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Abstract

This paper is concerned with the Cubic Interpolation scheme CIP pro-
posed by T. Yabe for the Galerkin Characteristic Method and the possibility
of improving the precision of PDE solvers when the differentiated form of
the equation is used.
For convection diffusion equations a Lagrangian treatment of the convective
term is analyzed for various approximations of the projection operator. It
is found that indeed it is worthwhile solving the coupled system formed by
the PDE and its d-derivatives (in dimension d). A conservative scheme can
be constructed by using also the integrated form of the PDE and a bubble
correction.

Key-words Partial differential equations, Galerkin characteristic method, unstruc-
tured mesh, convection diffusion, bubble functions, cubic interpolation.

1 Introduction

In this paper we propose yet another scheme for convection operators. Our moti-
vation comes from the CIP scheme (Cubic-Polynomial Interpolation by Yabe[7]
for the Navier-Stokes equations. In this scheme the equations are differentiated to
obtain a better precision on the gradients, needed by the Characteristic-Galerkin
method for the non-linear term.
Let u, p be solution inΩ× (0, T ) of

∂tu + u · ∇u +∇p− ν∆u = f
∇ · u = 0 u(0) = 0, u|∂Ω = 0 (1)
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Then the CIP scheme is a finite volume discretization of

1

δt
(un+1 − unoXn) +∇pn+1 − ν∆un+1 = f

∇ · un+1 = 0 un+1|∂Ω = 0 (2)

whereXn(x) ≈ x − un(x)δt. To computeun(Xn(x)) CIP uses aC1 continuous
bi-cubic spline interpolation from the values ofun and of∇un at the vertices of
the mesh; and to obtain a precise value for the gradient, a differentiated form of the
Navier-Stokes system is used, such as the one below forw, thex1 or x2-derivative
of u:

∂tw + u · ∇w + w · ∇u +∇px − ν∆w = f
∇ · w = 0 w(0) = 0, w|∂Ω =? (3)

Obviously one boundary condition is missing for the scheme to work; we have
investigated this problem in [5]. He we shall investigate the convective operator
part by studying the simple problem:

∂tu + a · ∇u = 0 in Ω× (0, T ) u|t=0 = u0 in Ω, u|Γ− = uΓ (4)

wherea is a divergence free vector field,Γ is the boundary ofΩ andΓ− is the part
on whicha.n, the (outer) normal component ofa, is strictly negative.
For simplicity, but without loss of generality we consider the case wherea is a
function ofx but not oft. We also assume thatu0|Γ = uΓ.

2 The Method of Characteristics

There is a semi-analytical solution of (4) in terms of the solutionXx,t of the ODE

dX

dτ
(τ) = a(X(τ)), τ ∈ (0, t) X(t) = x (5)

because
u(x, t) = u(Xx,t(τ), τ) ∀τ ∈ (t, 0) (6)

satisfies (5). Therefore, the solution is

u(x, t) = u0(X(0)) (7)

In (5) we make the convention thata = 0 outsideΩ, so that ifX hits the boundary
at someτ ∗, X(τ) = X(τ ∗) ∀τ < τ ∗.

Consequently, the simplest time scheme for (4) is

um+1(x) = um(Xm(x)) whereXm(x) = Xx,(m+1)δt(mδt). (8)
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To discretize in space we considerLh, a finite dimensional linear space which
approximatesL2(Ω), we denote byΠ a projection operator onLh and set

um+1
h = Πum

h oXm (9)

Here we shall consider finite element spaces forLh constructed on unstructured
meshes or triangulation ofΩ andh denotes the average mesh size.
We recall a very simple result ([6]):

Proposition 1 WhenLh is the set of piecewise affine functions on a triangulation
of Ω and when the ODE (5) is integrated with a numerical scheme of order 1, then
the error between (9) and (4) is

‖um
h − u(mδt, ·)‖∞ ≤ C(h + δt +

h2

δt
)

2.1 Implementation

As piecewise linear functions are known from their values at the vertices{qi}I
1 of

the triangles{Tk}K
1 all we have to do is to set

um+1
h (qi) = um

h (Xm
h (qi)) (10)

However even with the simplest scheme for the ODE, namely

Xm
h (qi) = qi − a(qi)δt

this is not so simple to program because we must solve the non-trivial problem of
finding the indexk of the triangleTk of the triangulation which containsXm

h (qi).
In [6] we did it by intersecting all the edges on the half line[qi, qi+τa(qi) : τ < 0[
until the travel time isδt, but great care must be applied to adjust the precision in
the tests so as to find the triangles which intersect the half line. Here we adopted
a simpler method which rely on a background uniform mesh and which is based
on the observation that the above problem is easy on a uniform mesh.

Indeed consider a uniform finite difference grid (FD) in a rectangleR which con-
tainsΩ of mesh sizeδx, δy. We propose to solve the ODE on this grid and then
interpolate the result back on the finite element mesh (FE):

Algorithm 1 .
Step 0For each grid rectanglerij of FD find the setSij of triangles of FE which
intersects it.
Step 1Find the mesh rectanglerij which containsXm

h (qi) . Then find inSij the
triangleT of FE which contains it.
Step 3Interpolateum at Xm

h (qi) in T .
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Figure 1:Exact solution on the left and computed solution by theP 1 method after
3 turns on the right.

