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The purpose of this hands-on session is to give an overview of the import ance of discrete
surfaces in scientific visualization through the resolution of a small toy problem. First, we focus
on the local reconstruction of a portion of a surface associated with a triangle T or a collection
of triangles. Then, we focus on the estimate of the local Gaussian curvature at the vertices of a
triangulation.

1. Local reconstruction: Bézier surface

The problem we are investigating is part of a broader problem, of utmost importance in
pratical applications. We consider a surface Σ embedded in R3, which is only known through
a triangulation or a mesh S = (Ti)i=1,...,NS

. For sake of simplicity, we make the following
assumptions on S and Σ:

(1) the only information available about S is the list of triangles composing the triangulation
and the list of vertices (coordinates);

(2) the triangulation S is conforming, that is, the intersection between any two triangles
Ti, Tj , i 6= j is either the empty set, a common vertex or a common edge;

(3) the underlying surface Σ is a compact orientable manifold, without boundary;
(4) the triangulation S is endowed with an orientation, i.e. the direct normal vectors to all

the triangles of S consistently point towards one side of S.

The triangulation S is intended as an interpolating under-sampled piecewise linear approxima-
tion of Σ.

We aim at refining the initial triangulation S using local subdivisions, thus producing a
sequence of triangulations S1, . . . ,Sn getting closer and closer to a final approximation S̃ of Σ,
in the sense that the Hausdorff distance dH(S̃,Σ) between S̃ and Σ is no larger than a given
tolerance value ε.
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Figure 8.1: Poor geometric approximation (left) of a smooth surface (right).

from local features of S around x. This approach is undoubtedly more e�cient from the computational
point of view, but it raises a fundamental di�culty: the triangulation S supporting the information
from which these local parameterizations are generated inescapably changes from one stage to another,
which challenges the very idea of considering one continuous model � for S.

In what follows, we rely on the second approach, referring with some abuse in terminology to the ideal
surface � associated to the various surface meshes at hand during the process, neglecting the fundamental
dependance of this ideal surface on the triangulation used to compute it. We will however see that some
heuristics can guarantee that this generated geometric support is not ‘too much’ altered along the steps of
the process.

We are thus led to set rules to infer a piece of the underlying surface � from the datum of a piece of
the current discrete geometry S at the investigated stage. We already mentioned the fact that we want to
assume minimal input information around the considered surface, i.e. we only have at our disposal a set
of triangles, without further structure. This is the case, for instance, when the input surface mesh stems
from a mesh evolution procedure such as the one we will describe in Chapter 9. Hence, as a pre-processing
stage, we need to extract additional geometrical features about the surface � from S (normal vectors, ridge
edges,...). This is the purpose of the next section.

8.1.1 Reconstruction of the geometry
Let S = (Ti)i=1,...,NS be a surface mesh, about which no more information than the sole lists of the

constituting triangles and vertices are supplied. The first step in associating to S a relevant continuous
geometry � consists in identifying di�erent kinds of points, edges,... corresponding to significant geometrical
features of S (and thus �) which will constrain the admissible operations carried out during remeshing. In
this view, we operate a distinction between (see Figure 8.2 1 for an illustration):

1. required edges: any user-specified edge which should not be a�ected by the process.
2. open edges: the ideal surface � associated to the input triangulation S may be a compact manifold

with boundary. Then, the open edges of the mesh are the edges of the topological boundary ˆS of S.

1. On the right: free model from http://artist-3d.com/free_3d_models.

Figure 1. Poor geometric approximation ( left) of a smooth surface ( right).

As mentioned before, the surface Σ is not known analytically, and so as to drive the subdivision
procedure (in order to refine the triangulation), we have to ’guess’ (invent, actually) it from the
triangulation S. At first, we have to compute approximations of some geometrical data attached
to Σ at the vertices of S.
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1.1. Normal estimates. In the neighborhood of a regular vertex x, the surface Σ is sufficiently
smooth (of class C1, at least). It will reveal necessary to compute an approximation of n(x), the
unit normal vector to Σ at x.

