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Background and objective
Viscous two-phase flows covers a lot of interesting phenomena in fluid dynamics.
For example

Rising bubble

Droplet impact

Dam breaking phenomena, etc....

These phenomena are formulated by free
boundary value problem of the Navier-Stokes
equations. In particular, we are interested in
deformation of the interface between two flu-
ids.

Fig. Interaction of two rising bubbles
from “A Gallery of Fluid Motion”
(2003).

Objective

Numerical simulation of viscous incompressible two-phase flows by
FreeFEM++

We mainly consider rising bubble problem in 2D, because there are a lot of
related results. In particular, Hysing et al. (2009) proposed a quantitative
benchmark problem.
(But, we do not rely on any specialties of 2D).
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Governing equations (1)
The Navier-Stokes equations

Ω ⊂ R2: bounded domain with boundary ∂Ω.
Ω = Ω1(t) ∪ Γ(t) ∪Ω2(t).

Fluid j occupies Ωj(t) ( j = 1, 2). Density and viscosity of fluid j are ρj > 0 and
νj > 0 (const.). In this talk, ρ1 > ρ2 is assumed.
Γ(t) = ∂Ω1(t) ∩ ∂Ω2(t) is the interface between two fluids.
Ω1(t) ∩Ω2(t) = ∅ (immiscible flow).

The Navier-Stokes equations

ρ(∂tu + u · ∇u) = div(2νD(u) − pI) + F, t > 0, x ∈ Ω, (1a)

div u = 0, t > 0, x ∈ Ω. (1b)

u = (u1(t, x), u2(t, x)): velocity, p = p(t, x): pressure (unknown variables).
F = f gravity = (0,−ρg), g > 0 is gravitational acceleration (const.).
I: 2 × 2 unit matrix.

D(u) =
1
2

(∇u+ (∇u)⊤) =
1
2

(∂jui +∂iuj)i,j=1,2, (ρ, ν) =

(ρ1, ν1), x ∈ Ω1(t),
(ρ2, ν2), x ∈ Ω2(t).

(1c)
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Governing equations (2)
Conditions on the interface Γ(t)

On the interface Γ(t), the surface tension is taken into account.

Conditions on the interface Γ(t)

[u]|Γ(t) = 0, [2νD(u) − pI]|Γ(t) · n|Γ(t) = σκn|Γ(t) (1d)

σ > 0: surface tension constant

κ = κ(t, x): curvature of the interface

n|Γ(t): unit normal at the interface Γ(t) pointing into Ω1(t).
[•]Γ = •|Ω1(t)∩Γ(t) − •|Ω2(t)∩Γ(t): jump of quantity “•”.

(1d) implies

Velocity continuously across the interface Γ(t)
Surface tension balances the jump of the normal stress.

In addition to (1a)–(1d), boundary condition for u on ∂Ω and initial conditions: u|t=0
and Γ(0) are required.
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Rising bubble problem (1)
Domain /Parameters / Initial Conditions

As a typical example of interfacial flows, we consider rising bubble problem. We
use the same settings of Test Case 2 in Hysing et al. (2009).

Ω = (0, 1) × (0, 2)
On Top/Bottom wall: u = 0 (non-slip B.C.)

On Left/Right wall: u1 = 0 (free-slip B.C.)

Initial velocity: u|t=0 = 0
buoyancy generates the motion of fluid

Γ(0) = {x ∈ Ω | (x1−0.5)2+ (x2−0.5)2 = 0.252}
σ = 1.96
(ρ1, ν1) = (1000.0, 10.0),
(ρ2, ν2) = (1.0, 0.1), g = 0.98

Reynolds number R =
ρ1UgL
ν1

= 35.0

Eötvös number E =
ρ1U2

gL

σ
= 125.0

r0 = 0.25, L = 2r0, Ug =
√

2gr0 1.0

2.0

L = 0.5

0.5

0.5

u1 = u2 = 0

u1 = u2 = 0

u1 = 0u1 = 0

Ω1(0): Fluid 1

Ω2(0): Fluid 2

Γ(0)

x1

x2
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Rising bubble problem (2)
Related Results

There are a lot of related results. For example...

Sussman, Smereka & Osher (1994): Finite difference & level set method.
Reinitialization of level set function with hyperbolic PDE was proposed.

Tabata (2007): FEM based energy stable approximation.

Hysing et al. (2009): Quantitative benchmark problem for rising bubble was
proposed. Results by three different groups were presented.
FEM+Levelset/FEM+ALE

Doyeux et al. (2013): The same benchmark problem by French group
FEM+Levelset (Feel++).

