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The problem

The transport equation in thd-dimensional torug?, d 2

8
< @ +v ryf+ (f Kf)=0 (t;x;V)2R:y T9 V

fO;x;v)=fnx;v)2LE 79 v (x;v)2T9 Vv

Velocity spaceV = fv 2 RZd 1 0< \/Zrn jvj wwgorv=g41

Normalization onT9  V: dx= dv=1
Td v
Z
Scattering operatoKf = K(v;w)f (t;x;w)dw with
. v
k2L (V V), k(v;w)dw=1 andk(v;w)> Oa.e. onV V
v
Z

Cross section 2 L' (T9), with 0a.e. and (x)dx > 0
Td
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Taxonomy

Non degenerate cross section:

2 LY (T9) and there existsn > 0 such that

m a.e. inTd J
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Taxonomy

Non degenerate cross section:
2 L' (TY) and there existsn > 0 such that m a.e. inT¢ J

Degenerate cross section:

2 L (T9), Oa.e. inTY, (x)dx > 0 but it does not exists
Td

m> Osuch that  m for a.e. x belonging toT¢
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Convergence to equilibrium: the non degenerate case
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Convergence to equilibrium for non degenerate cross sectits

Convergence to equilibrium: the non degenerate case
Theorem (Ukai, Point, Ghidouche - 1978)

If (x) is non degenerate, there exi§€, > 0 such that the solution of
the transport equation satis es the estimate

Ki(t; ;) fikeme sty Ce 'kfMkoe o 1y
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Convergence to equilibrium for non degenerate cross sectits

Convergence to equilibrium: the non degenerate case
Theorem (Ukai, Point, Ghidouche - 1978)

If (x) is non degenerate, there exi§€, > 0 such that the solution of
the transport equation satis es the estimate

Ki(t; ;) fikema o1y Ce 'kfiMkoe o 1y

Theorem (Mouhot, Neumann - 2006)

If (Xx) is non degenerate, there exist twaxplicit, strictly positive

constantsC and , such that the solution of the transport equation
satis es the estimate

Ki(t; ;) fikogymo oy Ce 'kfMkyiqo o 3y

v
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Convergence to equilibrium for degenerate cross sectionsEWANeI[§iEI=E yy]ol[3

The domain
For allr 2 (0; 1=2) consider the periodic open set

Z, = fx 2 RY : dist(x; 2% > rg

together with the associated fundamental doma¥f = Z,=29.
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Convergence to equilibrium for degenerate cross sectionsEWANeI[§iEI=E yy]ol[3

The forward exit time
Forward exit timefor a particle starting fromx 2 Z; in the direction

v2astt
r(v)=infft >0 @ x+1tv2 @g

De nition of the forward exit time on the quotient spac¥, S 1!
(X + kiv) = (x;v) for all (x;v) 22, 7 'and k2 z¢

onY, s 1 equipped with its Borel -algebra, de ne , as the
probability measure proportional to the Lebesgue measuré/pn S 1:

dydv
d V)= —————
(y:v) OIEE

Distribution of , under :
— . 1. .
()= fegv)2yY, ST (yiv) > tg
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Convergence to equilibrium for degenerate cross sectionsEWANeI[§iEI=E yy]ol[3

The distribution of forward exit time

Theorem (Bourgain, Golse, Wennberg - 1998, 2000)

Letd 2. Then there exist two positive constants; and C, such that,
for allr 2 (0;1=2) and eacht > 1=rd 1

o P (t) S
pd 1 r (d 10
v
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G
Our counterexample

Particular choice of kernel, cross section and initial data
Velocity space and collision kernelt = s7 1; k 1

Cross section: (x) = lyany,

Initial condition: fM(x;v) = f"(x) = 1y,

Remarks:
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Our counterexample

Particular choice of kernel, cross section and initial data
Velocity space and collision kernelt = s7 1; k 1

Cross section: (x) = lyany,

Initial condition: f(x;v) = f"(x) = 1y,

Remarks:

o The only steady solution with the same mass as the initial dition
f" is the constant functionf; = jY,J.
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£ GO RN
Our counterexample

Particular choice of kernel, cross section and initial data
Velocity space and collision kernelt = s7 1; k 1
Cross section: (x) = lyany,

Initial condition: f(x;v) = f"(x) = 1y,

Remarks:

e The only steady solution with the same mass as the initial dition
f" is the constant functionf; = jY,J.

