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Abstract

Using the backstepping approach we recover the null controllability for the
heat equations with variable coefficients in space in one dimension and prove that
these equations can be stabilized in finite time by means of periodic time-varying
feedback laws. To this end, on the one hand, we provide a new proof of the well-
posedness and the “optimal” bound with respect to damping constants for the solu-
tions of the kernel equations; this allows one to deal with variable coefficients,
even with a weak regularity of these coefficients. On the other hand, we establish
the well-posedness and estimates for the heat equations with a nonlocal boundary
condition at one side.
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1. Introduction

The null controllability of heat equations has been extensively investigated
for several decades. This was pioneered in [13] by the moment method. Since
then, there have been a few other methods to prove the null controllability of heat
equations. One is based on the construction of the fundamental solution as proposed
by [19,25]. One is based on Carleman estimates, as initiated in [15,24]; see also
[12] and references therein for recent results. One, as proposed in [30], is via the
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transmutation method, which relates the null-controllability of the heat equation to
the exact controllability of the wave equation. Another, as proposed in [29], is via
the flatness approach; in this approach, x is considered as the time-variable, see
also [16].

In this paper, we present a new approach to obtain the null controllability for
the heat equations with Dirichlet boundary control. This new approach is based
on a backstepping design in which the kernel also depends on time. The back-
stepping method has been used as a standard tool to stabilize finite dimensional
control systems, see, e.g., [5,21]. This method was initiated in [6,27] to design
feedback laws stabilizing control systems modeled by partial differential equa-
tions. Later on, Krstic and his collaborators introduced a key modification of the
method: using a Volterra transform of the second kind, coming from the applica-
tion of the classical backstepping method applied to a spatial discretization of the
partial differential equation, they mapped the original equation into an asymptot-
ically stable one. In this context, the first continuous backstepping designs were
proposed for the heat equation in [26,33]. The applications to wave equations
appeared later in [20,32,35]. Since then, this has been applied to study the stabil-
ity of parabolic equations in [33,34], of hyperbolic systems in [9,10,17,18,22],
of nonlinear parabolic equations in [36], of Korteweg—de Vries equations in [4]
and of Kuramoto—Sivashinsky equations in [28]. A concise introduction to this
method applied to numerous partial differential equations can be found in [23]. In
this paper, we implement the backstepping idea to obtain the null-controllability
of 1-d heat equations. We also provide a new method to prove the existence of and
to establish the “optimal” bound for a solution to the kernel equation. Finally, we
show how this approach can be used to stabilize in finite time these equations by
means of time-varying feedback laws. To this end, we establish the well-posedness
and provide estimates for the heat equations with a nonlocal boundary condition at
one side.

Remark 1. For some equations, one needs to use a more general transformations
than the one given by the backstepping approach (i.e. a Volterra transform of the
second kind). See, in particular, [2] for wave equations, [3] for compensating the dis-
tributed effect of diffusion and counter-convection in Multi-Input and Multi-Output
LTT systems, [7] for KdV equations, [8] for Kuramoto—Sivashinsky equations. In
the last two papers, the existence of these more general transformations is shown
to be equivalent to the controllability (of the linearized control system).

We consider the control system

:ux(t,x) = (@Xux(t, x))y +cu,x) in (1, 2) x [0, 1], WD

u,0=0, u@ 1)=U(@) for t € (11, 12),

where, at t € (11, 1), the state is u(z, -) € L?(0, 1) and the control is U (¢) € R.
Throughout this paper, we assume thata € H 2(0, 1),c e HY(0, 1), and

a(x) > 0 forevery x € [0, 1], (1.2)



Null Controllability and Finite Time Stabilization... 995

which implies the existence of A > 1 such that 0 < I/A < a(x) < A in [0, 1]
since a is continuous on [0, 1].

The first goal of this paper is to provide a new way (via backstepping design)
to obtain constructive controls U which steer the control system (1.1) from a given
uy € LZ(O, 1) to O during the interval of time [0, T], with T > 0 given, i.e.,
u(t,-) — 0ast — T_ where u is the solution of

u(t, x) = (ax)uy(t,x)), +cx)u(t,x) in (0,7) x [0, 1],
u,0)=0, u(,1)=U@) for te€(0,T), (1.3)

u(t=0,-) =up for x €10, 1].

Let us denote by L2(O, 1)* the set of continuous linear maps from LZ(O, 1) into R.
We have the following theorem:

Theorem 1. Let T > 0. There exists a piecewise constant functional K : [0, T) —
L?(0, 1)* such that, for every ug € L?(0, 1), ifu € C°([0, T); L*(0, 1)) is the
solution of (1.3) with U(t) defined by

U(t) .= K@®)u(t, ), (1.4)

then
ut,) > 0in L>(0, ) ast — T_, (1.5)
U@)—> Qast —> T_, (1.6)

where u is the solution of (1.3).

Remark 2. The well-posedness of (1.3) where U (¢) is given by (1.4) is established
under a more general assumption on K in Lemma 6 via the maximum principle and
the multiplier technique.

Remark 3. Theorem 1 is a consequence of Proposition 1 presented later. More
information on /C can be derived from there.

Note that /C must be time dependent. This is the difference between the feed-
back for the null-controllability in finite time and the feedback for the exponential
stability for the heat equation. In fact, assume that a = 1, ¢ = 0, and K(¢) is
independent of ¢. There exists 6 € L%(0, 1) such that

1
Kt)v = / O(x)v(x)dx forv € LZ(O, 1),t €O, 7).
0
Set, for u© € R,

2
u,(t, x) = e "7 sin(ux).

Note that

1
lim 6 (x) sin(ux)dx = 0.

n—>+00 0
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It follows that there exists u € R \ {0} such that

1
sinpu = / 6 (x) sin(ux) dx.
0
One can easily check that u,, is a solution of the system

u; —uyy =0 for (t,x) € (0,T) x (0,1),

1 )
u(t,00=0, ult, 1):/ O(x)u(t,x)dx for 0<t<T.
0

Hence the null controllability is not achieved with the time invariant feedback K.
Let us briefly describe here the idea of the proof of Theorem 1. The operator
JC(¢) in Theorem 1 is of the form

1
K@ = f ko(1, y)v(y)dy forevery v € L*(0, 1), (1.8)
0

fort, <t < t,4+1 for some sequence (#,),ey — T- and for some sequence of
functions (called kernels) (kj),en defined in D which is given by

D = H(x,y) e [0, 1]2;y §x}.

The choice of (#,),en and (k,)nen are derived from the backstepping approach as
follows. Let (t,)nen be a strictly increasing sequence of real numbers such that
to =0and 1, — T asn — oo. We construct the kernel k,, (used for the interval of
time [#,, #,41)) using backstepping design: define, for t, <t < t,,41,

X
w(t,x) =u(t,x)— /() kn(x, y)u(t, y)dy, (1.9
where k;, is chosen such that, for f, <t < t,41 and for u solution of (1.1),
w(t, x) — (@(X)wy(t, x)), +Agw(t,x) =0 forx € [0, 1], (1.10)

for some A, > 0, damping coefficients. By requiring that (1.10) holds for any u
satisfying (1.1) with (71, t2) = (#,, t,+1), one obtains the following system for &, :

2a(x)%kn (x, x)+ax(k,(x, x)+[Ap+c(x)] =0 for x €0, 1],

kn(x,0)=0 for x €0, 1],

(@@)knx (. 1)) = (@M y (. ) = [n+eNkn(x, ) =0 in D.
(1.11)

