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Incompressible turbulence

ω vorticity, v velocity, F external force, ν viscosity and ρ=1 density,
plus initial conditions and boundary conditions.

One realization of an incompressible turbulent flow is 
a solution of Navier-Stokes equations :

Fluid : observation scale >> molecular mean free path.
Incompressibility : volume is preserved.

Incompressible turbulence  involves
a large number of degrees of freedom interacting together, i.e.,

a crowd (turba,ae) of vortices (turbo, turbinis).

Turbulence is a state of flow, not of fluid.
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Fully-developed turbulence

Fully-developed turbulence regime
when Reynolds number is very large, i.e.,

convection strongly dominates viscous dissipation.

Reynolds number Re is the ratio between
the norm of the convection and vortex stretching terms

and the norm of the dissipation term.

Fully-developed turbulent flow properties :
•  sensitivity to initial conditions

deterministic unpredictability,
•  mixing

statistical predictability,
•  dissipation becomes independent of Re,

i.e., of viscosity.! 
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•   Deterministical predictability only for short times,
which is lost after few eddy-turn over times .

•     Statistical predictability becomes possible in
    the fully-developed turbulence regime where

 flows are very unstable and mixing.

Predictability of turbulent flows



Transport and mixing by turbulent flows

Concentration of pollutantVorticity field

Beta, Schneider & Farge,
Chem. Eng. Sci., 58, 2003

Simulation
N=5123



Dissipation becomes independent of viscosity

Kaneda et al., 2003
Phys. Fluids, 12
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1.  Goal:
           Extraction of coherent vortices
           from a noise which will then be modelled
           to compute the flow evolution.

2.  Apophatic principle:
 - no hypothesis on the vortices,
 - only hypothesis on the noise,
 - simplest hypothesis as our first choice.

3.  Hypothesis on the noise:
        fB = f + w
w      : Gaussian white noise,
σ2     : variance of the noise,
N      : number of coefficients.

4.  Computation of the threshold:

5.  Denoised signal:
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Coherent Vortex Extraction 

Azzalini, Farge and Schneider
ACHA, 18 (2), 2005



CVE of 2D turbulence
from laboratory experiment

Coherent vorticity
99% E
80% Z

Incoherent vorticity
1% E
20% Z

Total vorticity
100% E
100% Z

2% N 98% N

−ωmin −ωmax

PIV
N=1282



by the total flow by the coherent flow by the incoherent flow

CVE to study advection of tracer particles 
from numerical experiment

Diffusion by Brownian motion

Transport by vortices

DNS
N=5122

= +

0.2 % of coefficients
99.8 % of kinetic energy
93.6 % of enstrophy

99.8 % of coefficients
0.2 % of kinetic energy 
6.4 % of enstrophy

Beta,Schneider, Farge 2003,
Nonlinear Sci. Num. Simul., 8



total flow coherent flow incoherent flow

CVE on the sphere 
from numerical experiment

DNS

=

2.7 %N coefficients
96 % of enstrophy

97.3 %N coefficients
   4 % of enstrophy

Mehra and  Kevlahan, 2008,
J. Comput. Phys. 227(11)
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 Coherent Vortex Simulation (CVS)

1) Projection of vorticity onto an orthogonal wavelet basis.

2) Extraction of coherent vortices from wavelet coefficients.

3) Reconstruction of the coherent vorticity by inverse transform.

4) Computation of the coherent velocity using Biot-Savart kernel. 

5) Addition of a safety zone in wavelet space.

6) Integration of Navier-Stokes of in the adapted wavelet basis.

7) Use the volume penalization to model walls and obstacles. 
Farge, Schneider & Kevlahan,

Phys. Fluids,11(8),1999

Farge & Schneider, 2001,
 Flow, Turbul. and Combust., 66(4)

Schneider & Farge, 2000,
Comp. Rend. Acad. Sci. Paris, 328



1. Selection of the wavelet
coefficients whose modulus

       is larger than the threshold.

2. Construction of a ‘graded-tree’
which defines the ‘interface’
between the coherent and
incoherent wavelet coefficients.

3. Addition of a ‘safety zone’ which
corresponds to dealiasing.

Coherent Vortex Simulation (CVS)

Schneider & Farge, 2002,
Appl. Comput. Harmonic Anal., 12

Schneider, Farge et al., 2005,
J. Fluid Mech., 534(5)
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CVS of 1D Burgers equation

1D Burgers equation is an advection-diffusion equation
having similar quadratic nonlinearity for the convection term

and similar dissipation as Navier-Stokes equation:

Its generalization in higher could be used to study
compressible but not incompressible turbulence.

For both types of I.C., we will compare:
inviscid evolution,
viscous evolution,

CVS filtered inviscid evolution using real wavelets (RVW),
CVS filtered inviscid evolution using complex wavelets (CVW).

with periodic B.C. and either sine wave or random I.C.



