ON SUDAKOV’S TYPE DECOMPOSITIONS OF TRANSFERENCE PLANS WITH
NORM COSTS
STEFANO BIANCHINI AND SARA DANERI
Abstract. We consider the original strategy proposed by Sudakov for solving the Monge transportation
problem with norm cost | · |D ∗

Z
|T(x) − x|D ∗ dµ(x), T : Rd → Rd , ν = T# µ ,
min
with µ, ν probability measures in Rd and µ absolutely continuous w.r.t. Ld . The key idea in this approach
is to decompose the optimal transportation problem in regions Zak ⊂ Rd where the construction of an
optimal map Tka : Zak → Rd for the transportation problem in Zak × Rd is simpler than the original
problem, and then to obtain T by piecing together the maps Tka .
The key problems in this kind of approach, when the norm | · |D ∗ is not strictly convex, are two:
on one hand, we need to specify what we means by simpler transportation problems, and on the other
hand we have to show that the map Tka can be constructed.
In this note we hint how these difficulties can be overcome, and that the original idea of Sudakov
can be successfully implemented. The analysis requires
(1) the study of directed locally affine partitions {Zak , Cak }k,a of Rd , i.e. sets in Zak ⊂ Rd which
are relatively open in their affine hull and on which the transport occurs only along directions
belonging to a cone Cak ,
(2) the analysis of transport problem with cost functions which are indicator functions of cones and
no potentials can be constructed,
(3) the definition of cyclically connected sets.
The results presented yield a complete characterization of the transport problem, whose straightforward corollary is the solution of the Monge problem in each set Zak and then in Rd . The strategy is
sufficiently powerful to be applied to other optimal transportation problems.
This note contains the results of the paper [6].

1. Introduction
Let | · |D∗ be a convex norm in Rd , µ, ν ∈ P(Rd ) with µ ≪ Ld and consider the Monge optimal
transportation problem
Z

(1.1)
min
|T(x) − x|D∗ dµ(x), T : Rd → Rd , ν = T# µ .

The main difficulty in this transportation problem is the fact that the function |·|D∗ is not strictly convex,
so that the optimal transference plans π ∈ Πopt
|·|D∗ (µ, ν) defined by


d
d
π ∈ Π(µ, ν) := π̃ ∈ P(R × R ) : (p1 )# π̃ = µ, (p2 )# π̃ = ν
such that
Z

(1.2)
Z
|y − x|D∗ dπ(x, y) = min
|y − x|D∗ dπ̃(y, x), π̃ ∈ Π(µ, ν) ,
are not unique,
T. The
Q
Q and hence in general they are not concentrated on a graph of a Borel function
functions pi : Xj → Xi denotes the projection in the i-coordinates in the product space Xj .
j

j

We notice here that by standard theorems in optimal transportation there exists certainly an optimal
transference plan, if
Z
(1.3)
C(µ, ν) := inf
c dπ < +∞.
π∈Π(µ,ν)

Rd ×Rd
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In the following we assume that (1.3) holds, otherwise we are in the degenerate situation where every
plan π ∈ Π(µ, ν) and map T, ν = T# µ, are optimal.
The solution to this problem follows mainly two approaches.
The first in chronological order, proposed by Sudakov in [18], is to decompose the transportation
problem (1.1) into simpler transportation problem which satisfy additional properties, and for which the
existence of the optimal map T can be proved directly.
An example where this approach has been successfully implemented is the case where | · |D∗ is strictly
convex: by this we mean that the unit ball {x : |x|D∗ ≤ 1} is strictly convex. In this case one can show
that the transport occurs only along one dimensional segments (optimal rays) Za1 , which intersect at most
in a region of negligible Lebesgue measure. Hence the transport problem becomes one dimensional, and
some further estimate allows to build optimal transport maps T1a on each Za1 and then to piece together
these maps in order to get a Borel optimal map T, which solves the original problem (1.1).
This idea has been developed in [12], and we will recall it more precisely below in order to explain the
difficulties in the general case (i.e. the unit ball of | · |D∗ only convex).
A second method is to select among the optimal transference plans π ∈ Πopt
|·|D∗ (µ, ν) a transference plan
π̌ which is also minimizing a secondary cost: more precisely, one selects the (unique) transference plan π̌
such that
Z

opt
2
π̌ is a minimizer of inf
|x − y| dπ(x, y), π ∈ Π|·|D∗ (µ, ν) .

