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The problem

The transport equation in thed-dimensional torusTd , d � 2

8
<

:

@t f + v � r x f + � (f � Kf ) = 0 ( t ; x; v) 2 R+ � Td � V

f (0; x; v) = f in(x; v) 2 L1
�
Td � V

�
(x; v) 2 Td � V

Velocity space:V = f v 2 Rd : 0 < vm � j vj � vM g or V = Sd� 1

Normalization onTd � V :
Z

Td
dx =

Z

V
dv = 1

Scattering operatorKf :=
Z

V
k(v; w)f (t ; x; w) dw with

k 2 L1 (V � V ),
Z

V
k(v; w) dw = 1 and k(v; w) > 0 a.e. onV � V

Cross section� 2 L1 (Td), with � � 0 a.e. and
Z

Td
� (x)dx > 0
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The problem

Taxonomy

Non degenerate cross section:

� 2 L1 (Td ) and there existsm > 0 such that � � m a.e. inTd

Degenerate cross section:

� 2 L1 (Td ), � � 0 a.e. inTd ,
Z

Td
� (x)dx > 0 but it does not exists

m > 0 such that � � m for a.e. x belonging toTd
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Convergence to equilibrium for non degenerate cross sections

Convergence to equilibrium: the non degenerate case

Theorem (Ukai, Point, Ghidouche - 1978)

If � (x) is non degenerate, there existC,  > 0 such that the solution of
the transport equation satis�es the estimate

kf (t ; � ; � ) � f1 kL2(Td � Sd� 1) � Ce�  t kf inkL2(Td � Sd� 1) :

Theorem (Mouhot, Neumann - 2006)

If � (x) is non degenerate, there exist twoexplicit, strictly positive
constantsC and  , such that the solution of the transport equation
satis�es the estimate

kf (t ; � ; � ) � f1 kH1(Td � Sd� 1) � Ce�  t kf inkH1(Td � Sd� 1) :
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Convergence to equilibrium for degenerate cross sections A counterexample

The domain
For all r 2 (0; 1=2) consider the periodic open set

Zr = f x 2 Rd : dist(x; Zd) > rg

together with the associated fundamental domainYr = Zr =Zd .
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Convergence to equilibrium for degenerate cross sections A counterexample

The forward exit time
Forward exit timefor a particle starting fromx 2 Zr in the direction
v 2 Sd� 1

� r (x; v) = inf f t > 0 : x + tv 2 @Zr g

De�nition of the forward exit time on the quotient spaceYr � Sd� 1

� r (x + k; v) = � r (x; v) for all (x; v) 2 Zr � Sd� 1 and k 2 Zd

On Yr � Sd� 1, equipped with its Borel� -algebra, de�ne� r as the
probability measure proportional to the Lebesgue measure onYr � Sd� 1:

d� r (y; v) =
dydv

jYr j jSd� 1j

Distribution of � r under � r :

� r (t ) := � r

�
f (x; v) 2 Yr � Sd� 1 : � r (y; v) > t g

�
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Convergence to equilibrium for degenerate cross sections A counterexample

The distribution of forward exit time

Theorem (Bourgain, Golse, Wennberg - 1998, 2000)
Let d � 2. Then there exist two positive constantsC1 and C2 such that,
for all r 2 (0; 1=2) and eacht > 1=rd� 1

C1

rd� 1 t � 1 � � r (t ) �
C2

rd� 1 t � 1:
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Convergence to equilibrium for degenerate cross sections A counterexample

Our counterexample

Particular choice of kernel, cross section and initial data

Velocity space and collision kernel:V = Sd� 1; k � 1

Cross section:� (x) = 1Td nYr

Initial condition: f in(x; v) = f in(x) = 1Yr

Remarks:

The only steady solution with the same mass as the initial condition
f in is the constant functionf1 = jYr j.

