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Abstract. We seek critical points of the functional E(u) = j |Vw|2, where Ω is
Ω

the unit disk in (R2 and u: Ω -+ S2 satisfies the boundary condition u = y on dΩ.
We prove that if y is not a constant, then E has a local minimum which is
different from the absolute minimum. We discuss in more details the case where

y(x, y) = (Rx, Ry, ̂ Γ^R7) and R < 1.

Introduction

Let Ω = {(x,y)eU2; x2+y2<ί} and S2 = {(x,y,z)εU2; x2 + y2 + z2 = 1} Let
y : dΩ -+ S2 be given and assume that y is the restriction to dΩ of some function in
Hl(Ω;S2)1. We set

E(u) = J \Vu\2 for ueH\Ω\ ίR3)
Ω

and

£ = {ueH1(Ω;S2);u = γ on

We seek critical points of E on <y. It is obvious that there exists some ue/ such that

Our first result is the following:

Theorem 1. If y is not a constant, there exists a critical point of E on $ which is
different from u.

* Work partially supported by US National Science Foundation grant PHY-8116101-A01

1 We use the standard notation for Sobolev spaces:
H\Ω; (R3) = {ueL2(Ω; (R3); uχ9 uyeL2(Ω; (R3)} and

;lR3); u(x,y}<=S2 a.e. on Ω}
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In order to prove Theorem 1, we introduce

QM = τ:Su'uχΛUy
q'71 Ω

for ueLCG(Ω; R3) with ux,uyeL2(Ω; IR3) and we observe (see Lemma 1) that

Q(uί)-Q(u2)eZ Vul9u2e£.

For every fceZ we define the class gk = {we<ί Q(u) — Q(u) = fc}. Each class $k is
(non-empty) closed and open in g for the topology induced by the norm of
H^Ω R3).

In order to find other critical points of £ on g it is tempting to consider

Inf E for
*k

When trying to prove that Inf E is achieved one encounters a major difficulty due to
*k

the fact that gk is not closed under weak H1 convergence. Nevertheless we shall
prove that at least one of the two infima Inf E or Inf E is achieved. The argument

*1 £-1

involves some ideas used by the authors in [2] related difficulties also occur in [1, 3,
7, 8, 11]. Notice that the assumption "y is not a constant" in Theorem 1 is essential.
Indeed when γ = C is a constant, Lemaire [6] has proved that u = C is the only
critical point of E on g.

For simplicity we consider only maps with values into S2. The same result
holds if S2 is replaced by a Riemannian surface homeomorphic to S2 (see Remark 2).

The paper is organized as follows: In Sect. 1 we present some technical lemmas.
In Sect. 2 we prove Theorem 1. In Sect. 3 we discuss a simple example, namely

y(x,j>) = ( Ry with R<1.

We prove (see Theorem 2) that ΓnfJS is not achieved, except when k = 0 and
£k

k = - 1. We have collected in the Appendix various useful facts and in particular an
important density result due to R. Schoen and K. Uhlenbeck [10].

After our work was completed we learned that J. Jost [5] has obtained
independently a result similar to our Theorem 1.

1. Some Technical Lemmas

We start with

Lemma 1. Assume ulyu2eg. then Q(uί) — Q(u2)EZ.

Proof. We consider w: [R2-»S2 defined as follows:

' w(x, y) = ufa y) if x2 + y2 < 1

if χ2+y2>L
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It is easy to check that weL00^2;^2), wx, wyεL2(R2; IR3) and

— f

On the other hand if ψeCco([R2;Sl2) and φ is constant far out then

—

In fact this integer is the degree of the map φ°π:S2 ->S2, where π:S2-»IR2 is a
stereographic projection (see for example the analytic expression of the degree
given in [9]). It follows by density (see Lemma A.I) that

~ J φ φx Λ φyeZ VφeL00^2^2) with φx,φyeL2(U2,U*\ (1)
^ |jξ2

and thus we obtain the conclusion of Lemma 1.
Our next lemma plays a crucial role in the proof of Theorem 1. We assume

now that y is not a constant and we fix some^e<f such that E(u} = Inf E.
g

Lemma 2. There is some ί;e<f such that

\Q(v)-Q(u)\ = l (2)

and

E(v) < E(u) + 8π. (3)

Proof. By Morrey's regularity theory we know that weC°°(Ω;IR3). Since y is not
a constant it follows that Vg(x0, JO) ̂  0 for some point (x0,y0)eΩ. Rotating
coordinates in the (x, y) plane we may always assume that

[Indeed, if we set

xf = (cos θ)x + (sin %, y' = (- sin θ)x + (cos %,

we find

ux,'Uy, = - (\ux\
2 - l^l^sin 0cos θ + ίy^(cos2 θ - sin2 0)].

In addition we have

u ux = U'Uy=Q on Ω,

since \u\2 = 1 on Q.
Therefore we may choose an orthonormal basis (i,j,k) in IR3 such that (in the

basis (i,j,k))

) ίo\ .< , β (»**.*-\*). .̂.,.)-g, »Λ,Λ)-^

with a ̂  0, b ̂  0 and a -f b =/= 0. (Notice that the basis (i,j,k) could possibly have
















