The key analysis in this strategy is to prove that π̌ is actually given by a transport plan, i.e. π̌ = (I, Ť)♯ µ
for an optimal transport map Ť, which clearly satisfies (1.1). This strategy has been successfully adopted
in the works of [14, 15], providing a solution to the Monge problem with norm cost.
Other approaches have been used when the norm | · |D∗ satisfies additional regularity. In [17], the
problem (1.1) has been solved under the assumption that the marginals µ, ν have Lipschitz continuous
densities with Ld , and then under milder conditions on the Lebesgue densities of µ, ν in [1, 19]. The case
of uniformly convex norms has been solved in [3, 10], and the case of crystalline norms (i.e. where the
norm is the supremum of finitely many linear functions) has been solved in [2].
It remains unclear if the original strategy of Sudakov can be successful not only in the case of strictly
convex norm. When trying to implement this approach along the same line for the strictly convex norm
cost as in [12], we need to define some new concepts, which in the strictly convex case (i.e. when the
extremal faces of | · |D∗ are 1-dimensional) are trivially satisfied by the decomposition in optimal rays
Za1 . To better clarify which points have to be studied more carefully, we first give a short overview the
approach of [12] to solve the Monge problem for strictly convex norm cost.
1.1. Sudakov approach in the strictly convex case. First of all, one considers the potentials φ, ψ of
the transportation problem: in this special case, one can take φ(x) = −ψ(x) and ψ to be a |·|D∗ -Lipschitz
function on Rd ,
(1.4)

ψ(x) − ψ(x′ ) ≤ |x − x′ |D∗ .

Moreover, being a potential, for all π ∈ Πopt
|·|D∗ (µ, ν) it holds
n
o
(1.5)
π (x, y) : ψ(y) − ψ(x) = |y − x|D∗
= 1.

The condition (1.4) of being | · |D∗ -Lipschitz yields that if the couple (x, y) satisfies

(1.6)

ψ(y) − ψ(x) = |y − x|D∗ ,

then for all 0 ≤ s ≤ t ≤ 1
ψ(zt ) − ψ(zs ) = |zt − zs |D∗ ,

zt := (1 − t)x + ty.

Moreover, if x is a point such that ∇ψ(x) exists, then if y 6= x satisfies (1.6) one has
(1.7)

∇ψ(x) ∈ ∂|y − x|D∗ ,

where ∂| · |D∗ is the subdifferential of | · |D∗ .
By strictly convexity, it follows that the direction of y − x is uniquely defined in the points where
∇ψ exists. Since one can assume µ ⊥ ν as a consequence of the triangle inequality, it follows that
every π ∈ Πopt
|·|D∗ (µ, ν) is concentrated on {(x, y), y 6= x}, i.e. it moves mass along the optimal rays. In
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particular, up to the µ-negligible set of non-differentiability points of ψ, for any other point passes only
one maximal optimal ray Za1 : maximal means maximal by set inclusion, and the parameter a ∈ A1 is just
a parameter of continuum cardinality enumerating the rays Za1 .
Typically, one makes a countable partition of the set of optimal rays,
[
{Za1 }a∈A1 =
{Za1 }a∈A1n ,
n∈N

Za1

by taking rays
to have direction closed to a given unit vector en ∈ Sd−1 and with projection on Ren
containing a given open segment (h− , h+ )en : in that case the set A1n can be taken to be the range of the
map

 +
⊥
h + h−
,
en + Ren
(1.8)
Za1 7→ a := Za1 ∩
2

where V ⊥ is the orthogonal space in Rd of the subspace V ⊂ Rd . W.l.o.g. in the following we will restrict
the analysis to the set {Za1 }a∈A1n .
Notice that by (1.6) each ray Za1 is oriented: the direction on which the mass flows on Za1 is given by
the extremal face Ca1 of | · |D∗ obtained as the projection on Rd of the cone

(1.9)
span (I, ψ)(Za1 ) − (w, ψ(w)) ∩ epi | · |D∗ ,

for any w ∈ intrel Za1 . The above formula is a simple consequence of the definition of Za1 and (1.6). In the
strictly convex case these extremal cones are clearly 1-dimensional, and coincides with the exposed faces
of epi | · |D∗ . Given thus Za1 , we can speak of initial and final point of Za1 as the points I(Za1 ), E(Za1 ) in
the closure Z̄a1 such that
n
o
Z̄a1 = (1 − t)I(Za1 ) + tE(Za1 ), t ∈ [0, 1]

and satisfying E(Za1 ) − I(Za1 ) ∈ Ca1 .
The next step is to decompose the transport problem in the sets {Za1 × Rd }a∈A1n . This corresponds
1
1
d
1
1
to the disintegration of the measures µ, π ∈ Πopt
|·|D∗ (µ, ν) on the partitions {Za }a∈An , {Za × R }a∈An ,
respectively:
Z
Z
(1.10)
µ=
µ1a dm(a),
π=
πa1 dm(a),
A1n

A1n

A1n

where m is the quotient measure on
obtained through the map (1.8). By the explicit choice (1.8) and
the definition of optimal rays by means of (1.4), it is fairly easy to see that the map (1.8) is Borel and
thus the disintegrations (1.10) are strongly consistent, which means
µ1a (Za1 ) = 1,

πa1 (Za1 × Rd ) = 1.