Some particles never meet the scattering region, i.e.
f x 2 Td : � (x) > 0g, because of the presence ofin�nite channels.
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Convergence to equilibrium for degenerate cross sections A counterexample

An upper bound on the convergence speed to equilibrium
The only equilibrium solution to whichf can converge inL2(Td � Sd� 1)
as t ! + 1 is

f1 =
1

jSd� 1j

Z

Td � Sd� 1
f in(x; v) dxdv = jYr j:

Study of theL2-norm
Z

Td � Sd� 1
(f � f1 )2 dxdv �

Z

Yr � Sd� 1
(f � f1 )2 dxdv

=
Z

Yr � Sd� 1
1 � r (x;� v)> t (f � f1 )2 dxdv

+
Z

Yr � Sd� 1
1 � r (x;� v)� t (f � f1 )2 dxdv

= I + J:
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Convergence to equilibrium for degenerate cross sections A counterexample

Duhamel's formula

f (t ; x; v) = f in(x � tv ; v) exp
�

�
Z t

0
� (x � sv) ds

�

+
Z t

0
exp

�
�

Z s

0
� (x � � v) d�

�
� (x � sv)�f (s; x � sv) ds

� f in(x � tv ; v) exp
�

�
Z t

0
� (x � sv) ds

�

Since� r (x; � v) > t =) � (x � sv) = 0 for all s 2 [0; t ]:

f (t ; x; v)1 � r (x;� v)> t � f in(x � tv ; v)1 � r (x;� v)> t :

From � r (x; � v) > t =) x � tv 2 Yr =) f in(x � tv ; v) = 1 :

f (t ; x; v)1 � r (x;� v)> t � 1 � r (x;� v)> t
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Convergence to equilibrium for degenerate cross sections A counterexample

Sincef1 < 1: 1 � r (x;� v)> t f1 � 1 � r (x;� v)> t � 1 � r (x;� v)> t f (t ; x; v).
Hence

I =
Z

Yr � Sd� 1
(1 � r (x;� v)> t f � 1 � r (x;� v)> t f1 )2 dxdv

�
Z

Yr � Sd� 1
1 � r (x;� v)> t (1 � f1 )2 dxdv

= (1 � j Yr j)2
Z

Yr � Sd� 1
1 � r (x;� v)> t dxdv

= (1 � j Yr j)2jYr j jSd� 1j� r (t ):

Therefore

I � (1 � j Yr j)2jYr j jSd� 1j
C1

rd� 1 t � 1

for all t > r1� d .
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Convergence to equilibrium for degenerate cross sections A counterexample

Bound onJ:

J =
Z

Yr � Sd� 1
1 � r (x;� v)� t (f � f1 )2 dxdv � 0;

Hence
Z

Td � Sd� 1
(f � f1 )2 dxdv �

C1

rd� 1 (1 � j Yr j)2jYr j jSd� 1j t � 1

or, equivalently,

E(t ) := kf � f1 kL2(Td � Sd� 1) �
C
p

t
:
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Convergence to equilibrium for degenerate cross sections A counterexample

Theorem (Bernard, S.)

For all r 2 (0; 1=2), there exists an initial conditionf in 2 L1 (Td � Sd� 1)
satisfyingf in(x; v) � 0 for a.e. (x; v) 2 Td � Sd� 1 and such that, for each
cross section� 2 L1 (Td ) satisfying� (x) � 0 for a.e. x 2 Td and
� (x) = 0 for a.e. x 2 Yr , the solutionf of the transport problem satis�es

kf � f1 kL2(Td � Sd� 1) �
C
p

t

for eacht > r1� d , where

f1 =
1

jSd� 1j

Z

Td � Sd� 1
f in(x; v) dxdv

and C is a positive constant.
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Convergence to equilibrium for degenerate cross sections A numerical simulation
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Convergence to equilibrium for degenerate cross sections A numerical simulation

Numerical evidence of large-time behaviour (De Vuyst, S.)