Deterministic sine wave I.C. and inviscid fluid

Intermediate time



Deterministic sine wave I.C. and inviscid fluid

Final time



Deterministic sine wave I.C. and viscous fluid

Intermediate time



Deterministic sine wave I.C. and viscous fluid

Final time



Deterministic I.C. and RVW filtered inviscid fluid

Intermediate time



Deterministic I.C. and RVW filtered inviscid fluid

Final time



Determinist I.C. and CVW filtered inviscid fluid

Intermediate time



Determinist I.C. and CVW filtered inviscid fluid

Final time



Deterministic (sine wave) initial condition

ν=0

ν=0
CVS

ν≠0

ν=0

ν≠0

ν=0
CVS

Nguyen, Farge, Kolomenskiy,
Schneider & Kingsbury,
Physica D, 237, 2008
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Deterministic (sine wave) initial condition

Nguyen, Farge, Kolomenskiy,
Schneider & Kingsbury,
Physica D, 237, 2008

Time evolution
of compression

Retained wavelet
coefficients



Random I.C. and inviscid fluid

Intermediate time



Random I.C. and inviscid fluid

Final time



Random I.C. and viscous fluid

Intermediate time



Random I.C. and viscous fluid

Final time



Random I.C. and RVW filtered inviscid fluid

Intermediate time



Random I.C. and RVW filtered inviscid fluid

Final time



Random I.C. and CVW filtered inviscid fluid

Intermediate time



Random I.C. and CVW filtered inviscid fluid

Final time



Random (white noise) initial condition

k-2/3

Nguyen, Farge, Kolomenskiy,
Schneider & Kingsbury,
Physica D, 237, 2008

Time evolution
of energy

Energy
spectrum
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 Dipole impinging on a wall at Re= 1000



 Adapted grid automatically generated by CVS
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4 tennis courts 640 processors

‘Earth Simulator’ 36 Tflops / 10 To

Actually improving
the algorithm efficiency
is more important than
the computer speed!



L

２π

from
Yukio Kaneda
et al., 2002

3D homogeneous isotropic turbulent flow
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Zoom at resolution 1283

DNS
N=20483



Zoom at resolution 643

DNS
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Total vorticity

Rλ=732 
N=20483

Visualization
 at 2563
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2.6 % N coefficients
80% enstrophy

99% energy

97.4 % N coefficients
20 % enstrophy

1% energy

Incoherent vorticityCoherent vorticity

DNS
N=20483

Modulus of the 3D vorticity field 

|ω|=5σ 

|ω|=5σ 

|ω|=5/3σ 

with σ=(2Ζ)1/2 

Okamoto et al., 2007
Phys. Fluids, 19(11)







Multiscale Coherent
k-5/3 scaling, i.e.

long-range correlation

Multiscale Incoherent
k+2 scaling, i.e.

energy equipartition

DNS
N=20483

Energy spectrum 

log k

k-5/3

2.6 % N coefficients
80% enstrophy

99% energy

k+2

Okamoto,
Yoshimatsu,

Schneider, Farge
& Kaneda, 2007,

Phys. Fluids, 19(11)

log E(k)



Nonlinear transfers and energy fluxes 

ttt
cci

icc, iic

ccc
coherent flux

= total flux

iic, iii
incoherent flux = 0

Inertial range

L η

DNS
N=20483
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Number of degrees of freedom versus Reynolds

Kolmogorov :     α = 9/2= 4.5
Kaneda :            α = 4.1
Coherent DOF : α = 3.9
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Okamoto, Yoshmatsu, Schneider, Farge & Kaneda,
Phys. Fluids, 19(11) , 2007
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Energy and enstrophy versus Reynolds

When Reynolds number increases :
•    incoherent energy decreases,
•    incoherent enstrophy increases,
     which quantifies the turbulence level
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Yoshimatsu,

Schneider, Farge
& Kaneda, 2007,

Phys. Fluids, 19(11)



 CVS of 3D decaying turbulence at Re= 10000

Okamoto, Yohsimatsu, Schneider,
Farge and Kaneda, 2009, preprint

DNS
N=2563

CVS
Nc=(2%+10%)N



Conclusion

         We have shown how nonlinear wavelet filter extracts
       coherent vortices out of incompressible turbulent flows

 and disentangles two different dynamics :

•     a nonlinear dynamics, which corresponds
to the transport by coherent vortices,

•     a linear dynamics, which corresponds
to the turbulent dissipation.

Therefore discarding the incoherent flow
is sufficient to model turbulent dissipation
⇒  Coherent Vortex Simulation (CVS).

To download papers and
information about the wavelet course: 

//wavelets.ens.fr