One is thus left with the analysis of the reduced transportation problems with marginals µ1a and νa1 :=
(p2 )# πa1 .
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In general, while from ν = (p2 )# π one deduces that
Z
ν=
νa1 dm(a),
A1n

the above formula is not a disintegration: just take ν to be a Dirac δ-mass and remember that µ ≪ Ld .
However in the strictly convex case νa1 is independent of the particular π ∈ Πopt
|·|D∗ (µ, ν) chosen: indeed,
let
Z
(1.11)
νx ∪ Za1 =
ν̃a1 dm̃(a)
a∈A1
n

be the disintegration of νx
as

∪ Za1 .

a∈A1
n

νx

∪ Za1
a∈A1
n

A1n

Since π ∈ Π(µ, ν), it follows that m̃ ≤ m, and thus we can rewrite it
=

Z

ν̂a1 dm(a),

m̃ = h̃m, ν̂a1 = h̃(a)ν̃a1 ,

A1n

with now ν̂a1 (Za1 ) ≤ 1. Hence the mass gap 1 − ν̂a1 (Za1 ) must be concentrated on the end point E(Za1 ).
Thus we deduce that

νa1 = ν̂a1 + 1 − ν̂a1 (Za1 ) δE(Za1 ) ,

opt
independently of π ∈ Πopt
|·|D∗ (µ, ν). As a conclusion, for all π ∈ Π|·|D∗ (µ, ν), the conditional probabilities
πa1 are concentrated on Za1 × Za1 ∪ E(Za1 ), they belong to Π(µ1a , νa1 ) and have finite transportation cost
w.r.t. the cost

cCa1 (y − x) := 1Ca1 (y − x).

(1.12)

The last problem one faces is the regularity of the conditional probabilities µ1a . In fact, if µ1a has no
atoms, then the unique transference plan concentrated on a monotone graph in Za1 × Za1 ∪ E(Za1 ) is a
actually concentrated on a map T1a . In this setting, monotone means monotone w.r.t. the order induced
by Ca1 on Z̄a1 , and the statement is a well known and simple result for 1-dimensional problems, which can
be seen as a particular case of a more general structure result for optimal transportation problems with
quadratic cost, see for example [8]. We just observe here that this regularity was a not completely clear
point in the original Sudakov paper [18], as pointed out in [2].
In order to prove that µ1a ≪ H1 xZa1 , the key idea in [12], adopted also in [7] in order to solve a problem
1
in the calculus of variations, is to approximate the segments Za1 , a ∈ A1n , by means of segments Za,i
,
R 1
1
a ∈ An,i and i ∈ N, with a simpler structure, where the disintegration µ = µa,i dmi (a) can be done
explicitly. Next one shows that the conditional probabilities µ1a,i and image measure mi satisfy uniform
bounds, which are thus inherited by the limits µ1a and m. A natural choice is to fix the (d−1)-dimensional
planes
P − := h− en + (Ren )⊥
and
P + := h+ en + (Ren )⊥ ,
and to consider locally finitely many point yij ∈ P + , j = 1, . . . , Ji .
Next, one solves the transport problem with first marginal µ̄ ∈ P(P − ) such that
µ̄ ≃ Hd−1 xP − ,

i.e. µ̄ ≪ Hd−1 xP − and Hd−1 xP − ≪ µ̄,

and potential ψi given by
ψi (x) :=

max

j=1,...,Ji


ψ(yij ) − |yij − x|D∗ .

The optimal rays for ψi have a special structure: up to a Hd−1 -negligible set, they partition P − into
disjoint regions Eij such that the direction of the optimal ray for x ∈ Eij is given by
dji (x) =

yij − x
|yij − x|

∈ Sd−1 .

Such a vector field is called for obvious reasons finite union of cone vector fields. The disintegration of
the Lebesgue measure on a finite union of cone vector fields is straightforward, since it corresponds to
the polar change of coordinates. In particular one has uniform estimates on the conditional probabilities
on the slices
P t := ten + (Ren )⊥ ,
t ∈ (h− , h+),
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if t is uniformly far from h+ . Since ψi → ψ uniformly in compact sets by Lax formula, it is fairly to see
that the optimal rays of P − converge pointwise to the directions of Za1 , up to a Hd−1 -negligible set, and
one can pass these estimates to the disintegration on Za1 , yielding in particular the H1 -absolute continuity
of µ1a .
Hence one concludes that the transport problem in Za1 × Za1 ∪ E(Za1 ) has an optimal map Ta1 . The
measurability problem of proving that there exists a map T such that TxZa1 = T1a is done by means of a
measurable selection argument, whose most general statement can be found in [5]. We notice also that
from µ1a ≪ H1 xZa1 one can takes Za1 to be an open segment: in the following the structure {Za1 , Ca1 }a∈A1 ,
with Za1 relatively open in his affine hull and Ca1 extremal face of | · |D∗ , will be called a directed locally
affine partition, in this particular case made of directed relatively open segments.
1.2. The general case and the main results. If one tries now to repeat the above construction by
using the set of optimal ray given by (1.6), it follows that (1.7) select only the exposed faces of | · |D∗ .
However, the set of exposed faces of a convex body is not a partition of the convex body (and a posteriori it
does not generate a partition on Rd ): the natural partition is made of the relative interior of the extremal
faces. Hence one needs stronger requirements on the sets of the directed partition {Zak , Cak } k=1,...,d−1 ,
a∈Ak

