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Abstract

In this paper we apply to a few new problems some of the technics
we have developed over the years for optimal shape design. These include
optimality conditions, automatic differentiation and the appropriate descent
methods.
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Introduction

Optimal Shape Design has developed over the years, from the abstract field of
calculus of variations to applications in structure mechanics and fluid mechanics
becoming now a valuable tool for the design optimization of airplanes. Weight
reduction, stress reinforcement, drag reduction and even noise reduction can be
obtained.

The field is said to have started with Hadamard[8] who gave the first formula to
evaluate the change due to a boundary modification of the domain of a partial dif-
ferential equation.

As an offspring of the theory of optimal control by Lions[3], ptimality con-
ditions were studied extensively in the seventies by Murat, Simon, Cea, Piron-
neau, among others (see [5] for a more complete bibliographical study). Stabil-
ity and existence was shown to be ill posed in many practically important situa-
tion by Tartar[7], leading thereby to the introduction of relaxed problems known
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now as topological optimization and studied by Allaire[21], Sokolovski[6] and
Masmoudi[9], among others.

For fluids the problems are usually well posed and some regularization is nec-
essary but only for stabilizing the algorithms which usually require more regularity
on the shapes than given by the partial differential equations. Therefore the diffi-
culties are mostly numerical:

• Complex equations such as turbulence models.

• Fine grids for acceptable precision.

• Complex shapes, such as airplanes.

In a recent book Mohammadi and the author[4] have proposed some technics to
deal with these difficulties:

• Automatic differentiation to handle difficult equations.

• Mesh adaptation to place the points where they are required.

• Reconstruction of the geometries outside their CAD definition.

In this paper we wish to review these tools and present an application to the opti-
mization of a business jet at the company Dassault-Aviation.

We discuss the various technics for a generic problem of shape optimization, that of
minimizing J =

∫ �
f(u,∇u) where u is solution of a partial differential equation

in weak form

min�
∫

� {f(u,∇u) :

∫

Ω

a(u,∇u, û,∇û) = 0 ∀û ∈ H(Ω)} (1)

in a domain Ω for which S is part of its boundary. We consider an approximation
J � =

∫ �	�
f(u � ,∇u � ) where S � is a polygonal approximation of S, q



are vertices

of a triangulation and u � ∈ H � a finite element approximation of u ∈ H .

1 Automatic Differentiation

Assume we have a computer program to calculate J � for a given S � and that it has
declared N variables (x 
 )1 � 
 �� of which (x 
 )1 � 
 ��� defines S � and that it produces
m output variables (m=1 for an optimization problem , m¿2 for a Pareto or Nash
problem).
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We want to compute the derivatives of the output variables with respect to
(x 
 )

1 � 
 ��� . The fundamental idea is that each line of the program can be differenti-
ated exactly and so we can in principle compute simultaneously the differential and
the value of each instruction. To obtain the gradient we simply put the differential
of the independent variable to the value one before starting the computation.

This approach to automatic differentiation is called the forward mode. The
other approach, the reverse mode is computationally more effective when n is
larger than 1, at least in theory but it is less straightforward to use.

1. The reverse mode has a pre-treatment of the source code to provide the
derivated code. Odyssee [23], Adifor [22], Adic [10] use this approach. This
is doable for languages with simple data structures (Fortran 77) and difficult
for languages with complex data structures (C,C++).

2. The forward mode generates the derivated code on the fly and use extensively
the Operator overloading features(C++). Fadbad [11] use this approach;
Adol-C [24] has both approaches.

Among the first to use operator overloading is A. Griewank et al. with Adol-
C and later C. Bendtsen and O. Stauming with Fadbad. M. Masmoudi and M.
Grundman[12] presented us this technique in july 97 and we chose it for its simplic-
ity and also because the evolution of C++ compilers were about to provide us with
more efficient numerical tools such as expression templates [13], valarray<>,
traits etc.

