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Introduction

A control system is a dynamical system on which one can act by using suitable controls. Very often
it is modeled by a differential equation of the following type
ẏ = f (y, u).

(1)

The variable y is the state and belongs to some space Y. The variable u is the control and belongs
to some space U. The spaces Y and U can be of infinite dimension and the differential equation
(1) can be a partial differential equation.
There are a lot of problems that appear when studying a control system. But the most common
ones are the controllability problem and the stabilization problem.
Controllability. The controllability problem is, roughly speaking, the following one. Let us
give two states. Is it possible to steer the control system from the first one to the second one?
In the framework of (1), this means that, given the state a ∈ Y and the state b ∈ Y, does there
exits a map u : [0, T ] → U such that the solution of the Cauchy problem ẏ = f (y, u(t)), y(0) = a,
satisfies y(T ) = b. If the answer is yes whatever are the given states, the control system is said
to be controllable. If T > 0 can be arbitrary small one speaks of small-time controllability. If
the two given states and the control are restricted to be close to an equilibrium one speaks of
local controllability at this equilibrium. (An equilibrium of the control system is a point (ye , ue ) ∈
Y × U such that f (ye , ue ) = 0). If, moreover, the time T is small, one speaks of small-time local
controllability.
Stabilization. The stabilization problem is the following one. We have an equilibrium which is
unstable (or not enough stable) without the use of the control. Let us give a concrete example. One
has a stick that is placed vertically on one of his fingers. In principle, if the stick is exactly vertical
with a speed exactly equal to 0, it should remain vertical. But, due to various small errors (the
stick is not exactly vertical, for example), in practice, the stick falls down. In order to avoid this,
one moves the finger in a suitable way, depending on the position and speed of the stick; one uses
a “feedback law ” (or “closed-loop control ”) which stabilizes the equilibrium. The problem of the
stabilization is the existence and construction of such stabilizing feedback laws for a given control
system. More precisely, let us consider the control system (1) and let us assume that f (0, 0) = 0.
The stabilization problem is to find a feedback law y → u(y) such that 0 is asymptotically stable
for the closed loop system ẏ = f (y, u(y)).
In many situations, only part of the state—called the output and denoted z := h(y) later on—is
measured and therefore state feedback laws cannot be implemented; only output feedback laws are
allowed. Roughly speaking a control system is said to be observable if one can recover the state
by applying suitable controls and by looking only at the output during some interval of time. In
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order to stabilize a control system by means of output feedback laws, it is important to consider
what is called dynamic output feedback: one allows the feedback to depend on some extra variable
ỹ whose dynamics can be chosen as one wants: the closed loop system has now the form
ẏ = f (y, u(h(y), ỹ)), ỹ˙ = v(h(y), ỹ),

(2)

where the dynamic feedback law is (z, ỹ) ∈ Rp × Rk → (u(z, ỹ), v(z, ỹ)) ∈ Rm × Rk . We are now
looking for the maps u and v (and the dimension k of ỹ) such that (0, 0) ∈ Rn ×Rk is asymptotically
stable for the closed loop system (2).
Let us summarize briefly our main results on these two problems.

1.1

Stabilization

Many important nonlinear controllable systems cannot be stabilized by means of stationary (i.e.
independent of time) feedback laws y → u(y). We prove in [23, 26] that a large number of controllable systems can be stabilized by means of time-varying feedback laws (y, t) → u(y, t). Similarly,
many important nonlinear observable and controllable systems cannot be stabilized by means of
stationary (i.e. independent of time) dynamic output feedback laws. We prove in [25] that a
large number of controllable systems can be stabilized by means of time-varying dynamic output
feedback laws (z, ỹ, t) → (u(z, ỹ, t), u(z, ỹ, t)).
We also develop methods to construct stabilizing feedback laws. Some of these methods have
been applied to regulate the river La Sambre and part of the river La Meuse.

1.2

Controllability

On this subject, our main results deal with control systems modeled by partial differential equations.
One knows many tools to study the controllability of such control systems if they are linear.
From the controllability of the linearized control systems at some equilibrium one deduce the local
controllability around this equilibrium. We have looked at cases where the linearized control system
is not controllable. In finite dimension, there are many tools to deal with these cases. These tools
rely on iterated Lie brackets. In many important situations these tools do not work for control
systems modeled by partial differential equations. We have proposed various methods to treat these
situations, namely
• The return method.
• Quasi-static deformations.
• Power series expansion.
We have shown how to apply these methods on the following control systems
• Euler and Navier-Stokes equations of incompressible fluids (see [24, 28, 27, 37, 39]),
• Shallow water equations (the water-tank problem; see [30]),
• Korteweg-de Vries equations [35],
• Schrödinger equations (see [9]),
• Heat and wave equations or sytems (see [40, 43, 44]),
2

• Bloch equations in [11], for an ensemble controllability problem,
• 1 − D hyperbolic systems in [38],
Let us now give more details on some of our results.

2

Stabilization

In this section, the control system is in finite dimension and is modeled by (1). For the moment,
by feedback we mean continuous stationary feedback, i.e a continuous function y → u(y). A
natural question is whether every controllable nonlinear system can be asymptotically stabilized
by means of feedback laws. This is true for linear control systems. In 1979, Héctor Sussmann
showed that the global version of this result does not hold for nonlinear control systems: In [73],
he gave an example of a nonlinear analytic control system which is globally controllable but cannot
be globally asymptotically stabilized by means of (continuous stationary) feedback laws. In 1983,
Roger Brockett showed that the local version also does not hold even for analytic control systems:
In [15], he gave a necessary condition for local asymptotic stabilizability by means of (continuous
stationary) feedback laws, which is not implied by local controllability even for analytic control
systems. For example, as pointed out in [15], the analytic control system (usually called the
nonholonomic integrator)
ẏ1 = u1 , ẏ2 = u2 , ẏ3 = y1 u2 − y2 u1 ,

(3)

where the state is y = (y1 , y2 , y3 )tr ∈ R3 and the control is u = (u1 , u2 )tr ∈ R2 , is, by the RashevskiChow theorem [67, 20], locally and globally controllable but does not satisfy the Brockett necessary
condition (and therefore cannot be asymptotically stabilized by means of feedback laws).
Our main results show that the situation is much better if one considers time-varying feedback
laws, i.e. if instead of considering feedback laws y → u(y) one considers (continuous) feedback laws
(y, t) → u(y, t)– which are periodic with respect to time.