@ Some particles never meet the scattering region, i.e.
fx2 T4 : (x) > Og, because of the presence iofnite channels
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Convergence to equilibrium for degenerate cross sectionsEWANeI[§iEI=E yy]ol[3

An upper bound on the convergence speed to equilibrit

The only equilibrium solution to whicli can converge in?(T¢ s% 1)
ast! +1 is

z
1 .
fy = fin(x; = jY,j:
1 T (x;v)dxdv = jYyj
Study of theL2-norm
z z
(f  f1)?dxdv (f  f1)?dxdv
Td od 1 ZYr ST

= v o 11 r(X; v)>t(f f1 )dedV
Z r

+ 1 v t(f f1 )2 dxdv
Y, &1

=1+ J:
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1
Duhamel's formula

z t
f(t;x;v) = fi”(x tv;v)exp (x sv)ds
Z Zs °
+ exp x wv)d (x swf(s;x sv)ds
0 0 7
) t
f7(x  tv;v)exp (x sv)ds
0
Since ((x; v)>t=) (x

sv) =0 for alls2 [0;t]:
FEXV)L vt T VT x vyst
From .(x; v)>t=) x tv2Y,=) fin(x

fFXVIL (o vyst

1.6 vyt
o & = E E DaAe
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Sincef; < 111 (. vysifa
Hence

1 r(x; v)>t 1 r(X; V)>tf(t,X,V)
Z
I = (1, vstf 1 vsth )2 dxdv
Yr Ed 1

v o 11 (X v)>t(1 f1 )dedV

:(1 J Yl’j)z 1 r(X; V)>thdV
Y, s¢01
=@ YeDEYViST Y oe(t):
Therefore

e . C
I @] YrJ)ZJYr”Sd 1jrd11t !
forallt > rt d,

o & = E E DaAe
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Convergence to equilibrium for degenerate cross sections
Bound onJ:

v, s 11 r(X; V) t(f
Hence

z

f1 )2dxdv  O;
Td Sd 1

(F fPdav @ Yi)Avist et
or, equivalently,

C
E()= K fikpero g0y BT

o & = E E DaAe
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Convergence to equilibrium for degenerate cross sectionsEWANeI[§iEI=E yy]ol[3

Theorem (Bernard, S.)

For allr 2 (0;1=2), there exists an initial conditiofi™ 2 L* (T4 &% 1)
satisfyingf "(x;v) 0 fora.e. &;v) 2 T¢ <% 1 and such that, for each
cross section 2 L! (T9) satisfying (x) 0 fora.e.x 2 T9 and

(x) =0 for a.e. x 2 Y,, the solutionf of the transport problem satis es

@
kf fl kLZ(Td IS 1) p_t—

for eacht > r! 9, where

z
1

f1. = ————
PUIST T e s

fiN(x; v) dxdv

and C is a positive constant.
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Convergence to equilibrium for degenerate cross sectionsEWAN V[l 1RS TV Eio]y]

Numerical evidence of large-time behaviour (De Vuyst,

The monoklnetlc isotropic case (3D in the phase sfi&ce [0;2 ))
142
5 @+v i+ f — fdv =0
2 9
2

f(O;x;v) = fin(x;v) 2 LY T2 [0;2)

Constant time step t > 0;t=0 andt™! = t"+ t

Cartesian spatial grid of constant mesh sizex; = ih, y; = jh,
vw=2 (k 1=2)=K, k2f1::;;Kg.

