
NUMERICAL METHODS FOR SCIENTIFIC COMPUTING
VARIATIONAL PROBLEMS AND APPLICATIONS

Y. Kuznetsov, P. Neittanmaki and O. Pironneau (Eds.)
c© CIMNE, Barcelona, 2003

A FICTITIOUS DOMAIN BASED GENERAL PDE SOLVER

Stephane Del Pino Olivier Pironneau

Université Paris VI
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Abstract. Embedding fictitious domain is a powerful idea leading to methods
which trade the simplicity of mesh generation against difficulties with the boundary
conditions.
We shall present here a general 3d PDE solvers based on this method, written in
C++ for genericity in the programming of system solvers. We shall review several
methods which deals with Dirichlet conditions, the preconditioning of the linear
systems and the domain decomposition capacities of the Chimera method for par-
allelism. We shall present our implementation : freefem3d.
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1 Introduction

There are many new applications of scientific computing, in medicine and archi-
tecture in particular but also for the entertainment industries. In these the domain
of computation is not given as in engineering CAD systems by polynomial patches
which describes the surfaces of the objects, but rather by CSG: Constructive Solid
Geometry.
With CSG, a scene is a union of elementary objects like spheres, cylinders, etc (there
can be also more complex set operations like intersection and subtraction). The ob-
jects are not intersected and the display is realistic only because of z-buffering.
As pointed out in [10] it is a challenge to match these data structures with efficient
numerical methods while avoiding the tedious and difficult step of generating a 3d
mesh for the scene by interfacing CSG with CAD systems.
There is also another reason to avoid tetraedral meshes of the domain: most often
in these new applications the domain changes with time. Thus we propose here to
survey the fictitious domain method (also known as embedding domain method) and
present the solver FreeFEM3D together with the (future) strategy for parallelism.
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2 Embedding Fictitious domains

Finite difference methods do not deal easily with complex boundaries. By em-
bedding a problem posed on a complex domain Ω into a problem posed in C, a
hypercube containing Ω, one shifts the difficulty of programming for unstructured
mesh with the difficulty of handling the boundary conditions on surfaces which are
not sets of edges or faces of elements of the mesh. The literature on fictitious domain
methods is huge with two peaks, one in the sixties and one now.

2.1 Neumann Boundary Data

In the eighties when Boeing launched the program tranair to circumvent the
mesh generation problem around a complete aircraft.

The transonic equation for air around aircrafts leads to the following sub-problem
in the subsonic regime:

−∇ · (ρ∇u) = 0 in Ω αu + ρ
∂u

∂n
|Γ = g,

where ρ, α, g are given bounded functions. Equivalently one can find u ∈ H1(Ω)
such that

∫

Γ

αuv +

∫

Ω

ρ∇u∇v =

∫

Γ

gv ∀v ∈ H1(Ω).

Naturally, for any square D ⊃ Ω this is the same as finding ũ ∈ H1(D) such that

⇔
∫

Γ

αũv +

∫

D

IΩρ∇ũ∇v =

∫

Γ

gv, ∀v ∈ H1(D).
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Figure 1: Fictitious domain embedding and discretization: with Neumann boundary conditions
and P 1 triangular elements, the degrees of freedom are at the inner vertices and at the outer
vertices which belong to one triangle at least which intersects the boundary

Let H1(D) be approximated by Hh = {C0, P 1 functions on D}. Consider the
discrete problem: Find uh ∈ Hh such that

∫

Γ

αuhvh +

∫

D

IΩρ∇uh∇vh =

∫

D

IΩfvh +

∫

Γ

gvh, ∀vh ∈ Hh.

with the convention that uh(q
i) = 0 on vertices of triangles not intersecting Ω.

