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The “ldeal Setting”

@ Au, =fA H>H, peP, ~» S={Uu,:pePtCH
@ Uniform “mapping property” ||V||y ~ ||AuV]|m, V€ H, p € P
@ S, C H ~» computable surrogates R,(uy, ) ~ ||f — N* U, ||/

¢ Rn(u,) < disty (U, Sn) = [|uy — Ps,uull% < CRa(uy)

@ Greedy construction of S: given uy; = u,,,,j=0,...,n—1,
Sp=span{u;j:j=0,...,n—1}

Cc ..
Un = argmaxﬂepﬁn(uﬂ), = |lun — Ps,upll3 > EdlstH(Sa Sh)

@ Convergence [Binev/Cohen/D/DeVore/Petrova/Wojtasczyk]:
igf disty (S, Yn) = O(n™%) = disty(S,Sp) = O(n~ <)
m Y,=n

di
= U, smooth ~ n small...
@ What about transport dominated problems? igpmj|
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A Model Problem: Transport Equation

b-Vu+cu = f, inD =
u = g onfl_
. = {xedD: b(x) n(x) <0} inflow boundary
., = {xedD: b(x)-n(x) >0} outflow boundary
v = {xedD: b(x)-n(x)=0} characteristic boundary

Parameters: e Inflow boundary data,
e parameter dependent velocity field B(u)
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Variational Formulation

/fovdx = /(5-Vu+cu)vdx:/u(—5-Vv+v(c—V-5)) ax
D D

=:(u,A*v)
+ /uv(E-ﬁ)dSJr/uv(B-ﬁ)ds u,v e C'(D)n C(D)
r_ e
Natural test space: Y := closa-,,, {v € C'(D) N C(D), v |r.= 0}

THEOREM:

Given f, € Y/, g € L»(I'_,w), the problem: find u € L>(D), s.t.

a(u,v) = (u,A*v) :/fovdx+ / |b-Algy_(v)ds =: f(v), YveY
D r—

has a unique solution satisfying  [|ul|.,p) < [|f[lv’-
Ifue C'(D)n C(D)thenb-Vu+cu=f inD, and ujr_=g.
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A Simple Mechanism...

...how to choose the “energy space”
Mapping Properties:
Assume dense embeddings X C L,(D) C X’ such that

A* : D(A*) — X' injective

@ set ||v||| = [|[A*V|lx:, Y = closy. D(A%), [[vlly = [|A*V|x

@ then |Av|y, =|lvl[x and 1= |A"lysx = |Alxsy =
In particular: X = X' = L(D)

Ay =x
V.

~ iy = [[A Vo), (v, W)y = (A"v,A"w)

and
= (U, A"V) = vi(Au,V)y = v/ {f,V)y, vey .
a(u,v) = (u,A"v) = y/(Au, v)y = y/(f,v)y igpm)|_
is perfectly well conditioned
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“Ideal” Discretizations

PROPOSITION:

For any X, C L»(D) one has
U= Vallo) = [[A(U = Va)lly: = [[f = AVhllyr, ¥ vy € Xi
& Up = argmin, cx [|Avhy — f[ly/

(*]
@  up=argminy, x [|[U— Vh|lL,D)

o up = argminvhethU - Vh”Lz(D) =

a(un, yn) = (Un, A*Yn) = v (F, ¥n)y Y yn€ Yh:

= Af*Xh

BUT: ideal test space Y}, is not computable

... perhaps a perturbed version suffices...

Parametric Transport Problems
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A Stability Condition

d-Proximal Subspaces

§€(0,1): Y2 C Yiscalled 5-proximal for X, C Lo(D) if

YV yn € Yy, =A7*X, 3 j/h € Y;,S such that ”yh — j'/th < (5||yh||y

THEOREM:

Let a(v, z) := (u, A*z). If Y} is 6-proximal for X, one has

. 1—
inf sup a(Vh, 21) > 0
W% z,evs [VallooyllZally = 1+

Moreover, up s € Xp, defined by a(un s, vh) = €(vh) Yvh € Y?, satisfies

u-—u, < inf [|u—v
| hallao) < 7= ex,,” hllLa(D)

Vh
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How to Realize ¢-Proximity? — Y-Projections

For X}, pick Z, C Y “somewhat larger” dim Z > dim Y, = dim Xj,

YP =Py n(A*Xn), (Pyny.zn)y = (¥,2zn)y Y zn€ Z,

Note: for y, = A=*vy € Yh, vy € X, ¥n = Phyn is given by

(A*j’/h,A*Zh) S (Vh,A*Zh)7 A Zpn € Zh

Note:

@ J-proximity relies on choice of auxiliary spaces Zj
@ In simple cases

Xp = Pp,7: C L2(D) ~ Lh = ]P’p+q77—2_,h N C(D) cY

Numerical experiments: g =1,r =1 or g = 0, r = 2 suffice
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lllustration