fIJk approximate value of (x;;y;; vi;t")
Discretization of the cross section:j = (x;; ;)
CFL condition t=h=1=2
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Convergence to equilibrium for degenerate cross sectionsEWAN V[l 1RS TV Eio]y]

Strang splitting approximation: the reaction step

Second order predictor-corrector time advance scheme:

" #
fn+1 =2;? = 0 4+ _t B i X £n. n .
ijk ijk 4 1] K . ij; ijk
n X<:l #
f n+l=2 _ f n o4 t - 1 f n+1=2;? f n+1=2;?
ijk — ik 7 ] R i ij; ijk

Spectral accuracy of the trapezoidal rule in the periodic settisge
Kurganov and Rauch, (2009)
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Convergence to equilibrium for degenerate cross sectionsEWAN V[l 1RS TV Eio]y]

Strang splitting approximation: the transport step
Second order accurate (in space and time) conservative Eulestdver

[ h
f0+l _ gn U ne1=2 n+1=2 t =2 n+1=2
ik TNk TR i+l=2jk i 1=2;j:k h Eitl=2k i 1=2k
n+1=2 n+1=2

Convective uxes: ;. and ;. inthex andy directions

Numerical ux in the x-direction:
foo+ fn .

n+l=2 _ [HH i+1;j;k

i+1=2;j;k 2 cos)

1t . 1 o -

>h) cos@i)i(fita i) 5] COS(Vk)J(fﬂir:j;k fTJrle)
n _ n 1 H n n . N n

ik = T 5 minmod(fiay e fijoe figjwe B0 1)

J

minmod(a; b) = Sgn(@) 1(ap> o) Min(iaj; bj)
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Convergence to equilibrium for degenerate cross sectionsEWAN V[l 1RS TV Eio]y]

Numerical results: convergence to equilibrium

Cross section =20  lqany,, r =0:25

Initial condition " (x;v) = 1y,5Y;]

Uniform mesh256 256 256 = 16;777 216 grid points onT2. (0;2 )
15 Novembre 2013  23/56



Numerical results: evolution of the marginal spatial
distribution

t=0.08 t=0.62

t=1.00

t=1.50

t=1.80 =350
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The geometrical condition
De nition
The cross section (x) is said to verify the geometrical condition if
there existTo and C > 0 such that

( xv(3)ds Cae. infv)2T? V;

where ., designates the linear ow starting ax 2 T% in the direction

v2V:
xv - U7X tv:
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The geometrical condition
De nition
The cross section (x) is said to verify the geometrical condition if
there existTo and C > 0 such that

Z 1,
( xv(s))ds Cae.ink;v)2 T9 Vv

where ., designates the linear ow starting ax 2 T% in the direction

v2V:
xv - U7X tv:

e The geometrical condition entails that, for a.ex{v) 2 T¢ V,
there existst 2 (0; To) such that . (t)2 x2T9j (x)> 0 .
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Convergence to equilibrium for degenerate cross sectionsEEENs[leli ([ 1Ne]gle fjifo]y]

De nition
The cross section (x) is said to verify the geometrical condition if
there existTo and C > 0 such that

( xv(3)ds Cae. infv)2T? V;

where ., designates the linear ow starting ax 2 T% in the direction

v2V:
xv - U7X tv:

e The geometrical condition entails that, for a.ex{v) 2 T¢ V,
there existst 2 (0; To) such that . (t)2 x2T9j (x)> 0 .

e In 1D: geometrical condition always ful lledor cross sections that are
strictly positive on a sub-domain of the interval;(D) with positive
Lebesgue measure, sinpg§ vy > 0.
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Convergence to equilibrium for degenerate cross sectionsEEENs[leli ([ 1Ne]gle fjifo]y]

Theorem (Bernard, S.)