where now k denotes the affine dimension of Zak and Cak is the extremal cone of | · |D∗ corresponding to
the directions of the optimal rays of x ∈ Zak .
One is thus led to introduce the definition of regular transport set Rθψ (the notation will be clear
when we study a more general transport problem): these are the points x such that
(1) the set of directions D+ θψ (x) of the optimal rays starting in x is convex in Sd−1 , and the same
for the set of directions D− θψ (x) of the optimal rays arriving in x,
(2) the two sets D+ θψ (x), D− θψ (x) coincide,
(3) there are points x′ , x′′ such that
x − x′
∈ intrel D− θψ (x),
|x − x′ |

x′′ − x
∈ intrel D+ θψ (x)
|x′′ − x|

and Points (1-2) hold for x′ , x′′ too.
If one uses the notation

∂ + ψ(x) := y : ψ(y) = ψ(x) + |y − x|D∗
so that

D+ θψ (x) =




y−x
, y ∈ ∂ + ψ(x) \ {x} ,
|y − x|

then the sets Zak , Cak are now determined by






 Zak = Rθψ ∩ pRd graph ψ ∩ (x, ψ(x)) + span (I, ψ)(∂ + ψ(x)) − (x, ψ(x))
,



x ∈ Zak =⇒


 Cak = pRd epi | · |D∗ ∩ span (I, ψ)(∂ + ψ(x)) − (x, ψ(x))
.

It is fairly easy to see that the sets Zak are relatively open in their affine hull, and that Cak are extremal
faces of |·|D∗ : the latter statement follows from the |·|D∗ -Lipschitz regularity of ψ and Points (1-3) above.
Recall that the index k denotes the affine dimension of Zak , which coincides with the linear dimension of
Cak , while a ∈ Ak is an index of continuum cardinality.
Since the definition of “good points”, i.e. of the set Rθψ , is definitely more complicated than in the
strictly convex case, it is perfectly understandable that the proof of the µ-negligibility of the set Rd \ R
and the proof the regularity of the conditional probabilities of the disintegration of µ w.r.t. the partition
{Zak }k,a are considerably more intricate, even if they are still based on the cone vector field approximation
property. The main reference for the approach used in this part is [13], where it is shown a regularity
property of the conditional probabilities of the disintegration of the surface measure on the partition
induced by the relative interior of the extremal faces.
The key observation is that the set of points which do not belongs to Rθψ are either initial point for
the forward regular locally affine partition {Zak,+ }k,a or final points for the backward regular locally affine
partition {Zak,− }k,a . For the forward regular locally affine partition {Zak,+ }k,a , the main differences w.r.t.
the regular partition are that Point 1 of the definition of regular transport set at Page 5 is required
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only for D+ θψ and Point 3 only for x′ , while Point 2 is meaningless in this case; a completely similar
requirements for D− θψ and x′′ is done for the backward regular locally affine partition.
Hence, one proves the finite cone approximation property for the forward partition and for the backward
partition, and concludes that the set of initial/final points is Ld -negligible, and also that the partition
{Zak }k,a is regular, i.e. µka ≪ Hk xZak .
The procedure explained above is also presented in the first part of [16].
At this point, we deduce the following Theorem 1.1, which is the analog of the decomposition in the
strictly convex norm case: the statement includes also the points which do not belong to any optimal
ray, and in that case the dimension k of the elements of the directed locally affine partition they belongs
to, is k = 0, as well as Ca0 = {0}. Moreover, by a careful analysis of the transport problems in the graph
of ψ, one can also check that the mass starting in Zak is moved in Zak or in the end points ∪ E(Zak ).
k,a

For notational convenience, if c : Rd × Rd → [0, ∞] is a Borel cost function, we use the notation


Z
f
Πc (µ, ν) := π ∈ Π(µ, ν) : cπ < ∞ .
For a locally affine partition {Zak , Cak }k,a , we will write
(
1Cak (y − x)
(1.13)
cCak (x, y) :=
+∞

x ∈ Zak ,
otherwise,

and, since we will often write the graph of a directed locally affine partition {Zak , Cak }k,a as
d
o
n
[
{k} × Ak × Rd × C(k, Rd ),
D := (k, a, z, Cak ) : k ∈ {0, . . . , d}, a ∈ Ak , z ∈ Zak ⊂
k=0

we will use also the notation
(1.14)

cD (x, y) :=

(

1Cak (y − x) ∃ k, a s.t. x ∈ Zak ,
+∞

otherwise.

f
Notice that for costs c of the form (1.13), (1.14) one has clearly Πopt
c (µ, ν) = Πc (µ, ν), since the only
values of c are 0, ∞.