Here and in what follows, we use the notation
d
—k(x, x) = ke (x, x) + ky(x, x),
dx ;

where k, and k, denotes the partial derivative of k:D — R with respect to x and
y. In fact, we can verify that such a k,, exists (Lemma 2) and that, indeed, (1.10)
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holds if u satisfies (1.1) with (t1, 12) = (#, t,+1) and if w is defined by (1.9) with
k, satisfying (1.11) (see Lemma 3). The control U in (1.4) is chosen as usual by
requiring (1.8) in order to have

w(t,1)=0fort, <t < ty41. (1.12)
Let us point out that, from (1.1) and (1.9), we have

w(t,0) =0fort, <t < ty41. (1.13)
We derive from (1.10), (1.12) and (1.13) that
—An(t—ty

Nw(tng, g2 (1.14)

From (1.14), we obtain the decay of w as t — T_. To compute u from w, one
searches the kernel /,, such that

lw(, )2 <e

u(t,x) =w, x) + /OX L(x, y)w(t, y)dy. (1.15)
By requiring that, for ¢, <t < 41,
u(t,x) = (a(x)uy(t, x)), + c(x)u(t, x) for x € [0, 1], (1.16)
one gets
2a(x)%ln (x,x)+ax () (x,x)+ A, +c(x) =0 for x e€[0, 1],
Ih(x,0)=0 for x €0, 1],

(@@)nx(x, ), = (@Wlny (6, 3))  +An+c ()M (x, y) =0 in D.
’ (1.17)
In fact, we can prove that [, exists (Lemma 2) and that, if /,, satisfies (1.17) and if
w is defined by (1.9) where k,, satisfies (1.11), then (1.15) holds (Lemma 4). We
establish the following crucial estimates for &, and [/, (Lemma 2):

cal?

Iknll 1Dy < e and ||yl g1 (py < Chp. (1.18)

for some positive constant C which depends only on a and c; it does not depend
on n. Let us point out that related estimates already appear in [24, Proposition 1].
These related estimates are proved thanks to Carleman estimates. Our appoach is
completely different. From (1.14) and (1.18), we can derive that u(¢,-) — 0 in
L?0,)and U(t) - OinRast — T_ by appropriate choices of (#,),cN and
of (Ay)nen (see also [24, pp. 343-344]). More precisely, we prove the following
proposition:

Proposition 1. Let T > 0, (A,),>0 be an increasing sequence of positive numbers
converging to infinity, and let (t,),>0 be an increasing sequence which converges
to T with ty = 0. Define, fort, <t < t,41,

1
U) := /0 kn (1, y)u(t, y)dy, (1.19)
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where k;, is given in (1.11). Set so := 0 and s,, := ZZ;(I) M (tep1 — tr) forn > 1.
There exists a positive constant y, depending only on a and c, such that if, for
large n,

(tn+l - tn))‘n A2V, )‘n+la (120)

then, fort, <t < tp41,
lu(t, Y2 < Ce™n=1/4FCE=D 010, (1.21)
U (1) < Ce™sn=1/4HHCO=D+Chn 015, (1.22)

for some positive constant C independent of n and ug. In particular, if, in addition
we have that

. Sn
lim ——— = , 1.23
n—}I—il-loo n—+ /)‘n+l 00 ( )
then
lim u(t, )2 =0, (1.24)
t—T_
lim U(t) = 0. (1.25)
t—>T_

There are sequences (#,),eN and (A,),eN Which satisfy (1.20) and (1.23), for
example, the sequences such thatt, =T — T/ n? and A, = n® for large n. Hence,
Theorem 1 is a corollary of Proposition 1.

Remark 4. From the construction of k,,, one can verify that

IKOI < C@for0<r<t <7, and lim K@) = +oo.
t—1_

It is interesting to know whether or not there exists a bounded feedback K in
Lz(O, 1)* which yields the null-controllability at time 7. Note that, in general, one
cannot assume too much on the regularity and the boundedness of K. To see this,
let us assume thata = 1, ¢ = 0, and K € L2((0, T); H2(0, nHnNn HOI(O, l)). For
t e 0,7),letv(t,-) € H(} (0, 1) be the unique solution of —v,,(#, x) = u(t, x)
for x € (0, 1). One can check that, for x € (0, 1),

X Py 1 y
v(t,x) = —/ / u(t,s)dsdy —i—x'/ / u(t,s)dsdy.
0 Jo 0o Jo

One can then derive that
v (2, x) — v (2, X) = xu(z, 1).

Since —v,, (¢, x) = u(t, x), it follows from integration by parts that

1
ve(t, x) — Uy (£, x) = —x/ Kss (2, s)v(z, s) ds.
0

One now can apply [1, Theorem II.2] to conclude that if v(7', -) = O (this holds if
u(T,-) = 0) then v(0, -) = 0; which in turn implies #(0, -) = 0. Hence the null-
controllability is not achieved. More generally, it would be interesting to obtain
sharp conditions on K under which the backward uniqueness holds for (1.3) with
U defined in (1.4).
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In this paper, we therefore provide a new constructive control to reach the null
controllability for the heat equation with variable coefficients via backstepping
approach. Our idea is to use a sequence of kernels (k,),eN in an appropriate choice
of time interval [#,, t,41) corresponding for a sequence of positive numbers (A, ), eN
used for damping effect converging to infinity to stabilize the equations more and
more as 7 goes to 7. To implement this idea, we need to prove the existence of k;, and
l,,, and establish estimates given in (1.18) (see Corollaries 1 and 2). Our analysis is
variational and different from the standard one and hence requires some new ideas.
First, to handle the existence of k,, and /,, in the variable coefficients case, we show,
in Lemma 1, a connection of (1.11) and (1.17) with the wave equation defined in
[0, 1]7. To this end, we establish a property of the finite speed of propagation type
(see (2.6) in Lemma 1). Known methods to prove the existence of k,, and [,, (in the
case a is constant) are based on special functions or by fixed point arguments (see,
in particular, [23, Chap. 4] and [11]). Second, the proof of (1.18) is only known
for constants a and c using the information of special functions (see, e.g., [23,
Chap. 4]). In the case that a is constant and c is not, it is known that the estimate
of k, in (1.18) holds provided that the exponent A,l,/ s replaced by X, (see, e.g.,
[23, Chap. 4]). Nevertheless, the exponent A, is not sufficient to get the decay
of u, to 0 due to (1.14). Estimates in (1.18) are derived from (2.5) of Lemma 1.
Assertion (2.5) is established via an energy type estimate for the wave equation
which is somehow nonstandard in the sense that the energy not only contains the
gradient of the solutions but also the solutions, see (2.14); the standard energy
estimate only gives the exponent A,,.

The second goal of this article is to show that the control system (1.1) can be
semi-globally stabilized in arbitrary time by means of time-varying feedback laws
(t,v) € R x L%(0, 1) — F(t,v) € R. We look for feedback laws F satisfying the
following three properties:

(P1) The feedback law F is T -periodic with respect to time:
F(t,v) = F(t + T, v) forevery (t,v) € R x L2(O, 1); (1.26)
(P2) There exists a strictly increasing sequence (#,),cn of real numbers such that
to =0, (1.27)

lim 1, =T, (1.28)

n—+00
F is of class C' in [#,, Int1) X L2(0, 1) foreveryn e N;  (1.29)

(P3) The map F vanishes on R x {0} and there exists a continuous function
M : [0, T) — [0, +00) such that

|F(t,v2) — F(t,v1)| < M(t)]lvp — vl 2
Y (t,v1, v2) € [0, T) x L%0, 1) x L*(0, 1). (1.30)

Before stating our second result, let us make some comments on the Cauchy
problem
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u(t,x) = (@a(X)uy(t,x)), +c(x)u(t,x) for (t,x) e (s,7) x [0, 1],
u,0 =0, u(t,1)=F(t, u,-)) for t e (s, 1),

u(s, ) =ug for x €0, 1],

(1.31)
where —00 < s < 7 < +ooandug € L2(0, 1) are given. We use the following def-
inition: u : [s, ) x (0, 1) — Risasolution of (1.31)if u isin C°([s, 7); L*(0, 1))
is such that, for every & € C2([s, 7) x [0, 1]) with compact supportin [s, T) x [0, 1]
and which vanishes on [s, 7) x {0, 1}, one has