2.1

Driftless control affine systems

In this section, we deal with driftless control affine systems:
f (y, u) =

m
X

ui fi (y).

i=1

Let us denote by Lie{f1 , . . . , fm } ⊂ C ∞ (Rn ; Rn ) denotes the Lie sub-algebra of C ∞ (Rn ; Rn )
generated by the vector fields f1 , . . . , fm . In [23] we prove the following theorem.
Theorem 1 Assume that
{g(y); g ∈ Lie{f1 , . . . , fm }} = Rn , ∀y ∈ Rn \ {0}.

(4)

Then, for every T > 0, there exists u in C ∞ (Rn × R; Rm ) such that
u(0, t) = 0, ∀t ∈ R,

(5)

u(y, t + T ) = u(y, t), ∀y ∈ Rn , ∀t ∈ R,

(6)
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and 0 is globally asymptotically stable for the closed-loop system
ẏ = f (y, u(y, t)) =

m
X

ui (y, t)fi (y).

(7)

i=1

Remark 2 By the Rashevski-Chow theorem [20, 67],PProperty (4) implies the global controllability
n
0
of the driftless control affine system ẏ = f (y, u) = m
i=1 ui fi (y) in R \ {0}, i.e., for every y ∈
n
1
n
∞
m
R \P
{0}, every y ∈ R \ {0} and every T > 0, there exists u ∈ L ((0, T ); R ) such that, if
0
1
n
ẏ = m
i=1 ui (t)fi (y) and y(0) = y , then y(T ) = y (and y(t) ∈ R \ {0} for every t ∈ [0, T ]). Let
n
us recall that, for every a ∈ R ,
{g(a); g ∈ Lie{f1 , . . . , fm }} = Rn ,
is also a necessary condition for the small-time local controllability
at the equilibrium (a, 0) ∈
Pm
n
m
R × R of the driftless control affine system ẏ = f (y, u) = i=1 ui fi (y) if the fi , 1 6 i 6 m, are
analytic.
Sketch of the proof of Theorem 1. Let us just briefly describe the idea of the proof: Assume
that, for every positive real number T , there exists ū in C ∞ (Rn × R; Rm ) satisfying (5) and (6),
and such that, if ẏ = f (y, ū(y, t)), then
y(T ) = y(0),

(8)

if y(0) 6= 0, then the linearized control system around the trajectory

t ∈ [0, T ] 7→ (y(t), ū(y(t), t)) is controllable on [0, T ]. (9)

Using (8) and (9), one easily sees that one can construct a “small” feedback v in C ∞ (Rn × R; Rm )
satisfying (5) and (6), and such that, if
ẏ = f (y, (ū + v)(y, t))

(10)

|y(T )| < |y(0)|,

(11)

and y(0) 6= 0, then

which implies that 0 is globally asymptotically stable for (7) with u = ū + v.
So it only remains to construct ū. In order to get (8), one just imposes on ū the condition
ū(y, t) = −ū(y, T − t), ∀(y, t) ∈ Rn × R,

(12)

which implies that y(t) = y(T − t), ∀t ∈ [0, T ] for every solution of ẏ = f (y, u(y, t)), and therefore
gives (8). Finally, one proves that (9) holds for “many” ū’s (which is the difficult part of the proof;
note that ū ≡ 0 does not satisfy (9) in general).
Remark 3 The above method, that we called “return method” can also be used to get controllability
results for control systems even in infinite dimension: See Section 3.
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2.2

General systems

In this section, we return to the control system ẏ = f (y, u). We again assume that
f (0, 0) = 0

(13)

and that f ∈ C ∞ (O; Rn ), where O is a an open subset of Rn × Rm containing (0, 0). In [26], we
prove the following theorem.
Theorem 4 Assume that ẏ = f (y, u) satisfies one of the classical sufficient condition for the small
time local controllability (e.g. the Hermes condition). Assume that n ∈
/ {2, 3}. Then ẏ = f (y, u) is
locally asymptotically stabilizable by means of periodic time-varying feedback laws. More precisely,
for every positive real number T , there exists
u ∈ C 0 (Rn × R; Rm ) ∩ C ∞ (Rn \ {0} × R; Rm ),
such that
u(0, t) = 0, ∀t ∈ R,

u(y, t + T ) = u(y, t), ∀t ∈ R, ∀y ∈ Rn ,

0 is locally asymptotically stable for the closed loop system ẏ = f (y, u(y, t)).
Remark 5 The feedback laws considered above are continuous and therefore robust to small errors
(actuator and measurement errors). To overcome the Brockett obstruction, Mathematicians and
Engineers have also considered, instead of continuous time-varying feedback laws, discontinuous
stationary feedback laws.
The pioneering work on this type of feedback laws is [73] by Héctor Sussmann. It is proved
in [73] that any controllable analytic system can be asymptotically stabilized by means of piecewise
analytic feedback laws.
One of the key questions for discontinuous feedback laws is what is the relevant definition of
a solution of the closed-loop system. In [73], this question is solved by specifying an “exit rule”
on the singular set. However, it is not completely clear how to implement this exit rule, which is
important in order to analyze the robustness.
One possibility, as introduced and justified by Henry Hermes in [56] (see also [42, 64]), is
to consider that the solutions of the closed-loop systems are the solutions in the sense of Alexey
Filippov [48]. With this type of solutions, we prove in [42] that a control system which can be
stabilized by means of discontinuous feedback laws can be stabilized by means of continuous periodic
time-varying feedback laws. Moreover, we also prove in [42] that, if the system is control affine
and can be stabilized by means of discontinuous feedback laws, then it can be stabilized by means
of continuous stationary feedback laws. See also the paper [70] by Eugene Ryan. In particular, the
control system (3) cannot be stabilized by means of discontinuous feedback laws if one considers
Filippov’s solutions of the closed-loop system.
Another interesting possibility is to consider “Euler” solutions; roughly speaking it corresponds
to the idea that one uses the same control during small intervals of time; see [21] for a definition.
With this type of solutions, Francis Clarke, Yuri Ledyaev, Eduardo Sontag and Andrei Subbotin
prove in [21] that controllability (or even asymptotic controllability) implies the existence of stabilizing discontinuous feedback laws (see also [5] by Fabio Ancona and Alberto Bressan for a different
approach). Their feedback laws are robust to (small) actuator disturbances. However, there is a
problem of robustness of all these discontinuous feedback laws with respect to measurement disturbances: using a result in [22] due to Francis Clarke, Yuri Ledyaev and Ronald Stern, Yuri Ledyaev
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and Eduardo Sontag prove in [64] that these feedback laws are in general (e.g. for the control system
(3)) not robust to arbitrarily small measurement disturbances.

