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General assumption

We shall be greedy!
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A typical greedy algorithm - Notation

• D, Ξtrain : parameter domain, fine discretization thereof.

• For each parameter µ ∈ D, a µ-dependent function v(µ) can be computed.

• SN = {µ1, . . . ,µN} : collection of N parameters.

• WN = {v(µ1), . . . , v(µN )} : collection of N basis functions associated to SN .

• η(µ,WN ) : computable error or error estimation.
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A typical greedy algorithm

Input: A train set Ξtrain ⊂ D, a tolerance tol > 0
Output: SN and WN

Initialization: Choose an initial parameter value µ1 ∈ Ξtrain, set S1 =
{µ1}, compute v(µ1), set W1 = {v(µ1)}, and N = 1

1: while maxµ∈Ξ η(µ;WN ) > tol
2: For all µ ∈ Ξtrain, compute η(µ;WN )
3: Choose µN+1 = argmaxµ∈Ξtrain

η(µ;WN )
4: Set SN+1 = SN ∪ {µN+1}
5: Compute v(µN+1), and set WN+1 = WN ∪ {v(µn+1)}
6: N ← N + 1;
7: end while
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Two independent bottlenecks

1) Large set of basis functions:
A large set WN of basis functions is needed to reach the tolerance criterion

max
µ∈Ξ

η(µ;WN ) < tol
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Two independent bottlenecks

1) Large set of basis functions:
A large set WN of basis functions is needed to reach the tolerance criterion

max
µ∈Ξ

η(µ;WN ) < tol

2) Loop over Ξtrain:
By design of the greedy algorithm, Ξtrain needs to be a “fine enough” dis-
cretization of D. The step

2: For all µ ∈ Ξtrain, compute η(µ;WN )

may become very expensive, in particular for high dimensional parameter spaces.
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Two independent bottlenecks

1) Large set of basis functions:
A large set WN of basis functions is needed to reach the tolerance criterion

max
µ∈Ξ

η(µ;WN ) < tol

2) Loop over Ξtrain:
By design of the greedy algorithm, Ξtrain needs to be a “fine enough” dis-
cretization of D. The step

2: For all µ ∈ Ξtrain, compute η(µ;WN )

may become very expensive, in particular for high dimensional parameter spaces.

Treatment:

1: hp-type approximations: Split the parameter domain D in smaller elements
and assemble different reduced bases for each element. =⇒ Jens’ talk.

2: a) Subject of this talk.
b) This is a computational problem, not a mathematical one.
c) Key words: saturation assumption, randomness.
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A first improvement: Saturation Assumption

Definition (Saturation Assumption). If the property

η(µ;WN ) ≤ Csa η(µ;WM ) for some Csa > 0 for all 0 < M < N

holds, we say that the Saturation Assumption is satisfied.
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A first improvement: Saturation Assumption

The saturation assumption yields a tool to predict errors resp. give an upper
bound thereof.

Definition (Saturation Assumption). If the property
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A first improvement: Saturation Assumption

The saturation assumption yields a tool to predict errors resp. give an upper
bound thereof.

How can this be used? A typical loop over Ξtrain:
1: Set errormax = 0
2: for all µ ∈ Ξtrain

3: Compute η(µ;WN )
4: if η(µ;WN ) > errormax

5: errormax = η(µ;WN ), and let µmax = µ
6: end if
7: end for
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A first improvement: Saturation Assumption

How can this be used? A typical loop over Ξtrain:
1: Set errormax = 0
2: for all µ ∈ Ξtrain

3: Compute η(µ;WN )
4: if η(µ;WN ) > errormax

5: errormax = η(µ;WN ), and let µmax = µ
6: end if
7: end for

Definition (Saturation Assumption). If the property

η(µ;WN ) ≤ Csa η(µ;WM ) for some Csa > 0 for all 0 < M < N

holds, we say that the Saturation Assumption is satisfied.

For any µ ∈ Ξtrain, if η(µ;WM ) is available for some M < N , then Csa η(µ;WM ) is an upper
bound for η(µ;WN ). Thus, if

Csa η(µ;WM ) < errormax,

η(µ;WN ) does not need to be computed.
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A first improvement: algorithm

Input: A train set Ξtrain ⊂ D, Csa, and a tolerance tol
Output: SN and WN

Initialization: Choose an initial parameter value µ1 ∈ Ξtrain, set S1 =
{µ1}, compute v(µ1), set W1 = {v(µ1)}, and N = 1

1: Set a vector ηsaved with ηsaved(µ) =∞ for all µ ∈ Ξtrain

2: while maxµ∈Ξtrain ηsaved(µ) ≥ tol
3: Set errormax = 0
4: for all µ ∈ Ξtrain

5: if Csaηsaved(µ) > errormax

6: Compute η(µ;WN ), and let ηsaved(µ) = η(µ,WN )
7: if ηsaved(µ) > errormax

8: errormax = ηsaved(µ), and let µmax = µ
9: end if

10: end if

11: end for

12: Choose µN+1 = µmax, set SN+1 = SN ∪ {µN+1}
13: Compute v(µN+1), set WN+1 = WN ∪ {v(µN+1)}
14: N ← N + 1
15: end while
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A first improvement: algorithm

Most recent error profile
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Temporary maximum of error (over Ξtrain)

A first improvement: algorithm
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No extra-work if predicted upper
bound of error is smaller than ac-
tual error
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A further improvement: Using randomness

Idea:
• Keep Ξ of moderate size M (restriction given by computational resources).
• Take initially M random points in D to build the train set Ξ.
• At each step of the greedy, discard unnecessary � points and replace by

new random points.
• Although at each step Ξ consists of a moderate number of points, a lot of

points are searched during the entire algorithm.
• Add a “safety check” at the end to ensure quality.

