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Abstract

Optimal shape design in the presence of shocks requires sophisti-
cated mesh generator with adaptivity. We report here on the use of
goal oriented meshes combined with optimal shape design. The adap-
tivity uses an adjoint which we can calculate either by discretization
of the analytical formulae or by automatic differentiation. We discuss
the validity of both approaches and show some results.

1 Introduction

Optimal shape design is the next step once the numerical simulation is mas-
tered and computationally reasonably cheap. It is so important for airplane
design that it is practiced everywhere now (see [14, 15, 18, 19, 16, 13] and
their bibliographies). For cars aerodynamic optimization is important at high
speed but internal engine optimization is even more so. Boats are harder to
optimized (see [6]), yet even a fraction of percent improvement implies sub-
stantial savings. There are so many applications in fact that we cite only
just a few like airplane and boat propellers [9], car ventilators [18], windmill
design and so many more.

Environment friendler airplane design has brought new optimization cri-
teria such as noise reduction. In earlier papers [3, 18, 20] we pointed out that
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the calculus of variation is not valid in the presence of shocks, at least on the
continuous problems. Thanks to Ulbrich and Giles [23, 24, 12] the problem
is solved for one dimensional conservation laws. For the Euler equation an
extended numerical study was performed and will be reported in [2] but we
will give here some of the findings.

2 Compressible Euler Solver

The two dimensional compressible Euler equations are

∂tW +∇ · F (W ) = 0 ,W (0) = 0 (1)

where W = (ρ, ρu, ρv, ρE)T is the vector of conservative variables and the
tensor F represents the convective flux: F (W ) = F1(W ) ex + F2(W ) ey with

F1(W ) =


ρu

ρu2 + p
ρuv

(ρE + p)u

 and F2(W ) =


ρv
ρuv

ρv2 + p
(ρE + p)v


We assume that W is given at time t = 0, and we add boundary conditions
which we will discuss later at length and which we denote loosely by W ∈
Wad. As usual ρ is the density, u, v the velocity, p the presure and E the
energy at position x and time t in the fluid.

In this study (1) is discretized by a vertex-centered finite volume (FVM)
scheme applied to simplicial unstructured meshes; it uses a particular edge-
based formulation with upwind elements [1, 7]. The formulation consists in
associating with each vertex Pi of the mesh a finite volume cell, Ci, built by
joining each vertex to the middle point of its opposite edge. The common
boundary between two neighboring cells Ci and Cj is denoted ∂Cij = ∂Ci ∩
∂Cj (see figure 1).

The FVM assumes W piecewise constant on the cells and integrates (1)
on each cell Ci:

|Ci|
dWi

dt
+

∫
∂Ci

F (Wi) · ni dγ = |Ci|
dWi

dt
+

∑
Pj∈V(Pi)

F |ij ·
∫
∂Cij

ni dγ = 0 , (2)

where ni is the outer normal to cell Ci, V(Pi) is the set of all neighboring
vertices of Pi and F |ij represents the constant value of F (W ) at interface ∂Cij
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from the Pi-side. A numerical flux function, denoted Φij and compatible with
F |ij is introduced:

Φij := Φij(Wi,Wj,nij) = F |ij ·
∫
∂Cij

ni dγ , (3)

where nij =

∫
∂Cij

ni dγ. Several upwind numerical flux functions are available

but here the Roe approximate Riemann solver described in [21] is used.

Roe’s approximate Riemann solver is based on the Jacobian F ′(W ) :

ΦRoe(Wi,Wj,nij) =
F (Wi) + F (Wj)

2
· nij + |Ã(Wi,Wj)|

Wi −Wj

2
(4)

where Ã = F ′(W̃ ) evaluated for the Roe average variables W̃ := (ρ̃, ρ̃u, ρ̃v, ρ̃E)
as explained in [21]. For a diagonalizable matrix A = PΛP−1, |A| stands for
|A| = P |Λ|P−1. The eigenvalues of F ′(W ) are real and equal to u, u+ c and
u− c.

The previous formulation gives at best only a first-order scheme, higher-
order extensions are possible with a MUSCL addition (see [2]). Such MUSCL
schemes are not monotone, therefore a slope limiter is needed such as the
Superbee limiter [5].