Remark 1 In practice we use RK2 instead of Euler and so we apply this algo-
rithm twice for each vertex.

Remark 2 Step 1 is easy; for instancei is the integer part of(qi − a(qi)δt)/δx if
the lower left corner ofR is the origin

2.2 Example

Consider a rotation velocitya(x) = (x2−0.5,−x1+0.5)T , and an initial condition

u0(x) = e−100|x−xc|2Ix<0.8

with xc = (0.75, 0.5)T in the unit squareΩ minus a small cercle of radius 0.05 in
its center. The exact solution is equal tou0 at timestL = 2Lπ, L = 1, 2..., and a
rotatedu0 at other times.

In all our computations the characteristics (solutions of the ODE) are computed
by RK2 (crank-Nicolson) with 4 sub-time step per time step and 20 time steps per
revolution which means 20 projections per revolution. Figure 1 shows the exact
solution and the computed solution after 3 turns (L=3). The method is quite dif-
fusive.

The other options tested are

• Bilinear interpolation on the finite difference grid FD: After convection the
values are interpolated from the values at the vertices of the small rectangles
rij and then interpolated back on the Finite Element grid. This is even more
diffusive.

• Biquadratic interpolation on the finite difference grid FD: Same as above
but with biquadratic interpolations onrij. Better but still diffusive because
the FD to FE interpolation is still linear.

3 Morley Interpolations and the Differentiated PDE

Equation (4) can be differentiated spatially:

∂tu
′ + a · ∇u′ = −a′ · ∇u u′|t=0 = u0′ u|Γ = u0′X ′(0)|Γ (11)
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Figure 2:Solution computed with Morley interpolations; with (13) on the left and
with (14) on the right, after 3 turns.

whereu′ is one of the component of∇u and where the last condition comes from
(7). Again there is a semi-analytical solution to (11)

u′(x, t) = u′(X(τ), τ)−
∫ τ

t
a′ · ∇u(X(σ), σ)dσ (12)

giving the scheme

u′m+1
h = Π[u′moXm − δt

2
(am+1∇um+1 + (a′m · ∇um)oXm)] (13)

In Morley’s element the degree of freedoms are the values of the function at the
vertices of the triangles and the values of the normal derivatives at the mid edges.
One can construct a quadratic polynomial approximation to any function from
these.
The idea here is to use this approximation to defineΠ: Πf atx is the value of the
Morley interpolate tof atx.
This gives the following algorithm

Algorithm 2 .
Step 0For each grid rectanglerij of FD find the setSij of triangles of FE which
intersects it.
Step 1Find the mesh rectanglerij which containsXm

h (qi). Then find inSij the
triangleT of FE which contains it. Computeum+1

h , um+1
x1h , um+1

x2h at the vertices by
(6) and (12) with Morley interpolation.
Step 2To compute the Morley degree of freedom at stepm + 1 set the normal
derivative at the mid edges to be half the sum of the same at the vertices.

3.1 Numerical Test

On the same test problem the method performs much better than the linear inter-
polations for almost the same computing cost. The only difficulty is the set up of
the equation for the derivatives which must be done by hand for every new system.
It may be possible however to do it by automatic differentiation [4].
The results are shown on figure 2.
In our case the integral in (12) can be computed exactly, giving

u′(x, t) = u′(X(τ), τ)−
(

cos δt− 1 sin δt
−sinδt cos δt− 1

)
∇u(X(σ), σ)dσ (14)

We have tested and compared the exact form (14) and the approximated quadra-
ture (13)
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Figure 3:Solution computed with a P1+bubble interpolation; with (16) on the left
with (17) and on the right with (18), after 3 turns.

4 Bubble Functions and integrated PDE

As noticed by Yabe also the Convection equation can be integrated instead of
being differentiated. One simple way is to add a degree of freedom at the center,
a bubble. DefineΠ by

Πu(x) =
∑

i=1,2,3

u(qi)λk
i (x) + bkλ

k
1(x)λk

2(x)λk
3(x). (15)

where{λk
i (x)} are the barycentric coordinates ofx in triangleTk. The constant

bk can be determined either by the value ofu at the center ofTk or by the integral
of u onTk. In the later case, we note that∫

T
um+1dx =

∫
X(T )

umdx (16)

because∇ · a = 0. So we can use this identity to computebm+1
k from bm

k :

|Tk|
3

[
∑

i=1,2,3

um(Xm(qi)) +
bm+1
k

20
] =

|TkoX
m|

3
[

∑
i=1,2,3

um(Xm(qi))] (17)

or

|Tk|
3

[
∑

i=1,2,3

um(Xm(qi)) +
bm+1
k

20
] =

|Xm(Tk)|
3

[
∑

i,j=(i+1)mod3

um(Xm(
qi + qj

2
))]

(18)
This is by far the best method of the three as shown on figure 3. Formula (18) is
much more expensive than (17) because the characteristics issued from the mid
edges must be computed also, but it is also more precise.

Remark 3 We have also tested the computation of the mean on a triangle from
finite volume integral of the PDE on a triangle, but it does not give good results.
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