�: when tolerance is achieved for this particular point
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A further improvement: Using randomness

Safety check: Satisfying the condition η(µ;WN ) < tol for a large number Nsc

of random parameter values.

Idea:
• Keep Ξ of moderate size M (restriction given by computational resources).
• Take initially M random points in D to build the train set Ξ.
• At each step of the greedy, discard unnecessary � points and replace by

new random points.
• Although at each step Ξ consists of a moderate number of points, a lot of

points are searched during the entire algorithm.
• Add a “safety check” at the end to ensure quality.

�: when tolerance is achieved for this particular point
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Input: M : the number of sample points in each round of searching,
Nsc: the number of sample points to pass the safety check,
Csa, and a tolerance tol

Output: SN and WN

1: Set Nsafe = ceil(Nsc/M);
2: Generate an initial train set Ξ with M random parameter samples;
3: Choose an initial parameter value µ1 ∈ Ξ and set S1 = {µ1} and N = 1;
4: Set a vector ηsaved with ηsaved(µ) = ∞ for all µ ∈ Ξ;
5: Compute v(µ1), set W1 = {v(µ1)}, set safe = 0, errormax = 2 ∗ tol;
6: while (errormax ≥ tol or safe ≤ Nsafe)
7: errormax = 0;
8: for all µ ∈ Ξ
9: if Csaηsaved(µ) > errormax

10: Compute η(µ;WN ), and let ηsaved(µ) = η(µ,WN )
11: if ηsaved(µ) > errormax

12: errormax = ηsaved(µ), and let µmax = µ
13: end if

14: if ηsaved(µ) > tol
15: flag µ; % all unflaged parameters will be deleted later
16: end if

17: end if

18: end for

19: if errormax > tol
20: Choose µN+1 = µmax, set SN+1 = SN ∪ {µN+1}
21: Compute v(µN+1), set WN+1 = WN ∪ {v(µN+1)}
22: Discard all un-flagged parameters from Ξ and their corresponding...

... saved error estimation in ηsaved;
23: Generate M − sizeof(Ξ) new samples, add them into Ξ such that ...

... sizeof(Ξ) = M , set ηsaved of all new points to ∞.
24: N ← N + 1
25: safe =0;
26: else

27: safe = safe +1;
28: Discard Ξ, generate M new parameters to form Ξ and set ηsaved ...

... to be ∞ for all µ ∈ Ξ.
29: end if

30: end while
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Tolerance not achieved or safety check not passed.

Input: M : the number of sample points in each round of searching,
Nsc: the number of sample points to pass the safety check,
Csa, and a tolerance tol

Output: SN and WN
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4: Set a vector ηsaved with ηsaved(µ) = ∞ for all µ ∈ Ξ;
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6: while (errormax ≥ tol or safe ≤ Nsafe)
7: errormax = 0;
8: for all µ ∈ Ξ
9: if Csaηsaved(µ) > errormax

10: Compute η(µ;WN ), and let ηsaved(µ) = η(µ,WN )
11: if ηsaved(µ) > errormax

12: errormax = ηsaved(µ), and let µmax = µ
13: end if
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... to be ∞ for all µ ∈ Ξ.
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30: end while
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No extra-work if predicted upper
bound of error is smaller than ac-
tual error
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Keep parameter only if tolerance
is not achieved.
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Nsc: the number of sample points to pass the safety check,
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21: Compute v(µN+1), set WN+1 = WN ∪ {v(µN+1)}
22: Discard all un-flagged parameters from Ξ and their corresponding...

... saved error estimation in ηsaved;
23: Generate M − sizeof(Ξ) new samples, add them into Ξ such that ...

... sizeof(Ξ) = M , set ηsaved of all new points to ∞.
24: N ← N + 1
25: safe =0;
26: else

27: safe = safe +1;
28: Discard Ξ, generate M new parameters to form Ξ and set ηsaved ...

... to be ∞ for all µ ∈ Ξ.
29: end if

30: end while
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Tolerance on Ξ is not achieved.
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From Monte-Carlo to Greedy

M = 1 M = very high

Random sampling, Monte-Carlo Equivalent to standard greedy
(or better)
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Numerical Tests
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Consider the complex-valued function

F2(x;µ) = eikk̂·x

where the vector k̂ is given by

k̂ = −(sin θ cos ϕ, sin θ sinϕ, cos θ)T

and µ = (k, θ,ϕ) ∈ D = [1, 5]× [0,π]× [0, 2π].

As domain Ω we take a unit sphere. For the standard greedy algorithm, the
train set Ξtrain consists of a rectangular grid of 50× 50× 50 points.

Empirical Interpolation Method
Test function with 3 parameters

3.1 Numerical Tests

We first present the numerical test that will be discussed within this section.
Test i): Although designed for high dimensional problems, we first test the new algorithms
on a one dimensional parameter space. Consider the complex-valued function

F1(x; k) =
eikx − 1

x

where x ∈ Ω = (0, 2] and k ∈ D = [1, 25]. The interval Ω is divided into a equidistant pointset
of cardinality 15’000 points to build Ωh where the error �F1(x;µ) − IN (F1)(x;µ)�L∞(Ωh) is
computed. For the standard greedy algorithm, the train set Ξtrain consists of 5’000 equidistant
points in D.