Let 2 L' T9 be anon-negative cross section satisfying the
geometrical condition. Then there exist two constariés> 0 and > 0
such that the solutionf of the transport problem satis es the inequality
Z

f £ (x; v) dxdv Me " e v
Td Vv LY(td V)
forallt 2 R;.
Conversely, if the solution of the transport equation convergegormly in
L! to its equilibrium state at an exponential rate, then must satisfy the
geometrical condition.
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Convergence to equilibrium for degenerate cross sectionsEEENs[leli ([ 1Ne]gle fjifo]y]

The semigroup formulation of the problem
De ne the transport operatorB := A M + K with domain
n

0}
DB)= f2L' T¢ Vv vr, 21! 7 Vv

The collisionless transport operator is
(Aof)(x;v) := v 1 «f for eachf 2 D (Ap);

with domainD (Ap) = D (B).

The absorption and the scattering operator are

M f)(x;v):= (X)f(x;v) for eachf 2 L1 T¢ Vv

and 7
(K f)(x;v):= (x)  k(v;w)f (x;w)dw for eachf 2 L1 T9 Vv
v
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Convergence to equilibrium for degenerate cross sectionsEEENs[leli ([ 1Ne]gle fjifo]y]

The abstract Cauchy problem

8
d
2 _f=
dtf Bf
>

fO;x;v)= fin(x;v) 2 T4 V:

The operatorB generates atrongly continuous positive semigroup on
LY(TY V)T (To) o

GOAL: prove the existence of a pajM; ) of positive constants such that

th PkL(Ll(Td V)) (t) Me t;

where
Z

P(f)= f (x;v)dxdv for eachf 2 L T9 Vv
Td V
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T2 cEeiie] eanifiton
A result concerning postive semigroups

Theorem

Let (G;); , be a bounded, quasi-compact, irreducible, positive

Co-semigroup orl.® T¢ Vv with spectral bound zero. Then there exi
a positive rank-one projectio® and suitable constant€ 1 anda> 0
such that

kGt PK (i yy) Ce ™ foreacht O
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T2 cEeiie] eanifiton
A result concerning postive semigroups

Theorem
Let (G;); , be a bounded, quasi-compact, irreducible, positive

Co-semigroup orl.® T¢ Vv with spectral bound zero. Then there exi
a positive rank-one projectio® and suitable constant€ 1 anda> 0

such that

kGt PK (i yy) Ce ™ foreacht O

Check, under the assumptions above, that
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iihelocometicalcondiion
A result concerning postive semigroups

Theorem
Let (G;); , be a bounded, quasi-compact, irreducible, positive

Co-semigroup orl.Y T¢ Vv with spectral bound zero. Then there exis

a positive rank-one projectio® and suitable constant€ 1 anda> 0
such that

kGt PK (i yy) Ce ™ foreacht O

Check, under the assumptions above, that
e the spectral bound oB is zero,
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A result concerning postive semigroups

Theorem
Let (G;); , be a bounded, quasi-compact, irreducible, positive

Co-semigroup orl.Y T¢ Vv with spectral bound zero. Then there exis

a positive rank-one projectio® and suitable constant€ 1 anda> 0
such that

kGt PK (i yy) Ce ™ foreacht O

Check, under the assumptions above, that
e the spectral bound oB is zero,
o T is irreducible,
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iihelocometicalcondiion
A result concerning postive semigroups

Theorem
Let (G;); , be a bounded, quasi-compact, irreducible, positive
Co-semigroup orl.® T¢ Vv with spectral bound zero. Then there exi
a positive rank-one projectio® and suitable constant€ 1 anda> 0
such that
kGt PK (i yy) Ce ™ foreacht O
Check, under the assumptions above, that
e the spectral bound oB is zero,
o T is irreducible,
o the geometrical condition implies thal is quasi-compact.
15 Novembre 2013 30 /56
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lifesenesicalicondion
Spectral bound and irreducibility

Proposition

Let B be the transport operator with domai® (B) and let T be the
semigroup generated bB. Then the spectral bound oB is zero.
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lifesenesicalicondion
Spectral bound and irreducibility

Proposition

Let B be the transport operator with domai® (B) and let T be the
semigroup generated bB. Then the spectral bound oB is zero.

