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Abstract. In this paper, we investigate the connections between controllabil-
ity properties of distributed systems and existence of non zero entire functions
subject to restrictions on their growth and on their sets of zeros. Exploiting
these connections, we first show that, for generic bounded open domains in
dimension n ≥ 2, the steady–state controllability for the heat equation with
boundary controls dependent only on time, does not hold. In a second step, we
study a model of a water tank whose dynamics is given by a wave equation on
a two-dimensional bounded open domain. We provide a condition which pre-
vents steady–state controllability of such a system, where the control acts on
the boundary and is only dependent on time. Using that condition, we prove
that the steady–state controllability does not hold for generic tank shapes.

1. Introduction. We consider the steady–state controllability in finite time for
control systems given by some partial differential equations. In this paper (and as
it will be clear from the statements of the results), “steady–state” refers to inde-
pendence with respect to the state variable, i.e. steady–states are simply constant
functions (of the state variable). Moreover, the control strategies considered here
are only time dependent. For certain control systems modeled by a partial differ-
ential equation, we investigate whether given two arbitrary steady states of this
control system, one can steer the first steady state to the second one in finite time
by means of a suitable (only time-dependent) control. We refer to such a property
as the steady-state controllability for the corresponding control system. That class
of problems has been introduced by N. Petit and P. Rouchon in [21] for a control
system modeling a water tank. The control problem they addressed consists of
steering in finite time the tank from one steady state to another one, using as a
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control the acceleration of the tank (this leads to two boundary controls which are
only dependent on time). The dynamics is given by a linear wave equation on a
bounded open set of R2, as detailed below. They solved positively the problem
in the case where the tank is either a disc or a rectangle. For more general tank
shapes, they assert this problem of steady–state controllability as open. In the same
spirit, P. Rouchon, in [22], considered the steady–state controllability for the heat
equation on an open, bounded and non empty subset Ω of Rn, where the control is
only dependent on time and acts on the boundary, i.e. y(t, x) = u(t) on ∂Ω with
the usual notations. It is well-known (see [2, Theorem IV.2.7, page 187] and [6,
Theorem 2.2]) that there is a negative answer to the null controllability in finite
time of this control system, that is there are states which cannot be steered to zero
in finite time. Moreover, stronger negative results, showing that, in fact, very few
states can be steered to zero in finite time for the heat equation were obtained by
S. Micu and E. Zuazua in [16] for the case where the domain Ω is a half-space (see
also [17] for a fractional order parabolic equation). In [22], P. Rouchon raised the
following question: is it possible to steer the special initial data y0 ≡ 1 to zero in
finite time? We use (R) to denote that particular control problem. P. Rouchon
shows that (R) has a solution if n = 1 or if Ω is a ball in Rn and asks what is the
answer for general open subsets in Rn with n ≥ 2.

The first result of the present paper is the characterization of a property on
Ω, denoted (A), which is an obstruction to a positive answer to the steady–state
controllability for the heat equation with boundary controls that depend only on
time. Property (A) is expressed in terms of the averages on Ω of the eigenfunctions
of the Laplace–Dirichlet operator. We show that property (A) holds for generic open
subsets Ω ∈ Rn, n ≥ 2, of class C3. Therefore, for generic domains Ω, question (R)
has a negative answer. Finally, in the case where Ω is a parallelepiped, we show
that, again, property (A) holds, and thus, even if the domain is not regular, y0 ≡ 1
cannot be steered to zero in finite time.

The second result concerns the water tank control problem. We again charac-
terize a property (B) on the shape of the tank, expressed in terms of averages on
the boundary of the tank of the eigenfunctions of the Laplace–Neumann operator,
which turns out to be an obstruction to the steady–state controllability of the as-
sociated control system. The shape of a tank is an open, bounded, connected and
non empty subset Ω of R2. We also show that property (B) holds for generic tank
shapes of class C3.

The strategy we adopt consists in performing a Laplace transform with respect
to the time t. The steady–state controllability issue for both control systems is now
translated into a (more or less) equivalent problem of complex analysis, namely, the
existence of a non-zero holomorphic function f : C→ C such that:

(a): |f(s)| ≤ C0e
C0 max{0,Re(s)};

(b): For every distinct eigenvalue λi of −∆, either f(λi) = 0 (for the heat control
equation) or f(λi) belongs to a special one dimensional linear subspace of C2

(for the water tank control system).

Here, C0 is a positive constant independent of s ∈ C and −∆ denotes either the
Laplace–Dirichlet or the Laplace–Neumann operator. Condition (a) is a conse-
quence of the fact that controllability must be achieved in finite time and, thus,
simply results from the Paley-Wiener theorem. Condition (b) is the “infinite-
dimensional” version of a standard fact of linear system theory: λi ∈ σ(−∆) is
a pole of the transfer function associated to the control system under consideration,



CONDITIONS THAT PREVENT STEADY–STATE CONTROLLABILITY 645

which is (almost) nothing else but the resolvent of −∆. For these two control sys-
tems, it turns out that null–controllability in finite time would imply the existence
of a non-zero entire function subject to restrictions so strong that only the zero
function would fulfill them. A contradiction is reached, and so the statements for
the conditions preventing steady-state controllability do hold true.