Test ii): Next, consider the complex-valued function

F2(x;µ) = eikk̂·x

where the vector k̂ is given by

k̂ = −(sin θ cos ϕ, sin θ sin ϕ, cos θ)T

and µ = (k, θ, ϕ) ∈ D = [1, 5] × [0, π] × [0, 2π]. As domain Ω we take a unit sphere. For
practical purpose, we take a polyhedral approximation to the sphere, as illustrated in Figure 1,
and the discrete number of points Ωh (where again the error �F2(x;µ)− IN (F2)(x;µ)�L∞(Ωh)

is computed) consists of the three Gauss points on each triangle. For the standard greedy
algorithm, the train set Ξtrain consists of a rectangular grid of 50× 50× 50 points.

Figure 1: Discrete surface for the unit sphere.

In electromagnetics, this function is widely used since pF2(x;µ) represents a plane wave
with wave direction k̂ and polarization p ⊥ k̂ impinging onto the sphere. See [?]...

Test iii): We further introduce the following real-valued function

F3(x;µ) = sin(2πµ1(x1 − µ2)) sin(2πµ3(x2 − µ4)) sin(4πµ5(x1 − µ6)) sin(4πµ7(x2 − µ8))

with x = (x1, x2) ∈ Ω = [0, 1]2 and µ1, µ3 ∈ [0, 2], µ2, µ4, µ6, µ8 ∈ [0, 1], µ5, µ7 ∈ [1, 2]. The
domain Ω is divided into a grid of equidistant points of cardinality 100×100 points to build Ωh.
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Empirical Interpolation Method
Saturation Assumption

Test iv): Finally we consider the following real-valued function

F4(x;µ) =
�

1 + exp
�
−(x1 − µ1)2

µ9
− (x2 − µ2)2

µ10

�� �
1 + exp

�
−(x1 − µ3)2

µ11
− (x2 − µ4)2

µ12

��

·
�

1 + exp
�
−(x1 − µ5)2

µ13
− (x2 − µ6)2

µ14

�� �
1 + exp

�
−(x1 − µ7)2

µ15
− (x2 − µ8)2

µ16

��

with x = (x1, x2) ∈ Ω = [0, 1]2 and µ1, . . . , µ8 ∈ [0.3, 0.7], µ9, . . . , µ16 ∈ [0.01, 0.05]. The
domain Ω is divided into a grid of equidistant points of cardinality 100 × 100 points to build
Ωh.

3.2 Saturation Assumption

We first test the feasibility of the Saturation Assumption for the test functions F1 and F2.
In Figure 2 and 3 we present the evolution of the average and maximum value of

C(N) =
η(µ, WN )

η(µ, WN−1)
(3.2)

over Ξtrain along the standard greedy sampling process Algorithm 1. This quantity is an
indication of Csa. We observe that assuming, in this particular case, that Csa = 2 is a safe
choice, for both cases. For this particular choice of Csa, we illustrate in Figure 4 and 5 how
much workload can be saved at each iteration of the standard greedy sampling. Indeed, the
curve plotted indicates, at each step N , the percentage of the work that needs to be done by
using the Saturation Assumption compared to using the standard greedy algorithm and thus
compares the different workloads of Algorithm 1 and 2.
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Figure 2: Evolution of the quantity 3.2 along
the greedy sampling for F1.
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Figure 3: Evolution of the quantity 3.2 along
the greedy sampling for F2.

3.3 Adaptively Enriching Greedy Algorithm

We now test the adaptively enriching greedy algorithm (AEGA) as presented in Algorithm 3.
For F1, we choose M = 100, Nsc = 5’000 and Csc = 2; for F2 we set M = 1’000, 10’000, 100’000,
Nsc = 125’000 and Csc = 2. In Figures 6, 7, 8, 9 we plot the convergence of the new algorithm
(in red solid lines) and the corresponding error over the large control set Ξtrain (in dotted lines).
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with x = (x1, x2) ∈ Ω = [0, 1]2 and µ1, . . . , µ8 ∈ [0.3, 0.7], µ9, . . . , µ16 ∈ [0.01, 0.05]. The
domain Ω is divided into a grid of equidistant points of cardinality 100 × 100 points to build
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In Figure 2 and 3 we present the evolution of the average and maximum value of

C(N) =
η(µ, WN )
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(3.2)

over Ξtrain along the standard greedy sampling process Algorithm 1. This quantity is an
indication of Csa. We observe that assuming, in this particular case, that Csa = 2 is a safe
choice, for both cases. For this particular choice of Csa, we illustrate in Figure 4 and 5 how
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3.3 Adaptively Enriching Greedy Algorithm

We now test the adaptively enriching greedy algorithm (AEGA) as presented in Algorithm 3.
For F1, we choose M = 100, Nsc = 5’000 and Csc = 2; for F2 we set M = 1’000, 10’000, 100’000,
Nsc = 125’000 and Csc = 2. In Figures 6, 7, 8, 9 we plot the convergence of the new algorithm
(in red solid lines) and the corresponding error over the large control set Ξtrain (in dotted lines).
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Standard Greedy: Save of workload using the
Saturation Assumption:

Csa = 2

2 4 6 8 10 12 14 16
N

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Mean of C(N) constant
Max of C(N) constant

0 50 100 150 200 250
N

0

0.5

1

1.5

2

Mean of C(N) constant
Max of C(N) constant

Figure 2: Evolution of the quantity (3.15) along the greedy sampling for F1 (left) and F2

(right).

For this particular choice of Csa, we illustrate in Figure 3 how much workload can be
saved in the loop over Ξtrain at each iteration of the standard greedy sampling. Indeed, the
curve plotted indicates, at each step N , the percentage of the work that needs to be done by
using the Saturation Assumption compared to using the standard greedy algorithm and thus
compares the different workloads, at each loop over Ξtrain of Algorithm 1 and 2. One can
observe that, while for the first example the improvement is already significant, one achieves
an average (over the different values of N) saving of workload of about 50% (dotted red line)
for the second example.
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Figure 3: Percentage of work at each step N , using the Saturation Assumption based greedy
algorithm, compared to the workload using the standard greedy algorithm, for F1 (left) and
F2 (right).