The important operators which appear in a program are the arithmetic opera-
tors {+,−, ∗, /,+(unary),−(unary),++,−−} the logical operators ! =,==,<
,>,<=,=> and the mathematical operators {sqrt, log, pow, ...}. The implemen-
tation of the forward mode done by N. Dicesare[1], FAD, is based on operator
overloading of all the above and templates so as to be able to define n at execution
times. It is known then that the generation of temporary arrays by the compiler
could be deadly slow. Therefore a careful optimization using expression template
was done. It was found that for problems with up to 50 independent variables the
forward mode was not more expensive than the reverse mode, primarily because of
the book-keeping and overhead necessary in the later. So depending on the number
of variable we are now using our C++ class library FAD[14] or Odyssee.
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2 Mesh Adaptivity

2.1 Automatic triangulation

Les us first recall the basis of a Delaunay-Voronoi mesh generator; the triangula-
tion of a square first. Assume that we are given N+4 points the last four of which
defines a square containing all the other points. The points are numbered (q0, ...,
q ��� 1, q � , q � +1, q � +2, q � +3). We maintain a list of triangles. At start it is the
two triangles (q � , q � +1, q � +2), (q � +2, q � +3, q � ).
Then we perform a loop on the points, backward for simplicity:

for i=N-1 down to 0 do

• case 1: there exists a triangle of the list which contains q



strictly. then
replace this triangle by the 3 subtriangles which have q



for vertex.

• case 2: the point q



is on the border of the square. Then find the unique
triangle which contains q



and replace it by the 2 subtriangles which have q



for vertex.

• case 3: There are two triangles which contain q



(i.e. q



is on an inner edge.
Then each triangles must be replaced by the two subtriangles which have q



for vertex..

end loop

Notice that to each inner edge of a triangulation we can associate a quadrangle
made of the two triangles adjacent to the edge.

A triangulation is said to be ”Delaunay” if for each edge the circle circumscrib-
ing one triangle does not contain the fourth vertex.

Edge swap If the 4 vertices of a quadrangle associated to an inner edge are not
cocyclic then the two configurations obtained by swapping diagonals in the quad-
rangle, one is Delaunay, the other is not.

algorithm
Loop until nothing changes
Loop on the inner edges E

• Find the 2 triangles T � ,T � adjacents to E; denote q1, q2, q3 the vertices of T �
and by q2, q1, q4 those of T � .

4



• Check the Delaunay criteria. If it fails replace T � ,T � by the triangles q3, q4, q1

and q4, q3, q2

end edge loop
end loop

Convergence holds because when a configuration becomes Delaunay by an edge
swap the minimum angle in the 2 triangles increase.
The complexity of the algorithm is O(N) (See George [15] for more details).

In practice we use the previous algorithm without interior points; all vertices are
on the boundary. We assume that the user has input his request on vertex density
through the density of points on the boundary.
So each vertex has a weight. For boundary vertices it is the average length of the
two surrounding boundary edges.
Then we perform the following test on each edge of the triangulation:

• the length of an edge is larger than the average weigth of its vertices then we
divided the edge by adding a middle point and assigning to it the average of
the weights of the two vertices of the edge.

Then the triangulation algorithm is applied again to the new set of points.
And so on till no edge is divided.

2.2 Mesh adaption to a function

Mesh adaption is an important asset of unstructured mesh solvers. In [16] an adap-
tive procedure is presented, based on a change of metric in the Delaunay - Voronoi
algorithm.

The idea is that the interpolation error on a mesh is bounded by

‖u− u � ‖ < C‖∇(∇u)‖h2

where∇(∇u) is the Hessian matrix of u. Therefore an attempt to keep ~h
�
∇(∇u)~h

constant is likely to work and build an adapted anisotropic mesh. If several func-
tions are specified as for the mesh adaption, for instance u and v then it is

min{~h
�
∇(∇u)h, h

�
∇(∇v)~h}

which will be kept constant and equal to ε. More precisely the method is to ap-
ply the Delaunay-Voronoi triangulation algorithm with the distance based on these
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Hessians (so that circles become ellipses). It is however substantially more com-
plex because a function may have a non positive definite Hessian.
To define a metric the Hessian is diagonalized:

∇(∇u) =

(

∂2u/∂x2 ∂2u/∂x∂y
∂2u/∂x∂y ∂2u/∂y2

)

= R

(

λ1 0
0 λ2

)

R � 1,

where R is the eigenvectors matrix of ∇(∇u) and λ 
 its eigenvalues. The metric is
defined by the scalar product x

�
My, x, y ∈ R2 with M defined by:

M = R

(

λ̃1 0

0 λ̃2

)

R � 1, and λ̃ 
 = min(max(
|λ 
 |
ε

,
1

h2����� ),
1

h2� 
 � ),

with h � 
 � and h ����� being the minimal and maximal edge lengths allowed in the
mesh and ε the tolerance.
The parameter ε is chosen by the user.