We conclude this introduction with a brief description of the arguments establish-
ing our genericity results. We first show that the theses to be proved are equivalent
to the non-existence of particular solutions of over-determined eigenvalue problems.
We then argue by contradiction, assuming that such solutions indeed exist. Note
that the non-existence argument corresponding to property (B) is rather lengthy .

2. Heat equation with particular initial data. Let Ω be an open, bounded
and non empty subset of Rn, with n ≥ 2. For y0 ∈ L2(Ω) and T > 0, consider the
heat equation





yt(t, x)−∆y(t, x) = 0, if (t, x) ∈ (0, T )× Ω,
y(0, x) = y0(x), if x ∈ Ω,
y(t, x) = u(t), if x ∈ ∂Ω,

(1)

where u ∈ L2(0, T ) is the control. Let us first recall classical results about weak
solutions to the Cauchy problem (1). Let y0 ∈ L2(Ω), T > 0 and u ∈ L2(0, T ). A
weak solution to the Cauchy problem (1) is a function y ∈ C0([0, T ];L2(Ω)) such
that, for every τ ∈ [0, T ] and every θ ∈ C1([0, T ];L2(Ω)) ∩ C0([0, T ];H1

0 (Ω)) with

θt + ∆θ = 0 in C0([0, T ];H−1(Ω)), (2)

one has
∫

Ω

y(τ, x)θ(τ, x)dx−
∫

Ω

y0(x)θ(0, x)dx =
∫ τ

0

u(t)
(∫

Ω

θt(t, x)dx

)
dt. (3)

Of course, every y ∈ C1([0, T ];L2(Ω))∩C0([0, T ];H1(Ω)), which is a classical solu-
tion to (1) is a weak solution to (1). It is also well known that, for every y0 ∈ L2(Ω),
T > 0 and u ∈ L2(0, T ), there exists one and only one weak solution y to (1). That
unique y will be called the solution to the Cauchy problem (1).

The problem of null controllability associated to (1) goes as follows. Given y0 ∈
L2(Ω), does there exist T > 0 and u ∈ L2(0, T ) such that the solution to the Cauchy
problem (1) satisfies y(T, ·) = 0? The answer to that question is negative, as shown
by H. Fattorini in [6, Theorem 2.2] and by S. Avdonin and S. Ivanov in [2, Theorem
IV.2.7, page 187]; see also the articles [16, 17] by S. Micu and E. Zuazua, for even
stronger negative results for similar questions.

In this section, we look at a particular y0, namely y0 ≡ 1, and want to see if it is
possible to steer that special y0 to 0 in finite time, that is, again, does there exists
T > 0 and a control u ∈ L2(0, T ) such that the solution y of the Cauchy problem (1)
satisfies y(T, ·) = 0? Of course, a positive answer to that question is equivalent to
the steady–state controllability, i.e. given two constant functions y0 ≡ C0, y1 ≡ C1,
does there exist T > 0 and u ∈ L2(0, T ) such that the solution y of (1) satisfies
y(0, ·) = y0 and y(T, ·) = y1? As mentioned in the introduction, P. Rouchon showed
in [22] that the steady–state controllability holds for n = 1 or if Ω is a ball in Rn

and asks what is the answer for general open subsets of Rn, n ≥ 2.
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We use −∆D
Ω to denote the Laplace–Dirichlet operator defined next,

D (−∆D
Ω

)
:= {v ∈ H1

0 (Ω);∆v ∈ L2(Ω)},
−∆D

Ω v := −∆v, ∀v ∈ D (−∆D
Ω

)
.

Let us introduce the definition of Property (A), which will turn out to be an ob-
struction for steering y0 ≡ 1 to 0 in finite time.

Definition 1. The open set Ω has the property (A) if there exists a sequence
(rk)k∈N∗of distinct eigenvalues of −∆D

Ω such that
(i) One has

∞∑

k=1

1
rk

= ∞, (4)

(ii) For every k ∈ N∗, there exists an eigenfunction w of the operator −∆D
Ω cor-

responding to the eigenvalue rk such that
∫

Ω

wdx 6= 0. (5)

We are now able to state the main result of this section.

Theorem 1. Let Ω be a bounded, open and non empty subset of Rn, n ≥ 2. If Ω
has the property (A), then one cannot steer y0 ≡ 1 to 0 in finite time.

