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PartialDifferentialEquations

DOMAIN DECOMPOSITION ALGORITHMS FOR COMPTED AIDED DESIGN
Dedicated to Professor V. Nečas

Abstract—We present a decomposition algorithm similar to Schwarz for the numerical solution of
partial differential equations in complex domains. The method is well suited to domains described
by Constructive Solid Geometry (CSG), i.e. by set operations on simple shapes, a data structure
often used in image synthesis and Virtual Reality (see [1] for instance). This work extends the
algorithms presented in [2] which were based on ”virtual controls”, while here compactness is used
for convergence proofs.

1. Introduction
In many areas, such as architecture, style departments, image synthesis, one has to solve
Partial Differential Equations (PDE) in domains Ω of IR2 or of IR3 which are described
by set operations on simple shapes but the number of elementary shapes is large.
For such situations, which are refered to as Constructive Solid Geometry (CSG), and
which are often used in image synthesis and Virtual Reality (VR) (cf [1] for instance),
it is difficult to construct a global triangulation of the domain while it is simple to
triangulate each individual domains.
Thus DDM (Domain Decomposition Methods) is certainly a very natural approach to
think of for such problems.
In a series of notes, two of the authors (cf. [2],[3],[4]) have introduced a systematic
method to address DDM, based on the idea of Virtual Control. In the third note [4], our
motivation is explained at length, namely

1. To compute with the data structures of VR without having to translate CSG
data.

2. But also o extend and improve on the Chimera method [3].

In this paper we do not use virtual control but rather an alternative based on a fixed point
algorithm. It is less flexible and less general than the ”virtual control” approach, but like
in the classical Schwarz algorithm – to which the method presented here is an alternative
– it has the advantage of not requiring the computation of boundary integrals. It is even
better than Schwarz’ in that it does not require the computation of interpolations on
boundaries.
In each elementary shape Ωi of Ω we compute, iteratively, a fonction ui of the solution u
of the PDE (in fact the boundary value problem we want to solve). In order to proceed
with the iterations (cf (4), section 3 below) each ui may have to be interpolated on
any Ωj , j(�= i), at a reasonable cost of course. We present here such an interpolator
(explained in [4] with more details). which is efficicient even on multiply connected
domains.
We consider 4 geometrical cases, the general case immediately following. The convergence
proof (presented in section 3) is general. The error estimates are presented in a partly
formal fashion in section 3, the method being rigorous for other geometrical cases.
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2. The Model Problem
Let Ω be a bounded open set of Rd. We wish to solve the following: find

u ∈ V = H1
0 (Ω) : a(u, û) = (f, û) ∀û ∈ V, ∀u ∈ V, (1)

where a is a bilinear coercive form on V and (f, .) is a linear form on V , for instance

a(u, v) =
d∑

i;j=1

∫



aij
∂u

∂xi

∂v

∂xj
, (f, v) =

∫



fv. (2)

The domain Ω is obtained by sets operations on a family of bounded open sets Ωk. The
sets operations are:

- Union: Ωi ∪ Ωj

- Difference: Ωi\Ωj provided that Ωj ⊂ Ωi

- Extrusion: Ωi\(Ωj ∩Ωi).
- Intersection: Ωi ∩ Ωj .

We analyse the 4 cases independently, then the general case will be straightforward.

3. The domain is the union of two overlapping sets
Assume that Ω = Ω1∪Ω2 and that Ω1∩Ω2 �= ∅; denote by S1 = ∂Ω1∩Ω2 and S2 = ∂2∩Ω1
and set

Vi = {v ∈ L2(Ω) : v|
i
∈ H1

0 (Ωi), v|
�
i
= 0} (3)

Note that the Schwarz domain decomposition algorithm can be used here:

Fig. 1
3.1 Algorithm 1 (Schwarz)
Choose u0i ∈ Vi, set n = 0.
Begin loop

Find un+1i such that un+1i − unj ∈ Vi, i, j = 1, 2, j �= i by solving

a(un+1i , ûi) = (f, ûi) ∀ûi ∈ Vi

End loop

The convergence has been analyzed by P.L. Lions[??]. In search for precision, we present
the following alternative

3.2 Algorithm 2 (fixed point)
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Let b(, ) be the bilinear form on L2(Ω), for instance b(u, v) = (βu, v) for some positive
scalar β. and let u0i be two arbitrary functions in Vi. Choose u

0
i ∈ Vi, set n = 0.