This can be achieved from the discrete surface S by using a weighted sum of the normal
vectors to the triangles BS(x) of the form:

n(x) ≈
∑

T∈BS αT nT∣∣∣
∑

T∈BS αT nT

∣∣∣
,

where αT are suitable coefficients in [0, 1] such that
∑

T∈BS αT = 1, and nT is the unit normal
to a triangle T . This formula only allows to compute an approximation of the normal if S
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2. In the neighborhood of a regular vertex x, the surface � is smooth (at least of class C1). It will prove
useful to compute an approximation of n(x), the unit normal vector to � at x. This is achieved from
the discrete surface S by using a weighted sum of the normal vectors to the triangles of BS(x) of the
form:

n(x) ¥
q

TœB(x) –T nT---
q

TœB(x) –T nT

---
,

where –T are coe�cients in [0, 1] such that
q

TœB(x) –T = 1, and nT is the unit normal to a triangle
T . Note that such a formula can only make sense if S has already been oriented. Several choices are
possible as for the values of –T . Some authors are used to taking them all equal to one another, others
take each –T proportional to the area of T , etc... As far as we are concerned, all these reconstruction
formulae worked more or less equivalently well, and we retained the former one.

3. According to the above terminology, non singular ridge vertices x of S are vertices belonging to a
ridge curve of �, that is a curve delimiting two portions of surfaces which intersect at a sharp dihedral
angle. Such points enjoy two normal vectors (one for each piece of surface), say n1(x), n2(x) , which
are reconstructed in the discrete context in the same way as for regular vertices, and a tangent vector
·(x) (the tangent vector to the ridge curve), which is uniquely determined by its belonging to two
distinct ‘tangent’ planes.

4. At a reference vertex x of S, which is neither singular, nor ridge at the same time, two geometrical
features are of interest, namely the unit normal vector n(x) to � at x (which is approximated as
previously), and the unit tangent vector ·(x) to the reference curve going through x and delimiting
two regions carrying di�erent labels. Once again, several formulae exist in the literature for the
approximation of ·(x) [145]. Here, we use:

·(x) ¥ x0x1
|x0x1|

,

where x0x and xx1 are the two reference edges of S sharing x as an endpoint.

These supplementary pieces of information about the ideal surface �, approximated from the discrete geom-
etry, allow us to define a local surface model for �; this is the purpose of the next section.

n(x)

•
x
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Figure 8.3: Approximation of the normal vector to � at x as a (weighted) average of the normals nTi to the
triangles of the ball of x, in the case of a regular vertex x (left); two normal vectors and a tangent vector
associated to a ridge vertex x (right).

Figure 2. Approximation of the normal vector to Σ at x as a weighted average
of the normals nTi to the triangles of the ball of a regular vertex x.

has already been oriented, as assumed. Several choices are possible as for the value of αT .
For instance, some advocate to taking them all equal to one another, or to taking each αT

proportional to the area of T .
This additional piece of information about the surface Σ, approximate from the discrete

geometry, allows us to define a local surface model for Σ as shown hereafter. This model is
broadly inspired by the one introduced in [2].

1.2. Local reconstruction of the surface Σ. The purpose of this paragraph is to explain
the process of defining the local geometry of the underlying surface Σ around a triangle T of S
from the entities attached to T and its three vertices.

In the following, we make the assumption that each triangle T = (a0 a1 a2) 2 ST accounts for a smooth
portion of S, whose boundaries may be ridge curves, reference curves, etc... The portion of @⌦ associated

to T is modeled as a cubic piece of surface �( bT ), where

bT :=
�
(u, v) 2 R2, | u � 0, v � 0, w := 1 � u � v � 0

 

stands for the reference triangle in the plane, and each component of � : bT ! R3 is a polynomial of total

degree 3 in two variables u, v 2 bT . It will turn out convenient to write � under the form of a Bézier cubic
polynomial [18]:

(2) 8(u, v) 2 bT , �(u, v) =
X

i,j,k2{0,...,3}
i+j+k=3

3!

i!j!k!
wiujvk bi,j,k,

where the bi,j,k 2 R3 are control points, yet to be specified. See figure 1 for an illustration.
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Figure 1. A piece of parametric Bézier cubic surface, associated to triangle T , with control
points bi,j,k.