Proposition 1. If Ω is polygonal, the error is governed by the interpolation error
in the sense that

‖ũ − uh‖1 ≤ inf
vh

‖ũ − vh‖1



Proof. The discrete system can be subtracted from the continuous weak formulation
with v = vh

∫

Γ

α(uh − ũ)vh +

∫

Ω

ρ∇(uh − ũ)∇vh = 0

This is an equality of the type < ∇(ũ − uh),∇vh >α,ρ= 0 for the bilinear form of
the problem and so uh − ū = arg minvh∈Hh

|ũ − vh|1,α,ρ. Optimal error is obtained
if ū ∈ H2(D) but this is not always the case and hence the quality of the method
depends on which extension ū it computes.

We have tested the method on the problem with an analytic solution u = x + y:

−∆u = 0 in {x2 + y2 < 1} ∂u

∂n
= x + y

The results of figure 2 show that the method is of optimal order. The same idea
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Figure 2: Fictitious domain embedding for a model problem with Neumann boundary data. The
exact solution is u = x+y. On the left the 3d plot of the computed solution shows some oscillations
near the boundary. On the right the error plot (solid line) reveals a O(h) for the norm of the
gradient (the two dotted lines are of h and

√
0.1h respectively).

has been used by J. Quirk[14], R. Levecque, for the Euler equations with Finite
Volumes.

2.2 Dirichlet Conditions

We first recall the Penalty methods and then the Lagrangian methods.

2.2.1 Distributed Lagrangian Methods

Fictitious Domain Embedding is much harder with Dirichlet data. Following
Soulaev (see Kuznetsov[9]), consider a simple example

−∆u = f in Ω u|∂Γ = 0. (1)

Let us extend the equation in a rectangular domain D by defining

aε =

{

1 in Ω

1 + 1
ε

in D \ Ω̄
(2)

∇ · (aε∇u) = f in D u|∂D = 0 (3)



This gives a theoretical precision of O(
√

ε) in H1. In variational form it is

∫

D

∇u∇w +
1

ε

∫

D\Ω

∇u∇w =

∫

Ω

fw

By letting λ = uε

ε
the volumic Lagrangian method is found in the limit ε → 0

because ελ → 0 in D \ Ω and

∫

D

∇u∇w +

∫

D\Ω

∇λ∇w =

∫

Ω

fw

∫

D\Ω

∇(u − ε/λ/)∇µ = 0

2.2.2 Boundary Lagrangian Methods

Consider the same problem with non-homogeneous Dirichlet data,

−∆u = f in Ω, u|Γ = g.

It is written in variational form as: Find u ∈ H1(D) and λ ∈ H− 1

2 (Γ) s.t.

∫

D

∇u∇v +

∫

Γ

λv =

∫

D

fv, ∀v ∈ H1(D),

∫

Γ

µ(u − g) = 0, ∀µ ∈ H− 1

2 (Γ).

Equivalence is obvious because of the underlying equivalent problem

min
u∈H1(D)

{1

2

∫

D

|∇u|2 −
∫

D

fu : u|Γ = g}.

The problem is discretized as usual by replacing the Sobolev spaces by finite element
spaces: H1(D) ≈ Hh and H−1/2(Γ) ≈ Vh.
The boundary integrals are not easy to compute. Furthermore the linear system is
a saddle point problem

(

A B
BT 0

) (

u
λ

)

=

(

f
0

)

.

Solved by bi-conjugate gradient methods, linear GMRES or conjugate gradient
method on Shur complement system for λ.
Convergence has been analyzed in [6] and there is a compatibility condition between
the mesh size of the Γ and the background mesh size h; in crude terms if

3h < η < Lh (4)

then the inf-sup condition holds and

‖ũ − uh‖1 + |λ − λη|−1/2 ≤ C(inf
vh

‖ũ − vh‖ + inf
µη

|λ − µη|−1/2)

The distributed Lagrangian methods have not been implemented in FreeFEM3D be-
cause meshing C\Ω̄ is as complex as meshing Ω. The boundary Lagrangian methods
have not been implemented either because (4) is not satisfied by the surface meshes
built by the marching cube/tetrahedra algorithm used by FreeFEM3D [11]; however
this will be done in the future.