Proof. Assume that property (A) holds for a bounded, open and non empty subset
Ω ⊂ Rn, n ≥ 2. We suppose by contradiction that there exist T > 0 and u ∈
L2(0, T ) such that the solution y of the Cauchy problem (1) with

y0 ≡ 1, (6)

satisfies

y(T, ·) = 0. (7)

Let λ be an eigenvalue of −∆D
Ω and w be an eigenfunction associated to λ. Consider

θ ∈ C∞([0, T ]; H1
0 (Ω)) defined by

θ(t, x) := eλtw(x).

Then θ satisfies (2). Hence, using (3) with τ := T , (6) and (7), one gets

B(λ)
∫

Ω

wdx = 0, (8)

where B : C→ C is defined by

B(s) := 1 + s

∫ T

0

u(t)estdt. (9)

Since property (A) holds for Ω, it results that B vanishes on a sequence (rk)k∈N∗ of
distinct positive real numbers satisfying (4). By the easy part of the Paley-Wiener
theorem, the function B is holomorphic on C and there exists C > 0 such that

|B(s)| ≤ CeT max{0,Re(s)}, ∀s ∈ C. (10)

We then apply the following lemma.
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Lemma 1. Let f : C→ C be a holomorphic function such that, for some C > 0,

|f(s)| ≤ CeC|Re(s)|, ∀s ∈ C.

Let us assume that there exists a sequence (rk)k≥1 of distinct positive real numbers
such that (4) holds and

f(rk) = 0, ∀k ≥ 1. (11)

Then, f is identically equal to 0.

Lemma 1 is a consequence of a much more general theorem due to Cartwright and
Levinson; see [12, Theorem 1, p. 127]. Applying Lemma 1 with f := B, we conclude
that B is identically equal to zero. That contradicts the fact that B(0) = 1.

2.1. Steady–state controllability does not hold generically with respect
to the domain Ω. In this section, we want to prove that condition (A) holds for
generic bounded open subsets Ω (and therefore, by Theorem 1, for such generic sets
Ω, one cannot steer y0 ≡ 1 to 0 in finite time).

We use here notations and results of [1, 9, 26]. Let R(Rn) be the set of all non
empty bounded open subsets Ω of class C3. To state the result, one needs to define
a topology on R(Rn). We follow a construction closely related to that proposed by
R. Hamilton in [9, pages 86-87]. For Ω ∈ R(Rn), let ξ ∈ C3(∂Ω;Rn) be such that

ξ(x) · ν(x) > 0, ∀x ∈ ∂Ω, (12)

where ν ∈ C2(∂Ω,Rn) denotes the outward normal to Ω.
Let ε0 > 0 be small enough so that the two following properties hold.
(i) For every x in Rn such that dist(x, ∂Ω) < ε0, there exists a unique π(x) ∈ ∂Ω

such that x− π(x) is parallel to ξ(π(x)).
(ii) The map x 7→ π(x) is of class C3 on the open set {x ∈ Rn; dist(x, ∂Ω) < ε0}.

Let ε > 0 and η ∈ C3(∂Ω) be such that

|η|C3(∂Ω) < ε. (13)

Define

Ωη := {x ∈ Ω; dist(x, ∂Ω) ≥ ε0} ∪ {x ∈ Rn; dist(x, ∂Ω) < ε0

and (x− π(x)) · ξ(π(x)) < η(π(x))}.
There exists ε1 > 0 such that, for every η ∈ C3(∂Ω) with |η|C3(∂Ω) < ε1, Ωη

is a bounded subset of Rn of class C3. Let V(ε) be the set of all the Ωη with
η ∈ C3(∂Ω) satisfying (13). We define a topology on R(Rn) by considering the sets
V(ε), with ε ∈ (0, ε1), as a base of neighborhoods of Ω, i.e. every neighborhood of Ω
in R(Rn) contains some V(ε) for ε ∈ (0, ε1) small enough. (One easily checks that
this topology is independent of the choice of ξ and ε1.) Recall that a topological
space is a Baire space if any residual set, i.e. any intersection of denumerable open
dense subsets, is dense. Since, for every Ω in R(Rn), C3(∂Ω) is a Baire space, it
follows from our definition of the topology on R(Rn) that R(Rn) is also a Baire
space. (Proceeding as in [9, 4.4.7], one can also prove that R(Rn) with our topology
is a C0-manifold modeled on the Banach spaces C3(∂Ω) with Ω ∈ R(Rn). But we
do not need that property.)

Let us recall that that a property (P ) holds for generic Ω ∈ R(Rn) if there exists
a residual subset D̃ ⊂ R(Rn) such that property (P) holds for every Ω ∈ D̃.
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Remark 1. The use of the transverse vector field ξ is needed to parameterize the
variations of a domain Ω. For that purpose, a simpler choice would have been
ξ := ν but there is a serious difficulty in doing so. Indeed, for an arbitrary Ω
of class C3, ν is, in general, only of class C2. More generally, there is always a
non zero difference between the regularity of Ω and that of its outward normal
vector field ν. To overcome that phenomenon of loss of derivative, one could apply
a Nash-Moser type of result in order to get the necessary amount of surjectivity,
which is clearly needed at some point of the argument. To avoid all that machinery,
we followed, instead, the strategy advocated by D. Bresch and J. Simon in [5],
consisting in choosing the transverse vector field ξ, as defined in (12), which has
the same regularity as the domain Ω.