We also denote as �0, �1, �2 the boundary curves of �( bT ):

8t 2 [0, 1], �0(t) = �(1 � t, t), �1(t) = �(0, t), �2(t) = �(t, 0).

The choice of the control points bi,j,k is dictated by the geometrical features of @⌦ we approximated in
section 3.1, or by other requirements we may want our local geometry to meet.

3.2.1. Choice of the three ‘vertex’ control points. The natural requirement that ST should interpolate @⌦

prompts the choice of the three vertices of T as the three vertices of �( bT ), that is:

b3,0,0 = a0, b0,3,0 = a1, and b0,0,3 = a2.

3.2.2. Choice of the six ‘curve’ control points. We required �( bT ) should be a smooth piece of surface. In

particular, �( bT ) enjoys a tangent plane Tai
S at each vertex ai, whose normal vector ni should match the

reconstructed geometric information at ai.
On the other hand, it is well-known (see [18] for instance) that the whole geometry of Bézier curves and

surfaces can be expressed in terms of their control points; for instance, the tangent vector at a0 to the
boundary curve �2 is 3(b2,1,0 � b3,0,0), and the tangent at a0 to �1 is 3(b2,0,1 � b3,0,0).

Hence, the tangent plane to �( bT ) at a0 is the expected tangent plane Ta0
@⌦ provided b2,1,0 and b2,0,1 are

chosen in such a way that (b2,1,0 � a0) and (b2,0,1 � a0) are non colinear, and both orthogonal to n0. Similar
relations hold when it comes to a1, a2 and control points b0,2,1, b1,2,0, b1,0,2 and b0,1,2.

This still allows some latitude as for the choice of these coe�cients. In [43], the authors propose to take,
for instance, b2,1,0 as the orthogonal projection over Ta0

@⌦ of point a0 + (a1 � a0)/3. Instead of this, we
5

Normal: quadratic Bézier (de Casteljau) form

(or linear == Phong shading)Figure 3. A piece of parametric Bézier cubic surface, associated to a triangle
T ∈ S, with control points bi,j,k (left). Interpolation of the normal coefficient
(right).
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We suppose that each triangle T = a0a1a2 ∈ S accounts for a smooth portion of the surface Σ.
The portion of Σ associated with T is modeled as a cubic piece of surface σ(T̂ ), where

T̂ := {(u, v) ∈ R2, u ≥ 0, v ≥ 0, w := 1− u− v ≥ 0}
is the reference triangle in the plane (Fig. 3), and each component of σ : T̂ → R3 is a polynomial

of total degree 3 in the two variables u, v ∈ T̂ .
Likewise, it is possible to parametrize the same portion of surface directly from the triangle

T , without involving the reference triangle T̂ in the plane, using another mapping φ : T → R3.
In such case, it is obvious that σ = φ ◦ AT , where At : T̂ → R3 is the unique affine mapping
which transforms reference triangle T̂ into surface triangle T .

It is convenient to write σ under the form of a Bézier cubic polynomial [1]:

(1) ∀(u, v) ∈ T̂ , σ(u, v) =
∑

i,j,k∈{0,1,2,3}
i+j+k=3

3!

i! j! k!
wi uj vk bi,j,k ,

where bi,j,k ∈ R3 are control points, to be specified (Fig. 3). The boundary curves γ0, γ1, γ2 of

the portion of surface σ(T̂ ) are respectively:

∀t ∈ [0, 1], γ0(t) = σ(1− t, t), γ1(t) = σ(0, t), γ2(t) = σ(t, 0) .

The choice of the control points bi,j,k is dictated by the geometry of the surface Σ.