Theorem 1.1. Let µ, ν ∈ P(Rd ) with µ ≪ Ld and let | · |D∗ be a convex norm in Rd . Then there exists
a locally affine directed partition {Zak , Cak }k=0,...,d in Rd with the following properties:
a∈Ak

k

(1) forall a ∈ A the
 cone
[
d
k
d
Za = 0;
(2) L R \

Cak

is a k-dimensional extremal face of | · |D∗ ;

k,a

d

{Zak }k,a ,

(3) the disintegration of L w.r.t. the partition

d

L x ∪ Zak =
k,a

Z

vak dη(k, a), satisfies

vak ≃ Hk xZak ;
Z
opt
(4) for all π ∈ Π|·|D∗ (µ, ν), the disintegration π = πak dm(k, a) w.r.t. the partition {Zak × Rd }k,a
satisfies

πak ∈ Πfc
where µ =

Z

k
Ca


µka , (p2 )# πak ,

µka dm(k, a) is the disintegration w.r.t. the partition {Zak }k,a , and moreover
(p2 )# πak



k
Z a ∪ Rd \

[

(k′ ,a′ )6=(k,a)

If also ν ≪ Ld , then for all π ∈ Πopt
|·|D∗ (µ, ν)
(p2 )# πak = νak

′
Zak′



= 1.
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νak dm(k, a) is the disintegration w.r.t. the partition {Zak }k,a , and the converse of Point (4)
πak ∈ ΠfcC k (µka , νak )
a

=⇒

π ∈ Πopt
|·|D∗ (µ, ν).

A remark is in order here: in Point (4), the conditional second marginals (p2 )# πak are independent on
the potential ψ but depends on the particular transference plan which we are decomposing. This can be
seen with elementary examples. Hence the analysis from now on will be done in the class of transference
plans π ′ which have the same conditional marginals: in fact, by inspection one sees that the next steps
of the proof (the key variation is in the construction the subsequent decompositions) are different when
changing the conditional marginals.
The notation Π(µ, {νak }) denotes the set of transference plans π such that the marginals of the conditional
probabilities πak w.r.t. the partition {Zak }k,a satisfy (p2 )# πak = νak .
As shown in [11], the decomposition above is not refined enough to give immediately the existence
of transport maps in each of the Zak × Rd , unless one uses techniques similar to the one adopted in
[9] (which means that we are not really simplifying the problem). The key fact is that in general the
transport problem in Π(µka , (p2 )# πak ) with cost cCak given by (1.13) does not have a potential φka (see
the final example of [11]). In order to explain this point, recall the standard formula for constructing a
potential φ: if Γ is a c-cyclically monotone carriage for π, c : Rd × Rd → [0, ∞] being the cost function,
and (x0 , y0 ) ∈ Γ, then

X
I
c(xi+1 , yi ) − c(xi , yi ) : I ∈ N, (xi , yi ) ∈ Γ, xI+1 = x ,
(1.15)
φ(x) := inf
i=0

yields a potential φ provided it is µ-a.e. finite. The sequence of points
(x0 , y0 ), (x1 , y0 ), (x1 , y1 ), (x2 , y1 ), . . . , (xi , yi ), (xi+1 , yi ), (xi+1 , yi+1 ), . . . , (x, yI ),

(xi , yi ) ∈ Γ,

is an axial path (or Γ-axial path if we need to emphasize the dependence w.r.t. Γ), and we say that the
axial path has finite cost if c(x, y) < ∞ for all couple (x, y) in the axial path: since we can assume that
Γ ⊂ {c < ∞} under (1.3), this condition is equivalent to c(xi+1 , yi ), c(x, yI ) < ∞. It is a well know fact
that if µ-a.a. points belong to an axial path starting from and ending in (x0 , y0 ) (which will be called a
(Γ-)axial cycle or (Γ-)cycle for brevity), then formula (1.15) yields a µ-a.e. finite potential φ. Its dual ψ
can be obtained by the formula ψ(y) = c(x, y) − φ(x), and it turns out that it is finite and independent
on x for ν-a.e. y ∈ Rd .
It becomes then natural to ask for a directed locally affine partition {Zak , Cak }k,a that the sets Zak are
contained in an axial cycle up to a µka -negligible set: the cost in each Zak is the cone cost given by (1.13),
namely since now x ∈ Zak
c(x, y) = 1Cak (y − x).

(1.16)

If this cyclical connectedness condition is verified, then as in the strictly convex case one can construct a
transport map Tka by standard methods as is [2] and then the optimal T is obtained by piecing together
the maps Tka .
We are now ready to state the key step of the procedure, namely Theorem 1.2: it allows to construct a
locally directed affine subpartition {Žbℓ , Čbℓ } ℓ=0,...,d to a directed locally affine partition {Zak , Cak } k=0,...,d
b∈Bℓ