Cj

MjMi Pi Pj

Kij
Kji

Ci

!n2

!n1

Pi Pj

WjWi

Wij

Wji

Figure 1: Two finite volume cells Ci and Cj, and the upwind triangles Kij

and Kji associated with edge PiPj. The common boundary ∂Cij with the rep-
resentation of the solution extrapolated for the MUSCL correction is shown.
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Boundary conditions. Slip boundary conditions are imposed for the walls
because the flow is inviscid: U.n = 0. This boundary condition is imposed
weakly by setting:

ΦSlip(Wi) = (0, pi ni, 0)t . (5)

For free-stream external flow conditions at inflow boundaries Γ∞ which
approximate infinity, a free-stream uniform flow W∞ is known. There, the
Roe flux is replaced by the Steger-Warming flux [22]:

Φ∞(Wi) = A+(Wi,ni)Wi + A−(Wi,ni)W∞ , (6)

where A± =
1

2
(|A| ± A) and A = F ′(W ).

At free-stream outflow boundaries no condition is imposed so nothing is
done to the finite volume scheme.

To discretize in time an implicit Euler scheme (implicitEuler) is used
the linearized version of which is( |Ci|

δtni
Id + Ψ2

i
′
(W n)

)(
W n+1
i −W n

i

)
= −Ψ2

i (W
n) . (7)

3 Implied FVM for the Discrete Adjoint

As the second order flux is too difficult to differentiate by hand, the second
order Jacobian matrix is approximated by the first order one leading to:( |Ci|

δtni
Id + Ψ1

i
′
(W n)

)(
W n+1
i −W n

i

)
= −Ψ2

i (W
n)

Thus the variation of the state variables δW is given by

An δW n+1 = −Ψ2(W n) .

Consequently, for a given functional J(W ), the adjoint state W ∗ is defined
by

An∗W ∗ = J ′(W ) (8)

where An∗ is the transposed of matrix An. Note however that it suffices to
take An∗ = (Ψ1

i
′
(W n))T because at convergence the solution does not depend

on time and Ψ2(W n) tends to 0.
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4 Goal Oriented Self Adapting Meshes

4.1 Multiscale anisotropic mesh adaptation

Recall the Delaunay-Voronoi criteria: The fourth point of the quadrilateral
made by two adjacent triangles should be outside the circle defined by the three
other points. If not the diagonal of the quadrilateral should be swapped.

On convex domains, applying the criteria within a loop on the edges of
a triangulation increases the minimum angle in the triangulation. Thus the
loop converges and the triangulation ends up ”looking good” though there is
no solid definition for this.

The generalization of this criteria can be done by replacing the Euclidian
circles by M -circles where M is symmetric positive definite:

M− circle:= {x : ||x− xc||M := (x− xc)TM(x− xc) = r}. (9)

Let hi(a) be the edge length in the ith-direction at point a and let

M(a) = R(a)


1

h21(a)
1

h22(a)
1

h23(a)

R(a)T (10)

ifH(u) = R−1
u ΛuRu is the Hessian of u and ΠM theM -orthogonal projection,

then the following problem has a solution [17] :

min
M
||u− ΠMu||Lp ⇒ MLp =

(det |H(u)|)− 1
2p+3

(
∫

Ω
det |H(u)|

p
2p+3 )

2
3

R−1
u |Λu|Ru .(11)

Therefore in a sense to distribute the Lp error evenly one should choose hi
proportional to Λi in the direction of the eigenvectors of the Hessian of u.
Applications of this criteria are shown in Figures 2 and 3.

4.2 Goal Oriented Mesh

For optimal control and optimal shape design one would like to find the best
mesh to compute a criteria, for instance:

j(a) =
1

2

∫
C

|BWh − b|2 : (F (Wh), ŵh) = 0, ∀ŵh ∈ Wh. (12)
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Figure 2: With appropriate mesh adaptation, it is possible to propagate
accurately shock wave in the whole domain (left) or to track down the main
vortices behind an airplane quite far downstream (right).

where a is a parameter in the boundary conditions, B is a rectangular matrix
and b is a vector or scalar.