Gross & Reusken (2010): Text book of numerical methods for two-phase
incompressible flows
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Level set method (1)
Level set function

To capture the interface Γ(t), we are due to level set method introduced by Osher
& Sethian (1988).

Level set function

Let ϕ be signed distance function:

ϕ(t, x) =


dist(x, Γ(t)), x ∈ Ω1(t),
0, x ∈ Γ(t),
− dist(x,Γ(t)), x ∈ Ω2(t).

ϕ is called level set function.
ϕ must satisfy |∇ϕ| = 1 a.e. x ∈ Ω.

By using ϕ, the interface Γ(t) is represented as

Γ(t) = {x ∈ Ω | ϕ(t, x) = 0}, t ≧ 0. (2)
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Fig. Density plot of ϕ(0, x)
and its zero level set

In our case,
ϕ(0, x) =

√
(x1 − 0.5)2 + (x2 − 0.5)2 − 0.25 .

N. Yamaguchi | Two-Phase flows by FreeFem++ 7



Level set method (2)
Level set formulations (1)

Ω and (ρ, ν)

Ω =


Ω1(t), ϕ > 0,
Γ(t), ϕ = 0,
Ω2(t), ϕ < 0,

(ρ, ν) =

(ρ1, ν1), ϕ > 0,
(ρ2, ν2), ϕ < 0.

(3)

Let H(ϕ) be the Heviside function so that

H(ϕ) =

1, ϕ ≧ 0,
0, ϕ < 0.

Then ρ and ν are given by

ρ(ϕ) = ρ1H(ϕ) + ρ2(1 − H(ϕ)),
ν(ϕ) = ν1H(ϕ) + ν2(1 − H(ϕ)).

N. Yamaguchi | Two-Phase flows by FreeFem++ 8



Level set method (3)
Level set formulation (2)

Surface tension
By using level set function ϕ, surface tension force is converted into volume force
of the form

f ST = σκn|Γ(t)δ(ϕ) (4)

Here δ(ϕ) is Dirac’s delta whose support is the zero level set of ϕ.
Normal vector on Γ(t) and the curvature κ are given by

n|Γ(t) =
∇ϕ
|∇ϕ|

∣∣∣∣∣
ϕ=0
, κ(t) = − div n|Γ(t) = − div

∇ϕ
|∇ϕ|

∣∣∣∣∣
ϕ=0

(5)

Deformation of interface
In level set method, the deformation of interface is described by motion of zero
level set of ϕ(t, x). ϕ(t, x) is driven by the transport equation.

∂t ϕ + u · ∇ϕ = 0
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Level set method (4)
Resulting problem

The resulting problem is coupled system of the Navier-Stokes equations and
transport equation.

Resulting problem

ρ(ϕ)(∂t u + u · ∇u) = div(2ν(ϕ)D(u) − pI) + f ST + f gravity, (6a)

div u = 0, (6b)

∂t ϕ + u · ∇ϕ = 0 (6c)

u(0, x) = u0(x) ≡ (0, 0), (6d)

ϕ(0, x) = ϕ0(x) =
√

(x1 − 0.5)2 + (x2 − 0.5)2 − 0.252 (6e)

⊕ boundary condition for u on ∂Ω. (6f)

Here

f ST = σκn|Γ(t)δ(ϕ), (6g)

f gravity = (0,−ρ(ϕ)g) (6h)
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Numerical approximation (1)
Approximation of δ(ϕ) and H(ϕ)

In numerical computation, we need approximations of δ(ϕ) and H(ϕ) as
continuous functions.

δ(ϕ) ≈ δε(ϕ) =


1
2ε

(
1 + cos

(
πϕ

ε

))
, |ϕ| < ε,

0, |ϕ| ≧ ε.

H(ϕ) ≈ Hε(ϕ) =


1, ϕ ≧ ε,
1
2
+

1
2

(
ϕ

ε
+

1
π

sin
(
πϕ

ε

))
, |ϕ| < ε,

0, ϕ ≦ −ε.