1 T 1
—/ uo(x)é(s,x)dx—/ / u(t, x)& (@, x)dx, dr
0 K 0
+/T a()F(t, u(t, (. 1) dr

T 1
—/ / u(t, x) ((a(x)éx(t, x)x +c()é@, x)) dx =0.  (1.32)
K 0

Using properties (P1) and (P3), one gets the uniqueness of the solution to the Cauchy
problem (1.31): two solutions u1 : [s, 71) X (0, 1) - Randus : [s, 72) x (0, 1) —
R to (1.31) are equal on [s, min{zy, 72}) x (0, L) (see the proof of Lemma 6). A
solution u; : [s, ;) x (0,1) — R to the Cauchy problem (1.31) is said to be
maximal if there is no solution u> : [s, 2) x (0, 1) — R to the Cauchy problem
(1.31) with 7o > 7y and u; = up on [s, 71) x (0, 1). From now on, all the solutions
to the Cauchy problem (1.31) considered are maximal. As was just mentioned, this
solution is unique. We denote this solution by ¢ € [s, t(s, ug)) — ®(t, s, ug). Let
us point out that, as proved in Lemma 6, Properties (P;), (P2) and (P3) imply that
t(s, ug) > s for every (s, up) € R x L2(0, 1).

Our second result states that the control system (1.1) can be semi-globally
stabilized in arbitrary time by means of time-varying feedback laws (¢, v) € R x
L?(0, 1) — F(t,v) € R satisfying Properties (P1), (P2) and (P3).

Theorem 2. Let T > 0 and ' > 0. There exists a time-varying feedback law
(t,v) € R x L%(0,1) — F(t,v) € R satisfying Properties (P1), (P>) and (P3)
such that

3(C, T) € (0, +00) x (0, T) such that |F(t, v)|

<Cloll}? Y. v) e [T, T) x L}0, 1), (1.33)
t(s, ug) = 400 for every (s, ug) € R x L2(0, 1), (1.34)

Ot + 2T, t, ug) = 0 for every (¢t,up) € R x L2(0, 1) such that ||ugll;2 < T,
(1.35)

and such that the uniform stability condition
Ve >0, 3n > 0 such that, Vt' € R, Yt € [t/, +00), and ¥ ug € L*(0, 1),

(Ilwollz2 < ) = (19, ', up)|l <€)
(1.36)
holds.
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The paper is organized as follows. In Sect. 2, we establish several lemmas which
are used in the proof of Proposition 1 and Theorem 2. In particular, we prove the
existence and uniqueness of &, and /,,, together with estimates for these functions.
The proof of Proposition 1 is given in Sect. 3. (Let us recall that, as was observed
above, Proposition 1 implies Theorem 1.) In Sect. 4, we establish the well-posedness
of (1.31) and various estimates for the flow ®. Finally, in Sect. 5, we give the proof
of Theorem 2.

2. Preliminaries

In this section, we establish several lemmas used in the proof of Proposition 1
and Theorem 2. The first one is on the stability and a property of the wave equation,
which plays an important role in our analysis and is interesting in itself.

Lemmal. Let L € R, f € L2((O, 1)2), and let ay, a, by, by and ¢ be bounded
measurable functions defined in [0, 112 such that a; and ay are Lipschitz and

1I/A <ai(x,y),ax(x,y) <A and
Ib(x, y)I, lc(x, )| < A for (x, y) € [0, 112, (2.1

for some A > 1, where b = (b1, by). There exists a unique solution
KfeLz(m,n;bQ«L10r1H4<m,n2) 2.2)
to the equation
(a1(x, MK (x, y)), — (a20x, MKy (x, ),
+b(x,y) - VK, y) = Do+ e, NIK(x, y) = f(x, ) in [0, 177, (2.3)
such that

K(x,0) = K(x,1)=0forx €[0,1]
and K(,y)=K,(0,y)=0frye][0,1]. 2.4)

Moreover,

1 ) 1 pl
f IVK (x, y)|>dy < C max{eCsie"™VIA 1y / / | f(x, y)I*dy dx
0 0 0
forx € [0, 1]. (2.5)

Assume in addition that aj(x, x) > ax(x, x) for x € [0, 1] and supp f C D. We
have

K(x,y)=0in[0, 1]>\ D. (2.6)

Here C denotes a positive constant depending only on A and the Lipschitz constant

of (a1, a).



1002 J.-M. CoroN AND H.-M. NGUYEN

We consider (2.3) and (2.4) as a wave system in which x is seen as time variable
and y is seen as space variable and use the following definition for solutions: a
function K : (0, 1)2 — R is said to be a solution of (2.3) and (2.4) if (2.2) is
satisfied, (2.3) holds in the distributional sense, and

K(@©,-) =0, 2.7
K. (0,) = 0. (2.8)

(Equality (2.7) is an equality in L2(0, 1), while (2.8) is an equality in H~'(0, 1):
note that, by (2.2) and (2.3), K € H*((0, 1); H~'(0, )).)

Remark 5. The exponent /A in (2.5) is optimal. This can be seen in the cases
a; =ay =1,b = (0,0) and ¢ = 0 by using the spectral method to solve the wave
equation.

Proof. The existence and uniqueness of K are standard and left to the reader. We
next prove (2.5) and (2.6). We only give the proof in the case that ay, az, b, ¢, and f
are smooth and satisfy suitable compatibility conditions (which are automatically
satisfied if the support of f is included in a compact subset of (0, 1] x [0, 1]). The
proof in the general case follows by a standard regularizing argument. In the case
considered, from the standard regularity theory of the wave equation, it follows that
K is smooth. We begin with the proof of (2.5). We only consider the case in which
A > 0 and is large enough. The proof in the other case is similar and even simpler.
Multiplying the equation of K by K (x, y), integrating with respect to y from 0 to
1, and using an integration by parts, we have

Mird d
/0 5 [a (@10 DEZE ) +anCr K y) + o (0200 DK@ 7))
—ay . (x, K3 (x, y) +2b(x, y) - VK (x, ) Ky (x, y)
d 1
—[A+c(x,y)]aK2(x,y)} dy=/O J(x, »)Kx(x, y)dy.

This implies
d ] 2 2 2 d
a Jo ar(x, K3 (x,y) +az(x, y)K5(x, y) = AK"(x, y) | dy

1 1
=2[0 f(x,y)Kx(x,wdy—/O (a1, )K20x,9) = a2 (6, KT, )
+2b(x, y) - VK (x, VK (x, y) = 2¢(x, V) K (x, ) K (x, ] dy.(2.9)

Integrating (2.9) from O to x, using the ellipticity and the Lipschitz property of a;
and a» and the boundedness of b and ¢, we obtain, for x € [0, 1],

1 1
/ [Kf(x, y)+ Kf(x,y)] dy = C/ LK (x, y)dy
0 0

x pl
+C/0 /o [K,%(S,y)-i-Kyz(s,y)] dyds+||f||iz(0’l)2. (2.10)
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Set
K(x,y) = KG"2x, y) for (x, y) € [0, 212 x [0, 1].

We derive from (2.10) that, for x € [0, A1/2],
1o R .
/0 [K)%(X, y) +)»_1K)2,(x, y)] dy < C/(; R2(x, y)dy
X 1 . .
+C/0 /0 [R2.»+ 27" K260 | dyds + 1712, @11
Define

1 1
V1(x)=/ [kf(x,y)Jrrlkﬁ(x,y)] dy and vz(x)=f R2(x, y)dy.
0 : 0

We have X
Vi(x) = 2/0 K. pR(x, ydy <2v/ 20y, (), @212)
and from (2.11) we obtain
X
Vi) < C (Vz(X) +f Vi(s) ds + ||f||iz>. (2.13)
0
A combination of (2.12) and (2.13) yields
X
Vi) + Vi) < € <v2(x> + / Vi(s)ds + ||f||§2> L Q14
0

We derive from Gronwall’s inequality that
/0 “Vils) ds + V(o) < CILFI22eC
which implies
/01 [kﬁ(x, N+ 2K y)] dy < C|lf117.¢“.