1.2.1. Choice of the three ’vertex’ control points. Since the triangulated surface S interpolates
the underlying smooth surface Σ, all triangle vertices lie on Σ. This prompts the natural choice
of the three vertices of T as the three extremities of σ(T̂ ). Hence, we impose (see Fig 3):

b3,0,0 = a0, b0,3,0 = a1, b0,0,3 = a2 .

1.2.2. Choice of the six ’curve’ control points. We want σ(T̂ ) to be a smooth piece of surface.

In particular, σ(T̂ ) has a tangent plane TaiΣ and a normal vector ni to Σ at each regular vertex
ai, which can easily be approximated thanks to the reconstructed information of the previous
section. The whole geometry of Bézier curves and surfaces can be expressed in terms of their
control points. A mere derivation in (1) shows that, for instance, the tangent vector at a0 to the
boundary curve γ2 is 3(b2,1,0 − b3,0,0) and that to γ1 is 3(b2,0,1 − b3,0,0). Similar relations hold
for a1, a2 and the control points b0,2,1, b1,2,0, b1,0,2 and b0,1,2.

Still, there is some room as for the choice of these coefficients. We want our local surface
reconstruction by means of σ to be as independent as possible from the support triangle T used
for its computation. This means that we would like the three boundary curves γ0, γ1, γ2 to be
independent from the choice of the points on these curves used to generate them. Because on
any Riemannian manifold two ”close enough” points are connected by a unique geodesic curve,
a way to enforce this independency would be to choose their control points so that γ0, γ1, γ2

are geodesics of σ(T̂ ), that is, curves with constant speed. This property can in turn only be
enforced in some kind of ”weak sense”: for instance, in the case of γ0 (similar conditions hold
for γ1, γ2), we impose that γ′0(0) should be colinear to the orthogonal projection of (a2 − a1)
over Ta1Σ, and have a fixed norm |γ′0(0)| = |a2 − a1|/3, and symmetrically for γ′0(1). Doing so
uniquely determines the six coefficients attached to the boundary curves.

The rules for computing the four control points along each boundary curve γi only involve
geometric data attached to this curve (or to its endpoints). This implies that the rules for
generating a piece of Σ are consistent from one triangle to its neighbor, that is, if Ti, Tj ∈ S share
a common edge pq, the underlying boundary curve associated to pq via the local parametrization

Bézier surfaces were invented by French engineer Pierre Bézier in the 1960’s as a method of describing the
curves of automobile bodies.
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generated from Ti is the same as from Tj . It means also that there will be no visual artefact
when drawing portions of Σ from adjacent triangles along the common edge.

1.2.3. Choice of the central coefficient. We take:

b1,1,1 = m+
m− v

2
, v :=

a0 + a1 + a2

3
, m :=

b2,1,0 + b2,0,1 + b1,2,0 + b0,2,1 + b1,0,2 + b0,1,2
6

,

which guarantees that, if there exists a quadratic polynomial parametrization σ̃ : T̂ → R3 whose
boundary curves t 7→ σ̃(1− t, t), γ̃(t, 0) and γ̃0(0, t) coincide with γ0, γ1, and γ2 respectively, then

σ = σ̃ over T̂ .

1.2.4. Normal interpolation. The normal component at any point of the reconstructed surface
is defined as a quadratic functional n : R2 → R3, for w = 1− u− v:

∀(u, v) ∈ T̂ , n(u, v) =
∑

i+j+k=2

wi uj vk ni,j,k

where n1,1,0, n0,1,1, n1,0,1 denote the mid-edge coefficients (Fig. 3, right).
Notice that considering a linear interpolation of the normal coincide with the procedure used

in Phong shading in graphics rendering.

Figure 4. From left to right: input triangulation, flat shading, smooth render-
ing associated with reconstructed surface (quadratic normal reconstruction), and
underlying Bézier triangulation.

1.3. Numerical experiments. On the course repository, we provide the archive bezier.tgz

containing several useful functions in C language for dealing with triangulations and graphical
features, as well as triangulation datasets in examples.tgz.

1.3.1. Data structures. We briefly recall here the (simplified) mesh structure used in the exper-
iments (cf. Listing 1).

