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Abstract

Optimal Shape Design (OSD) is a special case of Optimization theory and as
such it uses the tools of differentiable Optimization such as gradient method, or the
tools of black-box optimization such as surface response, evolutionary algorithms
etc. In these two talks we will survey the fundamental algorithms and results of
gradient based methods and introduce the concepts and present some results of
topological optimization.

Most of the applications will be taken from compressible fluid dynamics (Euler
and Navier-Stokes equations) for aerospace. In the last part we will also discuss
the specific problems associated with shocks. Mesh adaptivity and automatic dif-
ferentiation (AD) of computer program are used extensively; therefore they will
also be discussed in theses two talks.

keywords: Optimization, shape design, , adaptation, aerodynamics, mesh adaptivity,
topological optimization.

1 Introduction
Hadamard (1910) may have been the first applied mathematician to derive a formula
for the sensitivity of a Partial Differential Equation (PDE) with respect to the shape of
its domain. This opened the field of Optimal Shape Design (OSD). But the field as we
know it now really began in the seventies as an outcome of optimal control theory for
distributed systems [Lions 1968]. So OSD has borrowed the vocabulary of control the-
ory: the design is done by minimizing a criteria, which depends upon a state variable,
solution of a set of PDE and function of a control variable, the shape.

Among others, [Pironneau 1973], [Murat 1976], [Cea 1973] and [Cea 1986], gave meth-
ods to derive optimality conditions for the continuous problems and [Marrocco 1977]
and others for the discretized problems, in the same French school of applied mathe-
matics at IRIA (now INRIA) and the University of Paris VI, both headed by Jacques-
Louis Lions. In the USA the team of [Jameson 1988] et al and [Alonso 2002] made
several major contributions and implementations useable by industries (Beoing in par-
ticularr).

Theoretical results on existence of solutions were obtained by [Chesnais 1987],
[Sverak 1992, Sverak 1993], [Bucur 1995], [Delfour 2001].
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A counter example to existence was produced by [Tartar 1974] in a seminal paper
which linked optimal shape design with homogenization theory in what is now known
as ”topological optimization” (see also [Bendsoe 1988], [Allaire 2002], [Garreau 1999]
etc).

Most design engineers do their optimization by hand, intuitively, but up to a certain
point! It is common knowledge that if the number of parameters P is greater than 4 or
so, intuition fails.

There are also commercial packages which find the minimum of a functional with
respect to parameters and require from the user only a function/subroutine to evaluate
the cost function for a given design. These packages are usually based on local varia-
tion methods (Powell(1970)), involving polynomial fits of the functional from P point
evaluations. They are expensive here because they require O(P 2) solutions of the state
equations (e.g. the flow solver). Yet, for instance, Powell’s NEWUOA beats many of
the genetic packages and is certainly an impressive ”quick and dirty” solution to an
optimal shape problem when the number of design parameters is small.

But for 3D wings for example, there are hundreds of design parameters so that
shape optimization requires a complete numerical treatment with a robust differen-
tiable optimization package and a precise sensitivity analysis with respect to the shape
of the wing.

A numerical flow solver can be viewed as a C function with an input and an out-
put , the design variables which define the wing shape and the drag for instance.
Sensitivity analysis finds the gradient of the cost function with respect to the de-
sign variables. It can be done by hand (analytically) or by computer with a soft-
ware for ”Automatic Differentiation of programs” such as ADOL-C[Griewank 1996] or
Tapenade[Ascouet et al]. This approach is extremely convenient and we shall give
here a brief presentation. But to understand it fully it is better to know the analytical
approach as well; this is the object of the paragraph on sensitivity analysis. More details
can be found in [Pironneau 1984], [Neittaanmaki 1991], [Banichuk 1990], [Allaire 2001]
and [Haslinger 2003].

2 Variational Formulations

2.1 An Academic Problem
Consider the problem of finding the shape of a wind tunnel Ω = C\S̊ with uniform
flow ud in a region D (see Figure 1).

For simplicity let us assume 2d-symmetry and irrotational inviscid flow computed
by a stream function ψ. The problem then is

min
S∈Sd
{J(S) :=

∫
D

|ψ − ψd|2 with −∆ψ = 0, in Ω ψ|S = 0 ψ|Γ−S = ψd} (1)

where S is the control boundary, Sd the set of admissible shapes, Γ := ∂Ω, ψd contains
the inflow and outflow conditions and is also such that∇× ψd|D = ud.
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Figure 1: Optimization of a nozzle C by adding an object S on the symmetry line so
as to make the flow uniform in D. Local geometric variation consists in changing S
normal to itself by a quantity α(x) at each x ∈ S.