Remark

δε(ϕ) and Hε(ϕ) are continuous function of ϕ

ε is determined by mesh sizes near Γ(t)
In FreeFem++, we can use numerical
levelset.
- int1d(Th,levelset=phi){...}
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Numerical approximation (2)
Weak form and Full-discretized problem

Finite element spaces

Vh ⊂ H1(Ω)2,Πh ⊂ L2
0(Ω) =

{
p ∈ L2(Ω) |

∫
Ω

p dx = 0
}
,Xh ⊂ L2(Ω)

Find solution (uh, ph, ϕh) ∈ Vh × Πh × Xh

Vh × Πh: Hood-Taylor (P2/P1-elements)
Xh: P1-element

Weak formulation of full discretized problem

1
τ

(
ρε(ϕn

h)un+1
h , vh

)
+ (2νε(ϕn

h)D(un+1
h ),D(vh))

− (pn+1
h , div vh) =

1
τ

(un
h ◦ Xn) + (F(ϕn

h), vh) + b.d.t., ∀vh ∈ Vh, (7a)

(div un+1
h + αpn+1

h , qh) = 0, ∀qh ∈ Πh, (7b)

ϕn+1
h = τϕn

h ◦ Xn (7c)
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Reinitialization (1)
What is reinitialization ?

The level set function ϕ is required to keep
|∇ϕ(t, x)| = 1 a.e.x ∈ Ω for any t ≧ 0,
because ϕ is signed distance function.

However, in numerical computation with
level set method, |∇ϕn

h| loses such a
property as time goes by.

Since ∂t ϕ + u · ∇ϕ = 0 is nonlinear
hyperbolic PDE, we require some stabilized
technique to solve the transport equation.
e.g., Characteristic method, SUPG, etc...
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Fig. Time sequence of ∥∇ϕn
h∥ of

a numerical computation
without any reinitialization for ϕ

We need to recover |∇ϕh| = 1. The prodecure to recover such a property of ϕh is
called Reinitialization.

In this talk, we use PDE based reinitializations.

R.I. by hyperbolic PDE (Sussmann et al. (1994))

R.I. by elliptic PDE (Basting & Kuzmin (2013)).
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Reinitialization (2)
R.I. with nonlinear elliptic PDE

Recently Basing & Kuzmin (2013) introduced R.I. with nonlinear elliptic PDE as
follows.

R.I. with nonlinear elliptic PDE, Basting & Kuzmin (2013)

Let ϕ(t, x) be a function which is required to recover |∇ϕ| = 1 and ψ = ψ(x; t) be
solution to the following variational problem.

((1 − 1/|∇ψ|)∇ψ,∇ϕ)Ω + β⟨ψ, φ⟩{ϕ=0} = 0, ∀φ ∈ C∞(Ω), (ERI)

where β ≫ 1 is parameter of penalization. Then ψ(x; t) may have the same zero
level set of ϕ and may become signed distance function.

Remark

Find fixed point by successive approximation. Rate of convergence is better
than hyperbolic PDE based R.I..

It is very easy to implement in finite element method.

Mathematical justification is not verified (but it works well).
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Benchmark Values (1)
Centroid /Center of mass

In order to estimate our numerical results with Hysing et al. (2009), we introduce
some benchmark values.

Centroid vector / Center of mass

Xc(t) = (Xc,1(t),Xc,2(t)), Xc,j(t) =
1

|Ω2(t)|

∫
Ω2(t)

xj dx

Xc,1: axi-symmetricity of bubble

Xc,2: vertical location of center of mass

Since Ω2(t) = {x ∈ Ω | ϕ(t, x) < 0}, the centroid vector is reformulated as follow.

Xc,j(t) =

∫
Ω

xj1{ϕ<0}(x) dx∫
Ω

1{ϕ<0}(x) dx
.

1D is the indicator function on D.
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Benchmark Values (2)
Circularity

Circularity

The degree of circularity χ = χ(t) is defined as

χ(t) =
Pa(t)
Pb(t)

=
perimeter of area-equivalent circle

Perimeter of bubble

Here Pa is the perimeter of a circle with diameter da, i.e., Pa = πda, such a circle
has area equal to that of bubble with perimeter Pb.

Remark

Volume of bubble is preserved =⇒ Pa ≡ πr2
0 (constant, in our case r0 = 0.25).

By the level set function ϕ and approximation of Dirac’s delta δε(ϕ), Pb is
given and approximated by

Pb =

∮
{ϕ=0}

dσ ≈
∫
Ω

δε(ϕ) dx
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Benchmark Values (3)
Mean velocity in Bubble /Rise velocity

Mean Velocity in Bubble

Uc(t) = (Uc,1(t),Uc,2(t)), Uc,j(t) =
1

|Ω2(t)|

∫
Ω2(t)

uj(t, x) dx

Uc,1 denotes axi-symmetricity of motion in bubble

Uc,2 is so called rise velocity

Similar manner as in centroid vector,

Uc,j(t) =

∫
Ω

1{ϕ(t, x)<0}uj(t, x) dx∫
Ω

1{ϕ(t, x)<0} dx
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Benchmark Values (4)
∥∇ϕ(t)∥ and |Ω2(t)|

In Hysing et al. (2009), Xc(t), χ(t),Uc(t) are used for their benchmark problem (in
particular, Xc,2(t), χ(t),Uc,2(t) are used.)
In addition to these benchmark values, we also observe ∥∇ϕ∥ and |Ω2(t)| for
checking |∇ϕn

h| = 1 and mass-preservation of fluid 2 in our computation.