The monokinetic isotropic case (3D in the phase spaceT2 � [0; 2� ))
8
>><

>>:

@t f + v � r x f + �
�

f �
1

2�

Z 2�

0
f dv

�
= 0

f (0; x; v) = f in(x; v) 2 L1
�
T2 � [0; 2� )

�

Constant time step� t > 0; t 0 = 0 and t n+1 = t n + � t

Cartesian spatial grid of constant mesh sizeh, xi = ih, yj = jh,
vk = 2 � (k � 1=2)=K , k 2 f 1; :::; K g.

f n
ijk : approximate value off (xi ; yj ; vk ; t n)

Discretization of the cross section:� ij = � (xi ; yj )

CFL condition� t =h = 1=2
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Convergence to equilibrium for degenerate cross sections A numerical simulation

Strang splitting approximation: the reaction step

Second order predictor-corrector time advance scheme:

f n+1 =2;?
ijk = f n

ijk +
� t
4

� ij

"
1
K

KX

`=1

f n
ij ;` � f n

ijk

#

;

f n+1 =2
ijk = f n

ijk +
� t
2

� ij

"
1
K

KX

`=1

f n+1 =2;?
ij ;` � f n+1 =2;?

ijk

#

:

Spectral accuracy of the trapezoidal rule in the periodic setting: see
Kurganov and Rauch, (2009)
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Convergence to equilibrium for degenerate cross sections A numerical simulation

Strang splitting approximation: the transport step
Second order accurate (in space and time) conservative Euleriansolver

f n+1
ijk = f n

ijk �
� t
h

h
� n+1 =2

i +1 =2;j ;k � � n+1 =2
i � 1=2;j ;k

i
�

� t
h

h
� n+1 =2

i ;j +1 =2;k � � n+1 =2
i ;j � 1=2;k

i

Convective uxes:� n+1 =2
i +1 =2;j ;k and � n+1 =2

i ;j +1 =2;k in the x and y directions

Numerical ux in the x-direction:

� n+1 =2
i +1 =2;j ;k =

f n
i ;j ;k + f n

i +1 ;j ;k

2
cos(vk )

�
1
2

� t
h

j cos(vk )j(f n
i +1 ;j ;k � f n

i ;j ;k ) �
1
2

j cos(vk )j(~f � ;n
i +1 ;j ;k � ~f + ;n

i ;j ;k )

~f � ;n
i ;j ;k = f n

i ;j ;k �
1
2

minmod(f n
i +1 ;j ;k � f n

i ;j ;k ; f n
i ;j ;k � f n

i � 1;j ;k )

minmod(a; b) = sgn(a) 1(ab> 0) min(jaj; jbj)

F. Salvarani (Universit�e de Pavie) �Equations de transport d�eg�en�er�ees 15 Novembre 2013 22 / 56



Convergence to equilibrium for degenerate cross sections A numerical simulation

Numerical results: convergence to equilibrium

Cross section� = 20 � 1Td nYr
, r = 0 :25

Initial condition f in(x; v) = 1Yr =jYr j
Uniform mesh256� 256� 256 = 16; 777; 216 grid points onT2 � (0; 2� )
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Convergence to equilibrium for degenerate cross sections A numerical simulation

Numerical results: evolution of the marginal spatial
distribution

t=0.08 t=0.62 t=1.00

t=1.50 t=1.80 t=3.50
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Convergence to equilibrium for degenerate cross sections The geometrical condition

De�nition
The cross section� � � (x) is said to verify the geometrical condition if
there existT0 and C > 0 such that

Z T0

0
� (� x;v (s)) ds � C a.e. in (x; v) 2 Td � V ;

where� x;v designates the linear ow starting atx 2 Td in the direction
� v 2 V :

� x;v : t 7! x � tv :

The geometrical condition entails that, for a.e. (x; v) 2 Td � V ,
there existst 2 (0; T0) such that � x;v (t ) 2

�
x 2 Td j � (x) > 0

	
.

In 1D: geometrical condition always ful�lledfor cross sections that are
strictly positive on a sub-domain of the interval (0; 1) with positive
Lebesgue measure, sincejvj � vm > 0.
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Convergence to equilibrium for degenerate cross sections The geometrical condition

Theorem (Bernard, S.)