3.2 Adaptively Enriching Greedy Algorithm

Here, we test the Adaptively Enriching Greedy Algorithm (for convenience denoted by AEGA)
firstly for the previously introduced function F2, then for two test problems with high dimen-
sional parameter spaces.

Considering F2, we set M = 1’000, 10’000, 100’000, Nsc = 125’000 and Csc = 2. In Figure
4 we plot the convergence of the new algorithm (in red solid lines) and the corresponding
error over the large control set Ξtrain (in dotted lines). As comparison, we also illustrate the
convergence of the standard greedy algorithm using the train set Ξtrain (in dashed lines). Note
that we do not plot the phase where the safety check is active. That means the illustration
stops whenever the assertion at line 19 in Algorithm 3 is false for the first time.
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Figure 4: Percentage of work at each step
N , using the Saturation Assumption based
greedy algorithm, compared to the workload
using the standard greedy algorithm, for F1.
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Figure 5: Percentage of work at each step
N , using the Saturation Assumption based
greedy algorithm, compared to the workload
using the standard greedy algorithm, for F2.

As comparison we also illustrate the convergence of the standard greedy algorithm using the
train set Ξtrain (in dashed lines). Note that we plot the phase where the safety check is active.
That means the illustration stops whenever the assertion at line 19 in Algorithm 3 is false for
the first time.

We make two observations. Firstly, as we increase the value of M , the convergence error
provided by the AEGA and the error of the AEGA over the larger control set become (not
surprisingly) closer and closer. Secondly and more surprisingly, even for a moderate value of
M (1’000) the error of the AEGA over the large control set (which is identical to the train set
Ξtrain of the standard greedy algorithm) shows a better convergence than the standard greedy
algorithm.
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Figure 6: Convergence behavior of the
adaptively enriching greedy algorithm for
F1.
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Figure 7: Convergence behavior of the adap-
tively enriching greedy algorithm for F2 with
M = 1’000.

Figure 10 shows the evolution of the number of points which were part of the train set
during new greedy algorithm for F2 and M = 1’000, 10’000, 100’000.

In 11, we present the, for F2 and M = 1’000, 10’000, 100’000, two quantities. The first
one consists of the percentage of work (w.r.t. M), at each step N , that needs to be effected
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Figure 8: Convergence behavior of the adap-

tively enriching greedy algorithm for F2 with

M = 10’000.
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Figure 9: Convergence behavior of the adap-

tively enriching greedy algorithm for F2 with

M = 100’000.
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Figure 10: Evolution of the number of points where the accuracy is

checked of the adaptively enriching greedy algorithm for different

values of M (Safety check not included).

and cannot be skipped by using the Saturation Assumption. The second one consists of the

percentage of points (w.r.t. M) that are remained after each step N in the train set. One

can observe that at the end, almost all points in the train set are withdrawn (and thus the

corresponding errors need to be computed). During a long time however, those two quantities

are heavily correlated since one only keeps points in the train set if the Saturation Assumption

based error estimation is larger than the current error and thus thus those points are also

significant for the next iteration; unless the newly computed errors for those points are smaller

than the requested tolerance (this explains the divergence of the two quantities towards the

end).

Remark 3.1. Algorithm 3 is subject of randomness. However, we plot only one realization of

the adaptively enriching greedy algorithm. Due to the presence of a lot of repeated randomness

(each newly generated parameter value of Ξ is random) these illustration are still meaningful.

In Figure 12 and 13 we plot the convergence behaviour of the adaptive enriching greedy

algorithm for the function F3 and tol = 10−4. The value of Nsc is set for all different choices of

M = 100, M = 1’000 and M = 10’000 equal to Nsc = 100’000. Figure 13 is a zoom of Figure

12 towards the end of the convergence to highlight how the safety check acts. We observe

10

0 50 100 150 200 250
N

0.0001

0.001

0.01

0.1

1

10

100 Standard greedy algorithm
Error provided by AEGA
Error of  AEGA over a control set of points

Figure 8: Convergence behavior of the adap-

tively enriching greedy algorithm for F2 with

M = 10’000.

0 50 100 150 200 250
N

0.0001

0.001

0.01

0.1

1

10

100 Standard greedy algorithm
Error provided by AEGA
Error of AEGA over a control set of points

Figure 9: Convergence behavior of the adap-

tively enriching greedy algorithm for F2 with

M = 100’000.

0 50 100 150 200 250
N

1000

10000

100000

1x106

1x107

To
ta

l n
um

be
r o

f p
oi

nt
s

M=1'000
M=10'000
M=100'000

Figure 10: Evolution of the number of points where the accuracy is

checked of the adaptively enriching greedy algorithm for different

values of M (Safety check not included).

and cannot be skipped by using the Saturation Assumption. The second one consists of the

percentage of points (w.r.t. M) that are remained after each step N in the train set. One

can observe that at the end, almost all points in the train set are withdrawn (and thus the

corresponding errors need to be computed). During a long time however, those two quantities

are heavily correlated since one only keeps points in the train set if the Saturation Assumption

based error estimation is larger than the current error and thus thus those points are also

significant for the next iteration; unless the newly computed errors for those points are smaller

than the requested tolerance (this explains the divergence of the two quantities towards the

end).

Remark 3.1. Algorithm 3 is subject of randomness. However, we plot only one realization of

the adaptively enriching greedy algorithm. Due to the presence of a lot of repeated randomness

(each newly generated parameter value of Ξ is random) these illustration are still meaningful.

