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Le Problème 
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Nous avons un densité advecté par une vitesse –  

Active scalar problem in gradient flow format. 

L’analyse par les idées des mechaniques des fluides (active 
scalars – divergence free flow) et optimal transport 
(gradient flow). 
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Singularites aux temps fini- 

pointy potentials  

• Previous Results  
• For smooth K the solution blows 
up in infinite time 

• For n=1, and `pointy’ K 
(biological kernel: K=e-|x| ) blows 
up in finite time due to delta in 
Kxx -    Bodnar-Velazquez/Holm and 
Putkaradze 
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Bertozzi and Laurent 
Comm. Math. Phys. 2007 

2007 result: 
For `pointy’ kernel one 
can have smooth initial 
data that blows up in 
finite time in any space 
dimension.   

Proof: uses Lyapunov 
function and some 
potential theory 
estimates. 

Well posedness proved 
via classical Sobolev 
space estimates. 



Finite time singularities- 

pointy potentials  

• Local well-posedness of the problem 
with initial data in  

• Existence theory uses method of 
characteristics - anologous to 
Yudovich theory for 2D Euler. 
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Bertozzi and Brandman 
Comm. Math. Sci. 2010 - Majda issue 

Moins facile que le cas d’Euler - we 
have to pass to the limit in the 
amplification term. 

Plus facile que le cas d’Euler- the 
potential K is less singular, 
moreover bounded data implies 
more regularity for characteristic 
velocity. 

Uniqueness - proved using primitive 
equation as in Yudovich. 

Finite time blowup as in BL 2007 
paper. 

For the aggregation problem, result 
in all space dimensions, N>1. 



Singularites aux temps fini- 

autres potentials 

• Previous Results 
• For smooth K the solution blows 
up in infinite time 

• For `pointy’ K (biological kernel 
such as K=e-|x| ) blows up in finite 
time for special radial data in any 
space dimension. 
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ALB Carrillo, Laurent 
Nonlinearity 2009 

New result: 
Osgood condition  

is a necessary and 
sufficient condition for 
finite time blowup in 
any space dimension 
(under mild monotonicity conditions). 

Moreover-finite time blowup for 
pointy potential can not be 
described by `first kind’ similarity 
solution in dimensions N=3,5,7,... 



Osgood uniqueness criteria for 
ODEs 

•  dX/dt = F(X), system of first order ODEs 
•  Picard theorem – F is Lipschitz continuous 
•  Generalization of Picard is Osgood criteria

(sharp) : w(x) is modulus of continuity of F, i.e. 
     |F(X)-F(Y)|< w(|X-Y|)  
•  1/w(z) is not integrable at the origin for unique 

solutions. 
•  Example: dx/dt = x |ln x| has unique solutions. 
•  Example: dx/dt = sqrt(x) does not have unique 

solutions. 
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Collapse of particles in the ODE ALB, Carrillo, 
 Laurent 
Nonlinearity 2009 

COMPARISON PRINCIPLE: Preuve de l’explosion-potentiels 
non-Osgood – soit R(t) le distance du particule plus loins du 
centre du mass (conserve) 

Non-Osgood les particules collapse en temps fini.  Avec Osgood 
nous avons l’existence globale pour les particules separé. 

particules 



Le preuve avec le densite  ALB, Carrillo, Laurent 
Nonlinearity 2009 

COMPARISON PRINCIPLE: The proof for a finite number of 
particles extends naturally to the continuum limit. Proof of 
finite time blowup for non-Osgood potentials - assumes 
compact support of solution.  One can prove that there exists 
an R(t) such that BR(t)(xm) contains the support, xm is center of 
mass (conserved), and  

Thus the Osgood criteria provides a sufficient condition on the potential 
K for finite time blowup from bounded data.  To prove the condition is 
also necessary we must do further potential theory estimates. 



Trés facile- C2 kernels 
•  A priori bound  
•  One can easily prove a Gronwall estimate 
•  L-infty of density controlled by L-infty of 

div v. 
•  But, div v = Laplacian of K convolved with 

the density (L1). 
•  If the kernel is C2  we have an a priori 

bound. 
•  We need more refined potential theory 

estimates for general Osgood condition. 
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   Proof of global existence:  

Relation to 3D Euler 

ALB, Carrillo, Laurent 
Nonlinearity 2009 

Vorticity Stream form of 3D Euler Equations  
omega is vector vorticity and K3 is Biot-Savart Kernel in 3D 



Finite time singularities- 

general potentials  

Bertozzi, Carrillo, Laurent 
Nonlinearity 2009 

l2 

l1 



Finite time singularities- 

general potentials  

Bertozzi, Carrillo, Laurent 
Nonlinearity 2009 



Finite time singularities- 

general potentials  

Bertozzi, Carrillo, Laurent 
Nonlinearity 2009 



•  Similarity solution of form  

•  The equation implies 
•  Conservation of mass would imply                           - NO 
•  Second kind similarity solution - no mass conservation 
•  Experimentally, the exponents vary smoothly with dimension of space, 

and there is no mass concentration in the blowup....   