There is a solution to this problem (see [4]) and an empirical proof goes
as follows: first linearize the continuous state equation F (W ) = 0

F (Wh) = F (W ) + F ′(W )(Wh −W ) ⇒ F (Wh) + F (W )′(W −Wh) = 0,(13)

Then introduce an adjoint state W ∗ solution of F (W )′TW ∗ = BT (BWh−b),
so that

j(Wh)− j(W ) ≈ (BWh − b, B(W −Wh)) = −(W ∗, F (Wh)) (14)

Therefore to reduce the error one should adapt the mesh so as to com-
pute (W ∗, F (Wh)) with the best possible precision. All illustration of this
procedure is shown in Figure 3.

5 Mesh adaptation and approximate Gradi-

ent

Consider
min
z∈Z

J(z) approximated by min
z∈Zh

Jh(z).
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A Supersonic Aircraft

Aircraft geometry Computational domain

Aircraft size = 36m, mesh size from 2mm to 30cm

Domain size (meters):
x : [−225, 2025] y : [−1200, 1200] z : [−1200, 1200]

22 Continuous Mesh Framework

A Supersonic Aircraft

Volume adapted mesh with L2 norm on the Mach Number
≈ 4.2 million vertices
≈ 25.1 million tetrahedra

Mesh refinements propagate 2km
22 Continuous Mesh Framework

Figure 3: Adaptive mesh refinement compared with goal oriented mesh adap-
tation for maximum precision on the pressure at the ground; the computation
is 3D and the airplane, too small to be seen in the meshes is shown above.
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Let us solve it using the method of Steepest descent with Goldstein’s rule
for the step size:

Algorithm 1 while ‖ gradzJh(z
m)‖ > ε do

{
zm+1 = zm − ρ gradzJh(z

m) where ρ is any number satisfying,

−βρ‖w‖2 < Jh(z
m − ρw)− Jh(zm) < −αρ‖w‖2

with w = gradzJh(z
m) Set m := m+ 1;

}

Now consider the same algorithm with a parameter refinement

Algorithm 2 (Steepest descent with refinement)
while h > hmin do
{

while ‖ gradzJh(z
m)‖ > εhγ do

{
zm+1 = zm − ρ gradzJh(z

m) where ρ such that,

−βρ‖w‖2 < Jh(z
m − ρw)− Jh(zm) < −αρ‖w‖2

with w = gradzJh(z
m) Set m := m+ 1;

}
h := h/2;

}
The convergence is obvious because it is either Steepest Descent or gradJh →

0 because h→ h/2. There is a great gain in speed because we can begin the
algorithm with a very coarse mesh!

Now let N be an iteration parameter and Jh,N ≈ Jh and gradzJh,N ≈
gradzJh in the sense that

lim
N→∞

Jh,N(z) = Jh(z) lim
N→∞

gradzNJh,N(z) = gradzJh(z) (15)

Let γ, K and N(h) be given with N(h) → ∞ when h → 0 : The final
algorithm is the Steepest descent with Goldstein’s rule mesh refinement and
approximate gradients. It is particularly suited to Euler’s equation in which
h is the mesh size and N is the number of iterations (or the time step) for the
implicit Euler solver and/or the precision with which the adjoint is computed:
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Algorithm 3 (E. Polak et al, see [18])
while h > hmin

{
while | gradzNJ

m| > εhγ

{
try to find a step size ρ with w = gradzNJ(zm)

−βρ‖w‖2 < J(zm − ρw)− J(zm) < −αρ‖w‖2

if success then
{zm+1 = zm − ρ gradzNJ

m; m := m+ 1;}
else N := N +K;
}
h := h/2; N := N(h);
}

In the case of strictly convex J the convergence can be established from the
observation that Goldstein’s rule gives a bound on the step size:

−βρ gradzJ · h < J(z + ρh)− J(z) = ρ gradzJ · h+
ρ2

2
J ′′hh

⇒ ρ > 2(β − 1)
gradzJ · h
J ′′(ξ)hh

so Jm+1 − Jm < −2
α(1− β)

‖J ′′‖ |gradz(J)|2(16)

Thus at each grid level the number of gradient iterations is bounded by
O(h−2γ). Therefore the algorithm does not jam and so it must convergence.