2.2 Sensitivity Analysis
To study the effect on J of a change of shape S, it is convenient to consider normal
variations of size proportional to α(.) about S, or more generaly about Γ :

Γε := {x+ εα(x)n(x) : x ∈ Γ}

With the convention that α is non zero only on S, and n(x) is the normal to S at x ∈ S.
Provided that S has no corner, all smooth variations of S are in that class and we can
proceed to study the limit when ε→ 0 of (J(Sε)− J(S))/ε. We begin with ψ. Let us
translate the boundary conditions into a right hand side f :

−∆ψε = f in Ωε ψε = 0 on Γε := {x+ εαn : x ∈ Γ} (2)

If ψ′α := lim 1
ε (ψε − ψ) exists then ψ is Gateau differentiable with respect to Γ in the

direction α. If ψ′α is linear in α then ψ is Frechet differentiable, and so on with higher
derivatives. Assume that we can write

ψεα = ψ + εψ′α +
ε2

2
ψ′′α (3)

Then, by linearity of the Laplace operator ψ′ and ψ′′ satisfy the same PDE but with
f = 0.

Also by a Taylor expansion, x ∈ Γ:

0 = ψεα(x+ εαn) = ψεα(x) + εα
∂ψεα

∂n
(x) +

ε2α2

2

∂2ψ

∂n2
(x) + ... (4)

Therefore

−∆ψ′α = 0 ψ′α|Γ = −α∂ψ
∂n

, −∆ψ′′α = 0 ψ′′α|Γ = −α∂ψ
′
α

∂n
− α2

2

∂2ψ

∂n2
(5)

Let us assume again that there is enough regularity to expand J in powers of ε:

J(Sε) =

∫
D

|ψε − ψd|2 =

∫
D

|ψ − ψd|2 + 2ε

∫
D

(ψε − ψd)ψ′α + o(ε) (6)
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If J is Frechet differentiable there exists ξ such that J ′α =
∫
S
ξα. To find ξ we must

use the adjoint trick and introduce

−∆p = (ψε − ψd)ID, p|Γ = 0 (7)

Then

2

∫
D

(ψε − ψd)ψ′α = −2

∫
Ω

ψ′α∆p = −2

∫
Ω

∆ψ′αp+

∫
Γ

(
∂p

∂n
ψ′α +

∂ψ′α
∂n

p) (8)

So we have “proved” that J is Gateau differentiable, in fact:

J ′α = 2

∫
S

∂p

∂n

∂ψ

∂n
α

and that 2
∂p

∂n

∂ψ

∂n
α plays the role of the derivative of J with respect to S in the direction

α.

2.3 Conceptual Algorithm
Let A be a smoothing operator on Γ, i.e. u ∈ Hs(Γ)⇒ Au ∈ Hs+2(Γ); the Neumann
to Dirichlet Laplace-Beltrami operator has this property:

given x→ u(x), x ∈ Γ solve −∆v = 0 in Ω,
∂v

∂n
|Γ = u, set Au := v|Γ

The following is a conceptual gradient method with fixed step size ρ:

• 0. Choose a shape S0, a small number ρ > 0 and set m=0.

• 1. Compute ψm and pm by solving

−∆ψm = 0, ψm|Sm = 0, ψm|Γd
= ψd

−∆pm = (ψm − ψd)ID, p|Γm = 0 (9)

• 2. Set

α = −2ρA(
∂pm

∂n

∂ψm

∂n
), Sm+1 = {x+ αn : x ∈ Sm} (10)

• 3. Set m← m+ 1 and go to 1.

Every iteration is expected to decrease J because ξ = 2∂p
m

∂n
∂ψm

∂n and

J(Sm+1) = J(Sm)+

∫
Sm

ξα = J(Sm)−4ρ

∫
Γ

[A(
∂pm

∂n

∂ψm

∂n
)]
∂pm

∂n

∂ψm

∂n
dγ+o(α)

and (Az, z) > 0 by hypothesis.
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3 The minimum drag problem
For an object in an incompressible fluid, minimizing the drag or the energy is similar;
so one may consider

min
Ω∈C

E(u,Ω) =

∫
Ω

1

2
|∇u|2dx subject to

u|∂Ω = uΓ, ∇ · (u⊗ u) +∇p− ν∆u = 0, ∇ · u = 0,

Let S ⊂ Γ be an airfoil and uΓ = 0 on S. Sensitivity analysis by local normal varia-
tions is fairly straightforward when the Dirichlet conditions are treated by penalty. So
let us consider the space H of solenoidal functions with square integrable first deriva-
tives and the Navier-Stokes equations in varational form with boundary conditions im-
plemented by penalty

NS(u,w) =

∫
Ω

(u⊗ u : ∇w + ν∇u : ∇w) +
1

ε

∫
Γ

(u− uΓ)w = 0 ∀w ∈ H

The notation A : B stands for the trace of the matrix product AB.
The optimality conditions could be obtained as above for potential flow but it is

easier to proceed as follows.
Let S(t) = {x+ tα(x)n(x) : x ∈ S}.
If S is optimal the Lagrangian L(u,w, S(t)) = NS + E is stationary in u & t:

