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Motivation:
Parametrized problems in PEC-scattering



Problem setting: parametrized scattering problems

problem setting

(perfect conductor)

Ei(x;µ) = −p eikx·k̂(θ,φ)
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Figure 1: Scattering on a cavity (left) for different wave-numbers k ∈ [10, 20]. Evolution of the error

estimate and the error during the greedy algorithm (top right) and the error profile for N = 16.

with d̂ ⊥ p̂ and parametrized by the wave-number k ∈ R+
, direction d̂ ∈ S2

and polarization p̂ ∈ R3

where S2
denotes the unit sphere. We identify the polarization vector p̂, that is perpendicular to d̂, with

a vector in R2
by using a local orthonormal basis that is perpendicular to d̂. Then, we denote the set

of parameters by µ = (k, d̂, p̂) ∈ P for some parameter domain P ⊂ R+×S2×R2
. The wavelength of the

incident electric and magnetic fields is given by λ = 2π/k.

The total field components [E,H], i.e., the incident and the scattered fields with the latter denoted

by [E
sca,Hsca

], satisfy the time-harmonic Maxwell equations:

curl E(x)− iωµ0H(x) = 0, curl H(x) + iω�0E(x) = 0, x ∈ R3 \ D, (5)

and the Silver-Müller radiation condition

lim
|x|→∞

[H(x)×x− |x|E(x)] = 0. (6)

We assume that the obstacle D is perfectly conducting and hence the tangential component of the total

electric field E vanishes on the surface of D, yielding the boundary condition:

n(x)×E
sca

(x) = −n(x)×E
inc

(x), x ∈ Γ. (7)

Using the Stratton-Chu representation formula, one can derive the parametrized Electric Field Integral

Equation (EFIE), cast in terms of a variational problem: for a given parameter value µ ∈ P, find

u(µ) ∈ V := H
− 1

2
div (Γ) such that

a(u(µ),v;µ) = f(v;µ) (8)

for all v ∈ X. The sesquilinear and linear forms are given by

a(u,v;µ) = ikZ

�

Γ×Γ
G(r; k)u(y) · v(x) dy dx− iZ

k

�

Γ×Γ
G(r; k)divΓ,yu(y)divΓ,xv(x) dy dx,

f(v;µ) = −
�

Γ
E

inc
(x;µ) · v(x) dx.

Here, G is the fundamental solution of the Helmholtz operator defined by

G(r, k) =
eikr

4πr
, r = |x− y|.

The discretization of the EFIE can be given by introducing the complex lowest order Raviart-Thomas

space Vδ := RT0 that is a conforming approximation space since RT0 ⊂ H
0
div(Γ) ⊂ H

− 1
2

div (Γ). The

corresponding boundary element method then consists of seeking, for any given parameter value µ ∈ P,

the discrete solution uh(µ) ∈ RT0 such that

a(uh(µ),vh;µ) = f(vh;µ), ∀vh ∈ RT0. (9)
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where µ = (k, θ,φ,p) ∈ P ⊂ R7 is a vector of parameters:
1) k: wave number
2) k̂(θ, φ): wave direction in spherical coordinates
3) p: polarization (is complex and lies in the plane perpendicular to k̂(θ, φ))
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where µ = (k, θ,φ,p) ∈ P ⊂ R7 is a vector of parameters:
1) k: wave number
2) k̂(θ, φ): wave direction in spherical coordinates
3) p: polarization (is complex and lies in the plane perpendicular to k̂(θ, φ))

o Homogeneous medium

o Time-harmonic ansatz

o Allows formulation as in-

tegral equation on the

surface



Electric Field Integral Equation (EFIE)

1. V is some appropriate functional space (V = H
− 1

2
div (Γ))

2. Sesquilinear form a(·, ·;µ) is symmetric but not coercive

3. Gk(x,y) =
eik|x−y|

|x−y| is the fundamental solution of the Helmholtz operator ∆ + k2
.

4. [Colton,Kress 1992], [Nédélec 2001]

5. Solution u is the electric current on the surface, but the scattered electric field Es
can

be obtained through the potential:

Es
(x;µ) = ikZ

�

Γ

�

Γ

�
Gk(x,y)u(x) +

1
k2∇Γ,xGk(x,y)divΓ,xu(x)

�
dx dy.

For any parameter value µ ∈ P, find u(µ) ∈ V s.t.

a(u(µ),v;µ) = f(v;µ), ∀v ∈ V

with

a(u,v;µ) = ikZ

�

Γ

�

Γ
Gk(x,y)

�
u(x) · v(y)− 1

k2 divΓ,xu(x)divΓ,yv(y)
�

dx dy

f(v;µ) = −
�

Γ
Ei(x;µ) · v(x) dx



Boundary Element Method

• A priori error estimates can be found in 
[Bendali 1984], [Schwab, Hiptmair 2002], [Buffa et al. 2002,2003], [Christiansen 2004]

• A posteriori error estimates can be found in
[Nochetto, St. 2012]

Boundary Element Method (BEM). In practice the code CESC is used,
CESC: CERFACS Electromagnetic Solver Code.