Estimate (2.5) now follows by a change of variables and the definition of K.
‘We next establish that K (x, y) = 0 in [0, 172 \ D. Define

_ 1 ' 2 2
£ = [ (0 K2 + e K3 ) .

We have

! 1
E/(X) 2/ (Cl](x, J’)Kxx(x’ )’)Kx(X, }’) + Eal,x(xﬂ Y)K)%(xa )’)) dy

! 1
+/ (az(x,y)Ky(x,y)ny(x,y)+Eaz,x(x,y)Kf,(x,y)> dy
X

_ % [al(x,x)Kf(x,x) —i—az(x,x)Kf,(x,x)] .
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An integration by parts yields

1
E'(x) = / [(@ (K ), = (@206 K (1), | Kl ) dy

L7 1
+/ (—Eal,x(x,y)Ki(x,yH Eaz,x(x,y)Kﬁ(x,yO dy
X

— % [al(x, x)K%(x, x) + ar(x, x)Kg(x, x) + 2a2(x,x)KX(x,x)Ky(x,x)] .
Since aj(x, x) > ap(x, x), we derive that
E'(x) < CL)Ex).
Since E(0) = 0, it follows that E = 0. The proof is complete. O

Remark 6. The Lipschitz assumption on a; and a; can be weakened, however the
uniqueness does not hold if one only assumes (2.1); see [31, Theorem 9].

Using Lemma 1, we can establish the following lemma:

Lemma 2. Let A € R, g € H?(0, 1) with g(0) = 0 and ¢ € L*(D). There exists a
unique solution k € H' (D) to the system

k(x,x) =g(x) for x €1]0,1],
k(x,0)=0 for x €0, 1],
(@) (x, ) — (a(Wky(x, y))y —[A+clx, »Ik(x,y) =0 in D.
(2.15)
Moreover, for every x € [0, 1],
/ IVkGe P dy < € max {eSEOVE 4 a2 g2, 216)
0

for some positive constant C independent of g, x € [0, 1], and A.

Proof. We first establish the uniqueness of k. Assume that g = 0. We prove that
k= O.Notethat(—l/\/i, 1/\/5) isanormal unit vector of I := {(x, x); x € (0, 1)}
and, for x € [0, 1],
! (x) d k(x,x)=0
——a(x)—k(x,x) =0,
V2 dx
2.17)

since g = 0. Extend k = 0 in [0, 1]? \ D and still denote the extension by k. Then
k € H'((0, 1)%) and, by (2.17),
(a(X)kye(x, ¥)), — (a(ky(x, y))y — A+ c(x, Y)Ik(x, y) = 0in [0, 1]

Itis clear that k(x, 0) = k(x, 1) = 0 for x € [0, 1], and k(0, y) = k. (0, y) = O for
y € [0, 1]. Hence k = 0 by Lemma 1; the proof of the uniqueness is complete. To
prove the existence of k, we proceed as follows: define

(a(o)ky (x. x), —a(x)ky(x, 1)) - (—1/\/5, 1/@) -

p(x,y)=gx)y/xin D
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and set ki = k — ¢ in D. Then

ki(x,x)=0 for x € [0, 1],
ki(x,0)=0 for x € [0, 1],
(a@kix(x, ), = (a(kiy(x, y))y = [A+clx, »Iki(x, y)=fi(x,y) inD,
(2.18)
where

fi(x,y) = = (@a(x)ex(x, y), + (@()ey(x, y))y +[A + c(x, Y)]px, y) in D.

Since

Pe(x,y) = [g'(x) — g(xX)/xly/x, @y(x,y) = gx)/x, (2.19)
Prx (X, ¥) = —2[g'(x) — g(x)/x]y/x* + &' (X)y/x, @yy(x,¥) =0, (2.20)

and0 <y <x < 1for (x, y) € D, we have, in D,

|fie, 1 = C (18" () — g0 /x]/x + 18" (0] + g (x) /x|
+ (e, I+ 1D [g(x)]) - 2.21)

We claim that
1
1
f ~lg') - g(x)/x[*dx < Clgll3,. (2.22)
0
Assuming the claim, we continue the proof. By (2.21) and (2.22), one has

I fillz2py = CAL+[AD g 2

By Lemma 1, there exists k> the unique solution to the system

(a()kax(x, y)) —(a(y)ka,y(x, y))y—[)»+6(x, Mk (x, y) = fo(x, y) in [0, 1],

(2.23)
ka(x,0) = ka(x,1) = 0 for x € [0, 1], and k2(0,y) = k2,(0,y) = 0 for y =
[0, 1].Here f> = 1p f1 where 1 p denotes the characteristic function of D. Applying
Lemma 1, we also have

k>(x,y) =0in [0, 1]*\ D.

Hence k1 can be chosen as the restriction of k> in D and k = k1 + ¢ in D. Estimate
(2.16) follows immediately from the one of k> obtained from Lemma 1 after using
(2.19).

It remains to prove (2.22). We have, since g(0) = 0, that

1
g'(x)—gx)/x =g'(x) —/0 g'(tx)dt

1,
= / / x(1 =0)g" (tx + s(x — tx)) ds dr.
0o Jo
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It follows that

1 1 plopl
1
/ g’ (x)—g(x)/x>dx < / / / x(l—t)2|g” (tx + s(x —tx)) |2ds dt dx.
(. o Jo Jo
(2.24)
By a change of variables y = rx 4 sx — stx and by using Fubini’s theorem, we

have
11l 5
///(l—t)2|g”(tx+s(x—tx))|dsdtdx

(1_ )2 " 2
/ / /0 P g (y)|*dydsdr. (2.25)
1
/ / ——ds dt:—/ (1 —=1)Intdt < 400,
0 Z+S—IS 0

the claim (2.22) now follows from (2.24) and (2.25). O

Since

From Lemma 2, we get the following corollary, which gives the existence and
uniqueness of &, together with the first inequality of (1.18):

Corollary 1. Let Ay > 0. For every A > A, there exists a unique solution k €
H'(D) of the system

2a(x)dik(x, X))+ a,(x)k(x,x)+A1+cx)=0 for x €0, 1],
x
k(x,0)=0 for x €0, 1],
(@)ke (x, 1)x = (@ky (¥, 1)), = [ +cOIk(x,y) =0 in D.
(2.26)
Moreover, o
1kl g1y < e, 2.27)

for some positive constant C independent of A € [Ag, +00).

Proof. Sincea € H*(0, 1) and ¢ € H'(0, 1), there exists (a unique) g € H2(0, 1)
such that

2a(x)g'(x) +a,(x)g(x) + A +c(x) =0in[0,1] and g(0) =0;

moreover,
lglm2 = Ch, (2.28)
for some positive constant C independent of A. Then (2.26) is equivalent to
k(x,x) = g(x) for x € [0, 1],
k(x,0)=0 for x € [0, 1],

@k (x, y)y — (a(ky(x, y))y — [+ cMlk(x,y) =0 inD.

The existence and uniqueness of k now follow from Lemma 2 and estimate (2.27)
is a consequence of (2.16) and (2.28). O
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Similar to Corollary 1, we obtain the following consequence of Lemma 2 whose
proof is left to the reader:

Corollary 2. Let 1y > 0. For every . > A, there exists a unique solution | €
HY(D) of the system

2a(x)dil(x, xX)+ax(x)l(x,x)+Ar+cx)=0 forx € [0, 1],
X
[(x,0)=0 for x € [0, 1],
@)L (x, )y = (@G, ), + [+ e@)ll(x, y) =0 in D.
(2.29)
Moreover,
121l g1 (py < CAZ, (2.30)

for some positive constant C independent of A € [Ag, +00).

