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Abstract. We first briefly describe some historical devices used in order to regulate a
system around a desired set point. Then we present some results on the stabilization of
controllable systems. We show how the nonlinearities can be fundamental to stabilize
a control system in finite dimension. We show, on nonlinear hyperbolic systems, that
the nonlinearities can also create problems for the stabilization. Finally, we present a
method, based on linear transforms, to stabilize nonlinear control systems modeled by
means of partial differential equations.
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1. Introduction

A control system is usually a dynamical system on which one can act thanks to
what is called the control. For example, in a car one can turn the steering wheel,
press the accelerator pedal, etc. These are the controls. There are at least two
fundamental problems in control theory. The first problem is the controllability
problem. One starts from a given situation and there is a given target. The
controllability problem is to see if, by using some suitable controls depending on
time, one can move from the given situation to the prescribed target. If this
is possible, one can also try to do it while minimizing some cost. The second
problem is the stabilization problem, which is also very important for numerous
applications. One can understand it with the classical experiment of an upturned
broomstick on the tip of one’s finger. In principle if the broomstick is vertical
with a vanishing speed, it should remain at the vertical (with a vanishing speed).
As one sees experimentally, this is not the case in practice: If we do nothing the
broomstick is going to fall down. This is because the equilibrium is unstable. In
order to avoid the fall, one moves the finger in a suitable way in order to stabilize
this unstable equilibrium. This motion of the finger is a feedback: It depends on
the position (and the speed) of the broomstick. One can see the usefulness of this
information (position and speed) by trying to do the experiment with closed eyes:

∗

Proceedings of the ICIAM,
Beijing, China, 2015
c© 2015 CSIAM



2 Jean-Michel Coron

it is much more difficult (and dangerous). Feedback laws are now used in many
industries and even in everyday life (e.g. thermostatic faucets).

One of the first examples of feedback law created by man is the Ctesibius’s
water-clock. Water clocks (also called clepsydrae) are, with sundials, the oldest
time-measuring instruments. One has a tank filled of water with a small hole at it’s
bottom. As time increases the level of the water in the tank is decreasing. Hence
one can measure time by measuring the height of the water in the tank. According
to Cowan [19], water clocks appeared in China as early as 4000 BC. However this
device has a drawback. The flow rate of the water is decreasing in time; See Figure
1. Hence the decrease of the water level in the tank is not proportional to time.
This makes difficult to measure time by measuring the height of the water in the
tank.

1

Figure 1. The flow rate is deceasing as there is less water in the tank.

For Ctesibius’s device there are three tanks. The tank with the regulator is the
second one. It is represented on Figure 2. The float (in black) in tank 2 shuts off
the supply when the water level in tank 2 is too high and opens it again when the
water level in tank 2 is low. The device is constructed such that, when the water
level in tank 2 is low, the flow rate from tank 1 to tank 2 is larger than the flow
rate from tank 2 to tank 3. Hence, one may hope that with this float regulator the
level in tank 2 remains contant. Then the flow rates from tank 1 to tank 2 and
from tank 2 to tank 3 remain constant and the increase of the water level in tank 3
is now proportional to time and one can then easily and accurately measure time
by measuring the height of the water in tank 3.

No Ctesibius’s water clock reached us and the texts describing this water clock
are ambiguous on the device. One of the earliest manuscripts describing the device
attributed to Ctesibius is shown in Figure 3. This is actually a copy made between
the 14th and the 15th century of a text from an unknown author, called Pseudo-
Archimedes. This author has lived in the tenth century (AD) or earlier. There are
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to tank 1
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Figure 2. The float in tank 2 of the Ctesibius device allows to keep the level of the waters
in tank 2 constant. The flow rates are now (almost) constant.

three copies worldwide of this manuscript, two in England (Oxford and London)
and one in France (Paris, BNF). Figure 3 is a scan taken from the copy of the
BNF (Traité de pneumatique, touchant le mécanisme des automates, des orgues,
des clepsydres, etc.). Archimedes of Syracuse is the real Archimedes (born 287 BC
and died in 212 BC in Syracuse).

At the industrial level the first important regulator is the Watt regulator im-
plemented on steam engines in order to regulate their speed of rotation. One can
see such a regulator on Figure 4.

The goal of the Watt regulator is to maintain the speed of rotation of the
prime mover at a constant desired value despite various changes as in load or
steam pressure. The speed of rotation of the two balls around the vertical axis
is proportional to the speed of rotation of the steam engine. When the speed
of rotation is increasing, the two balls move outwards and upwards due to the
increase of the centrifugal force. This motion of the balls, thanks to a suitable
beam linkage, reduces the aperture of a throttle valve that regulates the flow of
the steam which supplies the prime mover. This decreases the speed of rotation the
prime mover. Conversely, if the speed of rotation of the prime mover is decreasing,
the two balls move inwards and downwards due to the decrease of the centrifugal
force. This motion of the balls, thanks to the beam linkage, increases the aperture
of the throttle valve. Hence one may hope to have a speed of rotation which may
remain close to the desired speed of rotation despite various relatively important
disturbances (as, for example, changes in load or steam pressure already mentioned
above).

The first mathematical study of the regulators was done by J. C. Maxwell in his
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Figure 3. The Pseudo-Archimedes drawing of the Ctesibius device. On the picture on
the right, which is a detail of the picture on the left, one sees the float regulator.

1

Figure 4. On the left is a picture of the famous 1788 Boulton-Watt “Lap engine” (it
drove metal polishing machines) which is now in the Science Museum, London. On the
right, one sees the Watt regulator used on this engine.
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famous article [28]. Let us, however, point out that J. C. Maxwell did not study
the Watt regulator but other regulators. The reason is that for him the Watt
regulator is only a moderator. Indeed, if the load applied to the steam engine is
constant but is not the one which is expected, the speed of rotation of the steam
engine converges to a value which is not exactly the one which is desired; there
is what is called an “offset”. In practise this offset is rather small and the Watt
regulators were doing great jobs: At the time of the publication of the Maxwell
paper [28], as mentioned in [3, p. 24] over 75,000 governors of the Watt type were
in use in England. Moreover dozens of other kinds of speed governors were known.
See, for example, [24, 35]. There were very few regulators without offset.

2. Stabilization of nonlinear system in finite dimen-
sion

Let X ∈ C0(Rn;Rn), i.e. a continuous map from Rn into Rn. Let us consider the
Cauchy problem

ẏ = X(y), y(0) = y0, (2.1)

where y0 is given in Rn. By Peano’s theorem this problem always has at least one
solution (at least on some time-interval containing 0 ∈ R). However this solution
may be not unique. In the sequel we consider only maximal solutions of (2.1), i.e.
solutions which are defined on a time-interval containing 0 ∈ R which cannot be
extended to a solution of (2.1) defined on a strictly larger interval.