In this section, we prove the following result.

Theorem 2. Condition (A) holds for generic Ω ∈ R(Rn).

Proof of Theorem 2. The strategy of proof is standard and goes as follows (cf.
[1]). Let G ⊂ R(Rn) be the set of Ω ∈ R(Rn) such that

(a): all eigenvalues of −∆D
Ω are simple,

(b):
∫
Ω

wdx 6= 0, for every non zero eigenfunction w of −∆D
Ω .

Similarly, for every positive integer l, the set Sl ⊂ R(Rn) (respectively Gl ⊂
R(Rn)) of open sets Ω ∈ R(Rn) is defined such that property (a) (respectively, and
property (b)) holds at least for the first l eigenvalues of −∆D

Ω . Clearly, G is the
countable intersection of the Gl’s.

We show next that G is residual, which implies Theorem 2. Indeed, if property
(a) holds for −∆D

Ω , then, by applying the Weyl formula for −∆D
Ω (cf. [23, Theorem

15.2, p.124]), one deduces that λk ∼k→∞ C(Ω)k2/n, where 0 < λ1 < λ2 < · · · <
λj < λj+1 < · · · is the ordered sequence of the eigenvalues of the Laplace-Dirichlet
operator −∆D

Ω . Therefore, property (A) holds.
For l ≥ 0, S0 = G0 := R(Rn), Gl ⊂ Sl, Sl+1 ⊂ Sl and S := ∩l≥0Sl and, similarly,

Gl+1 ⊂ Gl and G = ∩l≥0Gl. Moreover, for l ≥ 0, it is clear that the sets Sl and Gl

are open in R(Rn) (see [1]). To show that G is residual, amounts to establish the
next lemma.

Lemma 2. For every l ≥ 0, Gl+1 is dense in Gl.

Proof of Lemma 2. First, recall that, for every l ≥ 0, Sl is dense in R(Rn) (see
[26]).

We follow the lines of the argument of Theorem 2 in [1]. Let Ω ∈ Gl. It is
sufficient to exhibit Ω′ ∈ Gl+1, arbitrarily close to Ω. Since Sl+1 is dense, it is
enough to establish the previous fact for Ω ∈ Gl ∩ Sl+1. Let (µk)k∈N∗ be the
ordered sequence of the eigenvalues of the Laplace-Dirichlet operator −∆D

Ω repeated
according to their multiplicity. We have

µ1 < µ2 < · · ·µl < µl+1 < µl+2 ≤ µl+3 ≤ · · · .

Let wl+1 be an eigenfunction of −∆D
Ω for the eigenvalue µl+1. If

∫
Ω

wl+1dx 6= 0,
then Ω ∈ Gl+1. Otherwise, we may assume that

∫

Ω

wl+1dx = 0, (14)
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and we simply use µ and w to denote µl+1 and wl+1. Let ξ ∈ C3(∂Ω;Rn) be such
that (12) holds and let ε0 > 0 be as above (see (i) and (ii) in this subsection). Set

ε′0 := Min {ξ(π(x)) · (π(x)− x); x ∈ Ω, dist(x, ∂Ω) = ε0/2} > 0.

Let ρ ∈ C∞(R; [0, 1]) be such that

ρ = 1 on a neighborhood of (−∞, 0],

ρ = 0 on a neighborhood of [ε′0, +∞).

We use C3
ε (∂Ω) to denote the set of η ∈ C3(∂Ω) such that |η|C3(∂Ω) < ε. For

η ∈ C3
ε (∂Ω), we consider hη : Ω → Rn defined by

hη(x) := x,

for every x ∈ Ω with dist(x, ∂Ω) ≥ ε0/2 and

hη(x) := x + η(π(x)) (1− ρ (ε′0 − ξ(π(x)) · (π(x)− x))) ξ(π(x)),

for every x ∈ Ω with dist(x, ∂Ω) ≤ ε0/2. We now fix ε ∈ (0, ε0) small enough so
that, for every η ∈ C3

ε (∂Ω), hη is a diffeomorphism of class C3 from Ω into Ωη. Let
P : H2(Ω) → H2(Rn) be a linear continuous map such that

P (v) = v in Ω.

For η ∈ C3
ε (∂Ω), let Qη : H2(Rn) → H1

0 (Ωη) ∩H2(Ωη), φ 7→ ψ, be defined by

−∆ψ = −∆φ in L2(Ωη),
ψ = 0 on ∂Ωη.

