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Summary of this talk

Consider the 3D Navier-Stokes equations set in a periodic domain [0, L]3

ut + u ∙ ∇u = νΔu−∇p + f (x) divu = divf = 0

Mathematically : Can NS analysis tell us anything about resolution lengths

in 3D NS-flows without first having the solution of the regularity problem?

Physically : understanding intermittency may be the key to this issue :

1. Violent spiky surges away from space-time averages in both vorticity &

strain. Spectra have non-Gaussian characteristics – see BT 1949.

2. Are the spikes smooth down to some small scale or do vorticity & strain cas-

cade down to small scales where the NSE become invalid, with a necessary

reversion to kinetic theory? Bardos, Golse & Levermore (1991, 1992)
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Vorticity iso-surfaces in a 5123

sub-domain of the LANL de-

caying 20483 NS-simulation

at Reλ ∼ 200. Un-

even clustering results in in-

termittency ; Batchelor &

Townsend (1949); Kuo &

Corrsin (1971), Sreenivasan &

Meneveau (1988, 1991); Frisch

(1995).
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: A 3D statistically station-

ary homogeneous isotropic NS-

flow at Reλ ∼ 107 showing iso-

surfaces of ω2 at 10× ω2av in a

(2π)3 cube resolved with 20483

points : Courtesy of Jörg Schu-

macher of TU Ilmenau.

1. Morphological changes from quasi-2D sheets → quasi-1D tubes is typical.

2. Why do the 3D-NS equations produce these topologically thin sets in

both the vorticity or strain fields?
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What do statistical physicists calculate in turbulence?

Based on Kolmogorov’s axioms : see Uriel Frisch, Turbulence : the legacy of

A. N. Kolmogorov, CUP, 1995.

In K41 statistical theory the standard −5/3 inertial-range energy-spectrum

has a cut-off appearing at Lkc ∼ Re3/4 : the Kolmogorov length.

The objects that are used to study intermittency are the ensemble-averaged

velocity structure functions

〈 |u(x + r)− u(x)|p 〉ens.av. ∼ r
ζp

Kolmogorov predicted a linear relation between ζp and p : the two coincide

for p = 3. Departure from this is called anomalous scaling and is usually

manifest by ζp lying on a concave curve below linear for p > 3.

Problem : the idea is not amenable to NS analysis.
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Conditional 3D-NS regularity : a very brief history

1. Leray (1934) & then Serrin (1963), Ladyzhenskaya (1962), & Prodi (1959) :

every Leray-Hopf solution u of the 3D-NSE with u ∈ Lr ((0, T ) ;Ls) is

regular on (0, T ] provided

2/r + 3/s = 1 with s ∈ (3, ∞] ,

or if u ∈ L∞ ((0, T ) ;Lp) with p > 3.

2. For the case s = 3, von Wahl (1983) & Giga (1986) first proved the

regularity in the space C
(
(0, T ] ;L3

)
: see also Kozono and Sohr (1997)

and Escauriaza, Seregin & Sverák (2003).

3. Various regularity results involving the pressure and one velocity component

– see Cao (2010) for a summary.

4. Books by Temam 1995 ; Constantin & Foias 1988 and Foias, Manley, Rosa

& Temam 2001.
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Dimension of the singular set?

• Scheffer (Pacific J. Math. 66, 535, 1976) – see also Leray (1934) – showed

that the singular set in time has zero 12-dimensional Hausdorff measure: see

chapter 10 of Constantin & Foias (1988): pgs 93-95.

• Caffarelli, Kohn & Nirenberg (CPAM 35, 771–831, 1982), based on the par-

tial regularity concept of ‘suitable weak solns’ (following Scheffer’s (1980)

estimate of 5/3), showed that the singular set in space-time has zero 1-

dim Hausdorff measure – see also Ladyzhenskaya-Seregin (1999); Sere-

gin (2001-05); Lin (1998); Choe-Lewis (2000); Vasseur (2007); Kukuvica

(2008a,b); Robinson & Rodrigo (2009).