Shape of singularity- 

pointy potential 

Huang and Bertozzi 
SIAP 2010-radially symmetric numerics 

``Finite time blowup for `pointy’ potential, K=|x|, can not be 
described by `first kind’ similarity solution in dimensions 
N=3,5,7,...’’  - proof Bertozzi, Carrillo, Laurent,  Dai preprint – 
general N.  What happens when the solution blows up?  Let’s 
compute it. 



Simulations by Y. Huang, 
    SIAP 2010 

Second  
kind 

Exact  
self-similar 



•  CONNECTION TO BURGERS SHOCKS 
•  In one dimension, K(x) = |x|, even initial data, the problem can be transformed exactly to Burgers 

equation for the integral of u. 

•  Burgers equation for odd initial data has an exact similarity solution for the blowup - it is an 
initial shock formation, with a 1/3 power singularity at x=0.  

•    

•  There is no jump discontinuity at the initial shock time, which correponds to a zero-mass blowup 
for the aggregation problem. However immediately after the initial shock formation a jump 
discontinuity opens up - corresponds to mass concentration in the aggregation problem 
instantaneously after the initial blowup. 

•  This Burgers solution is (a) self-similar, (b) of `second kind’, and (c) generic for odd initial data. 
There is a one parameter family of such solutions (also true in higher D). 

•  For the original u equation, this corresponds to beta = 3/2. 

Shape of singularity- 

pointy potential 

Huang and Bertozzi 
SIAP 2010 



Local existence of Lp solutions 

19 

ALB, Laurent, Rosado, CPAM 2011 



Measure solutions – well-posedness 

•  New paper: Carrillo, Di Francesco, Figalli, 
Laurent, Slepcev (Duke MJ 2011) 

•  Uses Optimal Transport ideas  
•  Gradient flow in Wasserstein metric 
•  Flow on space of probability measures with 

bounded second moment 
•  Kernel is lambda-convex: 
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Proof of blowup for general 
measure solutions 
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Back to the Lp case  
ALB, Laurent, Rosado, CPAM 2011 

•  Local existence using method of characteristics 
and some analysis (ALB, Laurent) 

•  Uniqueness using optimal transport theory 
(Rosado) 

•  Global existence vs local existence – the 
Osgood criteria comes back again.  Why? 
–  Mass concentration eventually happens in finite 

time for non-Osgood kernel 
–  A priori Lp bound for Osgood kernel – see next 

slide 22 



Global Existence in Lp: 

a priori Lp bound  

Bertozzi, Laurent, Rosado 
CPAM 2011 

Define a length scale using Lp and L1 norms: 

Again, using potential theory estimates one can prove: 

For an Osgood kernel one has an a priori pointwise lower bound  for 
 the lengthscale R and hence an a priori upper bound for the Lp norm. 



Finite time singularities- 

general potentials  

Bertozzi, Carrillo, Laurent 
Nonlinearity 2009 

COMPARISON PRINCIPLE: Proof of finite time blowup 
for non-Osgood potentials - assumes compact support of 
solution.  One can prove that there exists an R(t) such that 
BR(t)(xm) contains the support, xm is center of mass 
(conserved), and  

Thus the Osgood criteria provides a necessary and 
sufficient condition on the potential K for finite time 
blowup from bounded data. 



Blowup from bounded data 
ALB, Laurent, Rosado, CPAM 2011 

•  Local existence using method of characteristics 
and some analysis (ALB, Laurent) 

•  Uniqueness using optimal transport theory 
(Rosado) 

•  Finite time singularity forms a power-law 
singularity – which means it is in some Lp 
space at the blowup time.  Is it good p or bad 
p?  I.e. can it be continued in Lp   or only as a 
measure solution? 

•  Answer is bad p. 25 



Weak Lp solutions and 
instantaneous mass concentration 
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Critical Lp exponents for local well-posedness 
vs. ill-posedness 

Instantaneous mass concentration possible for initial data in Lp 

 for p < d/(d-1) 



Instantaneous mass concentration 
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Proof of instantaneous mass 
concentration 

29 



Instantaneous Mass Concentration 
ALB, Laurent, Rosado, CPAM 2011 
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Instantaneous Mass Concentration 
ALB, Garnett, Laurent, 2011 

•  Extends prior result for K(x) = |x| to potentials  |x|α, α> 2-d. 

•  That is, we have instantaneous mass concentration for 
particular initial data in Lp, p< d/(d-(2-α)).   

•  The result is sharp, in that solutions exist locally in time 
data in Lp, p>d/(d-(2-α)). 

•  The critical case p=d/(d-(2-α)) also has instantaneous mass 
concentration. 

•  Extends prior results of H. Dong, Bertozzi-Rosado-
Laurent. 