Begin loop

Find un+1i ∈ Vi by solving

b(un+11 − un1 , û1) + a(un+11 + un2 , û1) = (f, û1) ∀û1 ∈ V1
b(un+12 − un2 , û2) + a(un1 + un+12 , û2) = (f, û2) ∀û2 ∈ V2

(4)

End loop

Remark 1.
When β = 0 Algorithm 2 is identical to Algorithm 1 with un+1i replaced by un+1i −
unj , i, j = 1, 2, j �= i.

Let A be the second order operator associated to a, i.e. a(u, v) = (Au, v) ∀u, v ∈ V .

Theorem 1 When a(·, ·) is symmetric, Algorithm 2 converges in the sense that uni → u�i
with u�1 + u

�
2 = u solution of (1) and the decomposition is uniquely de�ned by

(β +A)u1 =
1
2
(β +A)(u + u01 − u02) in Ω1 ∩ Ω2, u1|S1 = 0, u1|S2 = u

(β +A)u2 =
1
2
(β +A)(u + u02 − u01) in Ω1 ∩ Ω2, u2|S2 = 0, u2|S1 = u

(5)

Proof

Assume for the moment that the algorithm converges: uni → ui weakly in Vi. Note that
the decomposition

V = V1 + V2, (i.e. ∀u ∈ V, ∃u1 ∈ V1, u2 ∈ V2 : u = u1 + u2) (6)

is not unique and so it is natural that the limits ui depend on the initial guesses u0i . By
passing to the limit in (4) we obtain

a(u1 + u2, û1) = (f, û1), a(u1 + u2, û2) = (f, û2), ∀ûi ∈ Vi (7)

and since any û ∈ V can be decomposed in û1 + û2, ûi ∈ Vi equation (1) follows by
addition of the two equations of (7). It remains to see (assuming that weak convergence
holds) towards which of the decomposition (6) convergence takes place.
Let ϕ be given in D(Ω1 ∩Ω2) (the set of C1 functions with compact support in Ω1 ∩Ω2

.
We can take ûi = ϕ in (4). Substracting, we obtain

b(un+11 − un1 − (un+12 − un2 ), ϕ) + a(un+11 − un1 − (un+12 − un2 ), ϕ) = 0.

Summing these in n, we obtain

b(un+11 − un+12 , ϕ) + a(un+11 − un+12 , ϕ) = b(u01 − u02, ϕ) + a(u01 − u02, ϕ).

Hence letting n→ ∞,

b(u1− u2, ϕ) + a(u1 − u2, ϕ) = b(u01 − u02, ϕ) + a(u01 − u02, ϕ), Ê∀ϕ ∈ D(Ω1 ∩Ω2). (8)
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This is equivalent to (β + A)(u1 − u2) = (β +A)(u01 + u02) in Ω1 ∩ Ω2. Since we already
know that (6) holds true, it is equivalent to

(β +A)u1 =
1
2
(β +A)(u + u01 − u02) in Ω1 ∩ Ω2, u1|S1 = 0, Êu1|S2 = u,

which defines uniquely u1 (hence u2) in Ω1 ∩ Ω2. Therefore, if it converges it is to the
unique decomposition (6)(8).

Let us prove convergence in the symmetric case aij = aji, ∀i, j. Moreover we will show
that ∑

n

|un+11 − un1 |2 + |un+12 − un2 |2 <∞ (9)

where | · | is the L2(Ω) norm (the functions with subscript i are extended by 0 outside
Ωi).
For the proof let us consider an arbitrary decomposition

u = w1 + w2, wi ∈ Vi.

Let us introduce
wn
i = u

n
i − wi.