Corollary 2 gives the existence and uniqueness of /,, together with the second
inequality of (1.18).

The third lemma, whose proof is quite standard, is on the link between (1.1)
and (1.10).

Lemma 3. Let .. > 0 and 7 > 1 > 0. Assume that u € L ((t1, 12); H'(0, 1)) is
a solution to the system

ur(t,x) — (@X)ux(t, x)), —cx)u(t,x) =0in (r1, ) x [0, 1], (2.31)
u(t,0) =0 fort € (11, 12). (2.32)

Define, for 11 <t < 12,
w(t,x) =u(t,x) — / k(x, y)u(t, y)dy, (2.33)
0

where k € H' (D) is the unique solution of the system (2.26). Then
w € L? ((t1, 12); H'(0, 1)) and satisfies the equation

w;(t, x) — (a(x)wy(t, x)), + Aw(t, x) = 0in (11, 12) x [0, 1]. (2.34)

Proof. We assume that a and ¢ are smooth and establish (2.34); the general case
follows by a regularizing argument. The smoothness of @ and ¢ imply that k and u
and hence w are smooth in (71, 72) x [0, 1]. We have, from (2.33),

we(t, x) = u(t, x) — ,/() k(x, y)us(t,y)dy. (2.35)

Using the fact that u, (¢, x) = (a(x)ux(t, x)), +c(x)u(t, x) in (71, 72) x [0, 1] and
integrating by parts, we derive from (2.35) that

w1, %) = w1, %) - /O [(@(ky (. 30) , + ke, ) [t ) dy

— k(D )|+ alky o ut |
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This implies, by (2.32), that
Wi, 2) = w1, %) - /O [(@(ky (. 3)) , + ke, ) |t ) dy
—k(x, x)a(x)uy(t, x) + a(x)ky(x, x)u(t, x)

+k(x, 0)a(0)u(t, 0). (2.36)

From (2.33), we also have
(a(x)wx(t,x)), = (a(X)ux(t, x)), —/0 (a()kx(x, y)), u(t, y)dy

— % (ax)k(x, x)u(t,x) —a(x)k(x, x)u,(t, x)
—a(x)ky(x, X)u(t, x). (2.37)

Using the fact that u, (¢, x) — (a(x)u,(t, x)), — c(x)u(t,x) = 01in (71, 12) X
[0, 1], we derive from (2.33), (2.36) and (2.37) that

we(t, x) — (a(x)wy (t, X)), + Aw(z, x)

= |:2a(x)%k(x, X)ta, (x)k(x, x)+A + c(x)i| u(t, x) +k(x,0)aQ)u,(z, 0)

- /0 [@Cke e ), = (@O, 9)) = D+ eIk, )], ).

With the choice k in (2.26), we have
wl(ts x) - (a(x)wx(ta x))x + )"w(tv -x) = O in (Tlv 7:2) X [07 1]
The proof is complete. O

The fourth lemma deals with the inverse transform of the map u +— w, where
w is defined by (1.9).

Lemmad. Let A > 0, let k € H'(D) be the unique solution of (2.26), and let
[ € HY(D) be the unique solution of (2.29). Let u € L*(0, 1) and define

wkx) =ulx) — /x k(x, y)u(y)dy for x € [0, 1].
0

We have R
u(x) = w(x) +/ I[(x, y)w(y)dyin [0, 1]. (2.38)
0

Proof. In what follows, we assume that @ and ¢ are smooth, the general case follows
by a regularizing argument. Since a and ¢ are smooth, it follows that k and [ are
smooth. We claim that

I, y) = k(x, y) + / I, DK (E, y) de.! (2.39)

y

I This identity is different from [23, (4.35) on page 38] and is new for us.
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Admitting this claim, we prove (2.38). We have, by Fubini’s theorem, that
X
we + [ 1w dy
0
X X y
=u(x) — / k(x, y)u(y) + f I(x,y) [u(y) - f k(y, S)u(é)dé} dy
0 0 0

=u<x>+/0 [l(x,w—k(x,y)—f l(xf)k(s,y)ds}u(y)dy=u(x)
y

(2.38) is proved.
It remains to establish (2.39). Define

i, y) = k(x, y) + / I(x, E)k(E, y) dE. (2.40)
i

We will prove that [ = 1.1t is clear that

[(x,x) = k(x,x) =I(x,x) and I(x,0)=k(x,0)=I(x,0) =0 forx € [0,1].
(2.41)
We have, from (2.40),

er, y) = ke (x, ) +/ L (x, EYK(E, ¥) dE + 10x, 0k (x, ).
i
It follows that

(atl . )) = @k )+ [ @00t (1,80 K 1) d
. y

+ a() L (x, )k(x, y) + % [a()(x, )] k(x,y)
+ a()l(x, x)ky(x, y).

Using the fact that (a(x)L (x, y)) , = (a(»)ly(x, y))y —[A+c()]l(x,y)in D, we
have

(a0l )), = @k + [ (@@ 0), ke )
X y
[k (U, (E, V] € + a0l (x, kG, )

+ %[a(X)l(x,X)]k(x,y)+a(X)l(x,x)kx(x,y)

= (a(x)kx(x, y)), +/ [l(x,é) (a@®ks €, ),

y
— [+ e, EKGE, )] d& +a@)le (v, kE, )|

— 1, §)a@ke(§. Y)[;Z) + a)l(x, 0k(x, y)

d
+ o [a(x)l(x, X)) k(x, y) +a(x)l(x, x)ky(x, y).
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This implies
(ath . )), = @kste, + [ [ @@kete ),

—[A+c)]k(E, y)]l(x, £)d& +a(x)ly(x, x)k(x, y)
— aWly(x, Mk, y) +1(x, y)a(y)ke(y, y)
+ a(x)l(x, x)k(x, y) + % [a(o)(x, x)]k(x, y).

Then, using the first equality of (2.29), it follows that

X

(a9 = @ketr o+ [ (@@kee ),

y
= D+ O ) [1r, ) g = D+ eIk, 3)
—aWly(x, Yk, y) +1x, y)a()ky (v, y). (2.42)
Similarly, from (2.40), we obtain

Iy(x, y) =ky(x,y)+/ [(x, &)ky (&, y)d& —I(x, y)k(y, y).
y

It follows that

aly(x,y)) = (aWky(x, ), + | 1x. &) (aky(, y)), d&
¥ ) )
y
—aWlx, Yky(y, y) —1(x, y) @k, y))y
—Ly(x, y)a()k(y, y). (2.43)

Using the first and the last equation of (2.26), we derive from (2.42) and (2.43) that
(a@iir.9) = (a0 3)) +le@) = ()] (k(x, ¥
+ [ ok dS) = [+ e, ),
y

which yields, by the definition of I s

(a@lete.)) = (a0l ») +lew) —eNr. y) = eI y).
(2.44)
On the other hand, from the last equation of (2.29), we have

(@)L (x, ), — (@l (x, y))y +[c(x) —cMlx, y) = —[A + c(M]l(x, y).

(2.45)
Combing (2.41), (2.44) and (2.45), and using Lemma 2, yields that [ =1.The proof
is complete. O
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3. Proof of Proposition 1

This section is devoted to the proof of Proposition 1. We implement the ideas
presented in the introduction. For #,, < ¢ < t,41, Define w by (1.9) where k,, is
given in (1.11). Applying Corollary 1, we have

lw(t, )2, < CeSV ue, )2, for 1y <1 < tyiy. 3.1)

By Lemma 4, (1.15) holds where [, is given by (1.17). We have, by applying
Corollary 2,

lu(t. )72 < Capllw(t, )7, for ity <t <ty (32)
and, by using Lemma 3,
wy(t, x) — (a(x)wy(t, x)), + 2w(t, x) =0 forx € [0, 1].
From the choice of the control (1.19), we obtain
w(t,0) =w(, 1) =0fort, <t <tyy1.