• Conclusion: Singularities are rare events, if they occur at all.

Physics literature : Mandelbrot (1976); Halsey (1986); Frisch-Parisi (88) &

Sreenivasan-Meneveau (91), suggests dissipation concentrates on fractal sets.
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Physical assumptions corresponding to conditional regularity?

• ‖u‖p (p ≥ 3) assumed to be bounded. Drawback : no physical interpre-

tation.

• Likewise, assumptions on bounds on the pressure or single derivatives of

the velocity field have no physical interpretation.

• The global enstrophy H1 =
∫
V |ω|

2dV is assumed to be bounded pointwise

in time : Drawback : assumes the answer we’re seeking. It also ignores

intermittency, which is important.

• Short time regularity : the upper

bound on H1 blows up at t
∗.

t
t∗

H1(t)

....

....

....

....

....

....

....

....

....

....
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Use of higher moments of vorticity for the NS equations

How might we pick up intermittent behaviour? Consider higher moments of

vorticity (m ≥ 1) as the “frequencies”

Ωm(t) =

(

L−3
∫

V
|ω|2mdV

)1/2m

The basic frequency associated with the domain is given by $0 = νL
−2

Ω21 = L
−3
∫

V
|ω|2dV H1-norm

is the enstrophy/unit volume which is related to the energy dissipation rate.

The higher moments will naturally pick up events at smaller scales

Ω1(t) ≤ Ω2(t) ≤ . . . ≤ Ωm(t) ≤ Ωm+1(t) ≤ . . .

J. D. Gibbon : 2011 10

Imperial College London

Use of higher moments of vorticity for the NS equations

How might we pick up intermittent behaviour? Consider higher moments of

vorticity (m ≥ 1) as the “frequencies”

Ωm(t) =

(

L−3
∫

V
|ω|2mdV

)1/2m

The basic frequency associated with the domain is given by $0 = νL
−2

Ω21 = L
−3
∫

V
|ω|2dV H1-norm

is the enstrophy/unit volume which is related to the energy dissipation rate.

The higher moments will naturally pick up events at smaller scales

Ω1(t) ≤ Ω2(t) ≤ . . . ≤ Ωm(t) ≤ Ωm+1(t) ≤ . . .

J. D. Gibbon : 2011 10



Imperial College London

Estimates in terms of Re

Traditionally, most NS-estimates have been found in terms of the Grashof

number Gr (f 2rms = L
−3‖f‖22) of the divergence-free forcing f (x) but it

would be more helpful to express these in terms of the Reynolds number Re

to facilitate comparison with the results of statistical physics.

Gr = L3frmsν
−2 , Re = U0Lν

−1 .

Doering and Foias 2002 used the idea of defining U0 as

U 20 = L
−3
〈
‖u‖22

〉
T

where the time average
〈
∙
〉
T
over an interval [0, T ] is defined by

〈g(∙)〉T = lim sup
g(0)

1

T

∫ T

0

g(τ ) dτ .

Gr is fixed provided f is L2-bounded, while Re is the system response.

J. D. Gibbon : 2011 11

Imperial College London

Estimates in terms of Re

Traditionally, most NS-estimates have been found in terms of the Grashof

number Gr (f 2rms = L
−3‖f‖22) of the divergence-free forcing f (x) but it

would be more helpful to express these in terms of the Reynolds number Re

to facilitate comparison with the results of statistical physics.

Gr = L3frmsν
−2 , Re = U0Lν

−1 .

Doering and Foias 2002 used the idea of defining U0 as

U 20 = L
−3
〈
‖u‖22

〉
T

where the time average
〈
∙
〉
T
over an interval [0, T ] is defined by

〈g(∙)〉T = lim sup
g(0)

1

T

∫ T

0

g(τ ) dτ .