∂

∂τ
L(u+ τv, w, S)|τ=0 =

∫
Ω

(u⊗ v + v ⊗ u) : ∇w

+

∫
Ω

(ν(∇v : ∇w +∇w : ∇v) +
1

ε

∫
Γ

v · w ∀v ∈ H
∂

∂t
L(u,w, S(t)) =

∫
S

(ν∇u : ∇w)α+
1

ε

∫
S

α∂nu · w +
1

2

∫
S

α|∇u|2 ∀α ∈ IR

because u|S = 0, dS(t) = dS + o(|α|)) and because [Pironneau 1984]

d

dt

∫
Ω(t)

f =

∫
S

fα
d

dt

∫
S(t)

g =
d

dt

∫
S

g(x(s) + tα(s)n(s))ds =

∫
S

α∂ng

The derivative of E is ∂tL(u, v, S(t)) at t = 0:

∂tE(S(t))|t=0 =

∫
S

α∂nu · ∂n(v +
u

2
) where (v, q) is solution of

−∇ · (v ⊗ u+ u⊗ v) +∇q − ν∆v = ∆u ∇ · v = 0, v|Γ = 0 (11)

3.1 Gradient Algorithms
With a regularized criteria (dots denote derivatives in the tangential direction of S)

Eµ = E+
µ

2

∫
S

α̇2, Eµ(S(t)) = Eµ(S)+ t

∫
S

α(∂nu ·∂n(v+
u

2
)− tµα̈)+o(t|α|)

(12)
Although it is a second order term, αα̈ is kept to prevent numerical oscillations. So one
starts with a smooth shape, moves it in its normal direction by

α = t(∂nu · ∂n(v +
u

2
)− tµα̈).
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and iterates. This gradient method will decrease Eµ at each step, and the smoothness
of S is preserved (hopefully) by the last term. A similar (and mathematically more
correct) result is obtained by applying the gradient method on E in a different metric
by using the scalar product of the Sobolev space H1(S) for α, i.e. find β such that

E(S(t)) = E(S) + t

∫
S

β̇α̇+ o(t‖α‖)

Obviously, from (11), β is found by solving on S

−β̈ = ∂nu · ∂n(v +
u

2
)

Then S is moved proportionally to β in its normal direction and E decreases.

This differential equation on S acts as a smoother, an old idea for such moving bound-
ary problems where numerical oscillations develops if nothing is there to kill them; but
here we have a mathematical justification, in that S is moved by a quantity which has
the same smoothness, because β ∈ H1(S) at least. If more smoothness is required
then the second derivative can be replaced by a 2m-th derivative. There are also ways
to replace the differential equation on the surface S by a system of partial differential
equations in Ω, much easier to implement (see [Lemarchand 2002]). Below, we will
see again this need for smoothing in the definition of the parameter space.

3.2 Discretization
Unstructured meshes (using trtiangles) are usually better for OSD than structured one
(using quadrilaterals) because the domain shape changes in the optimization process.

Consider again the academic problem (1). It can be discretized by

min{qi}N1 {jh(qh) =

∫
D

|ψ − ψd|2 :∫
Ω

∇ψh∇wh +
1

ε

∫
Γ

(ψh − ψd)wh = 0 ∀wh ∈ Vh} (13)

A finite element method is used to build ψh ∈ Vh, a finite element space constructed
onver a triangulation of Ω. A triangulation is a set triangles (tetraedra in 3D) {Tk}M1
which intersects only by a full edge (or face in 3D) or a vertex. The vertices of the
elements are denoted {qi}N1 . Let us choose Vh to be the space of piecewise linear
continuous functions on the triangulation.

The hat function associated to vertex qi will be denoted wi. It is defined by: wi ∈
Vh, w

i(qj) = δij .
Notice that the optimization variables in (13) are not just the vertices on S but all

the vertices. If all vertices move we have

δjh =
∑
i:qi∈S

gradqijhδq
i +

∑
k:qk /∈S

gradqkjhδq
k

One may constrain the dispacement of the inner vertices qk to the displacement of the
boundary ones qi:

δqk =
∑
i:qi∈S

βkiδq
i ⇒ δjh =

∑
i:qi∈S

(gradqijh +
∑

k:qk /∈S

βkigradqkjh)δqi (14)
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For calculus of variations it is convenient to introduce, from the elementary vertex
displacement ~zi, a distributed displacement: zh(x) =

∑
i z
iwi(x). Let ph be the

discrete adjoint vector, solution of∫
Ω

∇ph∇wh +
1

ε

∫
Γ

phwh = 2

∫
D

(ψh − ψd)wh ∀wh ∈ Vh

Then, the variation of the criteria is [Pironneau 1984],

δjh =

∫
Ω

∇ψh · (∇zh +∇zTh −∇ · zh)∇ph ≈
∫

Γ

∇ψh · ∇phzh · n

The approximation is valid because a change of variable x = Zh(y), linearized at
Zh(y) = y + zh(y), gives∫