Proposition

The semigroupl generated by the transport operatd is irreducible in
Lt Td v,
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lifesenesicalicondion
Quasi-compactness 0f |

De nition
The essential resolvent &k 2 L (E) is

ess(A):=f 2Cj | A is Fredholny;

and its essential spectrum is

ess(A) = Cn ess(A):

The essential radius oA is

less(A) :=supfi jj 2 ess(A)g:
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Quasi-compactness of Il
=] 5 = E £ DA



Convergence to equilibrium for degenerate cross sectionsEEENs[leli ([ 1Ne]gle fjifo]y]

Quasi-compactness of Il

De nition

A semigroupG (Gt); , is said to be quasi-compact oot T¢9 Vv if

and only if there exist a compact operat@ onL! T¢ V anda
constanttg > 0 such that

kG, CkL(Ll(Td v)) < L
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T2 cEeiie] eanifiton
Quasi-compactness af Il

De nition

A semigroupG (Gt); , is said to be quasi-compact oot T¢ Vv
and only if there exist a compact operat@ onL! T¢ V anda
constanttg > 0 such that

kG, CkL(Ll(Td v)) < L

if

Proposition

The semigroupT is quasi-compact o T4 V if and only if

there existsty > 0 such thatress(Ty,) < 1:

v

F. Salvarani (Universie de Pavie) Equations de transport cegereees 15 Novembre 2013
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Convergence to equilibrium for degenerate cross sectionsEEENs[leli ([ 1Ne]gle fjifo]y]

A control of the essential radius of
Dene S (S), o by the formula

R
Sgx;v)i= e o X v9gx vtiy) forallg2 LY T9 v

The semigroupl can be seen as a perturbation 8fby Duhamel's
formula Z,

Tt = St + SSK Tt SdS: (1)
0
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A control of the essential radius of
Dene S (S), o by the formula

R
Sgx;v)i= e o X v9gx vtiy) forallg2 LY T9 v

The semigroupl can be seen as a perturbation 8fby Duhamel's
formula Z,

Tt = St + SSK Tt SdS: (1)
0

Proposition
Under the assumptions above we have, for each 0,

ress(Tt) 1 (S):=supfi j: 2 (S)a
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lifesenesicalicondion
The asymptotic behaviour of the essential radius

In order to prove thatT is quasi-compact o T¢ V | itis enough to
prove that for sometp > 0, r (S,) < 1:

Proposition
If veri es the geometrical condition, then

t!Ii[rnl r(s)=0:

The geometrical condition means that there exiBp and C such that
Z
0

(x svWds> Cae. inkv)2Td V:
0
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Convergence to equilibrium for degenerate cross sectionsEEENs[leli ([ 1Ne]gle fjifo]y]

The asymptotic behaviour of the essential radius Il

Since 0 we have, for each > T (bxc: largest integer x):

ik
z, z'
(x sv)ds (x sv)ds
0 0
Ik
Xo Z To t
((x nTov) sv)ds —
n=o O To
Hence ik

kStkL(Ll(Td v)) © %5 © for eacht To:

ik

F. Salvarani (Universie de Pavie) Equations de transport cegereees 15 Novembre 2013
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The geometrical condition
The characterization of

Main ingredients of the proof:

o If veri es the geometrical condition, thefim¢; +1 ress(T¢) =0:
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The geometrical condition
The characterization of

Main ingredients of the proof:

o If veri es the geometrical condition, thefim;; +1 ress(T¢) =0:
e By conservation of the mass, we have, for edch L ¢ v,
Z Z