2.2.3 The Fat Boundary Method

Consider (1) again.; if we call ũ the extension by zero of u in D ⊃ Ω, it satisfies

−∆u +
∂u

∂n
δΓ = f in D

The idea is to solve this equation iteratively. Let v be the solution of

−∆v = f in ω v = 0 on Γ v = u on γ

where ω is a thin domain inside Ω with boundary Γ ∪ γ where γ is parallel to Γ
inside Ω. Clearly v = u in ω and so we can replace ∂u

∂n
by ∂v

∂n
in the equation above

and set up an iterative process which solves alternatively for u and v. In particular
if v is solved analytically based on a one dimensional approximation of the Laplace
operator, then it is easy to see that the system for u is the penalization method

u

ε
δΓ − ∆u = f − ε

2
fδΓ in D

where ε is the thickness of ω. But the method can be improved by multiple iteration
of this idea still with analytical solution for v at each step (see Maury[12] for more
details).

Since the goal of this method is to use fast solvers in the domain D by natural
extension of the operator (i.e.: an operator −∆ in Ω would be prolongated by −∆
in D \ Ω̄), the same kind of strategy is used for Neumann boundary conditions. To
solve

u − ∆u = f in Ω
∂u

∂n
= 0 on Γ,

the iterative method is
∫

D

un+1v +

∫

D

∇un+1∇v =

∫

D\Ω̄

unv +

∫

D\Ω̄

∇un∇v =

∫

Ω

fv ∀v ∈ H1(D).

The strong convergence of (un)n≥1 to u in H1(Ω) has been established in [8] by
Ismail.

2.2.4 Elimination

This technique is the standard finite element elimination process. The degrees of
freedom which are the closest to the mesh of the surface supporting the Dirichlet
condition are blocked (see figure 3).

2.2.5 Penalty

Penalty is a way to approach Dirichlet condition replacing it by Robin condition.
Thus

u = g on Γ will become
1

ε
u +

∂u

∂n
=

1

ε
g on Γ,

where ε > 0 is the penalty parameter and n the exterior normal. If one mixes
the penalty method with a fictitious domain approach, the variational formulation
associated to the problem

−∆u = f in Ω u = g on Γ,
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Figure 3: Choice of blocked degrees of freedom: big vertices are considered.

is
∫

D

1Ω∇uε∇v +
1

ε

∫

Γ

uεv =

∫

D

1Ωfv +
1

ε

∫

Γ

gv ∀v ∈ H1D.

The solution uε is not unique in H1(D) but uε|Ω is unique in H1(Ω) and uε|Ω → u
strongly in H1(Ω). The following estimate can be established:

Proposition 2. Let Ω be a simply connected open set of R
n of regularity Ck,1, k >

max{0, n
2
− 1}. Let D be a polygonal set strictly containing Ω. Let u be the unique

function of H1
0 (Ω) satisfying

∫

Ω

∇u∇v =

∫

Ω

fv ∀v ∈ H1
0 (Ω),

for a given f ∈ L2(Ω).
Let Vh be a finite element approximation space of H1(D) and f̄ a L2 extension

of f on D. Let ε, λ ∈ R
∗
+, willing to tend to 0. Let uh be the unique function of Vh

satisfying
∫

Ω

∇uh∇vh +
1

ε

∫

∂Ω

uhvh + λ

∫

D\Ω

∇uh∇vh =

∫

Ω

fvh + λ

∫

D\Ω

f̄ vh ∀v ∈ Vh.

If u is also in Hk+1(Ω), there exists two constants C1 and C2, such that:

‖u − uh‖1,Ω ≤ C1

(

1 + C2(h
k +

√
λ
)

)
√

ε

∥

∥

∥

∥

∂u

∂n

∥

∥

∥

∥

0,Γ

+ C2

{(

hk +
√

λ
)

‖u‖k+1,Ω +
√

λ‖f̄‖0,D

}

. (5)

Proof (sketch). The estimate is established using two steps. First the consistence
error of the approximation of Dirichlet condition using Robin in Ω, the fictitious
domain D is not introduced there. This leads to

‖u − uε‖1,Ω ≤ C1

√
ε

∥

∥

∥

∥

∂u

∂n

∥

∥

∥

∥

0,Γ

.