In Figure 12 and 13 we plot the convergence behaviour of the adaptive enriching greedy

algorithm for the function F3 and tol = 10−4. The value of Nsc is set for all different choices of

M = 100, M = 1’000 and M = 10’000 equal to Nsc = 100’000. Figure 13 is a zoom of Figure

12 towards the end of the convergence to highlight how the safety check acts. We observe

10

Empirical Interpolation Method
Adaptively Enriching Greedy Algorithm

M=1’000 M=10’000 M=100’000

Standard greedy on a 50× 50× 50 grid (125’000 points)

Even with M=1’000, the AEGA outperforms the standard greedy.
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Empirical Interpolation Method
Test function with 16 parameters

Consider the real-valued function

F(x; µ) =

„
1 + exp

„
− (x1 − µ1)

2

µ9
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2

µ10

«« „
1 + exp

„
− (x1 − µ3)

2

µ11
− (x2 − µ4)

2
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·
„

1 + exp

„
− (x1 − µ5)

2

µ13
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2

µ14

«« „
1 + exp

„
− (x1 − µ7)

2
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2

µ16

««

with x = (x1, x2) ∈ Ω = [0, 1]2 and µ1, . . . , µ8 ∈ [0.3, 0.7], µ9, . . . , µ16 ∈ [0.01, 0.05]. The domain
Ω is divided into a grid of equidistant points of cardinality 100× 100 points to build Ωh.
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Figure 15: Convergence behavior of the
adaptive enriching greedy algorithm for F4.
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zoomed in towards the end where the safety
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The approximation problem (4.5) is assumed to be well-posed too. The following inf-sup
stability is satisfies for a µ-dependent positive constant βfe(µ):

βfe(µ) = inf
u∈Xfe

sup
v∈Xfe

a(u, v;µ)
�u�Xfe�v�Xfe

, (4.6)

where � · �Xfe is a norm of the discrete space Xfe.
We assume that Xfe is a rich enough subspace of X such that the error u(µ) − ufe(µ)

is very small or neglectable. Thus ufe(µ) is often called a truth solution. The corresponding
output functional is defined as

sfe(µ) = �(ufe(µ),µ). (4.7)

For a collection of N parameters SN = {µ1, · · · ,µN} in the parameter domain D ⊂ Rp, let
WN = {ufe(µ1), · · · , ufe(µN )}, where ufe(µi) is the numerical solution of the problem (4.5)
corresponding to the parameter values µi, for 1 ≤ i ≤ N . Define the reduced basis space
Xrb

N = span{WN}.
The the reduced basis approximation is defined as: For any µ ∈ D, find urb

N (µ) ∈ Xrb
N such

that
a(urb

N (µ), v;µ) = f(v;µ), ∀v ∈ Xrb
N . (4.8)

The corresponding output functional is defined as

srb
N (µ) = �(urb

N (µ),µ), (4.9)

Define e(µ) = urb
N (µ)−ufe(µ) ∈ Xfe as the difference between the RB solution urb

N (µ) and
the truth solution ufe(µ). The residual r(v;µ) ∈ (Xfe)� is defined

r(v;µ) := f(v;µ)− a(urb
N , v;µ), ∀v ∈ Xfe, (4.10)

and its norm is defined as

�r(·;µ)�(Xfe)� := sup
v∈Xfe

r(v;µ)
�v�Xfe

. (4.11)
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Sunday, June 26, 2011



0 100 200 300 400
N

0.0001

0.001

0.01

0.1

1 M=10'000
M=100'000
M=1'000'000

Figure 15: Convergence behavior of the
adaptive enriching greedy algorithm for F4.

320 340 360 380 400 420
N

0.0001

0.001
M=10'000
M=100'000
M=1'000'000
Error tolerance

Figure 16: Convergence behavior of the
adaptive enriching greedy algorithm for F4

zoomed in towards the end where the safety
check is active.

The approximation problem (4.5) is assumed to be well-posed too. The following inf-sup
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output functional is defined as
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WN = {ufe(µ1), · · · , ufe(µN )}, where ufe(µi) is the numerical solution of the problem (4.5)
corresponding to the parameter values µi, for 1 ≤ i ≤ N . Define the reduced basis space
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the truth solution ufe(µ). The residual r(v;µ) ∈ (Xfe)� is defined
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output functional is defined as
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For a collection of N parameters SN = {µ1, · · · ,µN} in the parameter domain D ⊂ Rp, let
WN = {ufe(µ1), · · · , ufe(µN )}, where ufe(µi) is the numerical solution of the problem (4.5)
corresponding to the parameter values µi, for 1 ≤ i ≤ N . Define the reduced basis space
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The the reduced basis approximation is defined as: For any µ ∈ D, find urb

N (µ) ∈ Xrb
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that
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The corresponding output functional is defined as
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Define e(µ) = urb
N (µ)−ufe(µ) ∈ Xfe as the difference between the RB solution urb

N (µ) and
the truth solution ufe(µ). The residual r(v;µ) ∈ (Xfe)� is defined
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Fig. 10 (a) Original domain !o(µ) with single region Ro,1(µ) and
initial control points/edges indicated, and (b) Kdom = 8 RB triangula-
tion ! = !Kdom

k=1 !
k

In this case, we obtain Q = 15, which is quite modest;
furthermore, the geometric feature is “localized” in the sense
that the control points on the outer square are parameter-
independent. We observe that many subdomains does not
necessarily imply large Q; in this case, all the Inwards and
Outwards Elliptical Triangles share the same (anisotropic)
dilation mapping, and hence generate similar mapping coef-
ficients that can be coalesced in the final affine representa-
tion.