Ω

∇ψh∇phdx =

∫
Z−1

h (Ω)

(∇Z−1
h ∇ψh) · (∇Z−1

h ∇ph) det∇Zh)dy

≈
∫

Ω

∇ψh · (I +∇zh +∇zTh −∇ · zh)∇ph +

∫
Z−1

h (Ω)−Ω

∇ψh · ∇ph

This shows that the βki in (14) can be neglected when the motions of the vertices are
small:

Corollary 1 The change of cost function due to the motion of the inner vertices is
second order with respect to the change due to the motion of the boundary vertices .

4 Automatic Differentiation
In practice for aerospace the state equations are very complex. Compressible turbulent
flows may be modeled by (with standard notations)

∂tρ+∇ · (ρu) = 0

∂t(ρu) +∇ · (ρu⊗ u) +∇(p+
2

3
ρk) = ∇ · ((µ+ µt)S)

∂t(ρE) +∇ · ((ρE + p+
5

3
ρk)u) = ∇ · ((µ+ µt)Su) +∇((χ+ χt)∇T )

∂tρk +∇.(ρuk)−∇((µ+ µt)∇k) = Sk
∂tρε+∇.(ρuε)−∇((µ+ cεµt)∇ε) = Sε. (15)

As it is painfully difficult to derive the sensitivities analytically for such a system we
turn to automatic differentiation of computer programs and proceed to explain its prin-
ciple

4.1 Principle of Automatic Differentiation
Let J(u) = |u− ud|2, then its differential and u-derivative are

δJ = 2(u− ud)(δu− δud)
∂J

∂u
= 2(u− ud)(1.0− 0.0) (16)

Obviously the derivative of J with respect to u is obtained by putting δu = 1, δud =
0. Now suppose that J is programmed in C/C++ by
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double J(double u, double u_d){
double z = u-u_d; z = z*(u-u_d);
return z;

}
int main(){ double u=2,u_d = 0.1;

cout << J(u,u_d) << endl;
}

Except for the embarrassing problem of returning both z,dz instead of z, a program
which computes J and its differential can be obtained by writing above each line its
differential:

double JandDJ(double u, double u_d, double du,
double du_d, double *pdz)

{ double dz = du - du_d, z = u-u_d;
double dJ = dz*(u-u_d) + z*(du - du_d);
z = z*(u-u_d); *pdz = dz;
return z;

} int main()
{ double u=2,u_d = 0.1;

double dJ;
cout << J(u,u_d,1,0,&dJ) << endl;

}

In C++ the program can be simplified further by encapsulating each variable and its
derivative into one member of the class ddouble so defined:

class ddouble{
public: double val[2];
ddouble(double a, double b=0){ v[0] = a; v[1]=b;}
ddouble operator=(const ddouble& a)

{ val[1] = a.val[1]; val[0]=a.val[0]; return *this; }
};

Here val[0] holds the value of the variable and val[1] the value of the differential.
Furthermore the compiler itself can differentiate each line of the source code if we
define the operators +, -,*,/,sin,log.. for members of the class ddouble. For instance:

ddouble ddouble::operator - (const ddouble& a,
const ddouble& b)

{ ddouble c;
c.v[1] = a.v[1] - b.v[1]; // (a-b)’=a’-b’
c.v[0] = a.v[0] - b.v[0]; // c=a-b
return c;

}
ddouble ddouble::operator * (const ddouble& a,

const ddouble& b)
{ ddouble c; // (a*b)’=a’*b+a*b’

c.v[1] = a.v[1]*b.v[0] + a.v[0]* b.v[1];
c.v[0] = a.v[0] * b.v[0]; // c=a*b
return c;

}
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In the end, with a couple of pages of C++ code for the definition of the class ddouble,
one can transform a C-program into one which computes all the sensitivities by simply
changing with a text editor the keyword double into ddouble.
There are limitations however; the main one is that the adjoint trick is not used, so the
method will not be computationally eficient if there are moe than , say 50 parameters.
When this number is exceeded one must use the reverse mode: see [Griewank 2001] or
[Bischof 1992]. or the web site of Tapenade

http://tapenade.inria.fr:8080.

4.2 Example of application
Using the reverse mode of Odyssee (now Tapenade), [Mohammadi 2004] minimized
the drag of a wing profile at transonic speed for a flow governed by (15) plus wall laws.
The criteria is composed of the drag plus penalization to keep the lift and area constant

J(u, p, θ) = F · u∞ +
1

ε
|F × u∞ − Cl|2 +

1

β
(

∫
S

dx− a)2 (17)

with F =
∫
S

(pn + (µ∇u+∇uT )).