6 Calculus of Variations with Euler Equations

Calculus of variation is not valid across shocks. For instance if the density ρ
and the velocity u are discontinuous, but with ρu continuous, it is meaningless
to write

δ(ρu) = uδρ+ ρδu (17)

because δρ and δu have Dirac singularities at the shock and u, ρ are discon-
tinuous there.

Although (17) is not allowed, yet one has

δ(ρu) = (δρ)u+ ρδu (18)
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where ρ (and u) stands for the mean value of ρ at all points:

ρ(x) =
1

2
(ρ(x+) + ρ(x−))

Let [u] denote the jump across the shock, then on the right hand side of (18)
the weight of the Dirac mass is

−[ρ]x′sδau− [u]x′sδaρ = −x′s
δa

2
((ρ+ − ρ−)(u+ + u−) + (u+ − u−)(ρ+ + ρ−))

= −x′sδa[ρu] = 0 (19)

Even if [ρu] 6= 0 the weights on the Dirac masses are the same on both sides,
so (18) is true pointwise and singularitywise at the shock.

More complex functions need to be decomposed into elementary products; for
instance ρ−1u2 being (ρ−1)v with v = uu, the mean value can be computed
as such. For non-rational functions the overline operator on derivatives is
the Volpert ratio:

δF (u) = F (u)′δu with F (u)′ =

∫ 1

0

F ′u(su
+ + (1− s)u−)ds (20)

7 Optimal Wing Profile with least Sonic Boom

7.1 Optimization with the Euler equations

Consider a cost function

J =
1

2

∫
S

|BW − b|2 : W solution of Euler equations

where S is a part of the boundary of ∂Ω. The adjoint equation for the
minimization of J with respect to boundary parameters is

∂W ∗

∂t
+ F ′(W )∇W ∗ = 0 ,W ∗(T ) = 0 (21)

Let us multiply this equation by δW and integrate it in time and space:

0 =

∫
Ω×(0,T )

δW · (∂W
∗

∂t
+ F ′(W )∇W ∗)
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= −
∫

Ω×(0,T )

W ∗ · (∂δW
∂t

+∇ · (F ′(W )δW ))

+

∫
Ω

W ∗δW |T0 +

∫
∂Ω×(0,T )

W ∗ · (n · (F ′(W )δW ) (22)

⇒
∫
∂Ω×(0,T )

W ∗ · (n · (F ′(W )δW ) = 0 (23)

This gives δJ , if the boundary conditions are on ∂Ω − S so that W ∗ · (n ·
(F ′(W ))δW ) = 0 and

W ∗ · (n · (F ′(W )) = (BW − b)BT on S (24)

Then we obtain

δJ = −
∫
∂Ω\S×(0,T )

W ∗ · (n · (F ′(W )δW )

7.2 Supersonic Wing Profile Optimization

An airfoil Σ at rest in a semi-infinite domain Ω
Air comes in from the left boundary L at M > 1 and exits by right

boundary R. S is the ground.

min
Σ
{J =

1

2

∫
S

(p− p0)2 ⇒ δJ =

∫
S

(p− p0)δp} (25)

Then since J has no part on R

W ∗ · F ′(W ).~n = 0 on R

As F ′(W ).~n is a non-singular matrix when the flow is hypersonic, this equa-
tion implies that all four components of W ∗ are zero on R:

W ∗ = 0 on R. (26)

The flow is supersonic on L so all components of the linearized flow δW are
equal to zero. All the characteristics are coming in so for the adjoint state
the characteristics are coming out and hence

W ∗ needs no boundary conditions on L. (27)
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The shock is assumed to reflect perfectly so the vertical component of the
velocity is zero: W3 = 0. There is only one incoming characteristics . Assume
that δW3 = 0 is the boundary condition for the linearized Euler system. Giles
and Pierce gave showed that W ∗

3 should be given. Let us justify this choice.
On S the normal is (0, 1)T and the velocity is (u, 0)T , so