Gr is fixed provided f is L2-bounded, while Re is the system response.

J. D. Gibbon : 2011 11



Imperial College London

Leray’s energy inequality shows that

1
2

d

dt

∫

V
|u|2 dV ≤ −ν

∫

V
|ω|2 dV + ‖f‖2‖u‖2 ,

〈
Ω21
〉
T
≤ $20GrRe +O

(
T−1

)
.

Doering & Foias (2002) showed that NS-solutions obey Gr ≤ cRe2 provided

the spectrum of f is concentrated in a narrow-band around a single frequency

or its spectrum is bounded above & below

〈
Ω21
〉
T
≤ c$20Re

3 +O
(
T−1

)
.

ν
〈
Ω21
〉
T
is the time-averaged energy dissipation rate over [0, T ] and the Kol-

mogorov length scale λ−1k is estimated as

λ−4k =
ν
〈
Ω21
〉
T

ν3
⇒ Lλ−1k ≤ cRe

3/4 +O
(
T−1/4

)
.
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Weak solution result

Theorem : Weak solutions of the 3D-Navier-Stokes equations satisfy

〈(
$−10 Ωm

)αm〉
T
≤ cRe3 +O

(
T−1

)
, 1 ≤ m ≤ ∞ ,

where $0 = νL
−2, c is a uniform constant and

αm =
2m

4m− 3
.

Remark : The exponent αm =
2m
4m−3 appears to be a natural scaling, consis-

tent with the application of Hölder & Sobolev inequalities.

Proof : (JDG 2011, CMS) The proof is based on a result of Foias, Guillopé

and Temam (1983), New a priori estimates for Navier-Stokes equations in

Dimension 3, Comm. Partial Diff. Equat., 6, 329–359, 1981 (their Theorem

3.1) for weak solutions.
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When modified in the manner of Doering & Foias (02) the FGT result becomes
〈

H
1

2N−1
N

〉

T

≤ cNL
−1ν

2
2N−1Re3 +O

(
T−1

)
,

where

HN =

∫

V

∣
∣∇Nu

∣
∣2 dV =

∫

Vk

k2N |û|2 d3k ,

where H1 =
∫
V |∇u|

2 dV =
∫
V |ω|

2 dV . An interpolation between ‖ω‖2m
and ‖ω‖2 is found using HN

‖ω‖2m ≤ cN,m‖∇
N−1ω‖a2 ‖ω‖

1−a
2 , a =

3(m− 1)
2m(N − 1)

,

for N ≥ 3. ‖ω‖2m is now raised to the power αm, to be determined.

In effect, we are translating from derivatives to L2m-norms.
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〈‖ω‖αm2m〉T ≤ c
αm
N,m

〈
‖∇N−1ω‖aαm2 ‖ω‖

(1−a)αm
2

〉

T

≤ cαmN,m

〈

H
1

2N−1
N

〉1
2aαm(2N−1)

T

〈

H
(1−a)αm

2−aαm(2N−1)
1

〉1−12aαm(2N−1)

T

An explicit upper bound in terms of Re is available only if the exponent of

H1 within the average is unity ; that is

(1− a)αm
2− aαm(2N − 1)

= 1 .

This determines αm, uniformly in N , as

αm =
2m

4m− 3
.

The constant cN,m can be minimized by choosing N = 3 which is finite even

when m =∞ ; thus we take the largest value of cαm3,m and call this c. �
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A continuum of length scales

Based on the definition of the inverse Kolmogorov length λ−1k , a generaliza-

tion of this to a hierarchy of inverse lengths λ−1m suggests :

(
Lλ−1m

)2αm :=
〈(
$−10 Ωm

)αm〉
T

with αm =
2m
4m−3 and where $0 = νL

−2 :

Lλ−1m ≤ cRe
3/2αm +O

(
T−1/2αm

)
1 ≤ m ≤ ∞

m 1 9/8 3/2 2 3 . . . ∞

3/2αm 3/4 1 3/2 15/8 9/4 . . . 3

Values of the Re-exponent 3/2αm = 3
(
1− 3

4m

)
.
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1. For m > 1 the λm are interpreted here as the length scales corresponding

to ever deep intermittent events.