Let � 2 L1
�
Td

�
be a non-negative cross section satisfying the

geometrical condition. Then there exist two constantsM > 0 and� > 0
such that the solutionf of the transport problem satis�es the inequality




 f �

Z

Td � V
f in (x; v) dxdv






L1(Td � V )
� Me� � t


 f in




L1(Td � V )

for all t 2 R+ .
Conversely, if the solution of the transport equation convergesuniformly in
L1 to its equilibrium state at an exponential rate, then� must satisfy the
geometrical condition.
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Convergence to equilibrium for degenerate cross sections The geometrical condition

The semigroup formulation of the problem
De�ne the transport operatorB := A0 � M� + K� with domain

D (B) =
n

f 2 L1
�

Td � V
� �

�
� v � r x f 2 L1

�
Td � V

�o
:

The collisionless transport operator is

(A0f ) (x; v) := � v � r x f for eachf 2 D (A0) ;

with domainD (A0) = D (B).

The absorption and the scattering operator are

(M� f ) (x; v) := � (x)f (x; v) for eachf 2 L1
�

Td � V
�

and

(K� f )(x; v) := � (x)
Z

V
k(v; w)f (x; w)dw for eachf 2 L1

�
Td � V

�

with
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Convergence to equilibrium for degenerate cross sections The geometrical condition

The abstract Cauchy problem
8
><

>:

d
dt

f = Bf

f (0; x; v) = f in(x; v) 2 Td � V :

The operatorB generates astrongly continuous positive semigroup on
L1(Td � V ) T � (T t )t � 0

GOAL:prove the existence of a pair(M; � ) of positive constants such that

kT t � PkL (L1(Td � V )) (t ) � Me� � t ;

where

P (f ) =
Z

Td � V
f (x; v)dxdv for eachf 2 L1

�
Td � V

�
:
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Convergence to equilibrium for degenerate cross sections The geometrical condition

A result concerning postive semigroups

Theorem
Let (Gt )t � 0 be a bounded, quasi-compact, irreducible, positive
C0-semigroup onL1

�
Td � V

�
with spectral bound zero. Then there exist

a positive rank-one projectionP and suitable constantsC � 1 anda > 0
such that

kGt � PkL (L1(Td � V )) � Ce� at for eacht � 0:

Check, under the assumptions above, that

the spectral bound ofB is zero,

T is irreducible,

the geometrical condition implies thatT is quasi-compact.
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Convergence to equilibrium for degenerate cross sections The geometrical condition

Spectral bound and irreducibility

Proposition
Let B be the transport operator with domainD (B) and let T be the
semigroup generated byB. Then the spectral bound ofB is zero.

Proposition
The semigroupT generated by the transport operatorB is irreducible in
L1

�
Td � V

�
.
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Convergence to equilibrium for degenerate cross sections The geometrical condition

Quasi-compactness ofT I

De�nition
The essential resolvent ofA 2 L (E) is

� ess(A) := f � 2 C j� I � A is Fredholmg;

and its essential spectrum is

� ess(A) := C n � ess(A) :

The essential radius ofA is

ress(A) := sup fj � j j � 2 � ess(A) g:
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Convergence to equilibrium for degenerate cross sections The geometrical condition

Quasi-compactness ofT II

De�nition

A semigroupG � (Gt ) t � 0 is said to be quasi-compact onL1
�
Td � V

�
if

and only if there exist a compact operatorC on L1
�
Td � V

�
and a

constant t0 > 0 such that

kGt0 � CkL (L1(Td � V )) < 1:

Proposition

The semigroupT is quasi-compact onL1
�
Td � V

�
if and only if

there existsto > 0 such thatress(T to ) < 1:
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Convergence to equilibrium for degenerate cross sections The geometrical condition

A control of the essential radius ofT
De�ne S � (St )t � 0 by the formula

St g(x; v) := e�
Rt

0 � (x� vs)dsg(x � vt ; v) for all g 2 L1
�

Td � V
�

:

The semigroupT can be seen as a perturbation ofS by Duhamel's
formula

T t = St +
Z t

0
SsK� T t � sds: (1)

Proposition
Under the assumptions above we have, for eacht > 0,

ress(T t ) � r (St ) := supfj � j : � 2 � (St )g:
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Convergence to equilibrium for degenerate cross sections The geometrical condition

The asymptotic behaviour of the essential radius

In order to prove thatT is quasi-compact onL1
�
Td � V

�
, it is enough to

prove that for somet0 > 0, r (St0) < 1:

Proposition
If � veri�es the geometrical condition, then

lim
t ! + 1

r (St ) = 0 :