W ∗ · (n · F ′(W ))δW =
(

0 0 (γ−1)
2 u2δW1 − (γ − 1)uδW2 + (γ − 1)δW4 0

)
W ∗

= (γ − 1)(
u2

2
δW1 − uδW2 + δW4)W ∗3 (28)

On the other hand

p = (γ − 1)ρe− γ − 1

2

(ρu)2 + (ρv)2

ρ
= (γ − 1)(W4 −

W 2
2 +W 2

3

2W1

)

⇒ δp = (γ−1)(
W 2

2

2W 2
1

δW1−
W2

W1

δW2 +δW4) = (γ−1)(
u2

2
δW1−uδW2 +δW4)

By choosing W ∗
3 |S = p− p0, W

∗ · (n · F ′(W ))δW = W (p− p0)δp and so

δJ = −
∫
∂Ω\S

W ∗ · (n · F ′(W )δW ) (29)

Boundary Conditions on the Adjoint at airfoil Σ The flow is subsonic
and tangent to Σ so u · n = 0. As for S one boundary condition is required
for δW . Let δW · n be given. An elementary calculus gives

W ∗ · (F ′(W ) · n)δW = (γ − 1)W ∗ · n(
1

2
(u2 + v2)δW1 − uδW2 − vδW3 + δW4)

+(W ∗
1 + uW ∗

2 + vW ∗
3 )δW · n (30)

This expression involves only δW · n when

W ∗ · n = 0 on Σ (31)

Thus the following holds (already in [10, 11])
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Proposition 1 Let W ∗ be defined by

∂TW
∗ + F ′(W )

T∇W ∗ = 0, W (T ) = 0,
W ∗ · n = 0 on Σ
W ∗|R = 0, W ∗

3 |S = p− p0 (32)

Then, asymptotically in time,

δJ = −
∫

Σ

(W ∗
1 + ~U · ~W ∗

2,3)δ ~W2,3 · ~n (33)

This is essential to set up descent algorithms for optimal shape design to
minimize J .

Remark It may be more readable to rewrite the result as:

δJ = −
∫

Σ

(ρ∗ + ~U · ~(ρU)∗)δ(ρ~U) · ~n

7.3 A Gradient Method for Shape Optimization

Consider a wing profile deformation Σα = {x+ α(x)n(x) : x ∈ Σ}; then

δV · n|Σ = −α(
∂Vn
∂n
− κVt) (34)

where t is the tangent vector associated with n and κ is the curvature (inverse
of the radius of curvature). Therefore by choosing

α = −λ(ρ∗ + ~U · ~(ρU)∗)(
∂(ρUn)

∂n
− κρUt) (35)

for a small enough constant scalar λ, J will decrease because,

δJ = −λ
∫

Σ

(ρ∗ + ~U · ~(ρU)∗)2(
∂(ρUn)

∂n
− κρUt)2 + o(λ) (36)

7.4 Numerical Tests: mesh compatibility

A NACA0012 wing profile at Mach 1.6 is computed together with its ad-
joint. The mesh and the density is shown in Figure 4. The adjoint density is
shown in Figure8 together a comparison of the trace of (ρu)∗ on the ground,
calculated by the code where the adjoint is the discrete adjoint (with bound-
ary conditions imposed in weak form by the FVM) and the analytical value.
Agreement is excellent.
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Figure 4: The NACA airfoil: the goal oriented adapted mesh (top left),;
the level lines of the density (top right) and (bottom, the figure is stretched
horizontally) the level lines of the first component of the adjoint, i.e. the
adjoint density.

Figure 5: The NACA airfoil: comparison between W ∗
3 , the component of the

adjoint in duality with ρv and p − p0 on S. Although the adjoint’s equation
is generated by automatic differentiation for the discrete case, it agrees with
the continuous limit.
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7.5 Optimization of a 3D Business Jet

Already some years ago [18], combining all these techniques the authors
improved the design of a business jets so as to minimized the sonic boom
at the ground (see figure 6). But the model used Thomas’ approximations
to transport the sound waves away from the aircraft up to the ground some
10km below. Since then the technique has been used in an industrial code
[8].
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