is quite clear that

X̃ = {�= curl �; �∈ ◦
W 1
0 (R3+)3 ∩W 2

1 (R3+)3}
On the other hand, we set

M̃ = {’∈M ; div’=0}
We state the following

Theorem 5.1
Suppose that f ∈W 0

1 (R3+)3 and let (u; p)∈W 1
0 (R3+)3 ×L2(R3+) be solution of problem (P2).

Then, the corresponding pair (w;’) belongs to X̃ × M̃ and is solution of the problem

(P4)




∀�∈ X̃ ;
∫
R3+
w:� dx −

∫
R3+
curl �:curl’ dx=0

∀C∈ M̃ ;
∫
R3+
curlw:curl C dx= �−1

∫
R3+
f :curl C dx

Moreover, problem (P4) has one and only one solution (w;’)∈ X̃ × M̃ and we have

‖w‖W 1
1 (R3+)6c1�

−1‖f ‖W 0
1 (R3+)3

‖’‖W 1
−1(R3+)6c2�

−1‖f ‖W 0
1 (R3+)3

(14)

Proof
We know from Reference [10, Theorem 4.1] that u belongs to W 2

1 (R3+)3. Hence, w= curl u∈ X̃
since PTw=PNw= u. The pair (w;’) is obviously solution of (P4). Problem (P4) is quite
similar to (P′

3) with X replaced by X̃ , M by M̃ and b�(: ; :) by

b̃(�; C)= −
∫
R3+
curl �:curl C dx

We set Ṽ = {�∈ X̃ ; b̃(�; C)=0 for all C∈ M̃}. Let �∈ Ṽ and set �=PN�=PT�. Then, there
exists a vector �eld C0 ∈M such that curl C0 = −�; div C0 = 0. Since C0 ∈ M̃ one gets

0= b̃(�; C0)=
∫
R3+
curl �:� dx=

∫
R3+

|�|2 dx

Thus �= 0, and Ṽ = {0}. It follows that the Ṽ -ellipticity of a(: ; :) is trivial. Let us prove that
b̃(: ; :) veri�es the inf-sup condition.
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Lemma 5.2
There exists a constant 	̃¿0 such that

inf
C∈ M̃

sup
�∈ X̃

b̃(�; C)
‖�‖X T1 (R3+)‖C‖XN−1(R3+)

¿	̃

Proof
Let C∈ M̃ and consider �∈W 2

1 (R3+)3 solution of the Laplace equation −��=�−2 curl C in
R3+, �= 0 at x3 = 0. Setting �0 = − curl �∈ X̃ , gives

b̃(�0; C)=
∫
R3+
curl curl �:curl C dx=

∫
R3+
[−��+∇(div�)]:curl C dx= ‖�−1curl C‖2L2(R3+)3

The proof of the lemma is ended by observing that ‖�0‖X T1 (R3+)6C‖�−1curl C‖L2(R3+)3 . The proof
of Theorem 5.1 is also ended.

REFERENCES

1. Heywood JG. On uniqueness questions in the theory of viscous �ow. Acta Mathematica 1976; 136(1–2):
61–102.

2. Galdi GP. An Introduction to the Mathematical Theory of the Navier–Stokes Equations, vol. 1, Tracts in
Natural Philosophy, vol. 38. Springer: New York, 1994.

3. Cattabriga L. Su un problema al contorno relativo al sistema di equazioni di Stokes. Rendiconti del Seminario
Mathematico dell’ Universita di Padova 1961; 31:308–340.

4. Girault V. The divergence, curl and Stokes operators in exterior domains of R3. Recent Developments in
Theoretical Fluid Mechanics (Paseky, 1992), Pitman Research Notes in Mathematic Series, vol. 291. Longman
Sci. Tech.: Harlow, 1993; 34–77.

5. Girault V. The Stokes problem and vector potential operator in three-dimensional exterior domains: an approach
in weighted Sobolev spaces. Di�erential Integral Equations 1994; 7(2):535–570.

6. Ukai S. A solution formula for the Stokes equation in Rn+. S�urikaisekikenky�usho K�oky�uroku 1987; 604:
124–138.

7. Borchers W, Miyakawa T. L2 decay for the Navier–Stokes �ow in halfspaces. Mathematische Annallen 1988;
282(1):139–155.

8. Borchers W, Pileckas K. Existence, uniqueness and asymptotics of steady jets. Archive Rational Mechanics
and Analysis 1992; 120(1):1–49.

9. Simader ChG. Sketch of an alternative approach to weak Lq-solutions of Stokes’ system in a half-space. Topics
in Mathematical Fluid Mechanics, Quad. Mat., vol. 10. Seconda University, Napoli, Caserta, 2002; 293–319.

10. Boulmezaoud TZ. On the Stokes system and on the biharmonic equation in the half-space: an approach via
weighted Sobolev spaces. Mathematical Methods in the Applied Sciences 2002; 25(5):373–398.

11. Boulmezaoud TZ. On the Laplace operator and on the vector potential problems in the half-space: an approach
using weighted spaces. Mathematical Methods in the Applied Sciences 2003; 26(8):633–669.

12. Kondratev VA. Boundary value problems for elliptic equations in domains with conical or angular points.
Transactions of the Moscow Mathematical Society 1967; 16:227–313.

13. Kufner A. Weighted Sobolev Spaces. Wiley: New York, 1985.
14. Hanouzet B. Espaces de Sobolev avec poids application au probl�eme de Dirichlet dans un demi espace.

Rendiconti del Seminario Mathematico dell’ Universita di Padova 1971; 46:227–272.
15. Babuska I. The �nite element method with Lagrangian multipliers. Numerische Mathematik 1972; 20:179–192.
16. Brezzi F. On the existence, uniqueness and approximation of saddle-point problems arising from Lagrangian

multipliers. Revue d’Automatisme, d’Informatique et de Recherche Op�erationnelle 1974; 8(R-2):129–151.
17. Girault V, Raviart PA. Finite Element Methods for Navier–Stokes Equations. Springer Series in Computational

Mathematics, vol. 5. Springer: Berlin, 1986.

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:903–915