One has
β(wn+1

1 − wn
1 , û1) + a(w

n+1
1 + wn

2 , û1) = 0

β(wn+1
2 − wn

2 , û2) + a(w
n+1
2 + wn

1 , û2) = 0

Taking ûi = wn+1
i and writing a(û) for a(û, û) we obtain

β

2
[|wn+1

1 |2 − |wn
1 |2 + |wn+1

1 − wn
1 |2 + |wn+1

2 |2 − |wn
2 |2 + |wn+1

2 − wn
2 |2]

+ a(wn
1 ) + a(w

n
2 , w

n+1
1 ) + a(wn

1 , w
n+1
2 ) + a(wn

2 ) = 0.
(10)

Thanks to the symmetry of a one has a(w, ŵ) ≤ (a(w) + a(ŵ))/2 so that it follows from
(10) that

|wn+1
1 |2 + |wn+1

2 |2 + |wn+1
1 − wn

1 |2 + |wn+1
2 − wn

2 |2]

+
1
β
[a(wn+1

1 ) + a(wn+1
2 )] ≤ |wn

1 |2 + |wn
2 |2 +

1
β
[a(wn

1 ) + a(w
n
2 )].

Adding in n it follows that

|wn+1
1 |2 + |wn+1

2 |2 +
n∑

k=0

(|wk+1
1 − wk

1 |2 + |wk+1
2 − wk

2 |2])

+
1
β
[a(wn+1

1 ) + a(wn+1
2 )] ≤ |w01 |2 + |w02 |2 +

1
β
[a(w01) + a(w

0
2)].

Hence (9) follows.

3.3 Discretization
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Let V1h and V2hbe the two classical lagrangian conformal finite element approximation
spaces of of order p of V1 = H1

0 (Ω1) and V2 = H1
0 (Ω2). Then the discrete version of

algorithm 1 is:
Find un+11 ∈ V1h such that

∫

1

α(un+1
1h − un1h)vh1 +

∫

1

∇un+1
1h ∇v1h +

∫

1

∇un2h∇v1h =
∫

1

fv1h, ∀v1h ∈ V1h

- Find un+12 such that ∈ V2h such that

∫

2

α(un+1
2h − un2h)v2h +

∫

2

∇un+1
2h ∇v2h +

∫

2

∇un1h∇v2h =
∫

2

fv2h, ∀v2h ∈ V2h.

3.3.1 Error Estimate
Theorem 2

The solution of (2) is in H1(Ω). Let p+ 1 be its order of regularity, u ∈ Hp(Ω), p ≥ 1.
We assume that every element u of Hp+1(Ω) can be decomposed in

u = u1 + u2

where ui restricted to Ωi is in H
p+1(Ω) and ui = 0 outside Ωi.

If uh = lim(un1h + u
n
2h) is computed with Lagrangian conforming �nite elements of order

p, then

‖u− uh‖1;
 ≤ Chp(‖u1‖p+1;
1
+ ‖u2h‖p+1;
2

).

Proof

The proof of convergence is the same as for the continuous case, so there exists uih ∈ Vih
such that

∫



∇(u1h + u2h)∇(v1h + v2h) =
∫



f(v1h + v2h), ∀vih ∈ Vih, i = 1, 2

or equivalently
∫



∇(u1h − u1 + u2h − u2)∇(v1h + v2h) = 0, ∀vih ∈ Vih, i = 1, 2

This means that uih also solves

min
uih2Vih

∫



|∇(u1 + u2 − u1h − u2h)|2

hence if Πih denotes the finite element interpolator from Vito Vih
∫



|∇(u1 + u2 − u1h − u2h)|2 ≤
∫



|∇(u1 + u2 −Π1hu1 −Π2hu2)|2

≤ C(||u1||
1;p+1 + ||u2||
1;p+1)h
p

Remark 2
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Before we give the proof of Theorem 2, let us comment on the decomposition u1 + u2.
In part it is hidden trace theorem in the sense of Lions-Magenes [5, vol 1]. Indeed let us
assume that there exists a function θ ∈ Hp+1(Ω1 ∩Ω2) which is zero on ∂(Ω1 ∩Ω2), then

u1 = u in Ω1\(Ω1 ∩Ω2), = u− θ in Ω1 ∩ Ω2 = 0 outside Ω1

u2 = u in Ω2\(Ω1 ∩ Ω2), = θ in Ω1 ∩ Ω2 = 0 outside Ω2

has the desired property.

Remark 3

The algorithm is regularizing so that the regularity of the u0i to begin the itertions is not
important, a property which is confirmed by the results of the computations.