2.3

Separation principle

In many situations, only part of the state—called the output—is measured and therefore state
feedback laws cannot be implemented; only output feedback laws are allowed. Let us consider the
control system
ẏ = f (y, u), z = h(y),

(14)

where the state is y ∈ Rn , the control is u ∈ Rm and the output z ∈ Rp . For simplicity let us
look only for local properties. We assume that f is defined and smooth on a neighborhood of
(0, 0) ∈ Rn × Rm , that f (0, 0) = 0, that h is defined and smooth on neighborhood of 0 ∈ Rn and
that h(0) = 0. The weakest natural definition of observability is the following one: The control
system is locally observable at 0 ∈ Rn if, for every ε > 0, there exists η > 0 such that, for every
a1 ∈ Rn and a2 ∈ Rn with |a1 | + |a2 | < η, there exists, u : [0, T ] → Rm such that |u(t)| < ε for
every t ∈ [0, ε] and h(y1 ) 6≡ h(y2 ) where yi , i ∈ {1, 2}, is the solution of ẏi = f (yi , u(t)), yi (0) = ai .
Note that the linear control system
ẏ1 = y2 , ẏ2 = u, z = h(y) := y1
is controllable and observable but that there exists no u : R → R such that 0 ∈ R2 is locally
asymptotically stable for the closed-loop system
ẏ1 = y2 , ẏ2 = u(h(y)).
To take care of this, one introduces the notion of dynamic output feedback laws: one says the
control system (14) can be asymptotically stabilized by means of dynamic output feedback laws
if there exist k ∈ N, u : Rp × Rk → Rm and v : Rp × Rk → Rk such that 0 ∈ Rn × Rk is locally
asymptotically stable for the closed loop system
ẏ = f (y, u(h(y), ỹ)), ỹ˙ = v(h(y), ỹ).
It is well known that any linear control system which is controllable (or more generally asymptotically stabilizable by means of feedback laws) and observable can be asymptotically stabilized by
means of dynamic output feedback laws. This is usually called the separation principle. Again it is
natural to ask whether this result can be extended to the nonlinear case at least for a local result.
It turns out to be wrong. The nonlinear control system
ẏ = u, z = y 2 ,

(15)

where the state is y ∈ R, the control is u ∈ R, and the output is z ∈ R, is observable. This system
is also clearly controllable and asymptotically stabilizable by means of (stationary) feedback laws
(e.g. u(y) = −y). But, see [25], this system cannot be asymptotically stabilized by means of
dynamic output feedback laws. Again, the introduction of time-varying feedback laws improves the
situation: in [25], we prove the following theorem.
Theorem 6 Assume that the control system (14) satisfies one of the classical sufficient condition
for the small-time local controllability (e.g. the Hermes condition) and that the control system (14)
is locally observable. Then the control system (14) can be locally asymptotically stabilized by means
of periodic time-varying dynamic output feedback laws.
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2.4

Phantom tracking method

We introduced this method in [29] in the context of the stabilization of the Euler equations of
incompressible fluids. We also used in the context of finite dimensional quantum control system
in [10]. Roughly speaking this method can be described as follows. Let us assume that there
exists a curve of equilibria γ ∈ [0, γ̄] 7→ (y γ , uγ ) of the control system ẏ = f (y, u) such that
(x0 , u0 ) = (0, 0) ∈ Rn × Rm . We assume that for every γ ∈ (0, γ̄] there exist a feedback law uγ
which asymptotically stabilizes y γ (with a large enough basin of attraction). The idea is then to
use, for the control system ẏ = f (y, u), the feedback law uγ̃ where γ̃ : Rn → [0, γ̄] is a well chosen
function. Roughly speaking one steers the control system to the “phantom” y γ with a γ which is
moving to 0. This is summarized on Figure 1. On this figure one sees
• The curve γ ∈ [0, γ̄] 7→ y γ (dotted curve).
• A trajectory for a fixed γ when one applies the feedback laws uγ (dashed curve). This
trajectory converges to y γ .
• A trajectory when one uses the feedback laws uγ̃ . This trajectory converges to 0.

Trajectory with a fixed γ

Curve γ 7→ y γ
Trajectory with a moving γ
bc

bc

0
Figure 1: Phantom tracking.

2.5

Stabilization of 1-D quasilinear hyperbolic systems

Let us consider the following one-dimensional n × n nonlinear hyperbolic system
yt + F (y)yx = 0, t ∈ (0, +∞), x ∈ (0, 1),
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(16)

where y : [0, ∞) × [0, 1] → Rn and F : Rn → Mn,n (R), Mn,n (R) denoting, as usual, the set of n × n
real matrices. We consider the case where, possibly after an appropriate state transformation, F (0)
is a diagonal matrix with distinct and nonzero eigenvalues:
F (0) := diag (Λ1 , Λ2 , . . . , Λn ), Λi > 0, ∀i ∈ {1, . . . , m}, Λi < 0, ∀i ∈ {m + 1, . . . , n},
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Λi 6= Λj , ∀(i, j) ∈ {1, . . . , n} such that i 6= j.