Then the fictitious domain error is computed

‖uh − uε‖1,Ω ≤ C
{

hk‖uε‖k+1,Ω +
√

λ‖f̄‖0,D +
√

λ‖uε‖k+1,Ω

}

,

for some C ∈ R. The demonstration is ended using the following triangle inequality
‖uε‖k+1,Ω ≤ ‖u‖k+1,Ω + ‖u − uε‖k+1,Ω.



2.2.6 Other Extensions

The precision of all these methods is somewhat governed by the regularity of
the extension ũ that one computes. The following academic case shows that even
non-smooth functions can be computed with the fictitious domain method and that
one may expect at least O(

√
h) precision.

Let D be a rectangle, let O ⊂ D, with a boundary γ which is either polygonal
or polyhedral or of class C1,1. Consider

{

∆u = ∆χ in D,

u = 0 on ∂D,

where χ = IO. Integration by parts gives: Find u in L2(D) s.t.

∀v ∈ H2(D) ∩ H1
0 (D),

∫

D

u(∆v) dx =

∫

γ

∂nv dτ.

Let Xh be a finite element space and find uh in Xh such that

∀v ∈ Xh,

∫

D

∇uh · ∇vh dx = −
∫

γ

∂nvh dτ.

Proposition (C.Bernardi) ‖u − uh‖L2(D) ≤ c h
1

2 meas(γ)
1

2

0.610847
0.538773
0.466699
0.394625
0.322551
0.250476
0.178402
0.106328
0.034254
-0.0378201
-0.109894
-0.181968
-0.254043
-0.326117
-0.398191
-0.470265
-0.542339
-0.614413
-0.686487
-0.758562

Figure 4: Computation on a quasi-uniform mesh (14500 vertices). Expected precision even with
rough data

3 Chimera

Chimera is a method introduced by Steger[16] originally to avoid mesh generation
around complex geometries. There are three reasons to use it here: to improve pre-
cision, to handle moving objects and finally because the scenes of VR are described
by CSG.
Indeed by surrounding each object with its own local mesh the defect correction idea
[7] should apply. Furthermore parallelism can be implemented as each elementary
object of the scene could be assigned to a different processor while the background
grid can be split in the usual fashion. In [10] a modified version of Chimera was
proposed. The strong ellipticity was recently established by Brezzi[3].
For simplicity we present the method with two domains only. when the domain
is the union of two open sets with non-empty intersection. On the same simple
example:

u|Γ = 0 − ∆u = f in Ω = Ω1 ∪ Ω2 Ω1 ∩ Ω2 6= 0



we look for the solution in the form u = u1 + u2, un
i |Ωi

∈ H1
0 (Ωi) and apply the

following Schwarz-like iteration loop:

β(un+1
1 − un

1) − ∆(un+1
1 + un

2) = f in Ω1

β(un+1
2 − un

2) − ∆(un
1 + un+1

2 ) = f in Ω2 (6)

The regularization parameter β > 0 ensures the uniqueness of the decomposition of
u; if it is zero then the method is the Schwarz algorithm.
The method is discretized by replacing H1

0 (Ωi) by V i
h, the space of piecewise affine

continuous functions on T i
h extended by zero outside Ωi. But we need quadrature

formula for the integrals of products of functions of each V i
h. It is feasible to apply

the weighted sum of standard Gauss quadrature for integrals of products of functions
defined on different meshes. A good choice for the quadrature points is the 3 vertices
of each triangle. Thus

∫

Ω1∩Ω2

∇uh∇vh =
1

6

∑

k

|T 1
k |

3
∑

j=1

z1
jk∇u(ξ1

jk) · ∇v(ξ1
jk)