Consider

E :=
{

(v, η) ∈ H2(Ω)× C3
ε (∂Ω); v(x) + η(x)

∂w

∂ξ
(x) = 0, ∀x ∈ ∂Ω

}
,

and the following map

Φ : E × R → L2(Ω)× R
((v, η), χ) 7→

(
((−∆− χ)(Qη(P (v)))) ◦ hη,

∫
Ωη

Qη(P (v))dx
)
.

One has Φ((w, 0), µ) = (0, 0) and Lemma 2 holds if Φ is locally onto at ((w, 0), µ).
The map Φ is of class C1 and one has

Φ′((w, 0), µ)((v, η), χ) = (−∆v − µv − χw,

∫

Ω

vdx),

for every (v, η) ∈ H2(Ω)× C3(∂Ω) such that

v(x) + η(x)
∂w

∂ξ
(x) = 0, ∀x ∈ ∂Ω.

Using the Fredholm alternative (recall that the eigenvalue µ is assumed to be sim-
ple), one easily checks that, for every f ∈ L2(Ω) and every η ∈ C3(∂Ω), there exists
one and only one (v, χ) ∈ H2(Ω)× R such that

−∆v − µv − χw = f, (15)∫

Ω

vwdx = 0, (16)

v(x) + η(x)
∂w

∂ξ
(x) = 0, ∀x ∈ ∂Ω. (17)
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For f = 0, let us denote by (vη, χη) the corresponding unique solution. We next
prove that

there exists η0 ∈ C3(∂Ω) such that
∫

Ω

vη0dx 6= 0. (18)

To compute
∫
Ω

vηdx in terms of η, we consider the unique solution of the inhomo-
geneous Dirichlet problem given by




(−∆− µ)S = 1, in Ω,
S = 0, on ∂Ω,∫
Ω

Swdx = 0.
(19)

Since
∫
Ω

wdx = 0 and the eigenvalue µ is simple, the Fredholm alternative tells us
that such an S exists (and is unique). By applying Stokes’ formula, one gets, using
in particular (15), (16), (17) and (19),∫

Ω

vηdx =
∫

Ω

(
(−∆− µ)S

)
vηdx =

∫

∂Ω

η
∂S

∂ν

∂w

∂ν
dσ. (20)

Let us assume that (18) does not hold. Then, the right hand side of (20) should be
equal to zero for every η ∈ C3(∂Ω) and, therefore,

∂S

∂ν

∂w

∂ν
≡ 0.

By the Holmgren uniqueness theorem (see e.g. [25, Proposition 4.3, p. 433]),
since w is a non zero eigenfunction of −∆D

Ω , ∂w/∂ν cannot be equal to zero on
any nonempty open subset of ∂Ω. Therefore, for the previous equation to hold, it
results that

∂S

∂ν
= 0 on ∂Ω. (21)

The following lemma tells us that (21) cannot hold true (and, therefore, yields (18)).

Lemma 3. With the notations above, there is no solution to the following overde-
termined eigenvalue problem




(−∆− µ)S = 1, in Ω,
S = 0, on ∂Ω,
∂S
∂ν = 0, on ∂Ω.

(22)

Proof of Lemma 3. The result is classical but we provide a simple proof for sake
of completeness. We argue by contradiction. By differentiating (22), it follows that
∇S is solution of the following partial differential system,{

(−∆− µ)∇S = 0, in Ω,
∇S = 0, on ∂Ω.

(23)

It implies that there exists a non zero constant vector a ∈ Rn such that

∇S = wa, in Ω.

Indeed, for every constant vector z ∈ Rn, wz := ∇S · z is solution of the Dirichlet
problem {

(−∆− µ)v = 0, in Ω,
v = 0, on ∂Ω.

Since µ is a simple eigenvalue and wz is linear in z, there exists a ∈ Rn such that
wz = (a · z)w for all z ∈ Rn. Finally, a is non zero since S is non constant (see
(19)).
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Modulo a rotation, one can choose a = ‖a‖(1, · · · , 0)tr. Then, S is only function
of the variable x1, with S = 0 on ∂Ω. That clearly implies that S = 0 on the
intersection of Ω with any hyperplane defined by x1 constant. Therefore S = 0 on
Ω, contradicting (−∆− µ)S = 1. ¤

Finally let

E0 :=
{

(v, τ) ∈ H2(Ω)× (−1, 1); v(x) + τη0(x)
∂w

∂ξ
(x) = 0, ∀x ∈ ∂Ω

}
,

and let Φ0 : E0 × R→ L2(Ω)× R be defined by

Φ0((v, τ), χ) := Φ((v, τη0), χ).

Then, Φ0 is of class C1, Φ0((w, 0), µ) = 0 and Φ′0((w, 0), µ) is onto. Hence, since
E0 × R is an open set of the Hilbert space({

(v, τ) ∈ H2(Ω)× R; v(x) + τη0(x)
∂w

∂ν
(x) = 0, ∀x ∈ ∂Ω

})
× R,

we get that Φ0 is locally onto at ((w, 0), µ) and therefore Lemma 2 holds.