We assume that X(0) = 0. The notion of asymptotic stability has a long
history. After important works by many mathematicians (e.g. J.-L. Lagrange,
P.-S. Laplace, G. Dirichlet), A. Lyapunov gave in [26] the “good” definition of
“asymptotic stability”. It is the following one.

Definition 2.1. The origin 0 ∈ Rn is asymptotically stable for ẏ = X(y) if the
two following properties hold

(i) (Stability.) For every ε > 0, there exists η > 0 such that, for every y0 ∈ Rn
such that |y0| < η, every solution of the Cauchy problem (2.1) is defined on
[0,+∞) at least and one has

|y(t)| < ε, ∀t ∈ [0,+∞). (2.2)

(ii) (Attractor.) There exists δ > 0 such that, for every y0 ∈ Rn such that
|y0| < δ, every solution of the Cauchy problem (2.1) is defined on [0,+∞) at
least and one has

lim
t→+∞

y(t) = 0. (2.3)

Still in [26], Lyapunov also gives what are now called the first Lyapunov theorem
and the second Lyapunov theorem.
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Theorem 2.2 (First Lyapunov’s theorem). Let us assume that X is of class C1

in a neighborhood of 0 ∈ Rn. Then, if all the eigenvalues of X ′(0) have a real part
which is strictly negative, then 0 ∈ Rn is asymptotically stable for ẏ = X(y). If
one of these eigenvalues has a real part which is strictly positive, then 0 ∈ Rn is
not asymptotically stable for ẏ = X(y) (more precisely, (i) in Definition 2.1 does
not hold).

Remark 2.3. This criterium for asymptotic stability was assumed to be true a
long time before [26]. For example, Maxwell, in [28], stated this condition as “all
the possible roots and all the possible parts of the impossible roots of a certain
equation shall be negative”, and this equation is det (z Id−X ′(0)) = 0, where Id
denotes the identity of Rn.

The second Lyapunov theorem is the following one.

Theorem 2.4. The origin 0 ∈ Rn is asymptotically stable for ẏ = X(y) (with X
only continuous) if and only if there exist η > 0 and V : Bη := {y ∈ Rn; |y| <
η} → R of class C∞ such that

V (y) > V (0), ∀y ∈ B(0, η) \ {0} (2.4)

∇V (y) ·X(y) =

n∑
i=1

∂V

∂yi
Xi(y) < 0, ∀y ∈ B(0, η) \ {0}. (2.5)

In fact, Lyapunov proves only the “if” part in [26]. The converse is due to
Massera [27] for X of class C1 and to Kurzweil [23] for X only continuous. This
theorem explains why “asymptotic stability” is the good notion: asymptotic sta-
bilization gives robustness with respect to small perturbation.

Let us now explain the stabilizability problem. We consider the control system

ẏ = f(y, u), (2.6)

where y in Rn is the state and u in Rm is the control. We assume that f(0, 0) = 0
and that f is of class C∞. The question of stabilizability is: Does there ex-
ists u : Rn → Rm vanishing at 0 such that 0 ∈ Rn is asymptotically stable for
ẏ = f(y, u(y))? If the answer is yes, one says that the control system (2.6) is
asymptotically stabilizable. The map u : y ∈ Rn 7→ u(y) ∈ Rm is called a feedback
(or feedback law). The dynamical system ẏ = f(y, u(y)) is called the closed loop
system.

The regularity of the feedback law y 7→ u(y) is an important point. With
u continuous, asymptotic stability implies the existence of a smooth Lyapunov
function (Theorem 2.4) and, therefore, one has robustness with respect to small
actuator errors as well as small measurement errors. If u is discontinuous, one
needs to define the notion of solution of the closed loop system ẏ = f(y, u(y))
and study carefully the robustness of the closed loop system. For discontinuous
feedback laws, let us refer to [1, 9]. From now on, all the feedback laws are assumed
to be continuous.
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Let us now introduce the notion of controllability in a rough way (we shall
be more precise later on, see in particular Definition 2.6 below). Let T > 0.
Given two states y0 and y1, does there exist a control t ∈ [0, T ] 7→ u(t) ∈ Rm, in
L∞((0, T );Rm) (i.e. which is measurable and bounded), which steers the control
system from y0 to y1, i.e. is such that(

ẏ = f(y, u(t)), y(0) = y0
)
⇒
(
y(T ) = y1

)
? (2.7)

If the answer is yes, the control system is said to be controllable on [0, T ].
Let us start with the case of linear control systems:

ẏ = Ay +Bu, y ∈ Rn, u ∈ Rm, (2.8)

where A ∈ Rn×n and B ∈ Rn×m. Then, one has the well-known theorem

Theorem 2.5 (Kalman’s rank condition). The linear control system ẏ = Ay+Bu
is controllable on [0, T ] if and only if

Span {AiBu;u ∈ Rm, i ∈ {0, 1, . . . , n− 1}} = Rn. (2.9)

There are many possible choices for the definition of local controllability. Here
we adopt the following one.

Definition 2.6. The control system ẏ = f(y, u) is small-time locally controllable
at the equilibrium (0, 0) ∈ Rn × Rm if, for every real number ε > 0, there exists a
real number η > 0 such that, for every y0 ∈ Bη := {y ∈ Rn; |y| < η} and for every
y1 ∈ Bη, there exists a measurable function u : [0, ε]→ Rm such that

|u(t)| 6 ε, ∀t ∈ [0, ε], (2.10)

(ẏ = f(y, u(t)), y(0) = y0)⇒ (y(ε) = y1). (2.11)

The linearized control system at (0, 0) ∈ Rn × Rm of the control system is the
linear control system ẏ = Ay +Bu with

A :=
∂f

∂y
(0, 0), B :=

∂f

∂u
(0, 0). (2.12)

Using the inverse mapping theorem, one has the following theorem (see, e.g., [13,
Theorem 3.8]).

Theorem 2.7 (Linear test). If the linearized control system ẏ = Ay + Bu is
controllable, then ẏ = f(y, u) is small-time locally controllable at (0, 0) ∈ Rn×Rm.

A natural question is the following one. Assume that ẏ = f(y, u) is small-
time locally controllable at the equilibrium (0, 0) ∈ Rn × Rm. Is the control
system ẏ = f(y, u) asymptotically stabilizable. It turns out to be true for the
linear control systems. To see that, let us first introduce some notations. For a
matrix M ∈ Rn×n, PM denotes the characteristic polynomial of M : PM (z) :=
det (z Id−M). Let us denote by Pn the set of polynomials of degree n in z such
that the coefficients are all real numbers and such that the coefficient of zn is 1.
One has the following theorem (see, e.g., [13, Section 10.1]).
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Theorem 2.8 (Pole shifting theorem, Wonham [36]). Let us assume that the linear
control system ẏ = Ay +Bu is controllable. Then{

PA+BK ; K ∈ Rm×n
}

= Pn. (2.13)

In particular, if the linear control system ẏ = Ay + Bu is controllable, there
exists K ∈ Rm×n such that PA+BK = (z + 1)n, which, by the first Lyapunov
theorem (Theorem 2.2), implies that 0 is asymptotically stable for the closed loop
system ẏ = Ay +Bu(y) with u(y) := Ky.

