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Model wave propagation config. Quantity of Interest (QoI)

Maximum error in the computed mean of a QoI: Monte Carlo vs. gPC
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Stochastic wave prop. config. (d + [max or
∑M
i=1] ri–Dim. model):

ST

•Stochastic configuration: ΩM(ω) ⊂ Rd, d = 2, 3
?M disjoint stochastic particles
∗DI(ω) for I = 1, . . . ,M ;

?Stochastic description of DI(ω)
◦arises due to its:
∗random location xI(ω) ∈ Rd

∗random orientation φI(ω) ∈ Rs

∗random . . . (Total: ri rand. vars.)

?Let rM =
[
maxi=1,...M OR

∑M
i=1

]
ri

•Stochastic wave propagation model
?Probability space : (RrM ,FrM ,PrM )
∗RrM — sample space;
∗FrM — event space
∗PrM – probability measure

•Develop tools for UQ of the model
?Simulate statistical properties
◦of Quantities of Interest (QoI)

−→ Stoch. red blood cells Config.
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Template particles, configurations, quantities of interest (QoI)

• For I = 1, . . . ,M , stochastic description of scattering/absorbing particle
DI(ω) arises due to its random location/orientation in ΩM(ω) ⊂ Rd

• DI(ω) takes the fixed shape and material properties from one of

M̂ ≤M template scatterers D̂J for J = 1, . . . , M̂

• Stochastic (Helmholtz/Maxwell) model exterior to (and in) ΩM(ω) ⊂ Rd

and satisfy the radiation condition (as x→∞) exactly.

• Incident wave uinc(x; d̂) (input) impinges on ΩM(ω) from direction d̂ ∈ Sd−1

with wavelength λ yielding (output) scattered-/absorbed- and far-fields

• An important component that plays a crucial role in the computation of
the QoI is the far-field, u∞, yielding intensity and scattering cross-section

• The scattering cross-section of particles (such as erythrocytes, ice/dust)
is an important parameter in biological and atmospheric science models

• Statistical moments (mean, variance) of this crucial quanity (as a function
of the incident direction) play a crucial role to set up, for example, the
extinction coefficient in a radiative transfer model
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Offline (data independent) and Online (fast real-time) HPC

• In general, it is not possible to directly simulate the forward model QoI
and quantify statistical properties of stochastic config ΩM(ω) = ∪MI=1DI(ω)

• Such a simulation will involve efficient sampling of the stochastic parame-
ters in high dimensions and, for each such parameter, will require solving
the deterministic forward wave propagation model involving M particles

• An efficient approach to avoid the computational bottleneck is to develop
a model reduction (offline/online) algorithm to a prioi characterize base
template particles, independent of the stochastic parameters

• Such discretized characterization of a particle should be independent of
the type of incident wave that will impinge on the particle from various
directions, its location, and orientation in multiple configuration ΩM(ω)
• Idea:

? Offline stage:
Develop a HPC framework that facilitates (expensive) full characteri-
zatio of deterministic model, independent of the input/measured data

? Online stage:
Using stored (think cloud-based) offline characterization, develop fast
(inexpensive/real-time) computation of output QoIs for any realization
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Recent developments in solving a several decade open problem

• A celebrated offline/online procedure that is widely used in engineering,
atmospheric, physical, mathematical sciences was developed in 1965

D

R

0

• Fields scattered/absorbed by D (with a fixed orientation and center at
the origin) arise due to an incident field uinc from outside a ball of radius
R > ρD impinging on D. Here, 1

2diam(D) < ρD.

• Represent the incident wave uinc as uinc =
∑

`∈Id p`Ẽ
R
`

• The choice of the (non-radiating) basis functions ẼR
` (and its decay, &

coeff. bds.) are important. (Recall standard point-source expansion.)

• Analytical/Computational representation of coefficients p` should be known
(for practical uinc such as the point-source and plane-wave excitation)
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Recent developments in solving a several decade open problem

• Represent the scattered field us as us(x) =
∑

`′∈Id a`′E`′(x), x ∈ Rd \BR.

• The choice of E`: These are radiating Helmholtz solutions on Rd \ {0}
• The far-field u∞ induced by uinc satisfies u∞ ∈ L2(Sd−1) and hence

S∞uinc := u∞(x̂) =
∑
`′∈Id

a`′E
∞
`′ (x̂), x̂ ∈ Sd−1.