(17)
(18)

In (17) and in the sequel, diag (Λ1 , Λ2 , . . . , Λn ) denotes the diagonal matrix whose i-th element on
the diagonal is Λi .
Our concern is to analyze the asymptotic behavior of the classical solutions of the system under
the following boundary condition




y+ (t, 0)
y+ (t, 1)
=B
, t ∈ [0, +∞),
(19)
y− (t, 1)
y− (t, 0)
where the map B : Rn → Rn vanishes at 0, while y+ ∈ Rm , y− ∈ Rn−m are defined by requiring
tr , y tr )tr . The problem is to find conditions on B insuring that the equilibrium solution
that y := (y+
−
y = 0 of system (16) with the boundary condition (19) is asymptotically stable. (In the stabilization
framework, the maps B are the feedback laws.)
This problem is important for many applications. In fact we applied the theoretical results that
we obtained to the control of the river La Sambre in Belgium and we are now applying them to
the river La Meuse, still in Belgium. See [7, 33, 34, 36, 41, 55] and figure 2. The goal is to move
the gates (in red on the left image of figure 2; see also figures 3 and 4) in order to regulate the flow
rate and the eight of the water in the river.
Sambre river

Application to waterways

8. Salzinnes
5. Auvelais

6. Mornimont
7. Floriffoux

2. Marcinelle
1. Monceau

4. Roselies

3. Montignies

49

50

Figure 2: La Sambre
The weakest sufficient condition for exponential stability for the C 1 -norm is given in [66, Theorem 1.3, page 173]. It is formulated as follows: ρ2 (B 0 (0)) := ρ(|B 0 (0)|) < 1, where ρ(A) denotes
the spectral radius of A ∈ Mn,n (R) and |A| denotes the matrix whose elements are the absolute
values of the elements of A ∈ Mn,n (R).
For the Sobolev H 2 -norm (a classical norm for hyperbolic 1-D systems), the weakest condition
is in our paper [34]. It is formulated as follows ρ1 (B 0 (0)) < 1, with
ρ1 (K) := Inf {k∆K∆−1 k; ∆ ∈ Dn,+ },
8

(20)

Hydraulic gates
Undeflow (sluice)

Overflow (spillway)

Hydraulic gates

u
u
52

Figure 3: The gate on the right is under repair. On this gate, the (real) control is the
motion of the “lip”, the top part of the gate

Figure 4: The control is the height u, which
is achieved by the motion of the “lip”. See
also figure 3.

u

u

where Dn,+ denotes the set of n × n real diagonal matrices with strictly positive diagonal elements
34
and kM k denotes the usual 2-norm of the matrix M . Our proof relies on the use of a strict Lyapunov
function of the form
Z 1
Z 1
Z 1
tr
tr
tr
V (y) =
y Q0 (x)ydx +
yx Q1 (x)yx dx +
yxx
Q2 (x)yxx dx.
(21)
0

0

0

One can prove that, for every K ∈ Mn,n (R), ρ1 (K) 6 ρ2 (K) and that, if n > 2, there are
matrices K ∈ Mn,n (R) such that this inequality is strict. However the exponential decay for the
H 2 -norm does not imply the exponential decay for the C 1 -norm.
It is important also to compare our sufficient condition ρ1 (B 0 (0)) < 1 with the known conditions
for exponential stability when the system (16) and (19) is linear, i.e. F (y) = F (0) =: Λ and
B(z) = Kz, with K ∈ Mn,n (R). It turns out that there are such linear systems which are
exponentially stable but which loose this stability with arbitrary small perturbation of Λ. Of
course this will be a problem if one tries to apply these condition for nonlinear systems. Hence it
is natural look for a necessary and sufficient condition for a robust exponential stability, i.e. when
one wants to have exponential stability also for arbitrary small perturbations of Λ. This necessary
and sufficient condition is known. It is ρ0 (K) < 1 with

with ι :=

√

ρ0 (K) := max{ρ(diag (eιθ1 , . . . , eιθn )K); (θ1 , . . . , θn )tr ∈ Rn },

(22)

−1. (See e.g. [54, Theorem 6.1 page 286].) In [34] we proved that
ρ0 (K) 6 ρ1 (K), ∀n ∈ N, ∀K ∈ Mn,n (R),

ρ0 (K) = ρ1 (K), ∀n ∈ {1, 2, 3, 4, 5}, ∀K ∈ Mn,n (R),

(∃K ∈ Mn,n (R) such that ρ0 (K) < ρ1 (K)), ∀n ∈ N \ {1, 2, 3, 4, 5}.
Let us now study the case of a balance laws: we now have an extra term and (16)
yt + F (y)yx + G(y) = 0, t ∈ (0, +∞), x ∈ (0, 1),
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(23)

with G(0) = 0. Let us consider the case where n = 2 and m = 1. Hence the boundary condition
(19) becomes




y1 (t, 0)
y1 (t, 1)
=B
, t ∈ [0, +∞).
(24)
y2 (t, 1)
y2 (t, 0)
In [6] for F and G given we give a necessary and sufficient condition for the existence of a Lyapunov
function of the form (21). (In fact [6] deals with the linear case, but the nonlinear case follows
from the linear case by using techniques of [34].) In particular there are F and G such that there
is no B such that there is a Lyapunov function of the form (21). In fact, a spectral analysis shows
the existence of F and G such that there is no B such that 0 is asymptotically stable for (23)-(24).
This leads to the question of finding more complicated feedback laws




y1 (t, 0)
y1 (t, ·)
=B
, t ∈ [0, +∞).
(25)
y2 (t, 1)
y2 (t, ·)
such that 0 is asymptotically stable for (23) with (25). In [45] we show how the backstepping
approach (due to Miroslav Krstic, see [63]) can be used to solve this problem. In [17] we show how
to use also this method for a KdV control system. More precisely, we prove the following theorem.
Theorem 7 Let L > 0. For every λ > 0, there exists a continuous linear form Kλ : L2 (0, L) → R
and a constant Cλ > 0 such that, for every y 0 ∈ L2 (0, L) with a small enough L2 -norm, the solution
to the Cauchy problem
yt + yx + yxxx + yyx = 0, t > 0, x ∈ (0, L),

(26)

y(t, 0) = Ky(t, ·) and y(t, L) = yx (t, 0) = 0 for t > 0,

(27)

y(0, x) = y 0 (x), x ∈ (0, L),

(28)

|y(t, ·)|L2 (0,L) 6 Cλ e−λt |y 0 |L2 (0,L) , t > 0.

(29)

satisfies

A key point of our proof of this theorem is that we construct explicitly the feedback Kλ .

3
3.1

Controllability
Return method

The return method has been introduced in [23] for a stabilization problem (see Section 2 above). It
has been used for the first time in [24, 28] for the controllability of a partial differential equation,
namely the Euler equations of incompressible fluids.
In order to explain this method, let us first consider the problem of local controllability of the
following control system in finite dimension
ẏ = f (y, u),
where y ∈ Rn is the state and u ∈ Rm is the control; we assume that f is of class C ∞ and satisfies
f (0, 0) = 0.
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The return method consists in reducing the local controllability of a nonlinear control system to
the existence of suitable trajectories and to the controllability of linear systems. The idea is the
following one: Assume that, for every positive real number T and every positive real number ε,
there exists a measurable bounded function ū : [0, T ] → Rm with kūkL∞ (0,T ) 6 ε such that, if we
denote by ȳ the solution of ȳ˙ = f (ȳ, ū(t)), ȳ(0) = 0, then
ȳ(T ) = 0,

(30)

the linearized control system around (ȳ, ū) is controllable on [0, T ].