Yy
Zp,
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Motivation: v =u+ A '(f — Au)

s (u,v) =(u,v)+ (A (f-Au),v) forall v e Ly(D)
< (u,v) =(U,v)+ vy (f—Au, A *v)y forall v e Lx(D)
& (u,v) = (U, v)+ y(f — Au, (AA*)TAV)y forall v e Ly(D)
& (u,v) = (U,v)+ y((AA)TI(f — Au), Av)y,  forall v e Ly(D)
s (U V) = (UK, V) + v ((AAT) T (F — AU9), Av)y, forall v e Lp(D)

.k

(A PK A*Z) = yi(f— Auk z)y forall zeY
— { (U1 v) = (uf,v)+ (A*FKv) forall v e Ly(D) }
~» numerical scheme:
(A A*zy) = yvi(f — Auk,Z)y forall z,eZ,cY
(U ) = (Ul vi) + (APE v) forall v, € X
sy |-
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Properties of the lterative Scheme

a(ups, yn) = v (f,¥n) v, ¥n€ Pya(A7"Xp) ~

uns — uf ™|, < 6lluns — UfllL,, K € No

~- stable Petrov-Galerkin solution without computing test basis!

PROPOSITION:

(A*?h, A*Zh) =y <?h = AVh7 Zh>y forall z, € Z,
(Stab-OSC) ~-

(1= O)Ifn — Avhlly: < [I7nlly = | A Phll ooy < [1fn — Avally:

Can be used to formulate an adaptive refinement scheme with optimal

convergence igpm/\ -
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Parametric Transport Problems

Radiative transfer:

Asu(x, 1) = p- Vu(x, p) + k(x)u(x,u) = f(x), x€DCRY,
ulx,m) = 9g(x,pu), x € T_(p),

where
F(p):={x€0D:Fu-n(x) <0}, pes.

@ For D C R3, S = S?, the unit 2—sphere

~ high dimensional problems
@ Weak formulation in X = Lo(D x S) oreven X = Lo(D x S) x [0, T]
@ Reduced basis method
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Exploit the Mapping Property

/(,quJr/-cu)vdx = /u(—u -VVv+kv)dx+ / uv(p-n(x))dr, Vi, =0
—_— ——m——
D D = A(p)*v ()
Given X, = span {¢o, . .., ¢n_1} C Lo(D), Yn(1) = Py().z, (A1) ~* Xn)
ng”u(vu) — Px,u(, i)llopy  ~ UG5 1) — Uns (-5 1) | o)

= |If — Auns( 1)l vy
I — Aug (-, 1)l vy

*4 k
Teeg(llA(u) T, (Un) | o(0)

2

2

where (A1) Tn,u(v), A(1)*2) = vuy (f — AV, 2) y(u)» Z € Zm

Idea: along with X, build a somewhat larger space Z, C (1,5 Y(x) so that
Py (.),z,~ projections realize ¢-proximality uniformly in x I_gpm/\,_
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A “Double” Greedy Scheme

Xn, Zp “large” FE spaces, so that Py, z (A(n)~* Xp) is 6-proximal for € S

(0) Initialize: ¢o = Un(-, o) € Xn, 0o := Py(ue),z,(A(1) ™ P0)
(1) Given X, := span{¢o,...,Pn_1}, Zm := span{bo,...,0m_1}, cOmpute

dn.m = max max min [|A zZ—V
= max max  min A0z = Vi,

if dnm < 0, goto (2); else, extend Zp;:

Tn(-+ 1) = argmax, e v, =1 N [1A(1)"2 = V]|
fo = argmax,,c.s (000 /A(1)" 2=Tn(-o 1)) Om = Py 23 (AGE) ™" B, 1)

(2) extend Xp: pp = argmaxues||A(,u)*?,,’u(u,’§)||l_2, @On = Uns(-, pn) € Xn
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Computational Tasks

Set: A(u) = ((A(1)"0;,)));; > B(r) :

((A(u)* i, A(M)*9/)),I-Z-
v=Y"0 v, z= Z}Zﬂ 6,

vi(1—A(u)B(p) " TA(1))v
max  min [[A(pn)*z — v||L = max v () T(M) (1)
veXn:||Vl,=1 2€2Zm VER" V'V

(A(/,L)*/f\'n’u(V),A(/,b)*Z) = Y(;L)’<f - AV7 Z> Y(p)s £ € Zm s

3

w0 vy Toun(V) = ) (Fn (V)0

j

fou(V) = B(w) ' (f— A(u)v), =

Il
<}

up (1) = i) + A Trs L, AR Fs(ui)IE, = (5 ) TB(1)ry,, — max
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Adaptive Solution ((p = 2, r = 2)) for Fixed Velocity

(a) Corresponding adaptive re-
finement grid of (b) in Figure 2.
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First RB-Experiments
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Approximations from the Reduced Space

angles/estimated errors:

Figure: 0.567/0.000471, 0.85/0.000474, 1.255/0.00103
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Error Decay: very preliminary
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estimated error 4 —+—
estimated error 9 —<—
estimated error 14 ——
estimated error 19 —a—
true eor 4
true emor 9 —s—
true error 14
true emor 19—
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