It follows that

lwE. )72 < lwEr, )7e @78 for 1, <& <& <tapr. (33)
A combination of (3.1), (3.2), and (3.3) yields

lte(tnst, 15 < Chbe™Pnlnri=+C 1y 1, )12, (34)

We derive from (1.20) and (3.4) that, if y is large enough, which will be always
assumed,
lutasr, 72 < Ce 1=y 6, 17, (3.5)

This, together with the definition of s,,, implies
l(trr, D32 < e (0, )12, (3.6)
We have, fort, <t < t,41,
lutt, 32 <Capllw(t, )17, < Chpe™ P lw(t,+, )7

4 22, (t—t,)+C/y 2
<Chpe MA@, |17

*)\n— n—tn— 2 2
<Ce Mt n =02y (1, _y, )17,

<e™ 1 AHCD (0, 9|17, 3.7)

which gives (1.21). Here we use (3.2) in the first inequality of (3.7), (3.3) in the sec-
ond inequality, (3.1) in the third inequality, (1.20) and (3.5) in the fourth inequality,
and (3.6) (for 1,1 instead of #,,41) in the last inequality. Finally (1.22) follows from
(1.18), (1.19) and (1.21).



1012 J.-M. CoroN AND H.-M. NGUYEN

4. Some Properties of the Flow ¢

In this section, we are interested in the flow ® introduced in the Introduction
(Sect. 1). We start by mentioning a maximum principle for the Cauchy problem

ur(t, x) = (@(x)ux(t, x)), + cut, x) + f(,x) in (11,72) x (0, 1),
u(t,0) = a(t), u(t,1)= B() fort € (11, 1),
u0, x) = up(x), for x € (0, 1),

4.1
which we will use many times in this section. Let 1 and 1 be two real numbers
such that 7; < m, let o, B € L?(11, 1), let f € LZ((rl, ) x (0, 1)), and
let ug € H ’1(0, 1). Let us recall that, with this regularity on «, 8 and f, the
Cauchy problem (4.1) is well-posed in C°([t, 12]; H~'(0, 1)): it has one and
only one solution in this set and there exists a constant C > 0 independent of
a, B e L (11, 1), f € L*((t1, 2) x (0, 1)), and ug € H~'(0, 1) such that

lllcorm,mn,m10.0) = € (lellae o) + 1812 o) + 1 12 (@ mx 0.1
+||M0||H—1(0,1))~ 4.2)

Ifug € LZ(O, 1), then the solution is also in CO([tl, l; LZ(O, 1)) and the variant
of (4.2) with H~1(0, 1) replaced by L>(0, 1) holds. The notion of a solution to the
Cauchy problem (4.1) has to be understood in the transposition sense (compare with
(1.32)): a solution u of (4.1) is a function u in C° ([rl, ], H~1(0, 1)) such that, for
every s € [11, 2] and for every & € L((t1,s); H*(0, D) N H'((t1,5); H} (0, 1))
such that

—& = (a(0)&), +c(0)E in L2 ((11,5) x (0, 1)), (4.3)

one has

—(uo, §(t1, ) g1 g+ uls, ), 80, ) g1 g +[ a()B()&x(z, 1) dr

l
T K 1
—/ a(Q)a(t)éc(r,0)dr — / / f(t, x)&(, x)dxdr = 0. “4.4)
s 71 JO
See, e.g., [5, Definition 2.36 and Sect. 2.7.1] for this notion of solution, the well-

posedness and (4.2). Then using a standard smoothing procedure and the classical
maximum principle (see, e.g. [14, Chap. 2]) one gets the following proposition:

Proposition 2. (Maximum principle) Let «, 8 € L3(t1, 1), let f € L?((t1, 10) X
(0, 1)), and let ug € L*(0, 1) be such that

a=0,=0, f=0,up=0. 4.5

Then, for every t € [11, 2],
u(t,-) > 0. (4.6)
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In the next lemma, we derive from this maximum principle an a priori estimate
on the solutions of (1.31).

Let us denote by S(¢) : L>(0,1) — L*(0,1), t > 0, the semigroup gener-
ated by the operator v + (a(x)vy) 4+ c¢(x)v(z, x) with zero Dirichlet bound-
ary condition: for + > 0 and ug € LZ(O, 1), (S{t)uog)(x) = v(t,x) where
veCO ([0, +00); LZ(O, 1)) is the unique solution of

v (t, x) = (a(x)ve(t, x)), +c(x)v(t,x) in (0, +00) x (0, 1),
v(t,0) =v(,1)=0 forr € (0, +00), 4.7
v(0, -) = uyp.

Lemma 5. Assume that F satisfies Properties (P1), (P2) and (P3) and that

|F(t,v)] < Cllvll) for (t,v) € [T1,T) x L*(©0,1) for some C > 0 and for
some 0 < Ty < T. Then, there exists C1 > 0 such that, for every up € LZ(O, 1),

forevery T\ <s < s’ < T and for every solution u € CO([S, s']; L*(0, 1)) of

u(t, x) = (a(X)ux(t, x)), +cx)u(t,x) for(t,x) € (s,s") x[0,1],

u(,0)=0, u(,1)=F(, ut,-)) fort € (s,s), (4.8)
u(s, ) = ug for x €]0,1],
one has

lu(t, -) — S(t — Huoll 2 < Cr(t —)V4HA + lugll2)'? VI <s <t <.

4.9)
Proof. Let v(¢, x) be the unique solution of the system
v (1, x) = (a(x)ve (2, X)), + c(x)v(t, x) in (s, s") x (0, 1),
v(t,0) =v(,1)=0 fort € (s,s'),
v(s, -) = ugp.
Set w(t, x) = u(t, x) — v(t, x). Then
w(t, x) = (@(x)wy(t, x)), +cx)w(t, x) in (s, s") x (0, 1),

w(t,0) =0, (e, DI = € (e, E + v )5 forr e s,50,

w(z, ) = 0.

(4.10)
Lett € (s, s'] besuch thatt —s < 1. Set 79 = t — s and define
<17x+z(}/2)2
~ Tt
Wi(r, x) = for (tr, x) € [s,t] x [0, 1]. “4.11)

JT =85+ 1



1014 J.-M. CoroN AND H.-M. NGUYEN

‘We have
(@) Wy(t, x)y +c(x)W (T, x) — Wi (t, x)
= a(x) Wy (T, x) — Wi (T, x) + ax(x) Wi (T, x) + c(x) W(T, x)

_ i 12
B e rr—s+10) 2a(_x) 4a(-x)(1 —x+ ‘CO )2 1

= - +
JT =5+ 1 AT — 5+ 10) A2(t — s+ 19)? 2(t — s+ 1)

A—x+1"? 20—-x+1"%)

Az — 5+ 10)2 Mt — 5+ 10)

ac(x) + c(x)) .

By choosing A > 0 small enough, the smallness of A depends only on a and ¢, we
have

Wi(r,x) < (a(x)Wx (t, x))x 4+ c(x)W(z,x)in (s,1) x [0, 1]. 4.12)
In what follows, we fix such a constant A. Set
W(t, x) = éAW(t,x) for (z,x) € (s, 1) x (0, 1), (4.13)

where C is a positive constant defined later and

1/2

A= ="+ =9"uoll 5.

4.14)

We have, for 7 € (s, 1),

~ _ 0 A
W(t,1) = CA(t — s + 19) " e Tt > CAR(t — 5)]"V2e V>, (4.15)

which yields, by (4.14),

1/2

W(t, 1) = C.C(1 + lluoll ).