Galerkin approach: replace continuous space V by the finite dimensional subspace Vδ:
For any fixed parameter µ ∈ P, find uδ(µ) ∈ Vδ such that

a(uδ(µ),vδ;µ) = f(vδ;µ) ∀vδ ∈ Vδ.

For Vδ we use the lowest order (complex) Raviart-Thomas space RT0, also called Rao-
Wilton-Glisson (RWG) basis in the electromagnetic community.



Parametrized family of solutions

x
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Incident plane wave parametrized by Ei(x; k) = −p e
ikx·k̂( π

4 ,0) .

Modulus of electric current uδ on surface of
an open cavity for different wave-numbers k.



Goal: Compute the RCS for many parameter values
⇒ Brute force approach

µ −→ solve: uδ(µ) −→ compute: rcs(uδ(µ), d̂)

is not feasible (computationally too intensive).

Output functional: Radar Cross Section (RCS)

• Describes pattern/energy of electrical field at infinity
• Functional of the current on body

Output functional: Radar Cross Section (RCS)

where
u: current on surface
d̂: given directional unit vector

s∞(u, d̂) =
ikZ

4π

�

Γ
d̂× (u(x)× d̂)e−ikx·d̂dx

rcs(u, d̂) = 10 log10

�
4π

|s∞(u, d̂)|2

|Ei|2

�
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is not feasible (computationally too intensive).

Output functional: Radar Cross Section (RCS)

• Describes pattern/energy of electrical field at infinity
• Functional of the current on body

Output functional: Radar Cross Section (RCS)

x

y

z

Incident plane wave parametrized by Ei(x; k) = −p e
ikx·k̂( π

4 ,0) .

Directional unit vector given by d̂ = d̂(θ,φ) with θ ∈ [0,π], φ = 0.
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Figure 1: Scattering on a cavity (left) for different wave-numbers k ∈ [10, 20]. Evolution of the error

estimate and the error during the greedy algorithm (top right) and the error profile for N = 16.
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where
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�
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Even more parameters: Multiple scattering problems

Di

D1
DJ

Incident plane wave impinging onto collection of J perfectly conducting obstacles
D1, . . . , DJ.

Ei(x)

Additionally, we introduce the position of each scatterer as an additional pa-
rameter.



Even more parameters: Multiple scattering problems

Di

D1
DJ

Incident plane wave impinging onto collection of J perfectly conducting obstacles
D1, . . . , DJ.

Ei(x)

⇒ Scattered field Es(x)

Additionally, we introduce the position of each scatterer as an additional pa-
rameter.



Example: Multiple scattering problems

Parametrized Electromagnetic Scattering
(time-harmonic ansatz)

Ei(x;µ) = −p eikx·ŝ(θ,φ)

where µ = (k, θ,φ,p) ∈ D ⊂ R7 is a vector of parameters:
1) k: wave number
2) ŝ(θ, φ): wave direction in spherical coordinates
3) p: polarization (is complex and lies in the plane perpendicular to ŝ(θ, φ))

Ω = R3\Ωi

Γ = ∂Ωi

n

(perfect conductor)

φ

θ
Ωi⊂R3

φ ∈ [0, 2π]; k = 3, θ = π/2
Parameter values:

Geometrical configuration:

Radar Cross Section:



Abstract problem setting



Abstract formulation of parametrized problems

Definitions:

P ⊂ RP
: parameter domain

µ = (µ1, µ2, . . . , µP ) ∈ P : parameter value

V = V(Ω, R) : Hilbert space for functions f : Ω → R.

� · �V, (·, ·)V : Norm and inner product of V.

Independent of parameter!

a(·, ·;µ) : V× V→ R parameter-dependent bilinear form
f(·;µ) : V→ R parameter-dependent linear form
s(·;µ) : V→ R some output functional

Abstract problem setting: For any parameter value µ ∈ P, find u(µ) ∈ V such
that

a(u(µ), v;µ) = f(v;µ), ∀v ∈ V.

Then, compute the value of the output functional s(u(µ);µ).



Domain and parameter space

Spatial domain Ω

x ∈ Ω
µ ∈ P

Parameter space P



Domain and parameter space

Spatial domain Ω

x ∈ Ω
µ ∈ P

Spatial domain Ω

u(µ1)

µ1

u(µ2)

µ2

Spatial domain Ω

Solution of PDE u(µ) ∈ V. That is u(µ) : Ω→ R.

Parameter space P



Truth approximation

Continuous problem setting: For any parameter value µ ∈ P, find u(µ) ∈ V
such that

a(u(µ), v;µ) = f(v;µ), ∀v ∈ V.

Then, compute the value of the output functional s(u(µ);µ).

Galerkin approach: Replace continuous space V by the finite dimensional
subspace Vδ: For any fixed parameter µ ∈ P, find uδ(µ) ∈ Vδ such that

a(uδ(µ), vδ;µ) = f(vδ;µ) ∀vδ ∈ Vδ.

Then, compute the value of the output functional s(uδ(µ);µ).

uδ(µ) is called the truth solution.