• Expansions:

uinc =
∑
`∈Id

p`Ẽ
R
` ←→ u∞ =

∑
`′∈Id

a`′E
∞
`′

• Thus there exists an infinite transition matrix (T-matrix) T such that

~a = T~p

• Truncated expansion of QoI (obtained by truncating the T-matrix)

u∞(N ′,N) =
∑
`′∈Id,N ′

∑
`∈Id,N

(T )`′,`p`

E∞`′
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Recent developments in solving a several decade open problem

• T-matrix belongs to a class of model reduction reduced basis methods

• The T-matrix idea was first introduced by Waterman in 1965.

•Widely used in various forms (mostly numerically unstable) over the last
five decades in engineering, atmospheric, physical, mathematical sciences

? FOLKLORE:

? Truncation parameters N,N ′ need not be large : i.e., u∞N,N ′ → u∞ fast

? Choice of N,N ′ is independent of the shape of the scatterer D

? How to choose N,N ′, given R and k? (a priori estimate) – Well .....

•We (Ganesh, Hawkins, Hiptmair) solved this five decade old open prob-
lem recently (i.e., mathematically quantified the folklore with analysis):
IMA J. Numer. Anal., 32 (2012), 1348-1374

• This is based on incident wave expansion functions with decay properties∥∥∥ẼR
` �∂D

∥∥∥
L2(∂D)

≤ C
(ρD
R

)|`|
,
∥∥∥∇ẼR

` �∂D
∥∥∥
L2(∂D)

≤ C
(ρD
R

)|`|−1

|`|d/2−1, ∀` ∈ Id

• uinc�∂D ∈ L2(∂D) with uinc ∈ Xw =
{
ψ =

∑
`∈Id q`Ẽ` : ‖ψ‖2

Xw
:=
∑

`∈Id w`|q`|
2 <∞

}
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Truncation parameters and error estimates: Planewave case

Theorem 1 Let uinc(x) = exp(ikx · d̂), d̂ ∈ Sd−1 for d = 2, 3. If the threshold
conditions N ′ > Rk/2 and N > Rk/2 + 3d

4 −
1
2 are satisfied, there holds the

super-exponential convergence estimate∥∥∥u∞ − u∞(N ′,N)

∥∥∥2

L2(Sd−1)
≤ C

{
eRk(Rke/2)3d/2−1

(
Rke

2N ′

)2N ′

+ N 3d/2−1

(
ρDke

2N

)2N
}
.

• In general setting up entries of the T -matrix solver requires numerical
forward solver that uses some mesh discretization parameter h. Let ε be
the error associated with the forward solver. In this case, we have

Theorem 2 Let uinc(x) = exp(ikx · d̂), d = 2, 3 and assume that N ′ > Rk/2 and
N > Rk/2 + d− 1. Then∥∥∥u∞ − u∞(N ′,N,h)

∥∥∥2

L2(Sd−1)
≤ C

{
eRk(Rke/2)3d/2−1

(
Rke

2N ′

)2N ′

+ N 3d/2−1

(
ρDke

2N

)2N

+ ((Rk)2 + eRk(Rk)2d−1)ε2
}
,

with C > 0 depending only on D and Rk.
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Truncation parameters and error estimates: Point-source case

Theorem 3 Let uinc be induced by a point-source located at x0 with |x0| >
R. Under the threshold condition N ′ > Rk/2, there holds the exponential
convergence estimate∥∥∥u∞ − u∞(N ′,N)

∥∥∥2

L2(Sd−1)
≤ C

(1− (ρD/|x0|)2)q+1
·

{(
Rke

2N ′

)2N ′

+ N q

(
ρD
|x0|

)2N
}
,

with q = 2 for d = 2, and q = 4.5 for d = 3.

• In general setting up entries of the T -matrix solver requires numerical
forward solver that uses some mesh discretization parameter h. Let ε be
the error associated with the forward solver. In this case, we have

Theorem 4 For d = 2, 3, let uinc be induced by a point-source located at x0

with |x0| > R. For N ′ > Rk/2,∥∥∥u∞ − u∞(N ′,N,h)

∥∥∥2

L2(Sd−1)
≤ C

(1− (R/|x0|)2)2d−1

{(
Rke

2N ′

)2N ′

+ N q

(
ρD
|x0|

)2N

+ ε2

}
,

with q = 2 for d = 2, and q = 4.5 for d = 3.
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Single Particle Experiments : Offline based Online Comput.