3.3.2 Quadratures

As such the scheme is too costly to implement because it requires the intersection of
triangulations. In the case of linear elements integrals of piecewise constant functions g
are comuted exactly by ∫


i

g ≈
∫ h


i

f ≡
ni∑
k=1

|T i
k|g(ξik)

where ni is the number of triangles of the triangulation of Ωi and ξk is the chosen
quadrature point in triangle T i

k (its center for instance). In other words it is the domain
of integration which selects the triangulation used for the quadrature.
To compute integrals involving products of functions on two triangulation like g =
∇u1h∇v2h we propose the following formula

∫

1\
2

g ≈ 1
2

∑
�1
k
2
1\
2

|T 1k |g(ξ1k) +
1
2

∑
�2
k
2
1\
2

|T 2k |g(ξ2k)

Applied to g = ∇u1h∇u2h this formula requires the computation of ∇uih on the mesh
of Ωi and then its computation at ξik which in turn requires to identifiy the position of
this point in the mesh of Ωj , Êj �= i. This can be summarized by saying that a(·, ·) is
replaced by ah(·, ·) with

ah(u, v) =
n1∑
k=1

(
|T 1k |∇u · ∇v
I
1

+ I
2

)
|x=�1

k

+
n2∑
k=1

(
|T 2k |∇u · ∇v
I
1

+ I
2

)
|x=�2

k

(11)

With such definitions we propose to solve the discrete problems:
- Find un+1i ∈ Vih such that ∀vih ∈ Vih

b(un+1
1h − un1h, û1h) + ah(un+11h + un2h, û1h) = (f, û1h) ∀ ˆu1h ∈ V1h

b(un+1
2h − un2h, û2h) + ah(un1h + un+12h , û2h) = (f, û2h) ∀û2h ∈ V2

(12)

At convergence the problem solved is
- Find ui ∈ Vih such that ∀ûih ∈ Vih

ah(u1h + u2h, û1h + û2h) = (f, û1h + û2h).
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So the discrete problem has a solution because the form is symmetric; and

0 =
∫



f Ê(v1h + v2h)− ah(u1h + u2h, v1h + v2h)

= a(u, (v1h + v2h)− ah(u1h + u2h, v1h + v2h)
= ah(u− u1h − u2h, v1h + v2h) + (a− ah)(u, v1h + v2h)

4. The domain is the difference of two sets
Now assume that Ω = Ω0 \C where C ⊂ Ω0.
We take a larger set Ω02 containing C and inside Ω0. For Ω1 we choose a set Ω01 containing
C but inside Ω2:

C ⊂ Ω01 ⊂ Ω02 ⊂ Ω0

Then we take
Ω1 = Ω0 \Ω01, Ω2 = Ω02\C

Obviously we have Ω = Ω1 ∪ Ω2,Ω1 ∩ Ω2 �= 0 so we can apply Algorithm 1.

Fig.2
Remark 4 : This idea is borowed from the Chimera method except that the later is
framed in the context of Schwarz algorithm.

Remark 5 : In the discrete case, the domains Ωi is found automatically by finding
first all the triangles of Ω1h which are touching C then take one or two layers of triangle
around it; this determines the boundary S1. Then surround C with a boundary S2 of
the same type as ∂C which contains S1 in its interior and is contained in Ω1. This may
not be possible if the triangles of Ω0 are too big.

5. The domain is obtained by extrusion
Consider the case where a portion of volume, C, is extruded from the primary volume
Ω0:

Ω = Ω1\C ∩ Ω0

As before we construct an auxiliary domain Ω2 which is around C and an auxiliary
domain Ω1 which is exterior to C but intersect Ω2. Let S1 be the part of ∂Ω0 in Ω2 ans
S2 the part of ∂Ω2 in Ω1 The boundary conditions on un+1i in Algorithm 1 will be

un+11 = 0 on S2 ∪ ∂Ω1, un+12 = 0 on S1 ∪ ∂Ω1
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Note that a condition on u2 is on a boundary strictly inside Ω2. If this causes a difficulty
then the fictitious method may be used to impose this condition.

6. The domain is the intersection of two sets
Extending the idea used for the extrusion we simply compute the un+1i in Ωi with ho-
mogeneous Dirichlet conditions on both boundaries∂Ωi, i.e. on ∂Ω1 ∪ ∂Ω2. Again the
fictitious domain method will avoid the need of interscting both domains.