a∈Ak

such that the sets which do not lower their affine dimensions (i.e. for which Žbℓ ⊂ Zak and ℓ = k) are
indecomposable, in the sense that µka -a.a. points can be connected by a cycle.
We say that sets are ΠfcD (µ, {ν̌bℓ })-cyclically connected, in the sense that for all π ′ ∈ ΠfcD (µ, {ν̌bℓ }) and
cyclically monotone carriage Γ′ of π ′ , each two points of these “indecomposable sets” are Γ′ -cyclically
connected (or connected by a Γ′ -cycle), up to a µka -negligible set depending on Γ′ . Notice that we need
to specify the second marginals of the transference plans, as it should be clear from the discussion after
Theorem 1.1.
Theorem 1.2. Let {Zak , Cak } k=0,...,d be a regular directed locally affine partition in Rd and let µ, ν be
a∈Ak

probability measures in P(Rd ) such that µ ≪ Ld and ΠfcD (µ, ν) 6= ∅.
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Then, for all fixed π̌ ∈ ΠfcD (µ, ν), there exists a directed locally affine subpartition {Žbℓ , Čbℓ } ℓ=0,...,d of
b∈Bℓ

{Zak , Cak }k,a , up to a µ-negligible set Nπ̌ , such that
 ℓ ℓ
Žb , Čb ℓ,b

is regular,

and setting ν̌bℓ := (p2 )# π̌bℓ , where π̌bℓ is the conditional probability on the partition {Žbℓ × Rd }ℓ,b , then the
sets
n
o
(1.17)
Žbℓ : Žbℓ ⊂ Zaℓ for some a ∈ Aℓ , ℓ = 1, . . . , d

form a ΠfcD (µ, {ν̌bℓ })-cyclically connected partition.

Since the subpartition
 ℓ ℓ
Žb , Čb ℓ=0,...,d−1 such that if Žbℓ ⊂ Zak then ℓ < k (equivalently neglecting the sets of (1.17))
b∈B̄ℓ

is a regular directed locally affine partition, and as a subpartition of {Zak , Cak }k,a the index ℓ is decreasing
of at least 1 in each Zak , by a finite iterative argument we obtain the following corollary.
Corollary 1.3. Let {Zak , Cak } k=0,...,d be a regular directed locally affine partition in Rd and let µ ≪ Ld ,
a∈Ak

ν ∈ P(Rd ) such that ΠfcD (µ, ν) 6= ∅.

′

′

Then, for all π̌ ∈ ΠfcD (µ, ν) there exists a directed locally affine subpartition {Žb,ℓ , Čb,ℓ } ℓ=0,...,d of
b∈Bℓ

{Zak , Cak }k,a , up to a µ-negligible set Nπ̌′ , such that
′

′

{Žb,ℓ , Čb,ℓ }ℓ,b
′

′

is regular,
′

′

and if ν̄b,ℓ := (p2 )# π̌b,ℓ , where π̌b,ℓ is the conditional probability on the partition {Žb,ℓ × Rd }ℓ,b , then each
′
′
set Žb,ℓ is ΠfcD (µ, {ν̄b,ℓ })-cyclically connected, for all ℓ, b.
An important point in the proof of Theorem 1.2 is that we are now working with cost of the form
(1.14), and we cannot rely on the existence of a potential φ (or its dual ψ) to prove the regularity of the
disintegration, as done in the proof of in Theorem 1.1.
The potential ψ is then replaced by (a Borel extension of) the axial preorder: the construction works
as follows. Fixed a cyclically monotone carriage Γ, we say that x 4Γ y is there is a Γ-axial path of finite
cost connecting y to x. In this way one obtains only a preorder (i.e. only a transitive relation), but
there is a countable procedure to construct a Borel linear preorder (i.e. a preorder with Borel graph and
such that every two points can be compared), with the property that the equivalence classes which do
not lower their affine dimension are Γ-cyclically connected up to a µ-negligible set. The preorder will be
denoted in the following by 4Γ,W , where W is related to the countable procedure to construct the Borel
preorder.
Unfortunately, by changing Γ the Borel preorder 4Γ,W varies. Hence we need to use an abstract result on
measure theory [4] , assuring that there is a minimal Borel linear preorder: for this one the sets which
do not lower the dimension are indecomposable for all carriages Γ of a fixed π. Next, one can apply
the uniqueness results proved in [4] for optimal transportation problems on linear preorders with Borel
graph , to obtain that the indecomposability property holds also w.r.t. all carriages Γ of optimal plans
π ∈ Πopt
cD (µ, ν).
Another advantage of the Borel linear preorder is that by the uniqueness theorem stated in [4] one can
prove the finite cone vector field approximation properties for the subpartition. The procedure is similar
to the procedure followed in the case a potential ψ is present: the convergence of the optimal rays is now
due to the uniqueness of a suitable transference plan.
Applying Corollary 1.3 to the regular locally affine partition given by Theorem 1.1, one obtains immediately the following result. As in the case of Theorem 1.1, the second part of Point (4) of the next
theorem is a consequence of the precise analysis of the regions where the mass transport occurs.
Theorem 1.4. Let µ, ν ∈ P(Rd ) with µ ≪ Ld and let | · |D∗ be a convex norm in Rd . Then, for all
k
k
d
π̌ ∈ Πopt
|·|D∗ (µ, ν) there exists a locally affine directed partition {Ža , Ča }k=0,...,d in R with the following
a∈Ak