Figure 2: Optimization of a wing profile at Mach 0.8 to minimize the drag. since most
of the drag is the pressure drag, the optimized profile is shock free

The conclusion is that a C program can be differentiated simply by replacing the
keyword double by ddouble.

Of course C programs are not only assignments and it remains to check that branching
statements, loops and function calls etc have the same property, for more details see
[Griewank 2001].

5 Link with CAD
In industries shapes are defined and stored in Computed Aided Design systems, such
as Catia, in data bases, as a set of Bezier patches or others with infinite details such as
screws and bolts which are not relevant to a computer simulation of the aerodynamics
properties. Furthermore the CAD data are usually proprietary, and cannot leave the
physical area of the industry.
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There is a large scientific literature on optimal shape design with the design vari-
ables of the CAD systems (like the Bezier nodes). Our experience however is that the
mesh generation modules of the CAD systems are usually not powerful enough for
aerodynamics, certainly not for mesh adaptation at this time. So it is essential for ac-
curate results to abstract the optimization from the CAD system so as to use advanced
mesh generation and mesh adaptation tools [George 1991].

In our industrial cooperation, we ask the engineer for any surface mesh, even a bad
one (but a conforming mesh, i.e. no holes or overlapping elements) to defines the initial
design. The strategy is then what we call a CAD-free optimization platform

1. Generate any surface mesh from the CAD data

2. Apply a visual-C1 [Farin 1987, Gopalsamy 1989] reconstruction with edges recog-
nition to generate an appropriate surface mesh for CFD.

3. Apply a 3d volumic automatic mesh generator from the surface mesh (we use
the modules developed at INRIA [George 1991].

4. Do the optimization with mesh refinement using the same module as in step 2
but coupled with the PDE solver [Mohammadi 2001].

5. Feed back the result into the CAD system.

6 A multi-criteria shape optimization problem
In [Mohammadi 2001] a shape optimization problem is presented under acoustic, aero-
dynamic and geometric constraints using some of the ingredients presented above.

The acoustic specification concerns the generated sonic boom [Whitham 1952].
In shape design for transonic aircraft in cruise conditions, multi-criteria aspects

mainly concerns the aerodynamic and elastic characteristics of the aircraft. For in-
stance, the aim can be to reduce the drag at given lift and with given maximum by-
section thickness, which would ensure structural realizability. Shape optimization for
civil supersonic transport includes another main ingredient: the control of the gener-
ated sonic boom. This makes the problem harder than in the transonic case as drag
and sonic boom reductions are by nature incompatible (in supersonic regime low drag
geometries are sharp and have high boom level as shocks are attached then).

In principle, supersonic civil transport in cruise condition only involves N-waves.
The N-wave is generated by steady flight conditions, and its pressure wave is shaped
like the letter ”N.” N-waves have a front shock with a positive peak overpressure which
is followed by a linear decrease in pressure until the rear shock returns to ambient
pressure.

The flow in regions close to the aircraft, or the near field, is evaluated using the Eu-
ler system for gas dynamics in conservation form. The solution method is based on a
finite volume Galerkin method [Mohammadi 1994]. The variables at the lower bound-
ary of this computational domain are then used to define waveform parameters which
are propagated to the ground using the waveform parameter method [Thomas 1972].
The acoustic characteristic of the aircraft in cruise condition is then computed on the
ground as described in [Mohammadi 2002].
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Figure 3: By-section definition of the shape used to enforce the maximum by-section
thickness constraint for the original and optimized aircraft.

6.1 Cost function definition
Multi-criteria gradient optimization can be done as shown in [Desideri 2012]. Never-
theless the criteria used here is a weighted sum of all the criteria. The problem is a drag
Cd minimization with constraints on the lift Cl, volume V , maximum by-section thick-
ness d defined for each node and smooth pressure gradient on the ground to minimize
the sonic boom. In our approach the mesh is unstructured and the surface mesh is made
of triangles. The maximum airfoil thickness d of each section is checked. Each node
in the surface mesh is associated with two sections and linear interpolation is used to
define the maximum thickness associated to this node. The cost function is given by

j(x) = Cd + (C0
l − Cl)+ + (V0 − V)+ +

∫
S

|d− d0|dγ +

∫
ground

|∇pg.U∞|dγ,

Superscript 0 denotes initial shape values. (.)+ = maxr(0, .) where maxr is a regular-
ized max. U∞ is the projection of the flight direction on the ground. The cost function
prevents the volume and lift coefficient from decreasing.

In addition to the given lift constraint expressed in the cost function by penalty, the
inflow incidence to enforce the given lift constraint. During optimization the incidence
is given by (θn+1 = θn−0.5(Cnl −C0

l ), θ0 = 0) where n is the optimization iteration.