(4.16)

Here and in what follows C, denotes a positive constant depending only on A.
Using the fact that, for m > 0,

/OO 2 \/E _m2/2

eV dy < —e ,
m 2

and making a change of variables y = (1 —x+ 15/2)/«/)\(1' — s + 179)/2, we obtain
from (4.11) that

2(1 —X-H'(;/z)z

1 L, 7 Tt /2 00
/ |W(r,x)|2dx=/ ¢ dx < —Y* e dy
0 0 T—S8S+7 JT—=5+71 1V

< V/a/Qrp)e /@, 4.17)

It follows that . !
IW(T, Y2 < CANA 2@t — 5)17V4em (4.18)
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which implies, by (4.14),

W@l < Gt =)' (14 ol ). (4.19)

Taking c large enough, the largeness of c being independent of s, ¢, and ug, we
derive from (4.16) and (4.19) that

W D) = 2¢ (IW@E )15 + luoll )7

172
L2

=20 (IWE IS + @ llY) fore e .. (4.20)

Let us check that, by the maximum principle (Proposition 2), this implies that
|lw(t, x)| < W(t, x) for almost every x € (0, 1). 4.21)
Indeed, the maximum principle leads to (4.21) if
lw(z, )| < W(z,1) VT € [s,1]. (4.22)
Assume that (4.22) does not hold. Then, there exists ¢’ € (s, ¢) such that
lw(r, D] < W(z, 1) Vr els, 1], (4.23)
lw@', )| = W', 1). (4.24)
From (4.23) and the maximum principle, we get that
lw(t’, x)| < W(t', x) for almost every x € (0, 1), (4.25)

which, together with the second line of (4.10) leads to

(e’ DI = € (IWE IS + 106 91,7 - (4.26)

From (4.20), (4.24) and (4.26), we get a contradiction, which shows that (4.22) and
therefore also (4.21) hold. Finally (4.17) and (4.21) yield (4.9) fort — s < 1. The
conclusion in the general case follows immediately from this. O

Concerning the existence and uniqueness of the flow &, let us prove the fol-
lowing lemma:

Lemma 6. Assume that F satisfies Properties (P1), (P2), and (P3). Let0 <s < T.
There exists To = To(s) > Osuch that, foreveryug € L*(0, 1), there exists a unique
solution u € CO([S, s+ To); L%(0, 1)) of (1.31). Moreover,

lu(t, )2 < Clluoll L2 for t € (s, s + To), (4.27)

for some positive constant C = C(s) independent of ug, moreover, the functions
To : [0, T) — (0, +00) and C : [0,T) — [0, +00) can be chosen such that, for
every § € (0, T],

inf {To(s); s € [0, T — 8]} > 0 and sup{C(s);s € [0, T — 8]} < +o0. (4.28)
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Proof. Let us first deal with the uniqueness. Let u1 and u» be two solutions having
the same initial data at time s and defined at least on [s, s'] x (0, 1), with s < s’.
Letw : (s,s”) x (0, 1) = R be defined by w = us — u;. One has, for some C > 0,

w(t, x) = (a(x)wy(f, x)), + c(x)w(, x) in(s,s) x (0, 1),
w(t,0) =0, |w(, D] <Cllw(t, )| fort € (s,s"), (4.29)
w(s, ) =0,

It suffices to prove that
w(t, ) = 0 for ¢t > s close enough to s. (4.30)

We proceed as in the proof of Lemma 5. Fix a positive constant A small such that
(4.12) holds. We define W as in (4.11)—(4.13), with (4.14) now replaced by

A=1. 431)
—1
Set p = (2(2C)4Ae3/’\) . Since

2@t — )17 2™ V* > 202420 — )17 V2 VAV if (1 — )
—1
> (2(20)‘5\8“) ,

it follows from (4.15) and (4.18) that, for t — s < p and for every C > 0,
W(zr, 1) = 2C||W(z, )2 for T € (s,1). (4.32)

(Compare with (4.20).) Then, proceeding as in the proof of (4.21), we get, using
the maximum principle,

|lw(t, x)| < W(t, x) for almost every x € (0, 1). (4.33)

Since € > 0is arbitrary, it follows from (4.33) that w(z, -) = O forr —s < p. This
concludes the proof of the uniqueness.

Let us now establish the existence of u using a fixed point argument. For nota-
tional ease, we assume that s = 0. Set Uy = 0 and, for n > 1, let U,, be the unique
solution of

Uni(t,x) = (a(0)Up 2 (1, %))+ c(@)Up(z,x) in(0,T) x (0, 1),
Un(t, O) = Ov Un(tv 1) = F (t’ Unfl(t, )) fOr re (0’ T)9 (434)

Up(t =0,:) =up in L2(0, 1).

Define
Wi(t, x) = Upy1(t, x) — Up(2, x) in (0, T) x (0, 1).
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Let 0 < Ty < T. Then, for some positive constant C independent of n and uy,
Wii(t, x) = (a(x) W x (1, X))+ c)Wa(z,x) in (0, T) x [0, 1],

Wyp(t,0) =0 fort € (0, T),

(4.35)
[Wa(t, D] < ClIWu—1(2, )| 12 fort € (0, To),
Wp(t=0,)=0 in L2(0, 1).

By the maximum principle (Proposition 2) applied to the function

(t,x) = Re®' sup [|W,_1(z, )2 £ Wi, x)
t€(0,Tp)

with R > 0 large enough, we have

IWa(t,x)] =M sup [[Wn_1(z,)|[z2 for (r,x) € (0, To) x (0,1),  (4.36)
TE(O,T())

for some M > 0 independent of n and ug. ForO < r < l,letyp € C 1(R) be such
that p(x) = 1 forx <1 —r, ¢(x) =0forx > 1 — (r/2) and |¢'(x)| < 4/r for
x € [0, 1]. Multiplying the equation of W,, by W, (¢, x)¢*(x) and integrating by
parts, we obtain

|2

1 t 1
/O | W (2, x)g(x)[* dx + /0 /O |(W (2, )p(x)),

t 1
sc/f W, ) Ples ()2 i dr.
0 0

It then follows from (4.36) that, for0 < r < 1,

1—r t 1—r
/ | W, (2, x)|? dx +/ / | Wi (2, )
0 0 JO

< Cr2ToM* sup ||Wy—i(z, )7, fort € (0, Tp). (4.37)
t€(0,Tp)

A combination of (4.36) and (4.37) yields the existence of C independent of r €
(0, 1), of n, and of ug, such that

- 1172
sup [|Wy(t,)ll;2 <CM (r ITO/ +r1/2> sup |[|[Wu1(z, )| 2.
1€(0,Tp) 7€(0,Tp)

Let us fix r € (0, 1) small enough so that CMr'/? < 1/4. Then, by choosing Ty
small enough, we obtain
1
sup  [|Wu(t, M2 < = sup  [[Wu—1(z, )l L2. (4.38)
1€(0,Ty) 2 10,70

Hence (Uy)nen is a Cauchy sequence in C°([0, Tol; L*(0, 1)). Letu € C°([0, Tol;
L?(0, 1)) be its limit. One can easily verify that u is a solution of (1.31) on (0, Tj).
Moreover, by (4.38),

1
/ lu(t, x)|* dx < Cllugl)3, for t € (0, Tp). (4.39)
0

Finally, it follows from our proof that (4.28) can also be imposed. O
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As a consequence of Lemma 6 we have the following corollary.