Fig. 3
7. Implementation: A Fast Finite Element Interpola-
tor
In practice one may discretize the variational equations by the Finite Element method.
Then there will be one mesh for Ω1 and another one for Ω2. The computation of integrals
of products of functions defined on different meshes is difficult. Quadrature formulae and
interpolations from one mesh to another at quadrature points are needed. We present
below the interpolation operator which we have used and which is new, to the best of
our knowledge.

Let T 0
h = ∪kT

0
k , T 1

h = ∪kT
1
k be two triangulations of a domain Ω. Let

V (T i
h) = {C0(Ωi

h) : f |T i

k

∈ P 1}, i = 0, 1

be the spaces of continuous piecewise affine functions on each triangulation.
Let f ∈ V (T 0

h). The problem is to find g ∈ V (T 1
h) such that

g(q) = f(q) ∀q vertex of T 1
h

Although this is a seemingly simple problem, it is difficult to find an efficient algorithm
in practice. We propose an algorithm which is of complexity N1 logN0, where N i is the
number of vertices of T i

h, and which is very fast for most practical 2D applications.

Algorithm 4.
The method has 5 steps. First a quadtree is built containing all the vertices of mesh T 0

h

such that in each terminal cell there are at least one, and at most 4, vertices of T 0
h .

For each q1, vertex of T 1
h do:

Step 1 Find the terminal cell of the quadtree containing q1.
Step 2 Find the the nearest vertex q0j to q

1 in that cell.
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Step 3 Choose one triangle T 0k ∈ T 0
h which has q

0
j for vertex.

Step 4 Compute the barycentric coordinates {λj}j=1;2;3 of q1 in T 0k .
− if all barycentric coordinates are positive, go to Step 5
− else if one barycentric coordinate λi is negative replace T 0k by the adjacent triangle
opposite q0i and go to Step 4.

− else two barycentric coordinates are negative so take one of the two randomly and replace
T 0k by the adjacent triangle as above.
Step 5 Calculate g(q1) on T 0k by linear interpolation of f :

g(q1) =
∑

j=1;2;3

λjf(q0j )

End

Two problems needs to solved:

• What if q1 is not in Ω0h ? Then Step 5 will stop with a boundary triangle. So we add a
step which test the distance of q1 with the two adjacent boundary edges and select the
nearest, and so on till the distance grows.

• What if Ω0h is not convex and the marching process of Step 4 locks on a boundary? By
construction Delaunay-Voronoi mesh generators always triangulate the convex hull of the
vertices of the domain. So we make sure that this information is not lost when T 0

h, T 1
h

are constructed and we keep the triangles which are outside the domain in a special list.
Hence in step 5 we can use that list to step over holes if needed.

Fig. 4 To interpolate a function at q0 the knowledge of the triangle which contains q0

is needed. The algorithm may start at q1 ∈ T 0k and stall on the boundary (thick line)

because the line q0q1 is not inside Ω. But if the holes are triangulated too (doted line)

then the problem does not arise.

Remark Step 3 requires an array of pointers such that each vertex points to one triangle
of the triangulation.

7. Numerical examples
The test case is geared to reproduce the situation of scientific computing with CAD
data. The temperature equation is solved for an object, a stylized spanner, described by
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set operations on 4 elementary shapes, A,B,C,D. A is a rectangle, B is a circle, C is a
trapezoidal quadrangle and D is a circle. The spanner is the union of B and C with A
extruded and D removed.

We do have yet the software to treat extrusions so A is intersected with B first so as
to reduce the case to a set difference rather than an extrusion. Then A and D are
surrounded by artificial domains, some elements of B and C are removed so that the final
domain becomes the union of 4 sets feasible for Schwarz algorithm.

Fig 5.The top picture shows the temperature level lines in the spanner as computed by

standard FEM. The other pictures show the same lines but computed by domain decom-

position after 26 iterations. Note that the spanner is reconstructed by sliding horizontally

A into B, and vertically C into B and D.

The geometry is prepared with the software ”freefem+” (see [4] for more details).

The PDE is a simple Laplacian with non-homogeneous Dirichlet data: the temperature is
100o in the mouth of the spanner and in the hole in the handle and zero in the remaining
boundaries.

Freefem contains also a PDE solver capable of handling several meshes within one pro-
gram and which uses triangular conforming finite elements of degree 1 and Gauss fac-
torizations to solve the linear systems. Mixed integrals are computed with quadrature
points on the mid-edges of the triangles which is similar to formula (12) when the func-
tion is piecewise constant. Naturally the interpolation operator for the computation of
integrals is the one presented above.