(31)

Then, from the inverse function theorem, one gets the existence of η > 0 such that, for every
y 0 ∈ Rn and for every y 1 ∈ Rn satisfying
|y 0 | < η, |y 1 | < η,
there exists u ∈ L∞ ((0, T ); Rm ) such that
|u(t) − ū(t)| 6 ε, t ∈ [0, T ],
and such that, if y : [0, T ] → Rn is the solution of the Cauchy problem
ẏ = f (y, u(t)), y(0) = y 0 ,
then
y(T ) = y 1 .
Since T > 0 and ε > 0 are arbitrary, one gets that ẏ = f (y, u) is small-time locally controllable at
the equilibrium (0, 0) ∈ Rn × Rm .
Example 8 Let us go back to the nonholonomic integrator (3). Let us recall that this system is
small-time locally controllable at (0, 0) ∈ R3 × R2 . The classical proof of this property relies on Lie
brackets. Let us show how the return method also gives this controllability. Take any T > 0 and
any ū : [0, T ] → R2 such that ū(t − t) = −ū(t). Let ȳ : [0, T ] → R3 be the solution of the Cauchy
problem
ȳ˙ = f (ȳ, ū(t)), ȳ(0) = 0.
One easily checks that ȳ(T ) = 0 and that the linearized control system around (ȳ, ū) is controllable
if (and only if ) ū 6≡ 0. Hence we recover small-time locally controllable at (0, 0) ∈ R3 × R2 . Let us
point out that this new proof does not use Lie bracket and uses only controllability of linear control
systems. This is exactly what we want in order to deal with nonlinear control system modeled by
partial differential equations: For these systems Lie brackets often do not work and one knows a lot
of tools to study the controllability of linear control system modeled by partial differential equations.
With this return method we have got in [24, 28] the following global controllability result of the
2-D Euler equations (where, for simplicity we do not specify the regularity of the functions and of
the domain Ω):
Theorem 9 Let Ω be a nonempty bounded open subset of R2 of class C ∞ . Let Γ be a nonempty
open subset of the boundary ∂Ω of Ω. We assume that Γ meets every connected components of ∂Ω
Let y 0 : Ω → R2 and y 1 : Ω → R2 be such that
div y 0 = div y 1 = 0, y 0 (x) · n(x) = y 1 (x) · n(x) = 0, ∀x ∈ ∂Ω\Γ,
11

where n : ∂Ω → R2 denotes the outward normal. Then, for every T > 0, there exist (y, p) :
Ω × [0, T ] → R2 such that
yt + (y · ∇)y + ∇p = 0 in [0, T ] × Ω,
div y = 0 in [0, T ] × Ω,

y(t, ·) · n(x) = 0, ∀x ∈ ∂Ω \ Γ, ∀t ∈ [0, T ],
y(0, ·) = y0 , y(T, ·) = 0.

Remark 10 In this formulation of the control system associated to theREuler equations, the control
does not appear explicitly. One can take, for example, y · n on Γ with Γ y · nds = 0 and curl y on
Γ for the incoming flow (i.e. at the points (t, x) ∈ [0, T ] × Γ such that y(t, ·) · n(x) < 0).
Main ingredients for the proof of Theorem 9. Note that the linearized control system of
the Euler control system is far from being controllable (for this linear system the vorticity cannot
be modified). The proof relies on the return method. In order to use this method, one needs to
construct a (good) trajectory ȳ going from 0 to 0. Such trajectory is constructed using a potential
flow (i.e. a flow of the form ȳ(t, x) = ∇ϕ(t, x)). If the potential flow is well chosen the linearized
control system around this trajectory is controllable. Using this controllability and a suitable
fixed point argument one gets the local controllability of the Euler control system. The global
controllability follows from this local result by a suitable scaling argument.

The return method has been used to study the controllability of the following partial differential
equations (or infinite dimensional control systems for the case of the Bloch equations).
1. Euler equations of incompressible fluids in [24, 28], and, by Olivier Glass in [50, 51].
2. Navier-Stokes equations of incompressible fluids in [27, 37, 39], and, by Andrei Fursikov et
Oleg Imanuvilov, in [49].
3. Boussinesq equations, by Andrei Fursikov and Oleg Imanuvilov in [49],
4. Burgers equation, by Thierry Horsin in [59] and Marianne Chapouly in [19].
5. Shallow water equations in [30], a paper motivated by the prior paper [47] by François Dubois,
Nicolas Petit and Pierre Rouchon (see also the next section).
6. Vlasov-Poisson equations, by Olivier Glass in [52].
7. 1-D Euler isentropic equations by Olivier Glass in [53].
8. Schrödinger equations, by Karine Beauchard in [8] and in my joint work [9] with Karine
Beauchard. (These two papers are motivated by the prior paper [69] by Pierre Rouchon),
9. Bloch equations in [11], for an ensemble controllability problem,
10. 1 − D hyperbolic systems in [38],
11. Parabolic nonlinear systems in [40].
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For a survey on the return method, see [32]. Let us just give more details on [11]. In this paper,
we study the controllability of the Bloch equation, for an ensemble of non interacting half-spins,
in a static magnetic field, with dispersion in the Larmor frequency. The control are two (timevarying) radio frequency fields which are orthogonal to the static magnetic field. This system may
be seen as a prototype for infinite dimensional bilinear systems with continuous spectrum, whose
controllability are not well understood. We prove that this system is not locally exactly controllable
in finite time T: in fact the states that one can be reached from a given state with small control
is of infinite codimension. Jr-Shin Li and Navin Khaneja proved in [65] that this control system is
globally approximately controllable. However if, for example, one starts with a state with the spins
all close to the North Pole (of the Bloch sphere), one may need, with the method introduced in
[65], to go a very large number of times from the North Pole to the South Pole and come back in
order to go closer to the North Pole. In [11] we propose a method to do go closer to the North Pole
which requires to go only once to the South Pole. The idea is the following one. At the North Pole
the linearized control systems is not controllable: roughly one can control with the linearization
“half of the state space”. Similarly, at the South Pole, one can control with the linearization at the
South Pole “half of the state space”. But it turns out that these two halves are “complementary”.
Hence starting from the North Pole, going only once to the South Pole and then returning back to
the North Pole allows the linearization to control the state completely (locally).
Remark 11 In fact, for many nonlinear partial differential equations, the fact that the linearized
control system along the trajectory (ȳ, ū) is controllable is not sufficient to get the local controllability
along (ȳ, ū). This is due to some loss of derivatives problems. These problems could be fixed by
using the Nash-Moser method. However the Nash-Moser method does not give the controllability
in the “best” functional spaces and is rather complicate to use. Instead, one prefers to use some
suitable fixed point methods. Note that these fixed point methods rely often on the controllability
of some (and many) linear control systems which are not the linearized control system along the
trajectory (ȳ, ū). (It can also rely on some specific methods which do not use the controllability of
any linear control system. This last case appears in the papers [59] by Thierry Horsin and [53] by
Olivier Glass.) Let us also point out that, for the Schrödinger control system introduced by Pierre
Rouchon in [69], such fixed point methods to avoid the Nash-Moser technique have not yet be found
and Karine Beauchard has shown in [8] how to indeed use the Nash-Moser method in the context
of the return method (see also [9]).
Remark 12 For the Navier-Stokes control system, the linearized control system around of 0 is
controllable (this result is due to Oleg Imanuvilov [60, 61]). However it is not clear how to deduce
from this controllability a global controllability result for the Navier-Stokes control system. Roughly
speaking, we have deduced in [27, 37] global controllability results for the Navier-Stokes equations
from the controllability of the Euler equations. This is possible because the Euler equations are
quadratic and the Navier-Stokes equations are the Euler equations plus a linear “perturbation” (of
course some technical problems appear due to the fact that this linear perturbation involves more
derivatives than the Euler equations: One faces a problem of singular perturbations).