This result has the following important corollary for nonlinear control systems.

Corollary 2.9. Let us assume that the linearized control system of ẏ = f(y, u) at
(0, 0) ∈ Rn × Rm is controllable. Then, the control system ẏ = f(y, u) is locally
asymptotically stabilizable.

Indeed, by Theorem 2.8, there exists K ∈ Rm×n such that PA+BK = (z + 1)n.
Let X(y) := f(y,Ky). Then X ′(0) = A + BK has only one eigenvalues which
is −1. Hence, by the first Lyapunov theorem (Theorem 2.2), 0 is asymptotically
stable for the closed loop system ẏ = f(y,Ky).

However as it follows from the following theorem due to Brockett [4], the small-
time local controllability does not imply the stabilizability.

Theorem 2.10. Assume that the control system (2.6) is asymptotically stabiliz-
able. Then{

∀ε > 0,∃η > 0 such that the ball {z ∈ Rn; |z| < η}
is a subset of {f(y, u); y ∈ Rn, u ∈ Rm such that |y|+ |u| < ε}, (2.14)

i.e. the image by f of every neighborhood (0, 0) ∈ Rn × Rm is a neighborhood of
0 ∈ Rn.

See [4] and [13, Section 11.1] for a proof of Brockett’s theorem 2.10. See also
[10] or [13, Theorem 11.6] for a slightly stronger necessary condition than (2.14) for
asymptotical stabilizability. Let us give an example of a control system which is
small-time locally controllable at (0, 0) ∈ Rn×Rm but does not satisfy (2.14), and,
therefore, by Theorem 2.10, is not asymptotically stabilizable. It is a non-linear
system describing the motion of a baby stroller. Its dynamics is given by

ẏ1 = u1 cos y3, ẏ2 = u1 sin y3, ẏ3 = u2, (2.15)

where y1 and y2 are the coordinates of the midpoint between the two back wheels,
y3 is an angle which gives the orientation of the baby stroller - see Figure 5. The
control is (u1, u2)tr ∈ R2: u1 is a “drive” control or forward velocity and u2 is
a steering control or angular velocity (its time derivative is roughly speaking the
torque applied to the baby stroller). The two front wheels are castor wheels.

By a theorem due to Rashevski [30] and Chow [8], the control system (2.15) is
small-time locally controllable at (0, 0) ∈ R3×R2. The control system (2.15) does
not satisfy the Brockett condition (2.14). Indeed, in Theorem 2.14, let us take ε :=
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y1

y2

y3

1

Figure 5. Baby Stroller design of the control system (2.15)

π/2. If (2.14) holds, there exists η > 0 such that there exists (y1, y2, y3, u1, u2)tr ∈
R5 such that

u1 cos y3 = 0, u1 sin y3 = η/2, u2 = 0, |y1|+ |y2|+ |y3|+ |u1|+ |u2| < π/2. (2.16)

However, from the first equality in (2.16) and the inequality of (2.16), we get
u1 = 0 which leads to an obstruction with the second equality of (2.16). Hence,
by Theorem 2.10, the control system (2.15) is not asymptotically stabilizable.

In order to overcome this nonstabilizability, it has been proposed in [33, 34]
to use feedback laws which depend on time: the feedback laws are now functions
(t, y) ∈ R × Rn → Rm. In [11, 12], we proved that many sufficient conditions
for small-time local controllability indeed imply the asymptotic stabilizability by
means of time-varying feedback laws which are periodic with respect to time. Let
us, for example, present a result from [11] on control-affine systems without drift,
i.e. systems of the form ẏ =

∑m
i=1 uifi(y), with fi ∈ C∞(Rn;Rn). Let us de-

note by Lie {f1, . . . , fm} the smallest linear subset E of C∞(Rn;Rn) containing
{f1, . . . , fm} such that

(X ∈ E and Y ∈ E)⇒ ([X,Y ] ∈ E), (2.17)

where [X,Y ] ∈ C∞(Rn;Rn) is the Lie bracket of X and Y :

[X,Y ](x) = Y ′(x)X(x)−X ′(x)Y (x), ∀x ∈ Rn. (2.18)

With these notations, the following theorem is proved in [11].
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Theorem 2.11. Assume that ẏ =
∑m
i=1 uifi(y) satisfies{

h(0); h ∈ Lie {f1, . . . , fm}
}

= Rn. (2.19)

Then, for every T > 0, there exists u in C∞(R× Rn;Rm) such that

u(t, 0) = 0, ∀t ∈ R, (2.20)

u(t+ T, y) = u(t, y), ∀y ∈ Rn, ∀t ∈ R, (2.21)

0 is asymptotically stable for ẏ =

m∑
i=1

ui(t, y)fi(y). (2.22)

Let us point out that (2.19) implies that ẏ =
∑m
i=1 uifi(y) is small-time locally

controllable at (0, 0) ∈ Rn × Rm (this is the Rashevski[30]-Chow[8] theorem; see
e.g. [13, Theorem 3.19] and that the converse holds if the fi’s are analytic [21, 29].

Note that the baby stroller control system (2.15) satisfies the assumption of
Theorem 2.11. Let us show how to construct a time-varying feedback law which
(globally) asymptotically stabilizes the baby stroller control system (2.15). (See
also [33] for the first construction of such a time-varying feedback law.) Following
the backstepping approach (see e.g. [13, Section 12.4]), we first deal with the
stabilization of the control system

ẏ1 = u1 cos y3, ẏ2 = u1 sin y3, (2.23)

where the state is (y1, y2)tr ∈ R2 and the control is (u1, y3)tr ∈ R2 and then we
shall add an “integration on y3”. As a potential control Lyapunov (see, e.g. [13,
Section 12.1]) for (2.23), we consider

V ((y1, y2)tr) :=
1

2

(
y21 + y22

)
, ∀(y1, y2)tr ∈ R2. (2.24)

Note that

V (ỹ) > V (0), ∀ỹ ∈ R2, (2.25)

lim
|ỹ|→+∞

V (ỹ) = +∞. (2.26)

Along the trajectory of (2.23), we have

V̇ = (y1 cos y3 + y2 sin y3)u1, ∀(y1, y2)tr ∈ R2, ∀(u1, y3)tr ∈ R2. (2.27)

Let T > 0. Let f ∈ C∞(R) be a T -periodic function such that there exists
t0 ∈ R satisfying

f ′(t0) 6= 0. (2.28)

We define ȳ3 : R×R2 → R and ū1 : R×R2 → R by requiring that, for every t ∈ R
and for every ỹ = (y1, y2)tr ∈ R2,

ȳ3(t, ỹ) = f(t)|ỹ|2, (2.29)

ū1(t, ỹ) = −(y1 cos(ȳ3(t, ỹ)) + y2 sin(ȳ3(t, ỹ))). (2.30)
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The functions ȳ3 and ū1 are T -periodic with respect to time and satisfy

ȳ3(t, 0) = ū1(t, 0) = 0, ∀t ∈ R.