We have tested the method for different values of β and for two cases:

- I. In the first case the boundaries of the subdomains are edges of the triangulations of
the other domains.

- II. In the second case the triangulations are completely independant from one another.

Figure 5 shows the convergence behavior for these two cases (I. on the left, II. on the
right) for β = 0, 1, 5 and 10. (recall that β = 0 is Schwarz’ algorithm).

Figure 6 shows the solution with the standard finite element method (top) compared
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with the solution on each domain.

Fig 6.Convergence history of the L2 error in log-log plots for two cases. Case I. on the

left and case II. on the right. These show that the classical Schwarz algorithm (β = 0)
and the algorithm presented here have similar performances except if β is too large and

if the meshes match. Comparison with the method of "virtual conterols" described in [1]

is also made and shows that the later is faster but gives a less perfect matching in this

case.
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APPENDIX A

Quadrature error

P
¯
roposition

The error between the appromate problem and the continuous problem is O(h).
Recall Strang’s Lemma (see Ciarlet[], p186)

‖u− uh‖ < ‖u−Πhu‖+ sup
wh2Vh

a(Πhu,wh)− ah(Πhu,wh)
‖wh‖

Here, with linear elements on triangles and a(, ) defined from the Laplace equation,
quadrature errors are only on mixed integrals.
Assume that the triangulation T1 of Ω1 is virtualy extented into Ω2 so as to become
a triangulation of Ω1 ∪ Ω2 and similarly for the triangulation T2 of Ω2. Then, for a
decomposition of u into u1 + u2, another way of writing ah(Πhu,w

1
h + w

2
h) is

ah(Π1
hu

1 +Π2
hu

2, w1h + w
2
h) = a(Π

1
hu

1, w1h) + a(Π
2
hu

2, w2h)

+a(Π2
hu

1, w2h)− ah(Π2
hu

1 −Π1
hu

1, w2h) + a(Π1
hu

2, w2h)− ah(Π1
hu

2 −Π1
hu

2, w2h)

= a(Π1
hu

1 +Π2
hu

2, w1h + w
2
h)− ah(Π2

hu
1 −Π1

hu
1, w2h)− ah(Π1

hu
2 −Π1

hu
2, w2h)

Now for any function v1h ∈ V 1
h and any function w2h ∈ V 2

h , by definition

ah(v1h, w
2h) =

1
2

∑
m

|T 1m|∇v1h(ξ1m)∇w2h(ξ1m) +
1
2

∑
m

|T 2m|∇v1h(ξ2m)∇w2h(ξ2m)

where the first sum is over both triangles of T1 and the second one over the triangles of
T2 and where the ξim are quadrature points, any points as long as there is one ξim per
triangle T i

m of Ti.
Now we write

ah(Π2
hu

1 −Π1
hu

1, w2h) = ah(Π2
hu

1 − u1, w2h) + ah(u1 −Π2
hu

1, w2h)

and we see that each of the 4 pieces can be bounded like the first one here:

∑
m

|T 1m|∇(Π2
hu

1 − u1)(ξ1m)∇w2h(ξ1m) ≤ C‖Π2
hu

1 − u1‖‖w2h‖ ≤ Ch‖w2h‖

for which
a(u1h, w

2
h) =

∑
fk;l:Tl\Tk 6=;g

ωkl∇u1h(ξkl)∇w2h(ξkl)

where the ξkl are a set of point such that there are one and oly one in each non empty
intersections Tl ∩ Tk and the ωkl are the area of these intersections.
On the other hand the approximate quadrature is only

a(u1h, w
2
h) =

∑
k

ωm∇u1h(ξm)∇w2h(ξm)
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Obviously for each triangle k
ωk =

∑
fl:Tl\Tk 6=;g

ωkl

therefore

a(Πhu
1, wh)−ah(Πhu

1, wh) =
1
2

∑
fk;l:Tl\Tk 6=;g

ωkl((∇Πhu
1)(ξk)− (∇Πhu

1)(ξkl))∇w2h(ξkl)

+
1
2

∑
fk;l:Tl\Tk 6=;g

ωkl((∇w2h)(ξl)− (∇w2h)(ξkl))∇Πhu
1(ξkl)