3.2

Quasi-static deformations

Let us explain how this method can be used on a specific example. We consider a 1-D tank
containing an inviscid incompressible irrotational fluid. The tank is subject to one-dimensional
horizontal moves. We assume that the horizontal acceleration of the tank is small compared to the
gravity constant and that the height of the fluid is small compared to the length of the tank. These
13

physical considerations motivate the use of the Saint-Venant equations [71] (also called shallow
water equations) to describe the motion of the fluid; see e.g. [46, Sec. 4.2]. Hence the considered
dynamics equations are (see the paper [47] by François Dubois, Nicolas Petit and Pierre Rouchon)
Ht (t, x) + (Hv)x (t, x) = 0, t ∈ [0, T ], x ∈ [0, L],


v2
vt (t, x) + gH +
(t, x) = −u (t) , t ∈ [0, T ], x ∈ [0, L],
2 x
v(t, 0) = v(t, L) = 0, t ∈ [0, T ],
ds
(t) = u (t) , t ∈ [0, T ],
dt
dD
(t) = s (t) , t ∈ [0, T ],
dt

(32)
(33)
(34)
(35)
(36)

where (see Figure 5),
• L is the length of the 1-D tank,
• H (t, x) is the height of the fluid at time t and at the position x ∈ [0, L],
• v (t, x) is the horizontal water velocity of the fluid in a referential attached to the tank at
time t and at the position x ∈ [0, L] (in the shallow water model, all the points on the same
vertical have the same horizontal velocity),
• u (t) is the horizontal acceleration of the tank in the absolute referential,
• g is the gravity constant,
• s is the horizontal velocity of the tank,
• D is the horizontal displacement of the tank.
This is a control system, denoted Σ, where, at time t ∈ [0, T ],
- the state is Y (t) = (H(t, ·), v(t, ·), s(t), D(t)),
- the control is u(t) ∈ R.
We have proved in [30] the following theorem
Theorem 13 The control system Σ is locally controllable in large time around the equilibrium
(He , ve , De , se , ue ) := (He , 0, 0, 0, 0).
Main ideas of the proof of Theorem 13. For simplicity, let us forget around the variables s and
D. Without loss of generality, we may assume that He = g = L = 1. Again the linearized control
system around (H, v, u) := (1, 0, 0) is not controllable. Indeed, this linearized control system is
Σlin

ht + vx = 0, vt + hx = −u (t) , v(t, 0) = v(t, 1) = 0,

and, if we let
1
1
vo (t, x) := (v(t, x) − v(t, 1 − x)), he (t, x) := (h(t, x) + h(t, 1 − x)),
2
2
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one gets
het + vox = 0, vot + hex = 0, vo (t, 0) = vo (t, 1) = 0.
Hence the control has no effect on (he , vo ), which shows that Σlin is far from being controllable (it
misses an infinite dimensional space).
Again, one tries to use the return method. For this method one needs to find trajectories such
that the the linearized control system around this trajectory is controllable. One can check that
this is the case for the trajectory given by the following equilibrium point
Hγ (x) := 1 + γ(1/2 − x), vγ (x) := 0, uγ := γ.
where γ ∈ R is small but not 0. However this trajectory does not go from 0 to 0: from the controllability of the linearized control system around (Hγ , vγ , uγ ) one gets only the local controllability
around (Hγ , vγ ), i.e., there exists an open neighborhood N of (Hγ , vγ ) such that, given two states
in N , there exists a trajectory of the control system Σ going from the first state to the secund one.
This does not imply the local controllability around (1, 0). However, let us assume that