Remark 2. In order to prove Theorem 2, one can alternatively use, as we shall do
in order to prove Theorem 5, the tools of shape differentiation presented in [15] or
[24]. These tools have been previously used by J. Ortega and E. Zuazua to show the
simplicity of, on the one hand, the eigenvalues of a plate equation ([18]) and, on the
other hand, those of the Stokes’ system in two space dimensions ([19]) for generic
domains. Note that the situation in [18, 19] is much more complicated than ours
since, in [18, 19], one cannot apply the Holmgren uniqueness theorem for every Ω.
Note also that the simplicity of the eigenvalues has already been used in a control
problem by J.-L. Lions and E. Zuazua in [14], but in order to get a controllability
result instead of a non-controllability one, as in here.

2.2. Open rectangles. We consider the domain Ω = (0, a)× (0, b) ⊂ R2, where a
and b are strictly positive real numbers. Our goal is to show the following theorem.

Theorem 3. The initial state y0 ≡ 1 cannot be steered to zero in finite time.

The eigenfunctions and eigenvalues of −∆D
Ω are respectively

u(x1, x2) = K sin(k1πx1/a) sin(k2πx2/b),

and

λ =
k2
1π

2

a2
+

k2
2π

2

b2
,

where K ∈ R and (k1, k2) ∈ N2 \ {(0, 0)}. Note that∫

Ω

sin(k1πx1/a) sin(k2πx2/b)dx1dx2 6= 0,

if and only if both k1 and k2 are odd.
Define m := a2/b2. Let Σ0 be the set of eigenvalues of −∆D

Ω such that there
exists a corresponding eigenfunction w satisfying∫

Ω

wdx 6= 0.

Then λ ∈ Σ0 if and only if there exist two odd positive integers k1 and k2 such that

λ =
π2

a2
(k2

1 + mk2
2).
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Therefore, if N(R) denotes the number of λ ∈ Σ0 less than or equal to R > 0, then
N(R) = N0(Ra2/π2) where N0 is the counting function of the set

N0(R) := {Y ≤ R | Y = k2
1 + mk2

2 with k1, k2 odd integers }, (24)

i.e. N0(R) := #N0(R). Theorem 3 is a consequence of the following lemma.

Lemma 4. With the notations above, there exists C > 0 such that, for R large
enough,

N0(R) ≥ C
R

ln(R)
. (25)

Assuming the conclusion of the lemma, let us finish the proof of Theorem 3. We
order the real numbers in Σ0 to get a strictly increasing sequence (λ̃n)n≥1. Then,
it is clear that N(λ̃n) = n, which implies, by Lemma 4, that there exists C ′ > 0
such that, for n large enough,

λ̃n ≤ C ′n ln(n).

Therefore, Ω has property (A) and consequently, by Theorem 1, y0 ≡ 1 cannot be
steered to 0 in finite time.

It remains to show Lemma 4. Let us first assume that m is irrational. Then, for
every (k1, k2, m1, m2) ∈ N4,

(
k2
1 + mk2

2 = l21 + ml22
) ⇒ (k1 = l1 and k2 = l2) . (26)

Therefore, for R > 0, N0(R) is equal to the number of pairs (k1, k2) of odd integers
such that k2

1 + mk2
2 ≤ R. As one easily checks, there exists δ > 0 depending only

on m such that

#
{
(k1, k2) ∈ N2; k1 and k2 are odd, k2

1 + mk2
2 ≤ R

} ≥ δR, ∀R ≥ 1. (27)

Then, equation (25) holds.
We now assume that m = r/q, where r, q are positive integers with g.c.d.(r, q) =

1. By reducing to the same denominator, we have that N0(R) = N1(qR) with
N1(R) := #N1(R), where

N1(R) := {Y ≤ R | Y = qk2
1 + rk2

2 with k1, k2 odd integers}. (28)

By possibly exchanging q and r, we may assume that q is odd. We will actually
use the asymptotic behavior of another counting function, namely P (R) := #P(R),
where

P(R) := {3 ≤ p ≤ R | p prime and p = qk2
1 + rk2

2 for some (k1, k2) ∈ N2}.
Recall that there exists Cm > 0 only depending on m such that

P (R) ∼R→∞ Cm
R

ln(R)
, (29)

see [11]. For R > 0 large enough, let S(R) be the set of integers Y ≤ q(r + q)R
such that, either Y = p or Y = q(r + q)p, where p ∈ [3, R] is a prime number with
p = qk2

1 + rk2
2 for some (k1, k2) ∈ N2. Finally define the map i : P(R) → S(R) as

follows. For p ∈ P(R), then i(p) = p if there exist two odd integers k1 and k2 such
that p = qk2

1 + rk2
2. Otherwise i(p) = q(r + q)p. It is obvious that i is an injection.