properties:
(1) for all a ∈ Ak the cone Čak is a k-dimensional extremal face of | · |D∗ ;
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[
(2) µ Rd \
Žak = 0;
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k,a

d

(3) the disintegration of L w.r.t. the partition

{Žak }k,a ,

d

L x ∪ Žak =
k,a

v̌ak ≃ Hk xŽak ;
(4) the disintegration π̌ =

Z

Z

v̌ak dη̌(k, a), satisfies

π̌ak dm(k, a) w.r.t. the partition {Žak × Rd }k,a satisfies

π̌ak ∈ ΠfcC k µ̌ka , (p2 )# π̌ak ,
a

where µ =

Z

µ̌ka dm(k, a) is the disintegration w.r.t. the partition {Žak }k,a , and moreover
(p2 )# π̌ak



k
Ža ∪ Rd \

′
Žak′

[

(k′ ,a′ )6=(k,a)



= 1;

(5) the partition {Žak }k,a is ΠfcD̄ (µ, {(p2 )# π̌ak })-cyclically connected.
Remark 1.5. We note that the elements of the locally affine partition {Žak , Čak } k=1,...,d given by the above
a∈Ak

theorem have maximal linear dimension


max k : Žak 6= ∅ ≤ max dim C : C extremal face of epi| · |D∗ .

In particular, if D is strictly convex, the locally affine decomposition is made only of directed rays, and
one recovers the results of [12] for strictly convex norms.
In the case µ ≪ Ld , the decomposition does not depends on the transference plan, as in the strictly
convex case. In particular, we can say that it is universal, i.e. it is independent on the particular
transference plan π ∈ Πopt
|·|D∗ (µ, ν) used.
Theorem 1.6. Assume that ν ≪ Ld . Then the directed locally affine partition of Theorem 1.4 satisfies
the following properties:
k
is a k-dimensional
extremal face of | · |D∗ ;
(1) for
∈ Ak 
the cone

 Ča [
 all a[
d
d
k
k
(2’) µ R \
Ža = 0;
Ža = ν R \
k,a

k,a

d

(2) the disintegration of L w.r.t. the partition

{Žak }k,a ,

d

L x ∪ Žak =
k,a

Z

v̌ak dη̌(k, a), satisfies

v̌ak ≃ Hk xŽak ;
Z
opt
(4’) for all π̌ ∈ Π|·|D∗ (µ, ν), the disintegration π̌ = π̌ak dm(k, a) w.r.t. the partition {Žak × Rd }k,a
satisfies

π̌ak ∈ ΠfcC k (µ̌ka , ν̌ak ),
a

where µ =

Z

µ̌ka

dm(k, a), ν =

Z

ν̌ak

dm(k, a) are the disintegration of µ, ν w.r.t. the partition

{Žak }k,a ;
(5’) {Žak }k,a is ΠfcD̄ (µ, ν)-cyclically connected.
In particular π̌ lives on ∪ Žak × Žak .
k,a

Finally, from the proof of the above theorems and the precise characterization of the points which are
contained in a Γ-cycle , we can deduce the following proposition.
′

Proposition 1.7. Let W denote any of the sets Žbℓ in (1.17), the sets Zb,ℓ in Corollary 1.3 and the sets
Žak of Theorems 1.4 and 1.6. Then it holds

Leb p1 (Γ) ∩ W is contained in a (Γ ∩ Zaℓ × Rd )-cycle,
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for all carriages Γ of a finite cost/optimal transference plan, and the Lebesgue points are computed w.r.t.
the natural Hausdorff measure restricted to W .
To show an application of the above theorems and the ability of our approach to analyze more complicated problem, consider the following situation. Let | · |(D′ )∗ be a convex norm with unit ball D′ , and
consider the secondary minimization problem
Z

opt
(1.18)
min
|y − x|(D′ )∗ dπ(x, y), π ∈ Π|·|D∗ (µ, ν) .
If π̌ is a minimizer of the above problem, by the fact that π̌ is also a minimizer of
(
Z
|y − x|(D′ )∗ x ∈ Žak , y − x ∈ Čak ,
cπ,
c :=
+∞
otherwise,

and that each Zak is ΠfC k (µka , νak )-cyclically connected, it is fairly standard to prove that in each Žak there
a
exists a potential φa , ψa , and since c satisfies the triangle inequality we can take φa = −ψa . We will now
restrict to a single set Zak , and denote
(
|y − x|(D′ )∗ y − x ∈ Čak ,
(1.19)
cka := cxZak ×Rd =
+∞
otherwise,
We will not address the measurability dependence w.r.t. the parameter a (which in any case follows quite
easily from the Borel dependence (k, a) 7→ (Žak , Čak )), and we will also not write the index k, a when clear
from the context.
The set graph ψa is a complete epi cka -Lipschitz graph, where now Lipschitz means w.r.t. the (degenerate) norm cka . The only variation w.r.t. the proof of Theorem 1.1 is in the cone approximation property,
which can be proved by the same techniques using the cost
(
|w − w′ | w′ − w ∈ epi cka ,
′′
′
(1.20)
c (w, w ) =
+∞
otherwise.
ℓ
ℓ
Thus we obtain a locally directed affine partition {Ža,b
, Ča,b
}k,a,b satisfying:
ℓ
is an ℓ-dimensional extremal face of cka ;
(1) for all a ∈ Ak , b ∈ Bℓa , the cone Ča,b