1

(i) There exists a trajectory of the control system Σ going from (1, 0) to N ,
(ii) There exists a trajectory of the control system Σ going from some point in N to (1, 0).
Then it is not hard to then prove the desired local controllability around (1, 0). In order to get the
trajectory mentioned in (i) and (ii), one uses quasi-static deformations: For example, for (i), one
fixes some functions g : [0, 1] → R such that g(0) = 0, g(1) = 1 and consider for ε ∈ (0, +∞) the
control uε : [0, 1/ε] → R defined by
uε (t) := g(εt).
Let us now start from (1, 0) and uses the control uε . Then one can check that, uniformly in
t ∈ [0, 1/ε],
H(t, ·) − Hg(εt) → 0 and v(t, ·) → 0 as ε → 0.
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In particular (H(1/ε, ·), v(t, ·) in N for ε ∈ (0, +∞) small enough. This proves (i). The proof of
(ii) is similar.
Remark 14 There is in fact a problem of loss of derivatives and it not easy to deduce the local
controllability around (Hγ , vγ , uγ ) from the controllability of the linearized control system around
(Hγ , vγ , uγ ). To avoid the Nash-Moser method, we use a suitable fixed point method. This method
requires the controllability many linear control systems which are close to the linear control system
Σlin . We have not been able to check that every linear control system close (for the required topology)
to Σlin is controllable, but we can do it for a large enough family of these linear control systems
(essentially a family of codimension 4).
Remark 15 The quasi-static deformations works easily here since (Hγ , vγ , uγ ) are stable equilibriums. When the equilibriums are not stable, one can first stabilize them by using suitable feedback
laws (we have done it in [43] for semilinear heat equations and in [44] for semilinear wave equations.
Remark 16 Note that, due to the finite speed of propagation, it is natural that only large-time
local controllability hods. However, for a Schrödinger analog of control system Σ, we proved in [31]
that the small-time local controllability also does not hold, even if the Schrödinger equation has an
infinite speed of propagation. (The proof of the large-time local controllability for this Schrödinger
control system is due to Karine Beauchard [8].)

3.3

Power series expansion

Again, we present this method on an example. Let L > 0. Let us consider the following Korteweg-de
Vries (KdV) control system
yt + yx + yxxx + yyx = 0, t ∈ (0, T ), x ∈ (0, L),

y(t, 0) = y(t, L) = 0, yx (t, L) = u(t), t ∈ (0, T ),

(37)
(38)

where, at time t ∈ [0, T ], the control is u(t) ∈ R and the state is y(t, ·) : (0, L) → R.
We are interested in the local controllability of the control system (37)-(38) around the equilibrium (ye , ue ) := (0, 0). Lionel Rosier has proved in [68] that this local controllability holds
if
( r
)
j 2 + l2 + jl
L∈
/ N := 2π
; j ∈ N \ {0}, l ∈ N \ {0} .
(39)
3
Lionel Rosier has got his result by first proving that, if L 6∈ N , then the linearized control system
around (ye , ue ) := (0, 0) is controllable. Note that 2π ∈ N (take j = l = 1) and, as shown also
by Lionel Rosier, if L ∈ N , then the linearized control system around (ye , ue ) := (0, 0) is not
controllable. However the nonlinear yyx helps to recover the local controllability, as we showed in
[35]
Theorem 17 ([35, Theorem 2]) Let T > 0 and let L = 2π. (Thus, in particular, L ∈ N .)
Then there exist C > 0 and r1 > 0 such that for any y 0 , y 1 ∈ L2 (0, L), with ky 0 kL2 (0,L) < r1 and
ky 1 kL2 (0,L) < r1 , there exist
y ∈ C 0 ([0, T ]; L2 (0, L)) ∩ L2 ((0, T ); H 1 (0, L))
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and u ∈ L2 (0, T ) satisfying (37)-(38), such that
y(0, ·) = y 0 ,

(40)

kukL2 (0,T ) 6 C(ky 0 kL2 (0,L) + ky 1 kL2 (0,L) )1/3 .

(42)

1

y(T, ·) = y ,

(41)

Main ideas of the proof of Theorem 17. The proof relies on some kind of power series
expansion. Let us just explain the method on the control system of finite dimension
ẏ = f (y, u),

(43)

where the state is y ∈ Rn and the control is u ∈ Rm . Here f is a function of class C ∞ on a
neighborhood of (0, 0) ∈ Rn × Rm and we assume that (0, 0) ∈ Rn × Rm is an equilibrium of the
control system (43), i.e f (0, 0) = 0. Let
H := Span {Ai Bu; u ∈ Rm , i ∈ {0, . . . , n − 1}}
with
A :=

∂f
∂f
(0, 0), B :=
(0, 0).
∂y
∂u

If H = Rn , the linearized control system around (0, 0) is controllable and therefore the nonlinear
control system (43) is small-time locally controllable at (0, 0) ∈ Rn × Rm . Let us look at the case
where the dimension of H is n − 1. Let us make a (formal) power series expansion of the control
system (43) in (y, u) around the constant trajectory t 7→ (0, 0) ∈ Rn × Rm . We write
y = y 1 + y 2 + . . . , u = u1 + u2 + . . . .
The order 1 is given by (y 1 , u1 ); the order 2 is given by (y 2 , u2 ) and so on. The dynamics of these
different orders are given by
ẏ 1 =

ẏ 2 =

∂f
∂f
(0, 0)y 1 +
(0, 0)u1 ,
∂y
∂u

(44)

∂f
∂f
1 ∂2f
(0, 0)y 2 +
(0, 0)u2 +
(0, 0)(y 1 , y 1 )
∂y
∂u
2 ∂y 2
+

∂2f
1 ∂2f
(0, 0)(y 1 , u1 ) +
(0, 0)(u1 , u1 ), (45)
∂y∂u
2 ∂u2

and so on. Let e1 ∈ H ⊥ . Let T > 0. Let us assume that there are controls u1± and u2± , both in
1 and y 2 are solutions of
L∞ ((0, T ); Rm ), such that, if y±
±
1
ẏ±
=

2
ẏ±
=

∂f
∂f
1
(0, 0)y±
+
(0, 0)u1± ,
∂y
∂u
1
y±
(0) = 0,

∂f
∂f
1 ∂2f
1
2
1
(0, 0)y±
+
(0, 0)u2± +
(0, 0)(y±
, y±
)
∂y
∂u
2 ∂y 2
+
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∂2f
1 ∂2f
1
(0, 0)(y±
, u1± ) +
(0, 0)(u1± , u1± ),
∂y∂u
2 ∂u2

2
y±
(0) = 0,

then
1
y±
(T ) = 0,
2
y±
(T ) = ±e1 .

Let (ei )i∈{2,...n} be a basis of H. By the definition of H and a classical result about the controllable
part of a linear system (see e.g. [72, Section 3.3]), there are (ui )i=2,...,n , all in L∞ (0, T )m , such that,
if (yi )i=2,...,n are the solutions of
ẏi =

∂f
∂f
(0, 0)yi +
(0, 0)ui ,
∂y
∂u
yi (0) = 0,

then, for every i ∈ {2, . . . , n},
yi (T ) = ei .
Now let
b=

n
X

bi ei

i=1

be a point in

Rn .