Bow shocks have weaker pressure jumps than attached shocks. Bow shocks are
usually associated to smooth geometries. Sharp leading edges lead to attached shocks
leading to high boom levels. On the other hand, shape optimization based on drag
reduction in supersonic regime leads to sharp leading edges. Therefore, it is impor-
tant to keep the leading edges of the aircraft smooth while doing drag reduction. The
following is required:

• Specify that the wall has to remain smooth near leading edges.

• Ask for the local drag force Clocd due to leading edges to remain unchanged or to
increase while the drag decreases.

The cost function considered is

j(x) = Cd + (C0
l − Cl)+ + (V0 − V)+ +

∫
S

|d− d0|dγ + ((Clocd )0 − Clocd )+,
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Figure 4: Cross-section of the near-field CFD pressure variations (p−p∞p∞
) in the sym-

metry plane (left) and the corresponding ground pressure signatures (right) for the ini-
tial (dashed curves) and optimized (continuous curves) shapes. We observe a non trivial
impact of the modification of the near-field pressure distribution on the ground pres-
sure.

where Clocd is the drag force coming from regions where ~n.~u∞ < 0 (~n being the local
outward normal to the shape).

A supersonic business jet geometry has been provided by Dassault-Aviation. The
cruise speed is Mach 1.8 at no incidence and at a flight altitude 55000 feet. The results
are shown on Figure 4.

7 Shocks and Derivatives

7.1 Introduction
Differentiability of hyperbolic systems with shocks has been studied in [Majda 1983],
[Godlewski 1998], [Bressan 1995][Campos 2004], [Giles 2001], [Bardos 2002] And
more recently in [Alonso 2002],[Alauzet 2012] .

7.2 Optimal Control of Burgers’ Equation
To illustrate the difficulty consider Burgers’ equation. Given a parameter a ∈ IR,
consider the entropy solution of

∂tu+ ∂x(
u2

2
) = 0 u(x, 0) = (1 + a)(1−H(x)) (18)

The solution is explicit and its derivative with respect to a can be computed explicitly

u = (1 + a)(1−H(x− 1 + a

2
t)),

u′a = 1−H(x− 1 + a

2
t) +

1 + a

2
tδ(x− 1 + a

2
t) (19)

Let

J(a) :=
1

2

∫ 1
2

− 1
2

u(T )2 =
1

4
(1 + a)2((1 + a)T − 1) ⇒ J ′(0) =

3

4
T − 1

2
(20)
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By the extended calculus of variations

J ′ =

∫ 1
2

− 1
2

ūu′a|T =

∫ 1
2

− 1
2

ū∗u′a|0 =

∫ 0

− 1
2

u∗(x, 0) (21)

with u∗ defined by

∂tu
∗ + ū∂xu

∗ = 0, u∗|T = J ′u = ū|T1[− 1
2 ,

1
2 ] (22)

Therefore

u∗(x, 0) = 1− 1

2
H(x+

T

2
)− 1

2
H(x− T

2
) (23)

and (21) and (20) agree.
Notice that u∗ is integrated backward in time; it is constant on the characteristics,

lines of slope 1 + a on the left of the shock and of slope 0 on the right. So the charac-
teristics do not define u∗ everywhere: there is a ”shadow” triangle where no upgoing
characteristics cross the line t = T . However thanks to the overline on u in (22) there
is one characteristic of slope 1

2 (1 + a) on which u∗ = u(T ), the shock line in fact.
Once u∗ known on the shock line then any point in the shadow triangle has an upgoing
characteristic which crosses the shock and so u∗ is also known there, constant in this
example and equal to u(T ). See [Bardos 2002] for more details.

Notice that u∗ is continuous across the shock and discontinuous at the character-
istics that meet the shock at t = T .

8 Optimal Wing Profile with least Sonic Boom
We are now in a position to treat analytically the problem of sonic boom minimization
of section 7.

8.1 Optimization with the Euler equations
Consider a cost function

J =
1

2

∫
S

|BW − b|2 : W solution of Euler equations

where S is a part of the boundary of ∂Ω. The adjoint equation for the minimization of
J with respect to boundary parameters is

∂W ∗

∂t
+ F ′(W )∇W ∗ = 0 ,W ∗(T ) = 0 (24)

Let us multiply this equation by δW and integrate it in time and space:

0 =

∫
Ω×(0,T )

δW · (∂W
∗

∂t
+ F ′(W )∇W ∗)

= −
∫

Ω×(0,T )

W ∗ · (∂δW
∂t

+∇ · (F ′(W )δW ))

+

∫
Ω

W ∗δW |T0 +

∫
∂Ω×(0,T )

W ∗ · (n · (F ′(W )δW ) (25)
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⇒
∫
∂Ω×(0,T )

W ∗ · (n · (F ′(W )δW ) = 0 (26)