• Visualization of the reduced basis T-matrix based total-field outside the
ball of radius R = ρD + 0.05 circumscribing the non-convex obstacles of
radius ρD (16 wavelength) for a plane-wave impinging on the Cassini-Oval
and a point-source induced incident wave impinging on the erythrocyte.

2D Cassini-Oval, k = 100, N = N ′ = 70 3D Erythrocyte, k = 100, N = N ′ = 70
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Statistical Quantities : Standard and high-order method

• Important statistical moment metrics of the dependence of the far field
on ω are its expected value and variance

E [u∞(x̂, ·)] =

∫
Ω̃

u∞(x̂, z) dPrM(z); var (u∞(x̂, ·)) = E
[
(u∞(x̂, ·)− E [u∞(x̂, ·)])2

]
.

These give, respectively, measures of the mean and spread of the QoI.

• A standard tool for uncertainty quantification is the Monte Carlo (MC)
method, which yields an approximations to the mean and spread far field

EMC [u∞(x̂, ·)] =
1

m

m∑
j=1

u∞(x̂, zj),

varMC (u∞(x̂, ·)) =
1

m− 1

m∑
j=1

(
u∞(x̂, zj)− EMC [u∞(x̂, ·)]

)2

.

where zj for j = 1, . . . ,m are independent samples of the random vector
z(ω). Note: Slow 1/

√
m convergence rate.

• If the output stochastic field is sufficiently smooth, we may develop high-
order approximations (and hence relatively fewer sampling/realization)
using generalized Polynomial Chaos (gPC) expansions and hence com-
pute the statistical and sensitivity analysis quantities efficiently.
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Efficient stochastic approximations and realizations in 2D

•We developed an efficient offline/online high-order stochastic algorithm:
M.Ganesh and S. Hawkins,
J. Quant. Spect. Rad. Trans., 123 (2013), 41-52.

• Similar to the Monte Carlo (MC) sampling, the generalized Polynomial
Chaos (gPC) based approach leads to a strongly-scalable parallel sam-
pling and for each realization our offline/online procedure leads to weakly-
scalable HPC stochastic wave propagation algorithms

• In addition, because of high-order approximations w.r.t. to the stochastic
variable, the recent approach requires substantially reduced sampling and
hence substantial gain in both serial and parallel computing time

• For example, even for a small 3-particle configuration with less than five
random variables, compared to the MC we get over 100 times better
performance for a similar accuracy

• Using the MC, it is practically not possible to obtain high-order accuracy
as we demonstrate below. However, using the new offine/online and
efficient stochastic approach we get extremely high-accuracy by increasing
the sampling by moderate size (much smaller than compared to MC).
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Example: A 2D stochastic configuration with few particles

• Simulation with configurations comprising three random particles each
with normal/log-normal distribution and size 1, 5, 10, 20 wavelengths (λ)

• Sound-soft square: random with a normal distribution N (0, (λ/5)2).

• Sound-hard circle : randomly displaced in its x coordinate with a normal
distribution N (0, (λ/10)2).

• Penetrable trefoil : randomly displaced in its y coordinate with a log-
normal distribution N (0, (λ/5)2)
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• To illustrate uncertainty in the ACS we plot expected value and the
expected value plus or minus the standard variation,

σdB
mean(x̂) = 10 log10 2π |E [u∞(x̂, ·)]|2 ,

σdB
upper(x̂) = 10 log10 2π

[
|E [u∞(x̂, ·)]| +

√
var (u∞(x̂, ·))

]2

,

σdB
lower(x̂) = 10 log10 2π

[
max

{
0, |E [u∞(x̂, ·)]| −

√
var (u∞(x̂, ·))

}]2
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Example: A 2D stochastic configuration with few particles

• For the Monte Carlo method it is common to estimate the error in the
computed expected value after N simulations using the standard error

estd
N = max

|x̂|=1

 1

N(N − 1)

N∑
j=1

|EMC [u∞(x̂, ·)]− u∞(x̂, zj)|2
 ,

where z1, . . . ,zN are the independent samples of the random vector z(ω)