∥∇ϕ(t)∥
In order to check the level set function satisfies |∇ϕ| = 1 for a.e. x ∈ Ω in our
numerical computation, we observe L1 mean value of |∇ϕ|.

∥∇ϕ(t)∥ :=
1
|Ω|

∫
Ω

|∇ϕ(t, x)| dx

If |∇ϕ| ≡ 1 for any x ∈ Ω, ∥∇ϕ(t)∥ ≡ 1 for all t.

Volume of fluid 2

|Ω2(t)| =
∫
Ω2(t)

dx =
∫
Ω

1{ϕ<0} dx.

This value is used in benchmark values of Hysing et al. (2009).
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Numerical experiments (1)
Parameters /Settings of Benchmark problem

Ω = (0, 1) × (0, 2)
On Top/Bottom wall: u = 0 (non-slip B.C.)

On Left/Right wall: u1 = 0 (free-slip B.C.)

Initial velocity: u|t=0 = 0
ϕ(0, x) =

√
(x1 − 0.5)2 + (x2 − 0.5)2 − 0.25.

(ρ1, ν1) = (1000.0, 10.0),
(ρ2, ν2) = (1.0, 0.1), g = 0.98, σ = 1.96
Temporal step size: τ = 10−3

Computational mesh at each time step is
refined by adaptive mesh.
In particular, a lot of mesh points are taken
near the interface.
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u1 = u2 = 0

u1 = u2 = 0

u1 = 0u1 = 0
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Numerical experiments (2)
Quantitative benchmark: Centroid Xc,2(t)
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Table XVI. Minimum circularity and maximum rise velocities, with corresponding incidence
times, and the final position of the center of mass for test case 2 (all groups).

Group 1 2 3

/cmin 0.5869 0.4647 0.5144
t |/c=/cmin

2.4004 3.0000 3.0000
Vc,max1 0.2524 0.2514 0.2502
t |Vc=Vc,max1 0.7332 0.7281 0.7317
Vc,max2 0.2434 0.2440 0.2393
t |Vc=Vc,max2 2.0705 1.9844 2.0600
yc(t=3) 1.1380 1.1249 1.1376
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Figure 26. Center of mass for test case 2 (all groups): (a) center of mass and
(b) close-up of the center of mass.

The vertical movement of the center of mass, shown in Figures 26(a) and (b), is predicted
very similarly for all groups. Surprisingly in this case, the break up does not influence the overall
averaged quantities to a significant degree. The estimated final position of the center of mass is
1.37±0.01 (Table XVI). However, this value is quite meaningless since the final shape that the
bubble most likely will assume is unknown.

Lastly the time evolution of the mean rise velocity is examined. Here, there is also a quite good
agreement between the different codes. The first maximum is predicted to have a magnitude of
0.25±0.01 and occur around t=0.73±0.02 (Table XVI). The prediction of this maximum should
be quite trustworthy since break up has not yet occurred and the curves are quite close to one
another (Figure 27(a)). The second maximum is more ambiguous but should most likely have a
somewhat smaller magnitude and occur around t=2.0 (Figure 27(b)).

6. SUMMARY

Benchmark studies are valuable tools for the development of efficient numerical methods. A well-
defined benchmark does not only assist with basic validation of new methods, algorithms, and

Copyright � 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2009; 60:1259–1288
DOI: 10.1002/fld

(b) Results of Hysing et al.(2009)

Fig. Time sequence of Xc,2(tn)

TP2D: TU Dortmund / FreeLIFE: EPFL Lausanne / MooNMD: Univ. Magdeburg
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Numerical experiments (3)
Quantitative benchmark: Rise-velocity
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Figure 27. Rise velocity for test case 2 (all groups): (a) rise velocity and (b) close-up of the rise velocity.

software components, but can also help to answer more fundamental questions, such as ‘How
much numerical effort is required to attain a certain accuracy?’, which would allow for rigorous
comparison of different methodologies and approaches.