This gives δJ , if the boundary conditions are on ∂Ω− S so that

W ∗ · (n · (F ′(W ))δW ) = 0

and

W ∗ · (n · (F ′(W )) = (BW − b)BT on S (27)

Then we obtain

δJ = −
∫
∂Ω\S×(0,T )

W ∗ · (n · (F ′(W )δW )

8.2 Supersonic Wing Profile Optimization
An airfoil Σ at rest in a semi-infinite domain Ω

Air comes in from the left boundary L at M > 1 and exits by right boundary R. S
is the ground.

min
Σ
{J =

1

2

∫
S

(p− p0)2 ⇒ δJ =

∫
S

(p− p0)δp} (28)

Then since J has no part on R

W ∗ · F ′(W ).~n = 0 on R

As F ′(W ).~n is a non-singular matrix when the flow is hypersonic, this equation implies
that all four components of W ∗ are zero on R:

W ∗ = 0 on R. (29)

The flow is supersonic on L so all components of the linearized flow δW are equal to
zero. All the characteristics are coming in so for the adjoint state the characteristics are
coming out and hence

W ∗ needs no boundary conditions on L. (30)

The shock is assumed to reflect perfectly so the vertical component of the velocity is
zero: W3 = 0. There is only one incoming characteristics . Assume that δW3 = 0 is
the boundary condition for the linearized Euler system. Giles and Pierce gave showed
that W ∗3 should be given. Let us justify this choice. On S the normal is (0, 1)T and the
velocity is (u, 0)T , so

W ∗ · (n · F ′(W ))δW

=
(
0 0 (γ−1)

2
u2δW1 − (γ − 1)uδW2 + (γ − 1)δW4 0

)
W ∗

= (γ − 1)(
u2

2
δW1 − uδW2 + δW4)W

∗
3 (31)

On the other hand

p = (γ − 1)ρe− γ − 1

2

(ρu)2 + (ρv)2

ρ
= (γ − 1)(W4 −

W 2
2 +W 2

3

2W1
)
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⇒ δp = (γ − 1)(
W 2

2

2W 2
1

δW1 −
W2

W1
δW2 + δW4) = (γ − 1)(

u2

2
δW1 − uδW2 + δW4)

By choosing W ∗3 |S = p− p0, W
∗ · (n · F ′(W ))δW = W (p− p0)δp and so

δJ = −
∫
∂Ω\S

W ∗ · (n · F ′(W )δW ) (32)

Boundary Conditions on the Adjoint at airfoil Σ The flow is subsonic and tangent
to Σ so u · n = 0. As for S one boundary condition is required for δW . Let δW · n be
given. An elementary calculus gives

W ∗ · (F ′(W ) · n)δW

= (γ − 1)W ∗ · n(
1

2
(u2 + v2)δW1 − uδW2 − vδW3 + δW4)

+(W ∗1 + uW ∗2 + vW ∗3 )δW · n (33)

This expression involves only δW · n when

W ∗ · n = 0 on Σ (34)

Thus the following holds (already in [Giles 2001, ?])

Proposition 1 Let W ∗ be defined by

∂TW
∗ + F ′(W )

T∇W ∗ = 0, W (T ) = 0,
W ∗ · n = 0 on Σ
W ∗|R = 0, W ∗3 |S = p− p0 (35)

Then, asymptotically in time,

δJ = −
∫

Σ

(W ∗1 + ~U · ~W ∗2,3)δ ~W2,3 · ~n (36)

This is essential to set up descent algorithms for optimal shape design to minimize J .
Remark It may be more readable to rewrite the result as:

δJ = −
∫

Σ

(ρ∗ + ~U · ~(ρU)∗)δ(ρ~U) · ~n

8.3 A Gradient Method for Shape Optimization
Consider a wing profile deformation Σα = {x+ α(x)n(x) : x ∈ Σ}; then

δV · n|Σ = −α(
∂Vn
∂n
− κVt) (37)

where t is the tangent vector associated with n and κ is the curvature (inverse of the
radius of curvature). Therefore by choosing

α = −λ(ρ∗ + ~U · ~(ρU)∗)(
∂(ρUn)

∂n
− κρUt) (38)

for a small enough constant scalar λ, J will decrease because,

δJ = −λ
∫

Σ

(ρ∗ + ~U · ~(ρU)∗)2(
∂(ρUn)

∂n
− κρUt)2 + o(λ) (39)
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8.4 Numerical Tests: mesh compatibility
A NACA0012 wing profile at Mach 1.6 is computed together with its adjoint. The
mesh and the density is shown in Figure 5. The adjoint density is shown in Figure8
together a comparison of the trace of (ρu)∗ on the ground, calculated by the code where
the adjoint is the discrete adjoint (with boundary conditions imposed in weak form by
the FVM) and the analytical value. Agreement is excellent.