Let us check that 0 ∈ R2 is globally asymptotically stable for the closed loop
system

ẏ1 = ū1 cos ȳ3, ẏ2 = ū1 sin ȳ3. (2.31)

By (2.27), along the trajectory of (2.31), one has

V̇ = −ū21 6 0. (2.32)

Using the LaSalle invariance principle, it suffices to check that, if y1 ∈ C1(R) and
y2 ∈ C1(R) are such that

ẏ1(t) = ẏ2(t) = 0, ∀t ∈ R, (2.33)

y1(t) cos(f(t)|ỹ(t)|2) + y2(t) sin(f(t)|ỹ(t)|2) = 0, ∀t ∈ R, (2.34)

with ỹ(t) := (y1(t), y2(t)), then

there exists t1 ∈ R such that y1(t1) = y2(t1) = 0. (2.35)

Differentiating (2.34) with respect to time and using (2.33), one gets

f ′(t)|ỹ(t)|2
(
− y1(t) sin(f(t)|ỹ(t)|2) + y2(t) cos(f(t)|ỹ(t)|2)

)
= 0, ∀t ∈ R. (2.36)

From (2.28), (2.34) and (2.36), one gets ỹ(t0) = 0, which implies (2.35).
We now consider the following potential time-varying control Lyapunov func-

tion W for the control system (2.15) (which is obtained by “adding an integration”
on the variable y3 to the control system (2.23))

W (t, y) := V (ỹ) +
1

2
(y3 − ȳ3(t, ỹ))2, ∀t ∈ R, ∀y = (y1, y2, y3)tr ∈ R3. (2.37)

In (2.37) and until the end of this example ỹ := (y1, y2)tr. Note that W is T-
periodic with respect to time and that

W (t, y) > W (t, 0) = 0, ∀t ∈ R, ∀y ∈ R3 \ {0},
lim

|y|→+∞
min{W (t, y); t ∈ [0, T ]} = +∞.

The time derivative of W along the trajectory of (2.15) is, for every t ∈ R, for
every (y1, y2, y3)tr ∈ R3 and for every (u1, u2)tr ∈ R2,

Ẇ = (y1 cos y3 + y2 sin y3)u1 + (y3 − ȳ3)(u2 − ξ), (2.38)

with

ξ(t, (y, u1)tr) := f ′(t)|ỹ|2 + 2f(t)u1(y1 cos y3 + y2 sin y3). (2.39)
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We define our time-varying stabilizing feedback law by

u1(t, (y1, y2, y3)tr) := −(y1 cos y3 + y2 sin y3), (2.40)

u2(t, (y1, y2, y3)tr) := ξ(t, (y,−(y1 cos y3 + y2 sin y3))tr)− (y3 − ȳ3(t, ỹ)), (2.41)

for every t ∈ R and for every (y1, y2, y3)tr ∈ R3. The functions u1 and u2 are
T -periodic with respect to time and satisfy

u1(t, 0) = u2(t, 0) = 0, ∀t ∈ R. (2.42)

Let us check that 0 ∈ R3 is globally asymptotically stable for the closed loop
system

ẏ1 = u1 cos y3, ẏ2 = u1 sin y3, ẏ3 = u2. (2.43)

From (2.38), (2.40) and (2.41), one gets

Ẇ = −(y1 cos y3 + y2 sin y3)2 − (y3 − ȳ3)2 6 0. (2.44)

Note that, by (2.39), (2.40), (2.41) and (2.44), Ẇ = 0 implies that u1 = 0 and
u2 = f ′(t)|ỹ|2. Hence, using the LaSalle invariance principle together with (2.29),
(2.43) and (2.44), it only remains to check that if y1 ∈ C1(R), y2 ∈ C1(R) and
y3 ∈ C1(R) are such that

ẏ1(t) = ẏ2(t) = 0, ∀t ∈ R, (2.45)

ẏ3(t) = f ′(t)|ỹ(t)|2, ∀t ∈ R, (2.46)

y1(t) cos y3(t) + y2(t) sin y3(t) = 0, ∀t ∈ R, (2.47)

y3(t) = f(t)|ỹ(t)|2, ∀t ∈ R, (2.48)

then

there exists t1 ∈ R such that y1(t1) = y2(t1) = y3(t1) = 0. (2.49)

Differentiating (2.47) with respect to time and using (2.45) and (2.46), one gets

f ′(t)|ỹ(t)|2
(
− y1(t) sin(f(t)|ỹ(t)|2) + y2(t) cos(f(t)|ỹ(t)|2)

)
= 0, ∀t ∈ R, (2.50)

From (2.28), (2.47), (2.48) and (2.50), one gets y(t0) = 0, which implies (2.49).
Let us end this section by pointing out that in the case of the control system

(2.15), the nonlinearity is essential to stabilize asymptotically the system. Indeed
the linearized control system of (2.15) at (0, 0) ∈ R3 × R2 is the control system

ẏ1 = u1, ẏ2 = 0, ẏ3 = u2, (2.51)

which is not asymptotically stabilizable whatever is the type of feedback laws
considered. In the next section we show that nonlinearities can also create problems
for the stabilization.
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3. New phenomena for partial differential equa-
tions

In this section we present some phenomena which appear in the context of the
(asymptotic or exponential) stability for 1 − D hyperbolic systems which do not
appear for finite dimensional dynamical systems. These phenomena show, in par-
ticular, that one has to be careful with linearization techniques when dealing with
nonlinear partial differential equations.