•  Special case of Newtonian potential reduces to Burgers 
equation in radial symmetry. 
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Newtonian Potential K(x)= |x|2-d with Radial 
Symmetry become local Burgers Equation  

ALB, Laurent, Garnett, 2011 

Mass coordinates reduces to Burgers equation 
with a change of variables z=rd/d 
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Nonlocal Aggregations with Radial Symmetry 
become local Burgers Equation K(x)= |x|2-d 

ALB, Laurent, Garnett, 2011 

Two cases : (a) Monotone decreasing density 
(b) non-monotone. 
(a) Burgers solution has no shocks – mass 

concentration only at origin. 
(b) Shocks form away from the origin, 

corresponds to delta-ring measures for the 
original density-aggregation problem.  

– Jump condition for the shock – Rankine 
Hugoniot - Connection to vortex sheets in 
fluid dynamics for the divergence free case. 
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•  Aggregation equation in higher dimensions, radially symmetric 
focusing solution: 

•  Another problem - what is the shape of the finite-time blowup for 
different powerlaw potentials, i.e. K(x) = |x|r?  For r>=2 blowup 
is in infinite time - approaches delta-ring solution. 

•  For r<2 we have a second kind similarity solution with no mass 
concentration.  Recent numerical work of Y. Huang at UCLA. 

34 

Shape of singularity- 

pointy potential 

Huang and Bertozzi 
preprint 2011 



Mixed Potentials – the World Cup Example 
joint work with T. Kolokolnikov, H. Sun, D. Uminsky 
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•  K’(r ) = 
Tanh((1-r)a) 
+b 

Patterns as 
Complex as  
The surface 

of a 
A soccer 

ball. 



Discrete Swarms: A simple model for the mill vortex 

Morse potential 

Rayleigh friction  

Discrete:  

Adapted from Levine, Van Rappel Phys. Rev. E 2000 

M. D’Orsogna, Y.-L. Chuang, A. L. Bertozzi, and L. Chayes, 
Physical Review Letters 2006 



Morse Potential 2D 

Catastrophic:   
particle collapse as 

Stable:   
particles occupy  

macroscopic volume as 



Catastrophic vs H Stable 
Discrete:  

H Stable Catastrophic 



Double spiral 
Discrete:  

Run3 
H-unstable 

New work on kinetic theory 
model by D’Orsogna, 
Carrillo, and Panferov, also 
from IPAM 



Ring and Clump formation 
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Papers- Inviscid Aggregation Equations 
•  Andrea L. Bertozzi, Jose A. Carrillo, and Thomas Laurent, 

Nonlinearity, 2009.  - Osgood criteria for finite time blowup, 
similarity solutions in odd dimension 

•  Andrea L. Bertozzi, Thomas Laurent, Jesus Rosado,  CPAM  2011. 
–  Full Lp theory  

•  Yanghong Huang, Andrea L. Bertozzi, SIAP 2010, Submitted 2011 
–  Simulation of finite time blowup 

•  Andrea L. Bertozzi and Jeremy Brandman, Comm. Math. Sci, 2010. 
–  L infinity weak solutions of the aggregation problem 

•  A. L. Bertozzi and T. Laurent, Comm. Math. Phys., 274, p. 717-735, 
2007. 
–  Finite time blowup in all space dimensions for pointy kernels 
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Additional Preprints– inviscid case 
•  Huang, Witelski, and ALB.  Asymptotic theory to explain 

selection of anomalous exponents for blowup solution – in 
dimensions 3 and 5 for K=|x|.  Need more general theory. 

•  ALB, Garnett, Laurent.  Mass concentration for general 
powerlaws and existence of solutions for radially 
symmetric solutions. 

•  Kolokolnikov, Sun, Uminsky, Bertozzi, `world cup’ paper 
submitted for publication. 

•  Huang and ALB, General scaling of blowup solutions for 
powerlaw kernels in general dimensions. 

•  Sun, Uminsky, ALB – extension of 2D vortex sheets to 
problems with aggregating kernels. 42 



Papers and preprints on viscous 
aggregation equations 

Topaz, Bertozzi, and Lewis, Bull. Math. Bio. 
2006. 

Bertozzi and Slepcev, CPAA, 2010 
Rodriguez and Bertozzi – M3AS 2010 crime 

models. 
Bedrossian, Rodriguez, and Slepcev, accepted  

Nonlinearity  2011 
Bedrossian – two new preprints – one on long 

time dynamics and one on minimizers. 
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Students and Postdocs and 
Collaborators – Aggregation 

Models 
•  PhD students:  Yao-Li Chuang, Jeremy 

Brandman, Yanghong Huang, Hui Sun, Nancy 
Rodriguez, Jacob Bedrossian, Jesus Rosado, 
James von Brecht, Flavien Leger 

•  Postdocs: Chad Topaz, Maria D’Orsogna, 
Thomas Laurent, Dejan Slepcev, David 
Uminsky 

•  Collaborators: Mark Lewis, Jose Antonio 
Carrillo, Lincoln Chayes, John Garnett, Theo 
Kolokolnikov, Tom Witelski, Allon Percus 
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