The geometrical condition means that there existT0 and C such that

Z T0

0
� (x � sv)ds > C a.e. in (x; v) 2 Td � V :
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Convergence to equilibrium for degenerate cross sections The geometrical condition

The asymptotic behaviour of the essential radius II
Since� � 0 we have, for eacht > T0 (bxc: largest integer� x):

Z t

0
� (x � sv)ds �

Z j
t

T0

k
T0

0
� (x � sv)ds

�

j
t

T0

k

X

n=0

Z T0

0
� ((x � nT0v) � sv) ds �

�
t

T0

�
C:

Hence

kSt kL (L1(Td � V )) � e
�

j
t

T0

k
C

for eacht � T0:

Sincer (St ) � k St kL (L1(Td � V )) we deduce

r (St ) � e
� C

j
t

T0

k

for eacht � T0 =) lim
t ! + 1

r (St ) = 0 :
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Convergence to equilibrium for degenerate cross sections The geometrical condition

The characterization ofP

Main ingredients of the proof:

If � veri�es the geometrical condition, thenlimt ! + 1 ress(T t ) = 0 :

By conservation of the mass, we have, for eachf 2 L1
�
Td � V

�
,

Z

Td � V
Pf (x; v) dxdv =

Z

Td � V
f (x; v) dxdv:

By convexity (i.e. Jensen's inequality),

Pf =
Z

Td � V
f (x; v) dxdv:

F. Salvarani (Universit�e de Pavie) �Equations de transport d�eg�en�er�ees 15 Novembre 2013 37 / 56



Convergence to equilibrium for degenerate cross sections The geometrical condition

The characterization ofP

Main ingredients of the proof:

If � veri�es the geometrical condition, thenlimt ! + 1 ress(T t ) = 0 :

By conservation of the mass, we have, for eachf 2 L1
�
Td � V

�
,

Z

Td � V
Pf (x; v) dxdv =

Z

Td � V
f (x; v) dxdv:

By convexity (i.e. Jensen's inequality),

Pf =
Z

Td � V
f (x; v) dxdv:

F. Salvarani (Universit�e de Pavie) �Equations de transport d�eg�en�er�ees 15 Novembre 2013 37 / 56



Convergence to equilibrium for degenerate cross sections The geometrical condition

The characterization ofP

Main ingredients of the proof:

If � veri�es the geometrical condition, thenlimt ! + 1 ress(T t ) = 0 :

By conservation of the mass, we have, for eachf 2 L1
�
Td � V

�
,

Z

Td � V
Pf (x; v) dxdv =

Z

Td � V
f (x; v) dxdv:

By convexity (i.e. Jensen's inequality),

Pf =
Z

Td � V
f (x; v) dxdv:

F. Salvarani (Universit�e de Pavie) �Equations de transport d�eg�en�er�ees 15 Novembre 2013 37 / 56



Convergence to equilibrium for degenerate cross sections The geometrical condition

The characterization ofP

Main ingredients of the proof:

If � veri�es the geometrical condition, thenlimt ! + 1 ress(T t ) = 0 :

By conservation of the mass, we have, for eachf 2 L1
�
Td � V

�
,

Z

Td � V
Pf (x; v) dxdv =

Z

Td � V
f (x; v) dxdv:

By convexity (i.e. Jensen's inequality),

Pf =
Z

Td � V
f (x; v) dxdv:

F. Salvarani (Universit�e de Pavie) �Equations de transport d�eg�en�er�ees 15 Novembre 2013 37 / 56



Convergence to equilibrium for degenerate cross sections The geometrical condition

On the sharpness of the geometrical condition

The quasi-compactness ofT in L1
�
Td � V

�
implies the

quasi-compactness ofS in L1
�
Td � V

�
as a consequence of:

Proposition (Caselles - 1987)

Let E be a Banach lattice. LetS; T 2 L (E) be such that

0 � S � T :

If r (T ) � 1 andress(T ) < 1, then ress(S) < 1.