Figure 5: The NACA airfoil: the goal oriented adapted mesh (top left),; the level lines
of the density (top right) and (bottom, the figure is stretched horizontally) the level lines
of the first component of the adjoint, i.e. the adjoint density.

Figure 6: The NACA airfoil: comparison between W ∗3 , the component of the adjoint
in duality with ρv and p − p0 on S. Although the adjoint’s equation is generated by
automatic differentiation for the discrete case, it agrees with the continuous limit.
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Figure 7: With appropriate mesh adaptation, it is possible to propagate accurately shock
wave in the whole domain (left) or to track down the main vortices behind an airplane
quite far downstream (right). (Courtesy of F. Alauzet)

9 Goal Oriented Self Adapting Meshes

9.1 Multiscale anisotropic mesh adaptation
Recall the Delaunay-Voronoi criteria: The fourth point of the quadrilateral made by
two adjacent triangles should be outside the circle defined by the three other points. If
not the diagonal of the quadrilateral should be swapped.

On convex domains, applying the criteria within a loop on the edges of a triangu-
lation increases the minimum angle in the triangulation. Thus the loop converges and
the triangulation ends up ”looking good” though there is no solid definition for this.

The generalization of this criteria can be done by replacing the Euclidian circles by
M -circles where M is symmetric positive definite:

M− circle:= {x : ||x− xc||M := (x− xc)TM(x− xc) = r}. (40)

Let hi(a) be the edge length in the ith-direction at point a and let

M(a) = R(a)


1

h2
1(a)

1
h2
2(a)

1
h2
3(a)

R(a)T (41)

if H(u) = R−1
u ΛuRu is the Hessian of u and ΠM the M -orthogonal projection, then

the following problem has a solution [Alauzet 2010] :

min
M
||u−ΠMu||Lp ⇒ MLp =

(det |H(u)|)− 1
2p+3

(
∫

Ω
det |H(u)| p

2p+3 )
2
3

R−1
u |Λu|Ru (42)

Therefore in a sense to distribute theLp error evenly one should choose hi proportional
to Λi in the direction of the eigenvectors of the Hessian of u. Applications of this
criteria are shown in Figures 7 and 8.
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9.2 Goal Oriented Mesh
For optimal control and optimal shape design one would like to find the best mesh to
compute a criteria, for instance:

j(a) =
1

2

∫
C

|BWh − b|2 : (F (Wh), ŵh) = 0, ∀ŵh ∈Wh. (43)

where a is a parameter in the boundary conditions, B is a rectangular matrix and b is
a vector or scalar.

There is a solution to this problem (see [?]) and an empirical proof goes as follows:
first linearize the continuous state equation F (W ) = 0

F (Wh) = F (W ) + F ′(W )(Wh −W ) ⇒ F (Wh) + F (W )′(W −Wh) = 0, (44)

Then introduce an adjoint state W ∗ solution of F (W )′
T
W ∗ = BT (BWh− b), so that

j(Wh)− j(W ) ≈ (BWh − b, B(W −Wh)) = −(W ∗, F (Wh)) (45)

Therefore to reduce the error one should adapt the mesh so as to compute (W ∗, F (Wh))
with the best possible precision. All illustration of this procedure is shown in Figure 8.

A Supersonic Aircraft

Volume adapted mesh with L2 norm on the Mach Number
≈ 4.2 million vertices
≈ 25.1 million tetrahedra

Mesh refinements propagate 2km
22 Continuous Mesh Framework

Figure 8: Adaptive mesh refinement compared with goal oriented mesh adaptation
for maximum precision on the pressure at the ground; the computation is 3D and the
airplane, too small to be seen in the meshes is shown above. (Courtesy of F. Alauzet)

10 Conclusions and perspectives
OSD is still a difficult and computer intensive task, especially in three dimensions.
Even if the problem is well posed and the sensitivity are computed correctly (or ap-
proximately, but intentionally), success is not guaranteed. Creeping convergence, local
minima, unphysical solutions can come in the way. Whenever possible second order
optimization methods (BFGS for instance) should be used because the problems are
stiff. Great attention should be given to the computing complexity and use sub-optimal
approach (with incomplete gradients for instance, await however for mathematical
proofs) whenever possible so as to avoid computing an adjoint state. In that sense,
the industrial demand for cheap sub-optimal methods [Anagnostou 1992, Hirsh 2001]
is important.
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There are still many unsolved problems, shock sensitivity is one. Needs are also
in global optimization methods (e.g. genetic algorithms [Periaux 1998] and evolution-
ary algorithms like Hansen’s CMA-ES, recursive optimization [Mohammadi 2002] be-
cause there are often many local minima and because the flow solver is often available
in binary format only (such would be the case if a commercial software was used).
However Genetic Algorithms are still slow and difficult to couple with gradient meth-
ods. We think that genetic algorithms are suitable when noise is present in the cost
functional making any gradient computation useless.
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