Two benchmark test cases have been introduced and studied by conducting extensive compu-
tations. Both test cases concern the evolution of a single bubble rising in a liquid column while
undergoing shape deformation. For the first test case, the deformation is quite moderate while the
second bubble experiences significant topology change and eventually breaks up. In addition, a
number of benchmark quantities have been defined, which allow for easier evaluation and compar-
ison of the computed results since they can be used for strict validation in a ‘picture norm’ free
form. They include the circularity and the center of mass, which both are topological measures,
and also the mean rise velocity of the bubble. In future benchmarks it would be interesting to
additionally track more complex quantities, such as force measures that involve derivatives of the
dependent variables.

The studies showed that it was possible to obtain very close agreement between the codes for the
first test case, a bubble undergoing moderate shape deformation, and thus establishing reference
target ranges for the benchmark quantities. The second test case proved far more challenging.
Although the obtained benchmark quantities were in the same ranges, they did not agree on the
point of break up or even what the bubble should look like afterwards, rendering these results rather
inconclusive. To establish reference benchmark solutions including break up and coalescence will
clearly require much more intensive efforts by the research community. Other research groups are
encouraged to join and participate in the benchmarks by contacting the authors. It is planned to
collect all the submitted data and to provide a compilation of verified test configurations, in both
two-dimensions and in the future also in three-dimensions, to allow for validation and evaluation
of numerical simulation techniques for interfacial flow problems.

ACKNOWLEDGEMENTS

The authors like to thank the German Research foundation (DFG) for partially supporting the work under
grants To143/9, Paketantrag PAK178 (Tu102/27-1, Ku1530/5-1), and Sonderforschungsbereich SFB708

Copyright � 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2009; 60:1259–1288
DOI: 10.1002/fld

(b) Results of Hysing et al.(2009)

Fig. Time sequence of rise velocity Uc,2(tn)
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Numerical experiments (4)
Quantitative benchmark: Circularity

0.5

0.6

0.7

0.8

0.9

1

1.1

0 0.5 1 1.5 2 2.5 3

C
ir
cu

la
ri
ty

C(
t)
:
b
y
u
si
n
g
l
e
v
e
l
s
e
t

tn

(a) Our numerical computation

1284 S. HYSING ET AL.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

Figure 24. Bubble shapes at the final time (t=3) for test case 2 (TP2D (solid red), FreeLIFE
(dotted green), and MooNMD (dashed blue)).
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Figure 25. Circularity for test case 2 (all groups): (a) circularity and (b) close-up of the circularity.

The computed benchmark quantities for all groups agree very well with each other up until
t=1.75–2.0,which is quite notable considering the large viscosity and density ratios. The curves for
the circularities (Figure 25(a)) coincide until about t=1.75 after which significant differences start
to appear. The main difference is that the circularity predicted by the TP2D code (group 1) starts to
increase after the break up due to the retraction of the filaments (Figure 25(b)). Table XVI clearly
shows that there is no real agreement between the codes concerning the minimum circularity.

Copyright � 2008 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2009; 60:1259–1288
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(b) Results of Hysing et al. (2009)

Fig. Time sequence of circularity

By the above three benchmark values, our result is similar to that of FreeLIFE
(EPFL Lausanne).
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Numerical experiments (5)
Quantitative benchmark: Symmetricity

Using Xc,1(t) and Uc,1(t), we observe symmetricity of the motion of bubble.
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(b) Time sequence of Uc,1(tn) which is the
first component of mean velocity Uc(tn).
Time-Average: Uc,1 = 8.75 × 10−5 > 0

Fig. Time sequence of Xc,1(tn) and Uc,1(tn)
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Numerical experiments (6)
Quantitative benchmark: ∥∇ϕn
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(a) Time sequence of ∥∇ϕn
h∥ (macroview)
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(b) Time sequence of ∥∇ϕn
h∥ (microview)

Fig. Time sequence of ∥∇ϕn
h∥.

Time-average: ∥∇ϕh∥ = 0.997385, 1 − ∥∇ϕh∥ = 0.002615
∥∇ϕh(3.0)∥ = 0.993951, 1 − ∥∇ϕh(3.0)∥ = 0.006049
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Numerical experiments (7)
Quantitative benchmark: Volume of bubble

0.193

0.1935

0.194

0.1945

0.195

0.1955

0.196

0.1965

0 0.5 1 1.5 2 2.5 3

V
ol
u
m
e
o
f
B
u
b
b
le
:
|Ω

2
(t
)|

tn

Fig. Time sequence of |Ω2(tn)| (macroview)

|Ω2(0.0)| = πr2
0 ≈ 0.19635 (initial value)

|Ω2(3.0)| = 0.193442
In our computation, 1.5% of fluid 2 was lost.

N. Yamaguchi | Two-Phase flows by FreeFem++ 25



Thank you for your attention.
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