Lemma

The semigroupS is quasi-compact onL1
�
Td � V

�
if T is quasi-compact

on L1
�
Td � V

�
.
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Convergence to equilibrium for degenerate cross sections The geometrical condition

The quasi-compactness ofT andS
By Duhamel's Formula:

T t = St +
Z t

0
SsK� T t � sds; for all t � 0:

T and S are positive semigroups andK� is a positive operator, =)
Z t

0
SsK� T t � sds � 0 for eacht � 0:

The equality above implies thatT t � St for eacht � 0. Besides,

r (T t ) = 1 for each t � 0:

SinceT is quasi-compact onL1
�
Td � V

�
, there existst0 such that

ress(T t0) < 1:

Hence Caselles' Theorem implies that

ress(St0) < 1:
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Convergence to equilibrium for degenerate cross sections The geometrical condition

The geometrical condition

Assume thatkSt kL (L1(Td � V )) ! 0 ast ! + 1 :

S � (St ) t � 0 is de�ned by the formula

St g(x; v) := e�
Rt

0 � (x� vs)dsg(x � vt ; v) for all g 2 L1
�

Td � V
�

:

This implies that there existT0 and C such that

Z T0

0
� (x � sv)ds > C a.e. in (x; v) 2 Td � V :
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Quantitative optimal result in the discrete-velocity case The problem and the basic estimates

A two-velocity system

Velocity space:V = f� 1; 1g

Cross section� 2 L1 (T), with � � 0 a.e. and
Z

T
� (x)dx > 0

The generalized Goldstein-Taylor model inT
8
>>><

>>>:

@u
@t

+
@u
@x

= � (x)(v � u); x 2 T = R=Z; t � 0:

@v
@t

�
@v
@x

= � (x)(u � v);

Initial conditions(u(0; x); v(0; x)) = ( uin ; v in ) 2 H1(T) � H1(T)
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Quantitative optimal result in the discrete-velocity case The problem and the basic estimates

Theorem (Bernard, S.)

Let (uin ; v in ) 2 H1(T) � H1(T) be nonnegative functions and let
� 2 L1 (T) such that � � 0 a.e. andk� kL1(T) > 0. Denote also

u1 :=
1
2

Z

T
(uin + v in )dx:

Then, there exists a positive constantA� , depending onjjuin jjH1(T) ,
jjv in jjH1(T) and jj � jjL1 (T) , such that the solution(u; v) of the generalized
Goldstein-Taylor model satis�es the inequality

H(t ) := ku � u1 k2
L2(T) + kv � u1 k2

L2(T) � A� exp (� � t ) ;

where� = 2k� kL1(T) : Moreover, the decay rate� is optimal in the
following sense:

� =sup
n
� � 0 : 9A� ; 8t � 0; 8(uin ; v in ) 2 H1(T) � H1(T); H(t ) � A�e� � t

o
:
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Quantitative optimal result in the discrete-velocity case The problem and the basic estimates

Existence and uniqueness, estimates

Proposition
Consider the Goldstein-Taylor model with nonnegative initial data
(uin ; v in ) 2 L1(T) � L1(T) and with cross section� 2 L1 (T) such that
� � 0 a.e.. Then there exists a unique (generalized) nonnegative solution
(u; v) of this system inC(R+ ; L1(T))2. Moreover, for any smooth convex
function ' (r ), r � 0, we have

Z

T
[' (u(t ; x)) + ' (v(t ; x))] dx �

Z

T

�
' (uin (x)) + ' (v in (x))

�
dx

for all t > 0.
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Quantitative optimal result in the discrete-velocity case The problem and the basic estimates

Proposition

Let (uin ; v in ) 2 H1(T) � H1(T). Then, there exists a constant
(depending explicitly onjjuin jjH1 , jjv in jjH1 and jj � jjL1 ) such that the
solution (u; v) of the generalized Goldstein-Taylor system satis�es the
bounds

sup
t � 0

Z

T

�
(@t u)2 + ( @xu)2

�
dx � ;

sup
t � 0

Z

T

�
(@t v)2 + ( @xv)2

�
dx � :
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Quantitative optimal result in the discrete-velocity case The problem and the basic estimates

The macroscopic equations

Macroscopic density: � (t ; x) := u(t ; x) + v(t ; v); t > 0; x 2 T

Flux: j (t ; x) := u(t ; x) � v(t ; v); t > 0; x 2 T

Macroscopic equations
8
<

:

@t � + @x j = 0 ;

@t j + @x � = � 2� j ;
(t ; x) 2 R+ � T

Initial conditions� (0; x) = uin (x) + v in (x) and j (0; x) = uin (x) � v in (x).
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Quantitative optimal result in the discrete-velocity case The problem and the basic estimates

A trick by M. Kac

Proposition (Kac, 1956)
Let j = u � v be the ux corresponding to the generalized Goldstein-Taylor
system. Thenj is the solution of the telegrapher's equation

8
>>>><

>>>>:

@2
tt j � @2

xx j + 2 �@t j = 0 ;

j (0; x) = uin (x) � v in (x);

@t j (0; x) = 2 � (x)[v in (x) � uin (x)] � @xuin (x) � @xv in (x);

where(t ; x) 2 R+ � T.
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Quantitative optimal result in the discrete-velocity case The problem and the basic estimates

Decay of the energy for the damped wave equation

Theorem (Rauch & Taylor, 1974)
Let j be the solution of the telegrapher's equation, posed in the periodic
torus T.
Then, there exists a positive constantC� , depending on the initial data
and on� , such that

E(t ) :=
Z

T
[(jt )2 + ( jx )2]dx � C� e� � t ;

where
� = 2k� kL1(T) :

Moreover, the decay rate� is optimal in the following sense:

� =sup
n
� � 0 : 9C� ; 8t � 0; 8(uin ; v in ) 2 H1(T) � H1(T); E(t ) � C� e� � t

o
:
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Quantitative optimal result in the discrete-velocity case A Lyapunov functional of the system

The entropy functional

H(t ) :=
Z

T
[(u � u1 )2 + ( v � u1 )2]dx =

1
2

�
k� � 2u1 k2

L2 + kjk2
L2

�
:

Lemma (estimate on the ux)
There exists a constantC > 0 such that

kj k2
L2(T) � CE(t ):

Moreover we have

C =
4

k
p

� k2
L1(T)

� 
 uin + v in




L2(T) +
1
� 2

�
k
p

� k2
L1(T) + k� kL1(T)

� �
:
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Quantitative optimal result in the discrete-velocity case A Lyapunov functional of the system

Lemma (estimate onk@x � kL2(T))

There exists a constantK > 0 such that

k@x � k2
L2(T) � KE(t ):

with
K := 2 + 8 k� k2

L1 (T) C:

Conservation of mass: k� (t ; � )kL1(T) = 2u1

Poincar�e-Wirtinger's inequality: k� � 2u1 k2
L2 � k @x � k2

L2

Entropy estimate

H(t ) �
1
2

�
k@x � k2

L2 + kjk2
L2

�
� H(t ) �

1
2

(C + K )E(t ):
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Quantitative optimal result in the discrete-velocity case A Lyapunov functional of the system

An exactly solvable problem

The generalized Goldstein-Taylor model with cross section� = 2�
8
>>><

>>>:

@u
@t

+
@u
@x

= 2 � (v � u); x 2 T = R=Z; t � 0:

@v
@t

�
@v
@x

= 2 � (u � v);

Initial conditions:
8
>>><

>>>:

uin (x) =
1
2

�
sin(2� x) + cos(2� x)

�
+ �

v in (x) =
1
2

�
cos(2� x) � sin(2� x)

�
+ �;

with � � 2
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Optimality of the decay

u(t ; x) =
e� 2� t

2

�
sin(2� (x � t ))(cos(2� t ) � sin(2� t ))+

cos(2� (x � t ))(cos(2� t ) + sin(2� t ))
�

+ �

v(t ; x) =
e� 2� t

2

�
sin(2� (x + t ))(sin(2� t ) � cos(2� t ))+

cos(2� (x + t ))(cos(2� t ) + sin(2� t ))
�

+ �:

Lower bound ofH:
Z

T
j 2dx = e� 4� t

Z

T
sin2(2� x)dx =

1
2

exp
�
� 2k� kL1(T) t

�

Z

T
j 2dx =

Z

T
(u � v)2dx � 2H(t ); 8 t � 0:
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