+
1

6

∑

k

|T 2
k |

3
∑

j=1

z2
jk∇u(ξ2

jk) · ∇v(ξ2
jk)

where zi
jk is 1

2
if ξi

jk ∈ Ω1 ∩ Ω2 and 1 otherwise. where the sum in k extends to
the triangles of Ω12 = Ω1 ∩ Ω2. It was established in [3] that in the discrete case
the decomposition is unique even if β = 0. This is because when uih ∈ V i

h , and if
u1h = u2h on a non-empty subset D of then u1h = u2h on the whole of Ω12. Indeed as
∆(u1h −u2h) is a distribution of H−1(Ω12) it cannot have Dirac lines of singularities
so u1h − u2h is affine on the whole Ω12.
Ellipticity of the discrete problem can be established also:

Proposition 3.

h2
1

∑

i

|∇(u1h + u2h)|2qi
1

+ h2
2

∑

i

|∇(u1h + u2h)|2qi
2

≥ c‖∇(u1h + u2h)‖2

Convergence is still an open question because the continuity of the discrete form
with a constant independent of h is not established.

4 The FreeFEM3D Project

In http://www.freefem.org a public domain general PDE solver is available for
testing. It reads a command file which is actually a full fledged language. In it there
is a POV-Ray data file for describing the geometry of the problem. Then there are
keywords to specify the partial differential equations. The results are stored on disk
and displayed by IBM’s Data Explorer[4] or Fray’s openGL visualizer medit, both
publich domain.
The numerical method is a fictitious domain embedding and finite element dis-
cretization on a uniform mesh. At the time of writing the Dirichlet conditions are
handled using one of the three following methods:

• using penalty;

• by elimination of the degrees of freedom of the Cartesian grid which are close
enough to the border in a certain way;



Systems of PDEs are allowed and in a fairly general setting because the solver is
programmed with templates and a change of the based type from double to vector

or complex gives a general elliptic vector or complex coefficient solver (generic pro-
gramming).
Linear systems are solved iteratively and the computing speed depends heavily
on the preconditioner[5]. Good preconditioners are known (and implemented in
FreeFEM3D for the Laplace and Lamé’s equations, but these may not be efficient on
other systems. There is also a convection module based on the modified method of
characteristics.

4.1 Example I

The heat equation

solve(u) in Omega by M
{

pde(u)
- div(grad(u)) = 0 ;
u = 1 on <0,0,1>; u = 3 on <0,1,0>; u = 2 on <1,0,0>;
dnu(u) = 0 on M;

};

Figure 5: Temperature simulation at equilbrium in a sitting room with adiabatic walls (Neumann
conditions). The sofa is at temperature u = 1, the two chairs at u = 2 the two tables at u = 3. Iso-
temperature surfaces are displayed together with the iso-lines in a planar cross section in the room.
A uniform mesh of 1003 is used, a 100 conjugate gradient iterations are needed (preconditionned
by the diagonal matrix).

4.2 Example II DDM-Schwarz Algorithm

A similar problem is solved by domain decomposition with Schwarz algorithm:

solve(u) in D1 with Mesh1 { - div(grad(u)) = 0;
u = v on Mesh1; u = 1 on <0,1,0>; u = 1 on <1,0,0>;

};
solve(v) in D2 with Mesh2{ -div(grad(v)) = 0;

v = u on <1,1,0>; v = 1 on <1,0,0>; v = 0 on Mesh2;
};

Results are shown on figure 4.2.



Figure 6: Solution on each subdomain and on the reconstructed solution on the full domain

5 Appendix : local defect correction

The local defect correction method[7] is somewhat similar to Chimera. Let LH , Lh

be a coarse and fine approximation of L. To solve Lu = f one performs a few
iterations of the type

um+1
H = um

H + L−1
H (fh − Lhu

m
H)

if Lh, Lh are consistent in the sense that for all vH ,

|(LH − Lh)vH |0 ≤ CHk|vH |k+2

and if L−1
H gH |2 ≤ C|gH|0 then after p iterations

‖u1
H − u∗

H‖2 ≤ Chmin((p+1)k,K))

where K is the interpolation degree for the coarse grid and k for the fine grid.
When Lh operates on portion of the vector uH then like in Schwarz algorithm one
uses the boundary value of the coarse solution as Dirichlet values for the fine mesh
problem. The error correction works because elliptic operators damp exponentially
in the distance to the boundary, errors at the boundary.
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