Pf (x;v) dxdv = f(x;v) dxdv:
Td v Td v
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The geometrical condition
The characterization of

Main ingredients of the proof:

o If veri es the geometrical condition, thefim;; +1 ress(T¢) =0:
e By conservation of the mass, we have, for edch L ¢ v,
Z Z
Pf (x;v) dxdv = f(x;v) dxdv:
Td v Td v
@ By convexity (i.e. Jensen's inequality),
Z

Pf = f(x;v) dxdv:
Td v
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Convergence to equilibrium for degenerate cross sectionsEEENs[leli ([ 1Ne]gle fjifo]y]

On the sharpness of the geometrical condition

The quasi-compactness af in LY T4 vV

implies the
quasi-compactness @& in L1 T9

V as a consequence of:
Proposition (Caselles - 1987)
Let E be a Banach lattice. LeS; T 2 L (E) be such that

0O S T:

Ifr(T) 1andresy(T) < 1, thenres(S) < 1.
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iihelocometicalcondiion
On the sharpness of the geometrical condition

The quasi-compactness @ in L1 T9 V implies the
quasi-compactness @ in L T9 V as a consequence of:

Proposition (Caselles - 1987)
Let E be a Banach lattice. LeS; T 2 L (E) be such that

0O S T:

Ifr(T) 21andress(T) < 1, thenresy(S) < 1.

Lemma

The semigroupS is quasi-compact o T9 V if T is quasi-compact
onl! T9 v .

v
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Convergence to equilibrium for degenerate cross sectionsEEENs[leli ([ 1Ne]gle fjifo]y]

The quasi-compactness of and S

By Duhamel's Formula: .
t
Ti=S+ SK Ty ods; forallt O:
0

T and S are positi¥e semigroups ardl is a positive operator, ¥

t

SK Ty sds O for eacht O:
0

The equality above implies that; S for eacht 0. Besides,
r(T¢)=1foreacht O:
SinceT is quasi-compact ol T¢ V | there existsty such that

less(Tt,) < 1.
Hence Caselles' Theorem implies that

less(Stp) < L
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The geometrical condition

Assume thatkS[ kL(Ll(Td V)) I Qast! +1:

S ($); ois dened by the formula

R
Sgx;v)i= e o X v9gx  vtiy) forallg2 LY T4 v

This implies that there exisTo and C such that

Z

0
(x sv)ds> Cae. inkv)2Td V:

0
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A two-velocity system

Velocity spaceV = f 1;1g .

Cross section 2 L! (T), with Oae. and (x)dx> 0
T

The generallzed Goldstein-Taylor modeTin

%
2

X)(v wu); x2T=R=Z;t O

= () v);

9|@ ®|
R ©|

Initial conditions(u(0; x); v(0;x)) = (u;vin) 2 HYT) HL(T)
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The problem and the basic estimates
Theorem (Bernard, S.)
Let (u";vi") 2 HY(T) H(T) be nonnegative functions and let
2 L' (T) such that Oa.e. andk k i1y > 0. Denote also
z
1 in in .
= (U™ + vTdx:
2 1
Then, there exists a positive constait , depending orjju‘”jol(T),
jjvi”jol(T) andjj Jj_: (r), such that the solution(u; v) of the generalized
Goldstein-Taylor model satis es the inequality

H(t) = ku  ug Koy + kv un Koy A exp( t);

where =2k kg 17): Moreover, the decay rate is optimal in the
following sense:
n 0
=sup 0:9A ;8 0;8uMvM2HY(T) HYT); H(t) Ae !
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The problem and the basic estimates
Existence and uniqueness, estimates

Proposition
Consider the Goldstein-Taylor model with nonnegativeialidata
(un:vim) 2 LY(T) LY(T) and with cross section 2 L' (T) such that
0 a.e.. Then there exists a unique (generalized) nonnegativetiem