/∗ mesh v e r t e x c o o r d i n a t e s ∗/
typedef struct {

double c [ 3 ] ;
} Point ;
typedef Point ∗ pPoint ;

/∗ mesh t r i a n g l e c o n n e c t i v i t y ∗/
typedef struct {

int v [ 3 ] ;
} Tria ;
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typedef Tria ∗ pTria ;

/∗ normal v e c t o r ∗/
typedef struct {

double n [ 3 ] ;
} Normal ;
typedef Normal ∗ pNormal ;

/∗ s u r f a c e t r i a n g u l a t i o n ∗/
typedef struct {

int np , nt , nn , dim , ver ;
pPoint po int ;
pTria t r i a ;
pNormal normal ;

} Mesh ;

Listing 1. Mesh data structure

(1) The structure Point allows to store the Cartesian vertex coordinates (3 real numbers). If
p0 is an object of type pPoint, then p0->c[i], i = 0, . . . , 3 gives access to its coordinates.
Likewise, the structure Normal is used to store normal vectors at mesh vertices.

(2) The structure Tria, devoted to triangles, is basically an array of 3 integer values v[3].
If pt is an object of type pTria, then pt->v[i] give the global index of the three vertices
composing the triangle pt.

(3) A triangulation (structure Mesh) is described as a collection of vertices (pPoint point),
of triangles (pTria tria) and of normals (pNormal normal). Let mesh be an object of
type pMesh. Then mesh->np, mesh->nt and mesh->nn denote the number of vertices,
triangles and normals (identical to the number of vertices) in the mesh, respectively.
Hence, mesh vertices will be denoted as:

mesh->point[1], ..., mesh->point[k], ..., mesh->point[np].

Notice that mesh->point[0] exists but it is never used.

The function loadMesh reads a surface triangulation and update the data structure mesh,
defined as a global variable of type Mesh. Its first argument is the mesh structure, the second is
the name of the input file. It returns the value 1 upon successfull completion and 0 otherwise.

Mesh mesh ;
/∗ main r o u t i n e ∗/
int main ( int argc , char ∗argv [ ] )
{

memset(&mesh , 0 , s izeof (Mesh ) ) ;
i f ( argc < 2 )
{

f p r i n t f ( stdout , "  - usage: %s name.mesh\n" , argv [ 0 ] ) ;
return ( 1 ) ;

}
i f ( ! loadMesh(&mesh , argv [ 1 ] ) ) return ( 1 ) ;

initGL ( argc , argv ) ;

return ( 0 ) ;
}

Listing 2. Main program
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1.3.2. Experiments. The objective is to implement the procedure to construct and represent a
Bézier surface Σ given a triangulation S.

Several datasets are provided to allow for quick checking of the routines you develop. For
instance, the file triangle.mesh contains a single surface triangle and 3 normals at its vertices.
The file d1.mesh contains a unit sphere centered at the origin.

Question 1: Let T = a0a1a2 be a surface triangle. Write the mathematical expressions of
all ten coefficients bi,j,k in terms of the vertices ai and the normals n2,0,0, n0,2,0, n0,0,2 at these
vertices.

Question 2: Construct the C function: (in the file beziertria.c)

void compNormal(Mesh *mesh)

to compute an approximation of all unit outward normal vectors at mesh vertices. The normal
vectors will be stored in the structure Normal *normal which needs to be allocated first.
What is the order of time complexity (number of iterations in the algorithm) of this procedure ?

Question 3: Construct the C function: (in the file beziertria.c)

void calcBezier(Mesh mesh,int iel,double bijk[10][3])

to compute the Bézier coefficients (control points) bi,j,k of a given triangle iel in the mesh.