We claim that the image of P(R) by i is a subset of N1

(
q(r + q)R

)
. From the

definition of i, this simply amounts to show that, for a prime p = qk2
1 + rk2

2 ≤ R
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with k1 and k2 integers having different parity, then q(r + q)p ∈ N1

(
q(p + q)R

)
.

The latter simply results from the classical identity

q(r + q)(qk2
1 + rk2

2) = q(qk1 − rk2)2 + r[q(k1 + k2)]2. (30)

Indeed, since q is odd, then q(k1 + k2) is, and since qk1 − rk2 has the same parity
as qk2

1 + rk2
2 = p, it is also odd. We deduce that

N1

(
q(r + q)R

)
≥ P (R), (31)

which implies that (25) follows from (29).

Remark 3. It is possible to obtain the first term of the asymptotic expansion
of N(R) as R tends to infinity, of the type CmR/ ln(R)1/2, where Cm > 0. For
instance, in the case where m = 1, that corresponds to a famous result due to E.
Landau.

Remark 4. Theorem 3 obviously extends to any parallelepiped in any dimension
n ≥ 2.

3. Steady-state controllability for a water tank. Let us consider the control-
lability problem for a tank containing a fluid. As in [21], we consider an open,
bounded and connected subset Ω of R2, which corresponds to the shape of the
tank. The mathematical description of this problem is given by the position D in
R2 of the tank and by the height h(t, x) of the fluid with respect to an equilibrium
position. The control system is modeled by





D̈(t) = u(t), if t ∈ (0, T ),
htt(t, x) = ∆h(t, x), if (t, x) ∈ (0, T )× Ω,
∂h
∂ν (t, x) = −u(t) · ν(x), if (t, x) ∈ (0, T )× ∂Ω.

(32)

where the control u(t) ∈ R2. Here ν(x) denotes again the outward unit normal
vector at x ∈ ∂Ω. The steady–state control problem is the following one. Let D0

and D1 be two arbitrary points in R2, does there exist T > 0 and u : [0, T ] → R2

such that the solution D : [0, T ] → R2, h : [0, T ]× Ω → R of (32) with

h(0, ·) = 0, ht(0, ·) = 0, D(0) = D0, Ḋ(0) = 0, (33)

satisfies

D(T ) = D1, Ḋ(T ) = 0, h(T, ·) = ht(T, ·) = 0? (34)

In [21], N. Petit and P. Rouchon proved that, if the shape Ω of the tank is a rectangle
or a circle, then there is a solution to this controllability problem. When Ω has a
general form, they assert the problem is open. Here, in the spirit of the first part
of this paper, we propose a necessary condition for that steady–state controllability
concerning the behavior of eigenvalues and eigenfunctions of a Neumann problem.

Let us fix Ω ⊆ R2 a bounded, open and connected subset of R2 of class C2 or a
convex polygon. Let us first recall some classical results about the weak solution of
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the following Cauchy problem




D̈(t) = u(t), if t ∈ (0, T ),
Ḋ(0) = s0,
D(0) = D0,
htt(t, x) = ∆h(t, x), if (t, x) ∈ (0, T )× Ω,
∂h
∂ν (t, x) = −u(t) · ν(x), if (t, x) ∈ (0, T )× ∂Ω,
h(0, x) = h0(x), if x ∈ Ω,
ht(0, x) = v0(x), if x ∈ Ω.

(35)

Define

H := {h ∈ L2(Ω);
∫

Ω

hdx = 0},

V := {h ∈ H1(Ω);
∫

Ω

hdx = 0},

and let V ′ be the dual space of V ⊂ H. Let D0 ∈ R2, s0 ∈ R2, (h0, v0) ∈ H × V ′,
T > 0 and u ∈ L2(0, T ;R2). A weak solution to the Cauchy problem (35) is a
couple (D, h) such that

D ∈ H2(0, T ;R2), D(0) = D0, Ḋ(0) = s0, D̈ = u ∈ L2(0, T ), (36)

h ∈ C0([0, T ];H) ∩ C1([0, T ];V ′), (37)

and such that, for every τ ∈ [0, T ] and for every

θ ∈ C0([0, T ];H2(Ω)) ∩ C1([0, T ];H1(Ω)) ∩ C2([0, T ];L2(Ω))

satisfying

θtt = ∆θ, in C0([0, T ];L2(Ω)), (38)
∂θ

∂ν
= 0, in C0([0, T ];H1/2(∂Ω)), (39)

one has

−
∫ τ

0

∫

∂Ω

θ(t, x)u(t) · ν(x)dσ(x)dt + 〈v0, θ(0, ·)〉V ′,V −
∫

Ω

h0(x)θt(0, x)dx

= 〈ht(τ, ·), θ(τ, ·)〉V ′,V −
∫

Ω

h(τ, x)θt(τ, x)dx. (40)

Of course, for every D ∈ H2(0, T ) and every

h ∈ C0([0, T ];H2(Ω)) ∩ C1([0, T ];H1(Ω)) ∩ C2([0, T ];L2(Ω)),

if (D,h) is a classical solution to (35), then it is also a weak solution to (35).
Moreover, it is well known that, for every (D0, s0) ∈ R2 × R2, (h0, v0) ∈ H × V ′,
T > 0 and u ∈ L2(0, T ;R2), there exists one and only one weak solution (D,h) to
(35). This unique (D, h) will be called the solution to the Cauchy problem (35).