[
k
(2) Ld Rd \
Ža,b
= 0;
k,a,b

(3) for all k, a the disintegration Hk xŽak =

R

ℓ
va,b
dη(ℓ, b) satisfies

ℓ
ℓ
va,b
≃ Hℓ xŽa,b
;

(4) for all π ′ ∈ Πopt
(µ, {(p2 )# π̌ak }), where π̌ak are the conditional probabilities of the disintegration of
ck
a
Z
′
k
d
π̌ w.r.t. the partition {Ža × R }, the disintegration π = (π ′ )ℓa,b dm(ℓ, a, b) w.r.t. the partition
ℓ
{Ža,b
× Rd }ℓ,a,b satisfies

(π ′ )ℓa,b ∈ Πfc
with µ =

Z

Č ℓ
a,b

µℓa,b dm(ℓ, a, b) and moreover
(p2 )# (π ′ )ℓa,b


µℓa,b , (p2 )# (π ′ )ℓa,b ,



ℓ
Ža,b ∪ Rd \

′
Žaℓ′ ,b′
(a′ ,ℓ′ ,b′ )6=(a,ℓ,b)

[



= 1.

By applying Corollary 1.3 we thus obtain the following theorem.
Theorem 1.8. Let µ, ν ∈ P(Rd ) with µ ≪ Ld and let π̌ be an optimal transport plan for the probk,ℓ
k,ℓ
lem (1.18). Then there exists a locally affine directed partition {Ža,b
, Ča,b
} k=0,...,d,a∈Ak in Rd with the
k,ℓ
ℓ=0,...,k,b∈Ba

following properties:
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k,ℓ
(1) for all k, a ∈ Ak , the cone Ča,b
is an ℓ-dimensional cone of the cost cka given by (1.19), i.e. the
intersection of a k-dimensional face of | · |D∗ with an extremal face of | · |(D′ )∗ ;

[ k,ℓ 
(2) µ Rd \
Ža,b = 0;
k,a,ℓ,b

(3) the disintegration Ld x

∪ Ž k,ℓ
k,a,ℓ,b a,b

=

Z

k,ℓ
k,ℓ
υ̌a,b
dη(k, a, ℓ, b) w.r.t. the partition {Ža,b
}k,a,ℓ,b satisfies
k,ℓ
υa,b
≃ Hℓ xŽ k,ℓ ;
a,b

(4) the disintegration π̌ =

where µ =
over

Z

Z

k,ℓ
k,ℓ
π̌a,b
dm(k, a, ℓ, b) w.r.t. the partition {Ža,b
× Rd }k,a,ℓ,b satisfies
k,ℓ
πa,b
∈ Πfc

k,ℓ
C
a,b

k,ℓ 
µ̌k,ℓ
a,b , (p2 )# π̌a,b ,

k,ℓ
µ̌k,ℓ
a,b dm(k, a, ℓ, b) is the disintegration w.r.t. the partition {Ža,b }k,a,ℓ,b , and morek,ℓ
(p2 )# π̌a,b



k,ℓ
Ža,b ∪ Rd \

′ ′
,ℓ
Žak′ ,b
′
(k′ ,a′ ,ℓ′ ,b′ )6=(k,a,ℓ,b)

[



= 1;

k,ℓ
k,ℓ
})-cyclically connected.
(5) the partition {Ža,b
}k,a,ℓ,b is ΠfcD̄ (µ, {(p2 )# π̌a,b

A completely similar extension can be given to Theorem 1.6.
A particular case is when each extremal face of | · |(D′ )∗ is contained in an extremal face of | · |D∗ : in
this case condition (1) becomes
k,ℓ
(1’) for all k, a ∈ Ak , the cone Ča,b
is an ℓ-dimensional extremal face of | · |(D′ )∗ .
The only difference w.r.t. Theorem 1.4 is that now π̌ is a minimum for the secondary minimization
problem, not a transference plan in Πopt
|·| ′ ∗ (µ, ν).
(D )

k,ℓ
The case (1’) above happens if for example | · |(D′ )∗ is strictly convex, so that the Ža,b
are now directed
segments, i.e. ℓ = 1. By the standard analysis on transportation problems in 1-d, and the measurable
dependence on k, a, b, the next corollary follows.

Corollary 1.9. There exists an optimal transport map T, and the map can be selected as follows: the
k,1
restriction TxŽ k,1 is a monotone increasing map on aff Ža,b
, for all k, a, b.
a,b
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