Question 4: OpenGL rendering of a Bézier triangle.

a. Write a C function: (in the file grafic.c)

void bezierInt(double bijk[10][3],double np[3][3],double u,double v,

double o[3],double no[3])

to compute the mapping σ(u, v) on Σ for any (u, v) ∈ T̂ (cf. Eq. (1)). The input
parameters are the Bézier coefficients bi,j,k of the triangle, the set of unit normal vectors

at the triangle vertices, (u, v) the 2d coordinates in T̂ . The ouput parameters are the
location of the corresponding point o onto the surface Σ and its unit normal vector no.
To simplify, a linear interpolation of the normal at point o can be computed first.

b. Complete the OpenGL function (in the file grafic.c)

void drawBezier(Mesh mesh,int iel,double bijk[10][3])

which currently draws the planar mesh triangles in S, so that it allows to visualize the
triangles corresponding to mid-edge refinement (Fig. 5 and 6, second left).

Figure 5. Midpoint subdivision of a surface triangle, with a lifting of the
midpoints of T onto the underlying surface Σ.
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Figure 6. Successive tessellations of a sphere starting from a simple shape.

c. To evaluate the efficiency and the accuracy of the proposed reconstruction algorithm,
consider the file d1.mesh which corresponds to a poor discretization of a unit sphere
centered at the origin.
Write a C function to compute a scalar map of the discrepancy between the reconstructed
surface Σ and the true surface (e.g. compute distance between current and optimal vertex
coordinates). Use the function: (in the file inout.c)

saveSol(Mesh mesh, char *name, double *map)

to save the scalar map in the output file name.mesh, and then visualize the result using
the program medit.

d. (facultative) Modify the OpenGL function (in the file grafic.c)

void drawBezier(Mesh mesh,int iel,double bijk[10][3])

to visualize the triangles of a second order tessellation (two levels of refinement).

Figure 7. Two levels of refinements of the d1 sphere model.
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2. Curvature estimates

Next, we turn to another interesting problem: the estimate of local curvatures given a surface
triangulation. Again in this case, we consider a discrete surface Σ embedded in R3 known via a
surface triangulation S.

2.1. Curvature estimates. We recall that :

• the Gaussian curvature discrete operator can be defined as:

κG =
1

Ai


2π −

∑

vj∈B(vi)

θj




where B(vi) denote the set of triangles sharing vertex vi and θj is the incident triangle
angle.
• the mean curvature at a vertex is defined as:

κH(vi) =
1

2
‖∆Σxi‖,

where ∆Σ provides a discrete approximation of the mean curvature normal κH :

∆Σ(xi) =
1

2A(vi)

∑

vj∈B(vi)

(cotαi,j + cotβi,j)(xi − xj),

• the principal curvatures can be deduced easily from the previous formulas:

κ1,2 = κH(vi)±
√
κH(vi)2 − κG(vi).

2.2. Numerical experiments. On the course repository, we provide the archive curve.tgz

containing the framework of a C program to deal with surface triangulations.

2.2.1. Data structures. In this second part, we use almost the same data structures as in part
I. The sole minor modification is the addition of three auxiliary values in the Point structure.

(1) The structure Point allows to store the Cartesian vertex coordinates (3 real numbers). If
p0 is an object of type pPoint, then p0->c[i], i = 0, . . . , 3 gives access to its coordinates.
The fields aux, alpha, beta can be used to store any useful scalar information (e.g.
the surface area of B(vi), etc.).

2.2.2. Experiments. The objective is to implement the curvature estimates described in the
course session and evaluate their efficiency and level of accuracy for surface triangulations.

Question 5: [easy] Construct the C function: (in the file curvature.c)

void kappaGauss(Mesh mesh, double *map)

to compute an approximation of the Gaussian curvature at mesh vertices. Use the function

saveSol(Mesh mesh, char *name, double *map)

to save this scalar map in the output file. Visualize the resulting map using medit. Is there any
correlation between the valence of a vertex and the accuracy of the approximation ?

Question 6:[difficult] Construct the C function: (in the file curvature.c)

void kappaMean(Mesh mesh, double *map)

to compute the mean curvature at mesh vertices. Use the auxiliary fields to store temporary
information.
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Figure 8. Curvature plots of a triangulated saddle using pseudo-colors: (a)
Mean, (b) Gaussian, (c) Minimum, (d) Maximum (from [2]).
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