3 CAD Free Geometries and Meshes

In engineering the general tendency is to put the CAD system at the backbone of
the engineering process, from early design to production. The computational codes
are not integrated into the CAD system, therefore reading input files is necessary.
There are standard formats such as IGES but they are neither very practical nor
completely reliable. Usually one generates a surface triangulation from within the
CAD system onto a file. These are too often inadequate for computations so we
are faced with the problem of building a good surface mesh from a bad one.
This is a standard problem in computer graphics (see Farin[17]) and one solution
is to

• Identify in the triangulation the corners and edges which are true geometric
singularities.

• Construct a piecewise C1 surface by Farin’s algorithm (the output is a set of
triangular Bezier patches).

• Use the temporary Bezier representation to generate a better mesh.

Refinement of the surface mesh follows the same strategy: curvilinear Delaunay-
Voronoi mesh and adaptation to a given function or set of functions.

The last step is the generation of the volume mesh; it is done with GHS3D, a
software from INRIA written by George-Hecht-Saltel. GHS3D is also capable of
anisotropic mesh refinement and adaptation to a set of functions.
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3.1 Mesh Displacement

The mesh generator is not coupled with the automatic differentiation library and
so the derivative of the interior mesh node positions with respect to the outer mesh
node motions is not accessible. Two results allows us to neglect the influence of
the inner node motion in the calculation of the derivative of the cost functions with
respect to the shape of a PDE domain: the dependency is an order of magnitude
smaller[1] and the coupling of mesh refinement with the optimization loops enables
inexact gradients[26].

Proposition 1 For problem (1) ∇ ��� J � = O(h) if j corresponds to an inner node.

This is because everything appears below an integral and integrals are insensitive
to piecewise affine continuous change of variable T which map Ω � onto itself and
all vertices onto themselves except vertex q

�
, except if q

�
is on the boundary. How-

ever the theorem invoked here assumes ∇ · T = 0 (area or volume preserving) and
that is true only up to order h at the discrete level. (see Dicesare et al[1] for more
details).

Inexact gradients are dealt with according to Algorithm 3.1 Here grad � � J is an

Algorithm 1 Steepest descent with mesh refinement and N-inexact gradient
While h > h � 
 �
. while(w = grad � � J � (z � ), ‖w‖ > εh  )
. { Try to Find ρ
. βρ‖w‖2 < J � (z � − ρw)− J � (z � ) < −αρ‖w‖2

. if success then

. Set z
�

+1 = z
�
− ρw and m := m + 1

. else N := N + K;

. }

. h := h/2; N := N(h);

. }

inexact gradient of J which becomes exact when N → ∞. Such an algorithm
converges under the same hypothesis as the steepest descent with Armijo step size
rule (see [26] for details).
To apply it to our situation we must ensure that there is always ”success” in the test
above; the theoretical estimates show that it can be done by a proper choice of ε
and γ.

Next comes the problem of maintaining the smoothness of the curve/surface when
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the points are moved in the direction of the gradient of J � .

For a second order problem like (1)a regularization is required to ensure existence
of solution(s):

J ! = J + ε‖S‖2 "
�

To give a precise meaning to this statement we assume that

S = {x + α(x)n(x) : x ∈ Σ}

where Σ is a reference curve/surface near to the solution S
�

and which is used to
define the local variations of S by a normal displacement of Σ. Then ‖S‖2 "

�
=

∫

Σ
|α”|2.

It follows that the right scalar product to define the gradient method is

< α, β >=

∫

Σ

α”β”

and so if by automatic differentiation one is able to calculate J #$ one will define the
gradient by

∫

Σ

∆J � ∆β = J #$ β ∀β

which is the same as solving a discretization of

−
d4gradJ

ds4
= J #$ (2)

where s is the curvilinear coordinate of Σ. This has for effect to smooth J # and so
no oscillation will appear (hopefully).

Even though we do not account them in gradJ � , the final problem to solve is to
define the inner mesh node motions.
One simple solution is simply to remesh the domain afresh. But that is unneces-
sarily costly. A better way is to extend J #$ smoothly inside into χ. In fact this
operation can be combined with (2) into a single step: solve

−∆v − λ∇∇ · v = 0 v = J #$ −∆χ = v
∂χ

∂n
|Σ = 0

Indeed the operator above operates from J #$ ∈ L2(Σ) to χ|Σ ∈ H2(Σ) and it is
coercive (positive definite after discretization). This so called smoother is reinter-
preted here as a change in optimization space which is in fact needed by the theory,
so it is not a superfluous step.
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Figure 1: Effect of the smoother (i.e. a good choice for the spaces). Initial shape
(left) and after 10 iterations. Without smoother after 4 iterations the mesh is no
longer compatible (bottom). The level lines of |u − u % | for initial guess and the
final results are shown; while the first ones are in the interval (0,0.1) the final ones
are in (0,0.001). The exact solution is the straight pipe.