Corollary 3. Assume that F satisfies Properties (P1), (P2) and (P3). Let 0 <
s’ < T. Then there exists C > 0 such that, for every s € [0,s") and for every
up € L2(O, 1), there exists a unique solution u € CO([s, s']; L2(O, 1)) of (1.31)
and this solution satisfies

lu(t, )2 < Clluoll ;2 for every t € [s, s']. (4.40)

We now assume that F satisfies Properties (P1), (P2) and (P3) and that (1.33)
holds. It follows from Corollary 3 that the flow & is well defined on {(¢, s, ug) €
[0, T) x [0, T) x L*(0, 1); t > s}. In order to prove that

@ is well defined on {(t, s,up) € R x R x L2(O, Dt > s}, (4.41)
it only remains to check that, for every ug € L2(0, 1) and for every s € [0, T'),
®(1, 5, uo) is converging in L(0, 1) as r — T-_. (4.42)

Let ug € L?(0, 1) and let s € [0, T). Define, for ¢ € [s, T), u(t) = (¢, s, up). It
follows from Lemma 5 and Corollary 3 that t € [s, T) +— |[u(?)|;2 is bounded.
Fix ¢ > 0 (arbitrary). By Lemma 5, there exists § > 0 such that

lu@) — St —T +8u(T —8)|l;2<e Vee[T —=6,T). (4.43)
Let 8’ € (0, 8) be such that
|S(t—=T+8)u(T—8)—S(t' —T+8)u(T—8)||,2 <& Vi, t' € [T-8,T]. (4.44)
From (4.43) and (4.44), one gets
lu(t) —u@);2 <3¢ VYt,t' [T —6,T). (4.45)

This shows that, for every sequence (t,),en of real numbers in (0, 7') converging
to T as n — 400, the sequence (u (tn))neN is a Cauchy sequence in L2(O, 1). This
concludes the proof of (4.42) and therefore of (4.41).

5. Proof of Theorem 2

In this section we prove Theorem 2. Let us first point out that the uniform
stability property (1.36) follows from the other conditions. Indeed, we have, by
Lemma 5,

195 u0)ll > = C1 (luoll2 + (¢ = )'/*(1 + ol 2)'/2)
VO<T <s<t<T, Yuge L*0,]1). (5.1
and, by Corollary 3,

I ®(t, 5, u0)ll 2 < Cilluollz YO<s<t<(T+T)/2, Yuge L*0,1),
(5.2)
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for some positive constant C independent of u. Given r > 0, let B(r) denote the
closed ball of radius r in L2(0, 1). For e > 0 (arbitrary), by (5.1) and (5.2) there
exists § > 0 such that

@, 1/ up)llz <e VO<t' <t <T, Vug € B(®). (5.3)
Here we also use the fact that
O, ug) = @ (1,7, ®(t, 1", ug)) Vi' <t <t, YupeL*©0,1) (54

and take T close to 7. Using (5.4) again, we derive from (5.3) the existence of
n > 0 such that

(D, 1" up)llp2 <e YO<t <t <3T, VYuye B(n), (5.5

which, together with (1.26) and (1.35), gives (1.36) provided that we decrease
n > 0 if necessary so that n < I'. This implies the uniform stability (1.36).
We next construct F. Forn € N, let A,, and 7, be defined by

=+ 1)8 foreveryn € N, (5.6)
1
to=0, t,=T|1— == ) foreveryn € N\ {0}. 5.7
2n2

By Corollary 1, for some C large enough,

cin/

2
lknllz2 < e for every n € N. (5.8)

We also know from Proposition 1 that there exists some Cy > 0 such that, for
h <t <yt

lutt, Y2 < Coen=/HHOD g 5, (5.9)
U@1)] < Cre™sn1/HHC=D+CVn 0 5 (5.10)

where s, = ZZ;(I) Ak (ter1 — tx) forn > 1 and sg = 1. It is clear that
An(tag1 — tn) = Cn, (5.11)

which implies that

. Il — In)A ) s
nllljrloo % =+oo and nEToo m = +o0.
Fix @ and B two real numbers such that
4<a<p<Ss. (5.12)
Let (n)nen and (v,),en be defined by
fni=e " and v, ;= VneN. (5.13)
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For n € N, we choose a function ¢, € CY(R) such that 0 < on < 1,¢,(s) =1 for
s < up and @, (s) = 0if s > 2u,. Fix N a large (see below) positive integer. We
define F in the following way for t, <t < t;41,

1
F(t,v): = / ky(1, v(y)dy Vtelty,, tyar1) with0<n<N-1, (5.14)
0
1
F(t,v):= g, (||v||Lz)/ ky(1, y)v(y)dy VYVt € [ty, ty+1) withn > N. (5.15)
0

We derive from (5.8) that, if N is large enough, which is always assumed from now
on,
1/2
lkall 2 < €% < (1/@ua))'? ¥ = N. (5.16)

It follows that, for ¢, <t < t,,41 withn > N,

172

|[F (., v)| <2|vll,5

which gives (1.33). As in (3.7) in the proof of Proposition 1, we get that

qD(T’t,MO):O VMOEB(Un)v Vte[thlvtN]v (517)

O(T,t,ug) =0 Vit €ty tyy1) withn <N -2, Vuge B(1/v,). (5.18)
To reach (5.18), we used (5.11). It follows from (5.18) that
O(T,t,up) =0 Vt € [ty, tyt1) withn <N —2, VYuge B([T). (5.19)

(Let us recall that we always assume N large enough and how large N is depends
now on I'.) By taking t, = ¢ and #,41 = t,, in (3.4) in the proof of Proposition 1
and using (5.11), we have, forn > N,

1
| D1, ¢, u())||L2 =< M_ Yupoe B(I'), Vit e [ty—1,t] (5.20)

n

From (1.26), (5.1), and (5.18), we get that

OQ2T,t,up) = 2T, T, ®(T,t,u0)) =0 V relty,T], Yuo e B(1/un),
(5.21)
which, together with (5.19) and (5.20), concludes the proof of Theorem 2.

Remark 7. Feedback laws are important in practice since they are usually much
more robust with respect to perturbations (measurement uncertainties, model errors,
etc.) than open-loop controls. It would be interesting to study in details this robust-
ness in the case of our feedback law F defined in (5.14)—(5.15). Let us just mention
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that our feedback law F satisfies the following robustness property with respect to

model errors. For every v € R, 0 € L%(0, 1) remains locally finite-time stable for
M[([, x) = (a(x)ux(tv x))x + C(x)u(tv -x) + UM([, x) for (tv -x) € (Sv 7:) X [09 1]7
u(,0)=0, wu(,1)=F(t,ult,")) fortr € (s, 7).

(5.22)
More precisely, if ® is now the flow associated to (5.22) instead of (1.31), then
(1.36) still holds and there exists I > 0 (which depends on v) such that (1.35) holds.
Let us point out that, in the context of asymptotic stability instead of finite-time
stability, such robustness property does not hold with stationary linear feedback
laws if, for example, a = 1 and ¢ = 0. More precisely, for every K € L2(0, 1H*,
then 0 € L2(0, 1) is exponentially unstable for

[ u;(t, x) = uxx(t, x) +vu(t, x) in (0, +00) x [0, 1],
(5.23)

u,0)=0, u(, 1)=~Ku(, ) forte (0,+00),

provided that v € R, is large enough. Indeed, there exists # € L(0, 1) such that

1
Kv = / 0(x)v(x)dx for v € L%(0, 1).
0

Set, for u© € R,

2
—e not+vt

uy(t, x) sin(x).

Note that

1
lim 6 (x) sin(ux)dx = 0.
0

n—>+00

Since v € Ry is large enough, it follows that there exists 4 € R \ {0} such that

,u2 <v—2 and sinp= /01 6 (x) sin(ux) dx.
One can easily check that u,, is a solution of the system
u; — uyy = vu for (¢, x) € (0, +00) x (0, 1),
u(,0 =0, u(,1)= /01 O(x)u(t, x)dx fort € (0, +00),

and

lim e ut, )2 = 400,
,Jim N, Il 20,1

which shows the exponential instability.
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