(u; V) of this system inC(R*;L%(T))?. Moreover, for any smooth conve
function' (r), r 0, we have

z z

[ (ut;x)) + * (v(t;x))] dx L)+ (VX)) dx
T T

for allt > O. )
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Proposition
Let (u™;vI") 2 HY(T) H(T). Then, there exists a constant
(depending explicitly ogju"jj1, jjv"jjy: andjj jj2 ) such that the
solution (u;v) of the generalized Goldstein-Taylor system satis es the
bounds 7

sup  (Qu)*+(@u)* dx

t 0T

A
sup  (@v)*+(@v)* dx
toT
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The macroscopic equations

Macroscopic density: (t;x) := u(t;x)+ v(t;v);

Flux: j(t;x):= u(t;x) v(t;v);

Macroscopic equations
8
< @ +@=0;

(t;x) 2 R*

@+@ = 2j;

t>0x2T

t>0x2T

Initial conditions (0;x) = u™(x) + v"(x) andj(0;x) = u"(x)

F. Salvarani (Universie de Pavie) Equations de transport cegereees
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A trick by M. Kac

Proposition (Kac, 1956)

Letj = u v be the ux corresponding to the generalized Goldstein-Tay

system. Then is the solution of the telegrapher's equation
% @i @i+2@j=0;
: jO:x) = u"(x)  v"(x);
L @0 =2 (OV"(x) U] @ut(x) @v™(X);

where(t;x) 2 R T.
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48 | 56

g



(OIET ORI EINEETI ARG ERVE CRYECIWAEEEIN  The problem and the basic estimates

Decay of the energy for the damped wave equation
Theorem (Rauch & Taylor, 1974)

Let | be the solution of the telegrapher's equation, posed in the pdic
torus T.

Then, there exists a positive constaft , depending on the initial data
and on , such that

Z
E(t):= [(0)*+(ix)’ldx Ce Y
T
where
=2k kLl(T):

Moreover, the decay rate is optimal in the following sense:
n

=sup 0:9C;8t 0; 8u";vi")2 HY(T) HYT); E(t) Ce !
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The entropy functional

Z
H(t):= [(u ug )2+ (v ul)z]dx:% k  2u3 k% + kik?
T

Lemma (estimate on the ux)

There exists a constant€ > 0 such that
2,2 .
Kj kLz(T) CE(t):
Moreover we have
4 : : 1 p-—
C= p=— U+ V" iyt K kEiery + K ke
LY(T)
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A Lyapunov functional of the system
Lemma (estimate ok@ K »(1)
There exists a constank > 0 such that
2 .

with
K:=2+8k ki1 1) C:

Conservation of mass: k (t; )k =2u;
Poincae-Wirtinger's inequality: k  2u; kEz k @ kEz
Entropy estimate

H(t) %k@ k2 + kik%  H(t) %(c+ K)E(t):
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An exactly solvable problem

The generalized Goldstein-Taylor model with cross secto2

8
3 @, 9 5w u x2T=RzZ;t O

2

Qe @
N
I

2 (u v);

Initial conditions:
8
3 un(x) =
2

sin(2 x) +cos(2 x) +

vi'(x) = = cos(2 X) sin2 x) + ;

NI~ NI

with 2
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(OIEN QRO EIN ST TR GERSVE CRYECIWALEEIN A Lyapunov functional of the system

Optimality of the decay

22t sin(2 (x t))(cos(2 t) sin(2 t))+

u(t;x) = ©

cos(2 (x t))(cos(2 t)+sin(2 t)) +

2t
e
v(t;x) =

sin(2 (x + t))(sin(2 t) cos(2t))+

cos(2 (x + t))(cos(2 t) +sin(2 t)) + :

Lower b%und ofH:

1
j2Zdx=e 4! sirf(2 x)dx = Sexp 2k kumt
T
Z Z

j2dx=  (u Vv)2dx 2H(t); 8t O
T T

T
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