As our last example, we consider a more general Curvy-
Edge domain with a single region. We consider an isotropic
Laplacian corresponding to Ko,1 11 = Ko,1 22 = 1 (all other
entries of Ko,1 are set to zero). We consider the original do-
main !o(µ) given by {(xo1, xo2) | 0 < xo1 < 1,!1 < xo2 <

µ1 cos"xo1}. The single (P = 1) parameter represents the
amplitude of the cosinusoidal top boundary; the parameter
domain is given by D = [ 1

6 , 1
2 ]. We choose µref = 1/3.

We select the User-provided control points and edges
shown in Fig. 10a. Note for the Curvy Edge associated with
control points (0,µ1) and (1/2,0) we choose center (0,0)

and hence our parameterization is given by
"

xo1
xo2

#
=

$
1 0
0 µ1

%$
t

cos" t

%
(57)

for 0 " t " 1/2; for the Curvy Edge associated with control
points (0,1/2) and (1,!µ1) we choose center (1,0) and
hence our parameterization is given by
"

xo1
xo2

#
=

$
1
0

%
+

$
1 0
0 µ1

%$
t ! 1

cos" t

%
(58)

for 1/2 " t " 1. These choices yield the Kdom = 8 RB trian-
gulation of ! shown in Fig. 10b. We note that subdomains
k = 5,6 correspond to Outwards and Inwards Curvy Trian-
gles, respectively.

In this case we obtain Q = 9, again rather modest. This
particular problem is more obviously treated by a “stretch”
mapping (which is not affine); however, for our purposes we
clearly prefer the piecewise-affine mapping presented here.
We emphasize that arbitrary Curvy Edge domains will not,

Fig. 11 Thermal Block problem for B1 = B2 = 3

in general, permit affine treatment: the Curvy Edges must
admit a (parameter-independent) concave/convex decompo-
sition and appropriate centers in order for our approach to
be directly applicable.

6 Working Examples

6.1 Scalar Problems

We consider two “working” examples. The first shall serve
as a vehicle for the convergence theory; the second is in-
tended to illustrate an application. We note that in all cases
we provide the formulation for the “exact” problem (super-
script e); the FE approximation is then derived from the ex-
act statement (and RB triangulation) following the proce-
dures described earlier. Note also that all problems are pre-
sented in non-dimensional form.

6.1.1 Thermal Block

We consider heat conduction in a square domain. The square
comprises B1 # B2 blocks: each block is a different region
with different thermal conductivity; the geometry is depicted
in Fig. 11. Inhomogeneous Neumann (non-zero flux) bound-
ary conditions are imposed on (so as to match notation in
Fig. 11) #base; homogeneous Dirichlet (temperature) con-
ditions are imposed on #top; and homogeneous (zero flux)
Neumann conditions are imposed on the two sides. The out-
put of interest is the average temperature over (so as to
match notation in Fig. 11) #base [6, 7].

The parameters are then the conductivities in the first
B1B2 ! 1 blocks (with the blocks numbered as shown in
Fig. 11); note in our non-dimensionalization the conduc-
tivity of the last block, which serves for normalization, is
unity. Hence P = B1B2 ! 1 and µ = (µ1, . . . ,µP ), where
µp is the conductivity of block p; the parameter domain
is then given by D = [µmin,µmax]P with µmin = 1/

$
µr ,

µmax = $
µr for µr = 100 (hence µmax/µmin = 100).

Acknowledgment:[Rozza et al.,2008] 

H
1-semi norm), not in the dual norm of the intrinsic energy norm �α(µ)1/2∇v�0,Ω. It’s easy

to see that
�α1/2∇e�2

0,Ω = f(e) ≤ �f�X��e�X ≤ �f�X�
�r(·,µ)�X�

β(µ)
.

Thus, the error estimator η(µ;WN ) is only an upper bound of the the relative error measured
by the square of the intrinsic energy norm. When the changes of α is large, the difference
between the H

1 semi-norm and the energy norm �α1/2∇v�0,Ω is large, we may find the error
estimator is not monotonically decreasing as the number of basis functions is increasing. For
the relative error estimator for � · �Xfe defined in (4.12), we face the same problem.

In Example 1 below, we use a moderate α ∈ [1/10, 10] and we observe the saturation
assumption is satisfied with Csa = 1. In Examples 2 and 3, a wilder range of α ∈ [1/00, 100]
is used. For the error estimator we used, the the Saturation Assumption is not satisfied with
Csa = 1, but it is still satisfied with a larger Csa.

Example 4.1.
In this example, we will show that for a simple coercive elliptic problem, the Saturation

Assumption is satisfied numerically with Csa = 1 for some type of error estimators.
Consider the following thermal block problem, which is a special case of the equation (4.18),

see also [14]. Let Ω = (0, 1)2, and





−∇ · (α∇u) = 1 in Ω,

u = 0 on Γtop = {x ∈ (0, 1), y = 1},
α∇u · n = 0 on Γside = {x = 0 and x = 1, y ∈ (0, 1)},
α∇u · n = 1 on Γbase = {x ∈ (0, 1), y = 0},

(4.22)

where α = 102µ−1 in R1 = (0, 0.5)2 and α = 1 in Rrest = Ω\(0, 0.5)2. We choose the
one-dimensional parameter domain D of µ to be [0, 1], which corresponds to α ∈ [1/10, 10]
in (0, 0.5)2. Note that in this particular case the vector of parameters µ is indeed a scaler
parameter µ.

The variational problem is given in (4.19). The output functional is chosen to be s(u) =
f(u).

Let T be a uniform mesh on Ω with 80’401 of nodes (degrees of freedom), and P1(K) be
the space of linear polynomials on an element K ∈ T , we then define our finite approximation
space

X
fe = {v ∈ X : v|K ∈ P1(K), ∀K ∈ T }.