Let us consider the 2× 2 hyperbolic system{
yt +A(y)yx = 0, t ∈ [0,+∞), x ∈ [0, 1],
y(t, 0) = Ky(t, 1),

(3.1)

where, for t ∈ [0,+∞) and x ∈ [0, 1], y(t, x) := (y1(t, x), y2(t, x))tr ∈ R2, A : Ω→
D2 is defined and of class C∞ in an open neighborhood Ω of 0 ∈ R2, D2 is the set
of 2 × 2 real diagonal matrices with positive entries on the diagonal, K ∈ R2×2.
Let λ1 : R2 → (0,+∞) and λ2 : R2 → (0,+∞) be such that

A(y) =

(
λ1(y) 0

0 λ2(y)

)
, y ∈ Ω. (3.2)

As usual, yt denotes the partial derivative with respect to t: yt = ∂y/∂t and yx
denotes the partial derivative with respect to x: yx = ∂y/∂x. Similarly yxx =
∂2y/∂x2, ytx = ∂2y/∂t∂x etc. For the Cauchy problem associated to (3.1), one
imposes the initial data at t = 0:

y(0, x) = y0(x), x ∈ [0, 1], (3.3)

where y0 : [0, 1]→ Ω is given. We are interested in the asymptotic stability of the
equilibrium y ≡ 0 for (3.1). Note that, for various applications, some coefficients
of K can be chosen -they are the gain of the feedback laws- and others are fixed.
Let B be a normed space of functions from [0, 1] with values into R2. We denote
by | · |B the norm on B. Adapted to B, there are compatibility conditions on the
initial data: these conditions on the initial data y0 are necessary for the existence
of a solution y ∈ C0([0,+∞);B) to the Cauchy problem (3.1) and (3.3). The
compatibility condition of order 0 is

y0(0) = Ky0(1). (3.4)

To get the compatibility of order 1, one takes the derivative of the second equality
of (3.1) and uses the first equality of (3.1). One gets

A(y(t, 0))yx(t, 0) = KA(y(t, 1))yx(t, 1), t ∈ [0,+∞), x ∈ [0, 1]. (3.5)

From (3.3) and (3.5), one gets

A(y0(0))y0x(0) = KA(y0(0))y0x(0). (3.6)
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One says that y0 satisfies the compatibility condition of order 1 if (and only if)
(3.4) and (3.6) hold. To get the condition of order 2, one differentiates (3.5) with
respect to time, uses the first equality of (3.1). One gets

[A′(y(t, 0))yt(t, 0)]yx(t, 0) +A(y(t, 0))ytx(t, 0) =

K
(
[A′(y(t, 1))yt(t, 1)]yx(t, 0) +A(y(t, 0))ytx(t, 0)

)
, t ∈ [0,+∞), x ∈ [0, 1]. (3.7)

From (3.7) together with the first equation of (3.1) and(3.3), one gets

[A′(y0(0))A(y0(0))y0x(0)]y0x(0)

+A(y0(0))[(A′(y0(0))y0x(0))y0x(0) +A(y0(0))y0xx(0)] =

K
(
[A′(y0(1))A(y0(1))y0x(1)]y0x(1)

+A(y0(1))[(A′(y0(1))y0x(1))y0x(1) +A(y0(1))y0xx(1)]
)
. (3.8)

One says that y0 satisfies the compatibility condition of order 2 if (and only if)
(3.4), (3.6) and (3.8) hold. One keeps going in order to have the compatibility
condition of order m > 3. See [18]. Note that, for every integer m > 0 and for
every T > 0, the Cauchy problem is well-posed in C0(|0, T ];Cm([0, 1];R2)), for
y0 ∈ Cm([0, 1];R2) satisfying the compatibility condition of order m and having a
sufficiently small Cm-norm (the smallness depends on T ). See [2, 25]. Similarly,
for every integer m > 2 and for every T > 0, the Cauchy problem (3.1) and (3.3)
is well-posed in C0(|0, T ];Hm((0, 1);R2)) for y0 ∈ Hm([0, 1];R2) satisfying the
compatibility condition of order m − 1 and having a sufficiently small Hm-norm
(the smallness depends on T again). Here, and in the following, Hm(0, 1) denotes
the Sobolev space of functions in L2(0, 1) whose derivatives up to the order m are
in L2(0, 1). See [2, 15, 18].

From now on we assume that

B = Cm([0, 1];R2), m ∈ N \ {0}, or B = Hm([0, 1];R2), m ∈ N \ {0, 1}. (3.9)

Let us recall the notion of exponential stability in the framework of the Cauchy
problem in the Banach space B.

Definition 3.1. The equilibrium ȳ ≡ 0 is exponentially stable for (3.1) in the
Banach space B if there exist ε > 0 and ν > 0 such that, for every y0 ∈ B
satisfying |y0|B < ε and the compatibility condition for B, the solution y to the
Cauchy problem (3.1) and (3.3) is defined on [0,+∞) and satisfies

|y(t, ·)|B 6 Ce−νt|y0|B , ∀t ∈ [0,+∞). (3.10)

Note that exponential stability implies asymptotic stability. Let us now start
with the linear case, i.e. the case where there exist λ1 ∈ (0,+∞) and λ2 ∈ (0,+∞)
such that

A(y) := Λ :=

(
λ1 0
0 λ2

)
. (3.11)

Then, one has the following theorem (see, e.g. [20, Chapter 9, Theorem 3.5]).
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Theorem 3.2. Whatever is B satisfying (3.9), ȳ ≡ 0 is exponentially stable for
(3.1) if and only if there exists δ > 0 such that, for every z ∈ C,(

det (Id−(diag (e−z/λ1 , e−z/λ2))K) = 0
)
⇒ (<(z) 6 −δ), (3.12)

where Id is the identity matrix of R2.

Note that the left hand side of (3.12) is equivalent to z ∈ C is an eigenvalue of
the operator A : D(A)→ L2((0, 1);R2) defined by

D(A) : {y = (y1, y2)tr ∈ H1((0, 1);R2); y(0) = Ky(1)}, (3.13)

A(y1, y2)tr := −Λyx. (3.14)

Hence (3.12) is the expected test for exponential stability. (Note however that
this test does not hold for general evolution equations in infinite dimension; see
e.g. [31] for a physical example.) Let us recall that asymptotic stability was
introduced in order to have some robustness with respect to small perturbation
and that this robustness is indeed implied by the asymptotic stability in finite
dimension. However this robustness does not hold in our case as shown by the
following example borrowed from [20]. We choose λ1 := 1, λ2 := 2 and

K := Ka :=

(
a a
a a

)
, a ∈ R. (3.15)

Then, (3.12) is equivalent to
a ∈ (−1, 1/2). (3.16)

For a positive integer n, let

λ1n :=
4n

4n+ 1
, λ2n :=

4n

2n+ 1
. (3.17)

Then (
y1
y2

)
:=

(
sin
(
4nπ(t− (x/λ1n))

)
sin
(
4nπ(t− (x/λ2n))

)) (3.18)

is a solution of (3.1) for

A(y) = Λ :=

(
λ1n 0
0 λ2n

)
and K := K−1/2, (3.19)

which does not tend to 0 as t→ +∞. However

lim
n→+∞

λ1n = 1 and lim
n→+∞

λ2n = 2. (3.20)

Hence the exponential stability is not robust with respect to small perturbations on
λ1 and λ2: arbitrary small perturbations of λ1 and λ2 can destroy the exponential
(and even the asymptotic) stability.
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For many applications it is interesting to have an exponential stability of (3.1)
which is robust with respect to the small changes on the λi’s i.e., the speeds of
propagation. One says that the exponential stability of 0 for (3.1) is robust with
respect to the small changes on the λi’s if there exists ε ∈ (0,+∞) such that, for
every (λ̃1, λ̃2)tr ∈ R2 such that

|λ̃i − λi| 6 ε for i = 1, 2, (3.21)

0 is exponentially stable (in B) for (3.1).
Let

ρ0(K) := max
{
ρ
(
diag(eiθ1 , eiθ2)K

)
; θi ∈ R

}
, (3.22)

where, for M ∈ R2×2, ρ(M) denotes the spectral radius of M . Silkowski (see, e.g.,
[20, Theorem 6.1 on page 286]) proved the following theorem.