• In all of our experiments the truncated model reduction characterization
of each scatterer is computed in an offline process and stored

• Stochastic simulations are carried out in parallel and we obtain over 90%
parallel efficiency for both the gPC and Monte Carlo methods, with sub-
stantial advantage for the gPC schem. For example, consider results for
a stochastic wave propagation configuration with each particle is of size
20 wavelength

Method Error† # simulations T1 T12 S12 = T1/T12

gPC (L = 6) 2.1e-3 343 11.8 min 1.1 min 10.73
Monte Carlo 4.7e-3 50,160 28.8 hr 153.3 min 11.27
gPC (L = 20) 5.5e-9 9,261 5.3 hr 27.9 min 11.39
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Example: A 2D stochastic configuration with few particles

Supremum norm error in the computed expected value plotted against num-
ber of simulations for the stochastic configuration when each scatterer has
size 20 wavelengths.
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Deterministic configurations in 3D with large # of particles

Total field behind a three dimensional configuration with N = 203 = 8000
randomly oriented bi-concave erythrocytes in a cubic lattice with diameter
16.38 times the incident wavelength. The total number of degrees of freedom
in the simulated dense complex system computer model is 2, 048, 000
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Determinstic configurations in 3D with large number of particles

Bistatic acoustic cross section in the xy-plane of a three dimensional config-
uration with N = 203 = 8000 randomly oriented bi-concave erythrocytes in a
cubic lattice with diameter 16.38 times the incident wavelength.
The total number of degrees of freedom in the simulated dense complex
system computer model is 2, 048, 000.
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An efficient iterative algorithm for large N # of 3D particles

• In a recent work, we developed a multiple scattering version of a inner-
outer preconditioned Flexible GMRES (FGMRES) algorithm
M.Ganesh and S. Hawkins, BIT Numer. Math., to appear, 2014.

• This leads to, for each I = 1, . . . , N , solving for (N single scatterer) ΩI,
model. However, we need to take into account of the interactive waves
(excitation) from the (N − 1) obstacles ΩJ , J 6= I impinging on ΩI

• Using our model reduction approach, we developed a model reduction
based memory O(N) reduction and a fast O(N) algorithm to efficiently
evaluate the O(N 2) interactive waves

•Without such an approach it is practically not possible to solve wave
propagation models with thousands of 3D particles

• The fast method can be applied for any iterative algorithm and we used
the FGMRES for implementation

• In our simulation, the outer multiple scattering FGMRES iteration is
preconditioned using an inner iteration of three steps of GMRES. The
inner GMRES iteration is itself preconditioned using a block-Jacobi pre-
conditioner where the blocks the scattering matrices for the scatterer ΩI,
for I = 1, ..., N .
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Evaluation of O(N2) interactions in a 3D config with N particles

Parallel CPU time in seconds using a single compute node
(with dual hexacore Intel X5670 2.93GHz processors) for computing the
excitation for a cubic lattice of N scatterers with lattice diameter 16.38
times the incident wavelength.
Step 3: A model reduction algorithm based memory reduction and speed-up
Step 4: Step 3 is further accelerated using the FMM
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Full model simulation exterior to a deterministic 3D config

•Wave propagation model (with radiation condition) is posed in an un-
bounded 3D (R3\Ω) domain exterior to a configuration Ω with N particles

• The unbounded domain without truncation requires (reformulation of the
model on surfaces) and hence leads to dense complex linear systems

Configuration with Total degrees of # FGMRES iter. CPU time
n3 = N particles freedom (MhN) (with tol < 10−5) per iteration
283 = 21, 952 spheres∗ 720,272 28 4.027 h
203 = 8, 000 erythrocytes 2,048,000 13 3.434 h

Parallel CPU time, FGMRES iteration counts for computing the acoustic
cross section of configurations (of diameter 16.38 times the incident

wavelength) with large N number of particles by solving MhN ×MhN dense
complex linear systems using FGMRES with multiple scattering

interactions and excitation on each particle computed using our fast and
memory efficient model reduction and FMM based algorithm on a single
compute node (with dual hexacore Intel X5670 2.93GHz processors and

4GB RAM per core).
* – Less than 1GB Memory used
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