For a given µ, the finite element problem is seeking u
fe(µ) ∈ X

fe, such that

a(ufe(µ), v;µ) = f(v) v ∈ X
fe

. (4.23)

With a set of N reduced basis WN and the corresponding X
rb
N , and for a given parameter

µ, we solve the following reduced basis approximation problem: Seeking u
rb
N (µ) ∈ X

rb
N , such

that
a(urb

N (µ), v;µ) = f(v) ∀v ∈ X
rb
N . (4.24)

We choose 101 equidistance sample points in D = [0, 1], that is Ξ = { i
100 , i = 0, 1, 2, · · · , 100},

a standard reduced basis greedy algorithm with error estimator defined in (4.21) is used. The
first parameter µ1 is chosen to be 0.5, that is, S1 = {0.5}. The greedy algorithm chooses
the 2nd, 3rd, 4th, and 5th parameters as {0, 1.0, 0.15, 0.81}, so S5 = {0.5, 0, 1, 0.15, 0.81}. We
compute the reduced basis set WN and the reduced basis spaces X

rb
N corresponding to SN ,

N = 1, · · · , 5. Then for all points µ in Ξ, η(µ;WN ), N = 1, · · · , 5 is computed. Figure 17
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Figure 18: Percentage of work at each step N
using Saturation Assumption based greedy al-
gorithm with Csa = 1, compared to the work-
load using the standard greedy algorithm for
Example 4.2
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Figure 19: Percentage of work at each step
N using Saturation Assumption based greedy
algorithm with Csa = 1.1, compared to the
workload using the standard greedy algo-
rithm for Example 4.2

Example 4.3. In this example, we will test a problem with 3 parameters.
For the same equation (4.22), we decompose the domain Ω into 4 subdomains: Rk =

( i−1
2 , i

2)× ( j−1
2 , j

2), for i = 1, 2, j = 1, 2, and k = 2(i− 1) + j. The diffusion constant α is set
to be

α =
�

αk = 1002µk−1 x ∈ Rk, k = 1, 2, 3,
α4 = 1 x ∈ R4,

where µ = (µ1, µ2, µ3) ∈ [0, 1]3. The bilinear form is

a(u, v;µ) =
3�

k=1

1002µk−1
�

Rk

∇u ·∇vdx +
�

R4

∇u ·∇vdx, (4.26)

All other forms and spaces are identical to Example 4.1. We still choose the output func-
tional based error estimator as Example 4.1 The tolerance is set to be 10−3. Let N50 =
{0, 1, 2, · · · , 50}, the train set is given by

Ξ = {[x(i), y(j), z(k)] : x(i) =
i

50
, y(j) =

j

50
, z(k) =

k

50
, i ∈ N50, j ∈ N50, k ∈ N50}.

The standard greedy algorithm needs 24 reduced bases to reduce the estimated error less than
the tolerance. If Csa is chosen to be 1, 25 reduced bases are needed to reduce the estimated error
less than the tolerance. The set SN obtained by the Saturation Assumption based algorithm
with Csa = 1 is also different from the standard algorithm. As discussed before, this is mainly
caused by the inaccuracy of the error estimator. If we choose Csa = 3, we get the same SN

as the standard greedy algorithm. See Figures 21, 22 for the comparisons of the workloads
using the standard algorithm and the Saturation Assumption based algorithm with Csa = 1
and Csa = 3, respectively.

Remark 4.1. For the type of compliance problem discussed in Examples 4.1, 4.2 and 4.3, in
[14], another type of error estimator is suggested:

η(µ,WN ) :=
�r(·;µ)�2(Xfe)�

βfe(µ)|srb
N (µ)|

. (4.27)
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Figure 20: SN obtained by standard and Saturation Assumption
based greedy algorithms for Example 4.2

For this error estimator, the dual norm of the residual is squared. As discussed before, the
dual norm is computed with respect to a parameter independent reference norm. The square
makes the difference between the dual norm based on the intrinsic energy norm and on the
reference norm bigger. Normally, if the error estimator defined in (4.27) is used, we need a
more conservative Csa. Numerical tests show that even if a Csa = 20 is used for Example 3, the
workload of the saturation assumption based algorithm is still only about 45% of the standard
greedy algorithm.

4.3 Test Example for the Adaptively Enriching Greedy Algorithm

Example 4.4 In this example, we will test the adaptively enriching greedy algorithm for the
reduced basis method.

For the same equation (4.22), we decompose the domain Ω into 16 subdomains: Rk =
( i−1

4 , i
4)× ( j−1

4 , j
4), for i = 1, 2, 3, 4, j = 1, 2, 3, 4, and k = 4(i− 1) + j. The diffusion constant

α is set to be
α =

�
αk = 52µk−1, x ∈ Ri, k = 1, 2, · · · , 15,
α16 = 1, x ∈ R16.

where µ = (µ1, µ2, · · · , µ15) ∈ [0, 1]15. The domain of αk, k = 1, 2, · · · , 15, is given by [1/5, 5].
The bilinear form then consists of

a(u, v;µ) =
15�

k=1

52µk−1
�

Rk

∇u ·∇vdx +
�

R16

∇u ·∇vdx, (4.28)

All other forms and spaces are identical to Example 4.1. Due to the jumps of coefficients
along the interfaces of the subdomains, the solution space of this problem is very rich. We set
Csa = 1, tol = 0.05, Nsc = 10’000. Since there is a ”safety check” step to ensure the quality of
the reduced bases, we should not worry that the choice of constant Csa is too aggressive. We
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Application to the reduced basis method:
Thermal block problem with 3 parameters

Workload save, Ex4.3

Saved workload using the Saturation Assumption: 