Theorem 3.3. Whatever is B satisfying (3.9), 0 is exponentially stable for (3.1)
with an exponential stability which is robust with respect to the small changes on
the λi’s if and only if

ρ0
(
K
)
< 1. (3.23)

Let us now consider the nonlinear case. One has the two following theorems.

Theorem 3.4 ([15] for m = 2 and [2] for m > 2). Let m ∈ N\{0, 1}. If ρ0(K) < 1,
then ȳ ≡ 0 is exponentially stable for (3.1) in B := Hm((0, 1);R2).

Theorem 3.5 ([18]). Let us assume that, for some a > 0, b > 0 and some
(ξ1, ξ2)tr ∈ R2

Ω := {(y1, y2)tr; y1 ∈ R, y2 ∈ (−b,+∞)}, (3.24)

A

(
y1

y2

)
=

λ1 0

0
1

b+ y2

 and K := a

(
1 ξ1
−1 ξ2

)
. (3.25)

Then, for every δ > 0, there exist a > 0, b > 0 and (ξ1, ξ2)tr ∈ R2 satisfying

|a− (1/2)|+ |ξ1 − 1|+ |ξ2 − 1| < δ, (3.26)

such that {
∀m ∈ N \ {0}, ȳ ≡ 0 is not exponentially stable
for (3.1) in B := Cm([0, 1];R2).

(3.27)

Let us point out that, with K defined by (3.25), one has

ρ0(K)→ 1√
2
< 1, as |a− (1/2)|+ |ξ1 − 1|+ |ξ1 − 1| → 0. (3.28)

From Theorem 3.3, Theorem 3.4, Theorem 3.5 and (3.28), one sees that there exist
A : y ∈ Ω→ A(y) and K ∈ R2×2 such that the following hold together

P1 for every m ∈ N\{0}, ȳ ≡ 0 is not exponentially stable in B := Cm([0, 1];R2),
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P2 for every m ∈ N\{0, 1}, ȳ ≡ 0 is exponentially stable in B := Hm([0, 1];R2),

P3 whatever is B satisfying (3.9), ȳ ≡ 0 is exponentially stable for the linearized
system {

yt +A′(0)yx = 0, t ∈ [0,+∞), x ∈ [0, 1],
y(t, 0) = Ky(t, 1).

(3.29)

In particular

P4 the exponential stability of ȳ ≡ 0 may depend in a fine way on the func-
tional space (note that, for every positive integer m, Hm((0, 1);R2) ↪→
Cm([0, 1];R2) ↪→ Hm+1((0, 1);R2)),

P5 the exponential stability of ȳ ≡ 0 for the linearized system does not imply
the exponential stability ȳ ≡ 0 for the nonlinear system.

Remark 3.6. For sufficient conditions on K for the exponential stability in the
Banach space Cm([0, 1];R2), see [2, 14, 25]. Let us also point out that, in Theo-
rem 3.5, (3.27) can be replaced by the stronger statement

∀m ∈ N \ {0}, ȳ ≡ 0 is not asymptotically stable in B := Cm([0, 1];R2). (3.30)

This can be proved by modifying slightly the proof of Theorem 3.5 given in [18].
See [17].

4. Linear transformations and stabilization of non-
linear partial differential equations

Let us now present a method which can be used to stabilize control systems mod-
eled by means of partial differential equations.

We first start with a linear control in finite dimension with a control of dimen-
sion 1. We consider the following control system

ẏ = Ay +Bu, (4.1)

where the state is y ∈ Rn and the control is u ∈ R. We assume that

the control system (4.1) is controllable. (4.2)

Let λ ∈ R. Let GL(n,R) be the set of invertible elements of Rn×n. We are
looking for T ∈ GL(n,R) and K ∈ R1×n such that, if y = Tz and u = Kz + v,
then (4.1) is equivalent to

ż = (A− λ Id)z +Bv, (4.3)

where, again, Id is the identity matrix in Rn×n. This property holds if and only if

AT +BK = TA− λT, (4.4)

TB = B. (4.5)

Then, one has the following theorem.
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Theorem 4.1. There exists one and only one (T,K) ∈ GL(n,R)×R1×n such that
(4.4) and (4.5) hold.

Proof of Theorem 4.1. We start with the case where there exists a basis
(ei)i∈{1,...,n} of Rn such that

Aei = ei−1, ∀i ∈ {2, . . . , n}, (4.6)

Ae1 = 0, (4.7)

B = en. (4.8)

Let, for i ∈ {1, . . . , n},
fi := Tei. (4.9)

Let us write K = (K1, . . . ,Kn). From (4.8) and (4.9), one gets that (4.5) is
equivalent to

fn = en. (4.10)

Applying (4.4) to ei, one gets that (4.4) is equivalent to

Afi +Kien = fi−1 − λfi, ∀i ∈ {2, . . . , n}, (4.11)

Af1 +K1en = −λf1. (4.12)

From (4.10) and (4.11), one gets successively

fn−1 = en−1 + (Kn + λ)en,
fn−2 = en−2 + (Kn + 2λ)en−1 + (Kn−1 +Knλ+ λ2)en,
fn−3 = en−3 + (Kn + 3λ)en−2 + (Kn−1 + 2Knλ+ 3λ2)en−1

+(Kn−2 +Kn−1λ+Knλ
2 + λ3)en,

fn−4 = en−4 + (Kn + 4λ)en−3 + (Kn−1 + 3Knλ+ 6λ2)en−2
+(Kn−2 + 2Kn−1λ+ 3Knλ

2 + 4λ3)en−1
+(Kn−3 +Kn−2λ+Kn−1λ

2 +Knλ
3 + λ4)en,

fn−5 = en−5 + (Kn + 5λ)en−4 + (Kn−1 + 4Knλ+ 10λ2)en−3
+(Kn−2 + 3Kn−1λ+ 6Knλ

2 + 10λ3)en−2
+(Kn−3 + 2Kn−2λ+ 3Kn−1λ

2 + 4Knλ
3 + 5λ4)en−1

+(Kn−4 +Kn−3λ+Kn−2λ
2 +Kn−1λ

3 +Knλ
4 + λ5)en−1.