4 Examples

4.1 The smoother

Consider a symmetric nozzle of length L > 0. Incompressible potential flow is
modelled by

−∆ϕ = 0 in Ω,
∂ϕ

∂n

∣

∣

∣

∣

Γ

= g &
Γ
, (3)

The inflow and outflow velocities can be rescaled so that

g &
Γ1

= −1, g &
Γ2

=
|Γ1|

|Γ2|
, g &

Γ3 ' Γ4
= 0. (4)

where |Γ| denotes the length of Γ.
We consider the inverse problem of designing a nozzle that gives a flow as

close as possible to a prescribed flow u % in a subset of Ω, say in a given region
D = [0, L]× [0, d]. One way to fulfill this requirement is through the optimization
problem.

min
Γ3

J0(Γ
3) =

∫

( ‖∇ϕ− u % ‖2, (5)

Potential flow in a straight pipe gives u % constant. So we wish to recover this
solution. Figure 1 shows the effect of the regularizing factor and the corresponding
smoother.
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Figure 2: Mach lines for the flow around the airfoil before shape optimization
(left) and after (Center). Notice that the shock tends to disappear, an expected
result since the drag is a pressure drag. RIGHT:History of the decrease of the cost
function with and without mesh refinement and approximate gradient based on non
converged flow solvers. The curve in red (top curve) is without mesh refinement
but with control over the iteration number for the flow solver and the green curve
is the same with mesh refinement. (Computed by G. Lemarchand[2])

4.2 Approximate Gradient

A transonic flow is computed by solving the Euler system of partial differential
equation with NSC2KE[4] and the profile is optimized so as to minimize the pres-
sure drag. The state equation is non-linear and the acceleration by approximate
gradient is on the number of Newton iterations in the flow solver. The results are
shown on figures 2. It was observed also that most of the variation of a surface in-
tegral is due to the change in its normal direction, and so in many cases the adjoint
vector part of the gradient is small. However no theory support this fact yet.

4.3 CAD Free Mesh Adaptation

A coarse mesh was provided to describe a submarine for which a computation of
Navier-Stokes equations with turbulence was desired. A CAD-like Bezier patch
based representation of the surface was constructed with Farin’s algorithm, includ-
ing the recognition of corners and sharp edges. Then the Navier-Stokes-like solver
was run and the mesh was adapted to ~u. The initial and final mesh are shown on
figure 3.

4.4 Optimization of a 3D Business Jet

The company Dassault-Aviation allowed us to test our ideas and implementation
on a complete aircraft. Naturally the objective was to minimize the drag subject
to various constraints (treated by penalty) such as a given lift and minimum wing
thickness. The results are shown on figure 4. It displays on the top left picture
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Figure 3: Mesh adaptation from an initial mesh (left) by the solution of Navier-
Stokes-like equations around a submarine.

various cross sections of the initial and final shapes; the final shapes are obtained
either with an Euler solver or with a Navier-Stokes solver with k − ε turbulence
modelling and wall laws. The bottom left picture shows that the changes are both
in the position of the wing and in its shape, as shown by the two cross sections
displayed. The top right picture displays the decrease in cost function achieved
for both cases versus the iteration number. Finally the bottom right plot shows the
decrease in drag (lower curves) in the Euler and NS case, and the change in wing
thickness and lift, two quantities that were to be kept constant.

5 Perspectives

Optimal Shape Design is still a computer intensive task and the work of special-
ists. At least in two dimensions it is possible to adapt general PDE solvers like
freefem[25] and optimize a shape in minutes, but in 3D it seems not possible in
the near future, one reason being that the 3D mesh generators are not in the public
domain. There may be a possibility with the fictitious domain method, but here
again it is premature to conclude (see Haslinger-Makinen[18] for more details).
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Figure 4: Thanks to the various optimizations described in this paper the computing
time to optimize this business jet is a few hours on a workstation

Optimizing shapes with commercial softwares which do not make their source code
available is even more difficult. Unless the vendor is willing to recompile his code
with the automatic differentiation library, only non-differentiable optimization can
be used (see Periaux[19] and Schoenauer[20] for instance).
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