Let

u1

∈

L∞ ((0, T ); Rm )

be defined by the following

- If b1 > 0, then u1 := u1+ and u2 := u2+ .
- If b1 < 0, then u1 := u1− and u2 := u2− .
Then let u : (0, T ) → Rm be defined by
1/2 1

u(t) := |b1 |

2

u (t) + |b1 |u (t) +

n
X

bi ui (t).

i=2

Let y : [0, T ] → Rn be the solution of
ẏ = f (y, u(t)), y(0) = 0.
Then one has, as b → 0,
y(T ) = b + o(b).

(46)

Hence, using the Brouwer fixed-point theorem and standard estimates on ordinary differential
equations, one gets the local controllability of ẏ = f (y, u) (around (0, 0) ∈ Rn × Rm ) in time T ,
that is, for every ε > 0, there exists η > 0 such that, for every (a, b) ∈ Rn × Rn with |a| < η and
|b| < η, there exists a trajectory (y, u) : [0, T ] → Rn × Rm of the control system (43) such that
y(0) = a, y(T ) = b,
|u(t)| 6 ε, t ∈ (0, T ).
We use this power series expansion method to get Theorem 17. In fact, for this theorem, an
expansion to order 2 is not sufficient: we obtain the local controllability by means of an expansion
up to order 3 (which makes the computations very lengthy).
18

Remark 18 This method (power series expansion) is related to classical methods used to study
the local controllability of control systems in finite dimension. In fact, more subtle tools have been
introduced in finite dimension: for example different scalings on the components of the control and
of the state as well as scaling on time; see e.g. [1, 2, 12, 14, 13, 57, 58, 62, 74, 75, 76] and the
references therein. However, in many cases, one does not know how to use these powerful methods in
the context of partial differential equations (however, note the important exception [3, 4] by Andrei
Agrachev and Andrei Sarychev for the Navier-Stokes equations). The power series expansion method
has been used in the context of partial differential equations for the first time in [35]. It has then
been used
• For the above KdV control system and for the other values of L ∈ N by Eduardo Cerpa in
[16] and by Eduardo Cerpa and Emmanuelle Crépeau in [18],
• For a Schrödinger equation in [9].
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[50] Olivier Glass. Contrôlabilité exacte frontière de l’équation d’Euler des fluides parfaits incompressibles en dimension 3. C. R. Acad. Sci. Paris Sér. I Math., 325(9):987–992, 1997.
[51] Olivier Glass. Exact boundary controllability of 3-D Euler equation. ESAIM Control Optim.
Calc. Var., 5:1–44 (electronic), 2000.
[52] Olivier Glass. On the controllability of the Vlasov-Poisson system. J. Differential Equations,
195(2):332–379, 2003.
[53] Olivier Glass. On the controllability of the 1-D isentropic Euler equation. J. Eur. Math. Soc.
(JEMS), 9(3):427–486, 2007.
[54] Jack K. Hale and Sjoerd M. Verduyn Lunel. Introduction to functional-differential equations,
volume 99 of Applied Mathematical Sciences. Springer-Verlag, New York, 1993.
[55] Jonathan de Halleux, Christophe Prieur, and Georges Bastin. Boundary control design for
cascades of hyperbolic 2×2 pde systems via graph theory. In Proceedings 43rd IEEE Conference
on Decision and Control, Nassau, The Bahamas, December 2004, pages 3313 – 3318, 2004.
[56] Henry Hermes. Discontinuous vector fields and feedback control. In J.K. Hale and J.P. La Salle,
editors, Differential Equations and Dynamical Systems (Proc. Internat. Sympos., Mayaguez,
P. R., 1965), pages 155–165. Academic Press, New York, 1967.
22

[57] Henry Hermes. Controlled stability. Ann. Mat. Pura Appl. (4), 114:103–119, 1977.
[58] Henry Hermes. Control systems which generate decomposable Lie algebras. J. Differential
Equations, 44(2):166–187, 1982. Special issue dedicated to J. P. LaSalle.
[59] Thierry Horsin. On the controllability of the Burgers equation. ESAIM Control Optim. Calc.
Var., 3:83–95 (electronic), 1998.
[60] Oleg Yu. Imanuvilov. On exact controllability for the Navier-Stokes equations. ESAIM Control
Optim. Calc. Var., 3:97–131 (electronic), 1998.
[61] Oleg Yu. Imanuvilov. Remarks on exact controllability for the Navier-Stokes equations. ESAIM
Control Optim. Calc. Var., 6:39–72 (electronic), 2001.
[62] Matthias Kawski. High-order small-time local controllability. In H.J. Sussmann, editor, Nonlinear controllability and optimal control, volume 133 of Monogr. Textbooks Pure Appl. Math.,
pages 431–467. Dekker, New York, 1990.
[63] Miroslav Krstic and Andrey Smyshlyaev. Boundary control of PDEs, volume 16 of Advances
in Design and Control. Society for Industrial and Applied Mathematics (SIAM), Philadelphia,
PA, 2008. A course on backstepping designs.
[64] Yuri S. Ledyaev and Eduardo D. Sontag. A Lyapunov characterization of robust stabilization.
Nonlinear Anal., 37(7, Ser. A: Theory Methods):813–840, 1999.
[65] Jr-Shin Li and Navin Khaneja. Ensemble controllability of the bloch equations. Proceedings
of the 45th IEEE Conference on Decision & Control, (ThAO4.4), 2006.
[66] Ta Tsien Li. Global classical solutions for quasilinear hyperbolic systems, volume 32 of RAM:
Research in Applied Mathematics. Masson, Paris, 1994.
[67] Petr K. Rashevski. About connecting two points of complete nonholonomic space by admissible
curve. Uch Zapiski Ped. Inst. Libknexta, 2:83–94, 1938.
[68] Lionel Rosier. Exact boundary controllability for the Korteweg-de Vries equation on a bounded
domain. ESAIM Control Optim. Calc. Var., 2:33–55 (electronic), 1997.
[69] Pierre Rouchon. Control of a quantum particle in a moving potential well. In Lagrangian and
Hamiltonian methods for nonlinear control 2003, pages 287–290. IFAC, Laxenburg, 2003.
[70] Eugene P. Ryan. On Brockett’s condition for smooth stabilizability and its necessity in a
context of nonsmooth feedback. SIAM J. Control Optim., 32(6):1597–1604, 1994.
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