By an induction argument on p, one gets, using Pascal’s rule, that, for every
p ∈ {0, 1, 2, . . . , n− 1},

fn−p =

p∑
k=0

(
k∑
i=0

(
p− k + i

i

)
Kn−k+i+1λ

i

)
en−p+k, (4.13)

with the convention Kn+1 := 1. Then, using once more Pascal’s rule, (4.12) is
equivalent to

0 =

n∑
k=1

(
k∑
i=0

(
n− k + i

i

)
Kn−k+i+1λ

i

)
ek, (4.14)
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which is also equivalent to

k∑
i=0

(
n− k + i

i

)
Kn−k+i+1λ

i = 0, ∀k ∈ {1, . . . , n}. (4.15)

For k = 1, (4.15) gives
Kn = −nλ. (4.16)

From (4.15) with k = 2 and from (4.16), one gets

Kn−1 = −(n− 1)Knλ−
n(n− 1)

2
λ2 =

n(n− 1)

2
λ2. (4.17)

We keep going and get that there exists one and only one K ∈ R1×n such that
(4.15) holds and this K is defined by

Kn−p := (−1)p+1

(
n

p+ 1

)
λp+1, ∀p ∈ {0, . . . , n− 1}. (4.18)

To conclude the proof of Theorem 4.1 in the case where one has (4.6)-(4.7)-(4.8),
it remains to check that, if (fi)i∈{1,...,n} is defined by (4.13), then (fi)i∈{1,...,n} is a
basis of Rn. But this follows from the fact that, by induction on p, (4.13) implies
that

en−p ∈ span {fn−p, fn−p+1, . . . , fn}, ∀p ∈ {0, . . . , n− 1}. (4.19)

(Note that the coefficient of en−p in the right hand side of (4.13) is 1.)
Let us now check that the general case can be deduced from the case where

one has (4.6)-(4.7)-(4.8). By (4.2), one knows that there exists S ∈ GL(n,R) such
that

S−1AS = Ã, S−1B = B̃, (4.20)

where Ã ∈ Rn×n and B̃ ∈ Rn×1 are defined by (compare with (4.6)-(4.7)-(4.8))

Ãei = ei−1, ∀i ∈ {2, . . . , n}, (4.21)

Ãe1 = 0, (4.22)

B̃ = en. (4.23)

(See, e.g., [13, pages 275–277].) For T ∈ GL(n,R) and K ∈ R1×n, let

T̃ := S−1TS, (4.24)

K̃ := KS. (4.25)

Then

TA−AT −BK − λT = S
(
T̃ Ã− ÃT̃ − B̃K̃ − λT̃

)
S−1, (4.26)

TB −B = S
(
T̃ B̃ − B̃

)
. (4.27)
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From (4.26) and (4.27) one sees that (4.4) and (4.5) hold if and only if

T̃ Ã− ÃT̃ − B̃K̃ − λT̃ = 0, T̃ B̃ = B̃. (4.28)

Note that{(
S−1TS,KS

)
; T ∈ GL(n,R), K ∈ R1×n} ={(

T̃ , K̃
)

; T̃ ∈ GL(n,R), K̃ ∈ R1×n
}
, (4.29)

which, together with the “if and only if” just above, shows that the general case of
Theorem 4.1 can be deduced from the case where one has (4.6)-(4.7)-(4.8). This
concludes the proof of Theorem 4.1.

The following theorem, where the control is of dimension m, is interesting in
cases where one can prove directly the existence of K ∈ Rm×n and T ∈ Rn×n such
that (4.4) and (4.5) hold (this is the case for control systems modeled by means of
partial differential equations, see below).

Theorem 4.2. Let us assume that T ∈ Rn×n, A ∈ Rn×n, B ∈ Rn×m, K ∈ Rm×n
and λ ∈ R are such that (4.2), (4.4) and (4.5) hold. Then T is invertible.

Proof of Theorem 4.2. Taking the transpose of (4.4) and (4.5), one has

AtrT tr = T trAtr + λT tr +KtrBtr, (4.30)

BtrT tr = Btr. (4.31)

Let
H := Ker T tr. (4.32)

From (4.31) and (4.32), one has

H ⊂ Ker Btr, (4.33)

where, for a matrix M ∈ Rk×l, M tr ∈ Rl×k denotes the transpose of M . From
(4.30), (4.32) and (4.33), one gets that

AtrH ⊂ H. (4.34)

Let us assume that
H 6= {0}. (4.35)

By (4.34) and (4.35), there exist x ∈ Cn×1 and µ ∈ C such that

x 6= 0, (4.36)

Atrx = µx, (4.37)

x ∈ H. (4.38)

From (4.33), (4.37) and (4.38), one has

Btr(Atr)kx = µkBtrx = 0, ∀k ∈ N, (4.39)

which, together with (4.36), leads to a contradiction with (4.2) and Theorem 2.5.
This concludes the proof of Theorem 4.2.
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Let us show how this procedure works for a linear Korteweg-de Vries (KdV)
control system. The control system is yt + yx + yxxx = 0 in (0,+∞)× (0, L),

y(t, 0) = y(t, L) = 0 on (0,+∞),
yx(t, L) = u(t) on (0,+∞),

(4.40)

where, at time t, the state is y(t, ·) ∈ L2(0, L) and the control is u(t) ∈ R. It is
proved by Rosier in [32] that this control system is controllable if and only if

L 6∈ N :=

{
2π

√
l2 + lj + j2

3
; l, j ∈ Z+

}
, (4.41)

where Z+ denotes the set of positive integers: Z+ := {1, 2, 3, . . .}. We are interested
in the rapid stabilization of (4.40), i.e. we want to prove the following theorem.

Theorem 4.3 ([16]). Assume that (4.41) holds. Then, for every λ > 0, there
exists a continuous linear map F : L2(0, L) → L2(0, L) and C > 0 such that, for
every solution y ∈ C0([0,+∞);L2(0, L)) of the closed loop system yt + yx + yxxx = 0 in (0,+∞)× (0, L),

y(t, 0) = y(t, L) = 0 on (0,+∞),
yx(t, L) = Fy(t, ·) on (0,+∞),

(4.42)

one has
|y(t, ·)|2L2(0,L) ≤ Ce

−λt|y(0, ·)|2L2(0,L), ∀t ∈ [0,+∞). (4.43)

We follow the above strategy. We are looking for a continuous linear bijective
map T : L2(0, L) → L2(0, L) and a continuous linear map K : L2(0, L) → R such
that, if we let z := Ty and v = u − Ky, equation (4.42) is transformed into the
equation  zt + zx + zxxx = −λz in (0,+∞)× (0, L),

z(t, 0) = z(t, L) = 0 on (0,+∞),
zx(t, L) = v(t) on (0,+∞),

(4.44)