2. Computationally it is hard to get beyond m = 1. m = 9/8 (corresponding

to Re1) is close to modern resolutions. Two alternative views : either

• Flow resolution difficulties could be a symptom of the lack of uniqueness

of weak solutions :

• Or, these difficulties may simply be caused by the practical challenges of

computing a system where even the naturally largest scale (other than

L) lies close to the limit of what can currently be resolved.

3. As m → ∞, the Re3 bound has an exponent 4× greater than the Kol-

mogorov length ; this lies below molecular scales where the NSE are invalid.
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Physical interpretation?

An interesting question is how the existence of this continuum of finer scales

might be interpreted physically? What vortical structures might they resolve?

1. One of the simplest cascade models is the so-called β-model of Frisch,

Sulem and Nelkin 1978 who, in analogy with Mandelbrot’s ideas, modelled

a Richardson cascade.

2. They took a vortex of scale `0 ≡ L and then allowed a cascade of ‘daughter

vortices’, each of scale `n. The idea was based on domain halving at each

step such that `0/`n = 2
n.

3. The self-similarity dimension d (similar to fractal dimension) was then in-

troduced by considering the number of offspring at each step as 2d : 2 for

the halving of a line (d = 1) ; 4 for the halving of each direction in the

plane (d = 2) ; and likewise 8 for the cube (d = 3).
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4. In d dimensions the corrections to the Kolmogorov scaling calculations for

velocity & turn-over time appear as multiplicative factors proportional to

(`0/`n)
(3−d)/3

Equating the turn-over and viscous times in the standard manner one arrives

at : `d is their viscous dissipation length

`0/`d ∼ Re
3
d+1 .

This allows an assignation of a corresponding “self-similarity dimension”

dm to vortical structures that require values of m > 1 for their resolution

dm + 1 = 2αm ⇒ dm =
3

4m− 3
,

m 1 9/8 3/2 2 3 . . . ∞

3/2αm 3/4 1 3/2 15/8 9/4 . . . 3

dm 3 2 1 3/5 1/2 . . . 0
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Final remarks concerning regularity

Let us assume that strong solutions exist : Ωm satisfies (JDG 2010)

Ω̇m ≤ $0Ωm

{

−
1

c1,m

(
Ωm+1
Ωm

)βm
+ c2,m

(
$−10 Ωn

)2αn + c3,mRe
2

}

,

where n = 1
2(m + 1) and βm =

4
3m(m + 1). What can we conclude?

1. Excluding m =∞ we can recover the result
〈(
$−10 Ωm

)αm〉
T
≤ cmRe

3 +
(
T−1

)

2. Note that (
Ωm+1
Ωm

)2(m+1)

is the generalization of the spatial flatness : the normal definition is

the ratio of the 4th order moment to the square of the 2nd order moment.
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is the generalization of the spatial flatness : the normal definition is

the ratio of the 4th order moment to the square of the 2nd order moment.
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3. Normally the more turbulent the flow, the higher the flatness. Thus highly

turbulent flows – and thus potentially more singular – should

have higher dissipation! How high could this become? One can prove :

Lemma : Provided ∃ a solution, the flatness Ωm+1/Ωm satisfies
〈(
Ωm+1
Ωm

)βm/2
〉

T

≤ cmRe
3 +O

(
T−1

)
.

Note that the exponent 12 is not strong enough to control the full flatness

from above. Nevertheless, there is evidence of allowance for very strong

fluctuations.

The question for “regularity chasers” is how does a fluctuation

in Ωm+1/Ωm correlate with a spike in Ωn?
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