The standard greedy algorithm needs 24 reduced bases to reduce the estimated error less than
the tolerance. If Csa is chosen to be 1, 25 reduced bases are needed to reduce the estimated error
less than the tolerance. The set SN obtained by the Saturation Assumption based algorithm
with Csa = 1 is also different from the standard algorithm. As discussed before, this is mainly
caused by the inaccuracy of the error estimator. If we choose Csa = 3, we get the same
sample points SN as the standard greedy algorithm. See Figure 15 for the comparisons of the
workloads using the standard algorithm and the Saturation Assumption based algorithm with
Csa = 1 and Csa = 3, respectively. The mean percentages of workload for Csa = 1 and Csa = 3
are 21.6% and 33.7%, respectively.
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Figure 15: Percentage of work at each step N
using Saturation Assumption based greedy al-
gorithm with Csa = 1 and Csa = 3, compared
to the work load using the standard greedy
algorithm for Test 4.3.
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Figure 16: Convergence behavior of the
adaptively enriching greedy algorithm for
Test 4.4 with M=500 and 1’000.

Remark 4.1. For the type of compliance problem discussed in Tests 4.1, 4.2 and 4.3, other
types of error estimator are suggested in [14]:

ηe(µ, WN ) :=
�r(·;µ)�(Xfe)�

βfe(µ)1/2|urb
N (µ)|

and ηs(µ, WN ) :=
�r(·;µ)�2

(Xfe)�

βfe(µ)|srb
N (µ)|

. (4.30)

As we discussed before, the most important term in the error estimator of the Saturation
Assumption is the dual norm of the residual �r(·;µ)�(Xfe)�. For the error estimator ηe(µ;WN ),
the behavior is similar to that of η(µ;WN ). For the error estimator ηs(µ;WN ), the dual norm
of the residual is squared. The dual norm is computed with respect to a parameter independent
reference norm. The square makes the difference between the dual norm based on the intrinsic
energy norm and on the reference norm larger. Normally, if the error estimator ηs(µ;WN ) is
used, we need a more conservative Csa. Numerical tests show that even if Csa = 20 is set for
Test 4.3, the workload of the Saturation Assumption based algorithm is still only about 45%
(on average) of the standard greedy algorithm.

4.2 Adaptively Enriching Greedy Algorithm

Test 4.4 We test the adaptively enriching greedy algorithm for the reduced basis method for
a problem with 15 parameters.
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as the standard greedy algorithm. See Figure 20 for the comparisons of the workloads using
the standard algorithm and the Saturation Assumption based algorithm with Csa = 1 and
Csa = 3, respectively.
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Figure 20: Percentage of work at each step N
using Saturation Assumption based greedy al-
gorithm with Csa = 1 and Csa = 3, compared
to the work load using the standard greedy
algorithm for Example 4.3.
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Figure 21: Convergence behavior of the adap-
tively enriching greedy algorithm for Example
4.4 with M=500 and 1’000.

Remark 4.1. For the type of compliance problem discussed in Examples 4.1, 4.2 and 4.3, in
[14], another type of error estimator is suggested:

η(µ, WN ) :=
�r(·;µ)�2(Xfe)�

βfe(µ)|srb
N (µ)|

. (4.27)

For this error estimator, the dual norm of the residual is squared. As discussed before, the
dual norm is computed with respect to a parameter independent reference norm. The square
makes the difference between the dual norm based on the intrinsic energy norm and on the
reference norm bigger. Normally, if the error estimator defined in (4.27) is used, we need a
more conservative Csa. Numerical tests show that even if a Csa = 20 is used for Example 4.3,
the workload of the Saturation Assumption based algorithm is still only about 45% (on average)
of the standard greedy algorithm.

4.3 Adaptively Enriching Greedy Algorithm

Example 4.4 In this example, we will test the adaptively enriching greedy algorithm for the
reduced basis method.

For the same equation (4.22), we decompose the domain Ω into 16 subdomains: Rk =
( i−1

4 , i
4)× ( j−1

4 , j
4), for i = 1, 2, 3, 4, j = 1, 2, 3, 4, and k = 4(i− 1) + j. The diffusion constant

α is set to be
α =

�
αk = 52µk−1, x ∈ Ri, k = 1, 2, · · · , 15,
α16 = 1, x ∈ R16.

where µ = (µ1, µ2, · · · , µ15) ∈ [0, 1]15. The domain of αk, k = 1, 2, · · · , 15, is given by [1/5, 5].
The bilinear form then consists of

a(u, v;µ) =
15�

k=1

52µk−1
�

Rk

∇u ·∇vdx +
�

R16

∇u ·∇vdx, (4.28)
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Remarks

• Derivative-free optimization schemes can also be used to find 
the maximum over the parameter space.

• Each new random point in the Adaptively Enriching Greedy 
Algorithm can also be optimized: random walk, simulated 
annealing, simplex method etc.

• The Adaptively Enriching Greedy Algorithm can also be 
combined with a hp-strategy.

• One can incorporate a priori knowledge in the pdf.

• One can vary M (number of sample points) during the evolution 
of N.
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Speculative remarks

• Order of sampling points does not matter. 

• Each region of the parameter domain needs to be sampled with a 
certain density. Exact location of the sample points does not matter.

Thus, using randomness makes sense.
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Conclusions and reference

• A computational tool was presented to accelerate a typical greedy 
algorithm for high dimensional parameter spaces. 

• Computational and not theoretical approach

• The speed-up results from a combination of using a Saturation 
Assumption and discarding unimportant parameter points.

• New parameter points are added randomly.

• First numerical results are satisfying.

• Tech report available at (DAM Brown report 2011-15)

http://www.dam.brown.edu/scicomp/reports/2011-15/ 
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Thank you for your attention...
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