Let us assume for the moment the existence of T and K and let us take

v = 0. (4.45)

Multiplying (4.44) by z, integrating on [0, L] and using integrations by parts to-
gether with the boundary conditions of (4.44) and (4.45), one gets

d

dt

∫ L

0

z2(t, x)dx ≤ −λ
∫ L

0

z2(t, x)dx, (4.46)

which gives (4.43) with F = K. One can probably get the existence of T and K
from the controllability of (4.40) and some abstract theorem. However, in order to
get that the feedback law F : L2(0, L) → R also gives the asymptotic stability of
0 ∈ L2(0, L) for the nonlinear KdV equation (which is in fact the true goal), one
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needs to have precise informations on the “regularity” of K. We look for K in the
following form

Ty(α) = y(α)−
∫ L

0

k(α, β)y(β)dβ, α ∈ (0, L), y ∈ L2(0, L). (4.47)

Then, (4.42) is transformed into equation (4.44) if (and only if)
kβββ + kβ + kααα + kα + λk = λδ(α− β) in (0, L)× (0, L),
k(α, 0) = k(α,L) = 0 on (0, L),
kβ(α, 0) = kβ(α,L) = 0 on (0, L),
k(0, β) = k(L, β) = 0 on (0, L),

(4.48)

where δ(α−β) denotes the Dirac measure on the diagonal of the square [0, L]×[0, L]
and

Ky :=

∫ L

0

kα(L, β)y(β)dβ, ∀y ∈ L2(0, L). (4.49)

One then has the following proposition, which is proved in [16].

Proposition 4.4. Assume that (4.41) holds. Then, for every λ ∈ R, there exists
one and only one k ∈ H1

0 ((0, L)× (0, L)) satisfying (4.48) such that(
α ∈ (0, L) 7→ kα(α, ·) ∈ L2(0, L)

)
∈ C0([0, L];L2(0, L)), (4.50)(

β ∈ (0, L) 7→ kβ(·, β) ∈ L2(0, L)
)
∈ C0([0, L];L2(0, L)), (4.51)

kβ(·, 0) = kβ(·, L) = 0 in L2(0, L). (4.52)

Moreover T : L2(0, L)→ L2(0, L) defined by (4.47) is a linear diffeomorphism.

Theorem 4.3 follows from (4.46) and Proposition 4.4. For a result similar to
Theorem 4.3 but different spaces than L2(0, L) or different boundary control, we
refer to [6] and [7].

Let us emphasize that the regularities given by (4.50) and (4.51), as well as the
fact that k ∈ H1((0, L)× (0, L)) are not useful to get Theorem 4.3. However these
regularities are key ingredients to get that the same linear feedback law applied to
the nonlinear KdV control system yt + yx + yxxx + yyx = 0 in (0,+∞)× (0, L),

y(t, 0) = y(t, L) = 0 on (0,+∞),
yx(t, L) = u(t) on (0,+∞),

(4.53)

where, at time t, y(t, ·) ∈ L2(0, L) is the state and u(t) ∈ R is the control, leads
also to rapid stabilization for the nonlinear system (4.53) and therefore gives the
following theorem proved in [16].

Theorem 4.5. Assume that (4.41) holds. Then, for every λ > 0, there exist a
continuous linear map F : L2(0, L) → L2(0, L), η > 0 and C > 0 such that, for
every solution y0 ∈ L2(0, L) such that |y0|L2(0,L) < η there exists one and only
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one y ∈ C0([0,+∞);L2(0, L))∩L2
loc([0,+∞);H1(0, L)) solution of the closed loop

system  yt + yx + yxxx + yyx = 0 in (0,+∞)× (0, L),
y(t, 0) = y(t, L) = 0 on (0,+∞),
yx(t, L) = Fy(t, ·) on (0,+∞),

(4.54)

and one has

|y(t, ·)|2L2(0,L) ≤ Ce
−λt|y(0, ·)|2L2(0,L), ∀t ∈ [0,+∞). (4.55)

For more results on the stabilization and the controllability of KdV control
system, we refer to [5] and the numerous references therein.

As far as we know, this strategy (transform the given control system to a given
target control system having a good exponential stabilization property) to prove
the rapid stabilization (i.e. the stabilization with arbitrary large exponential decay
rate) has started with the pioneer works by Krstic and his school on the application
of backstepping to partial differential equations. See, in particular [22], and the
references therein, where a systematic and clear introduction to the backstepping
method is given. It is in [16] that one sees more clearly the role played by the
controllability for the existence of T and K for control systems modeled by means
of partial differential control equation, since this existence is proved precisely under
the assumption of the controllability.
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[16] Jean-Michel Coron and Qi Lü. Local rapid stabilization for a Korteweg-de Vries
equation with a Neumann boundary control on the right. J. Math. Pures Appl. (9),
102(6):1080–1120, 2014.

[17] Jean-Michel Coron and Hoai-Minh Nguyen. Exponential stability/unstability for
1-D hyperbolic systems: The importance of the functional space. In preparation.

[18] Jean-Michel Coron and Hoai-Minh Nguyen. Dissipative boundary conditions for
nonlinear 1-D hyperbolic systems: sharp conditions through an approach via time-
delay systems. To appear in SIAM J. on Mathematical Analysis, 2015.

[19] Harrison J. Cowan. Time and Its Measurement: From the stone age to the nuclear
age, volume 136. The World Publishing Company, Ohio, 1958.

[20] Jack K. Hale and Sjoerd M. Verduyn Lunel. Introduction to functional-differential
equations, volume 99 of Applied Mathematical Sciences. Springer-Verlag, New York,
1993.

[21] Robert Hermann. On the accessibility problem in control theory. In Internat. Sym-
pos. Nonlinear Differential Equations and Nonlinear Mechanics, pages 325–332. Aca-
demic Press, New York, 1963.
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[34] Eduardo D. Sontag and Héctor J. Sussmann. Remarks on continuous feedback. In
Proc. IEEE Conf. Decision and Control, Albuquerque (1980), pages 916–921. IEEE,
New York, 1980.

[35] Willibald Trinks. Governors and the governing of prime movers. D. Van Nostrand
Company, 25 Park Place, New York, 1919.

[36] W. Murray Wonham. On pole assignment in multi-input controllable linear systems.
IEEE Trans. Automat. Control, 12(6):660–665, 1967.

Sorbonne Universités, UPMC Univ Paris 06, UMR 7598, Laboratoire Jacques-Louis
Lions, 4 place Jussieu, F-75252, Paris, France

E-mail: Jean-Michel.Coron@upmc.fr


	Introduction
	Stabilization of nonlinear system in finite dimension
	New phenomena for partial differential equations
	Linear transformations and stabilization of nonlinear partial differential equations