We say that the control system (32) is steady–state controllable if, for every
(D0, D1) ∈ R2×R2, there exist T > 0 and u ∈ L2(0, T ;R2) with u(0) = 0 such that
the solution to the Cauchy problem (35), with h0 = v0 = 0, s0 = 0, satisfies (34).

Consider the Laplace–Neumann operator −∆N
Ω defined as follows:

D (−∆N
Ω

)
:=

{
v ∈ H2(Ω);

∂v

∂ν
= 0 on ∂Ω

}
,

−∆N
Ω v =−∆v, ∀v ∈ D (−∆N

Ω

)
.
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3.1. A condition that prevents steady-state controllability. We next intro-
duce property (B) which turns out to prevent steady–state controllability in finite
time.

Definition 2. The open set Ω has the property (B) if there exists a sequence
(λk)k∈N∗ of distinct eigenvalues of −∆N

Ω such that

(i) There exist ρ ∈ (0, 2) and C > 0 such that

λk ≤ Ckρ, ∀k ≥ 1, (41)

(ii) For every k ∈ N∗, there exists an eigenfunction wk for the eigenvalue λk and
the operator −∆N

Ω such that
∫

∂Ω

wkνdσ 6= 0. (42)

We are now able to state the main result of this paragraph.

Theorem 4. If Ω has property (B), then the control system (32) is not steady–state
controllable.

Remark 5. The previous theorem is, in a sense, optimal. Indeed, if Ω is equal to
the disc or the rectangle, then steady-state controllability holds true and condition
(B) too, except for (i), where ρ is equal to 2.

Proof. Let us first consider u ∈ L2(0, T ;R2) and let (D, h) be the solution of the
Cauchy problem (35), with

D0 := 0, s0 := 0, h0 := 0, v0 := 0. (43)

We assume that

h(T, ·) = 0, ht(T, ·) = 0. (44)

Let λ be an eigenvalue of −∆N
Ω and w be an eigenfunction associated to the eigen-

value λ. Let θ ∈ C∞([0, T ];H2(Ω)) be defined by

θ(t, x) = ei
√

λtw(x).

Then θ satisfies (38) and (39). Hence, using (40) with τ = T , (43) and (44), one
gets

C(i
√

λ) ·
∫

∂Ω

w(x)ν(x)dσ(x) = 0, (45)

where C : C→ C2 is the holomorphic function defined by

C(s) :=
∫ T

0

u(t)estdt. (46)

The proof of Theorem 4 goes now by contradiction. We suppose that property
(B) holds and assume, by contradiction, that the control system (32) is steady–state
controllable. Then, for every q ∈ R2, there exists u(t) ∈ L2(0, T ;R2) such that the
solution (D, h) to the Cauchy problem (35), with D0 := 0, s0 := 0, h0 := 0 and
v0 := 0, satisfies

h(T, ·) = 0, ht(T, ·) = 0, D(T ) = q, Ḋ(T ) = 0. (47)



656 Y. CHITOUR, J.-M. CORON AND M. GARAVELLO

We use u1, D1 and u2, D2 to denote u, D, for q := (1, 0)tr and q := (0, 1)tr

respectively. Similarly, C1 := (C1
1 , C1

2 )tr and C2 := (C2
1 , C2

2 )tr are defined by (see
(46))

C1(s) :=
∫ T

0

u1(t)estdt, C2(s) :=
∫ T

0

u2(t)estdt.

We will derive a contradiction from the existence of both u1 and u2. Let (λk)k∈N∗
and (wk)k∈N∗ be as in Definition 2. For k ∈ N∗, define

tk :=
√

λk, vk :=
∫

∂Ω

wk(x)ν(x)dσ(x) ∈ R2 \ {0}.

By (45), we have, for j = 1, 2 and k ≥ 1,

Cj(itk) · vk = 0. (48)

For every k ≥ 1, vk is a non zero vector of C2. Therefore C1(itk) and C2(itk) must
be collinear. We deduce that, for every k ≥ 1,

C1
1 (itk)C2

2 (itk)− C1
2 (itk)C2

1 (itk) = 0. (49)

Introducing the holomorphic function G : C→ C, G(s) := C1
1 (s)C2

2 (s)−C1
2 (s)C2

1 (s),
we reformulate (49) as

G(itk) = 0. (50)

Let us recall the following classical result.

Lemma 5. Let f : C→ C be a holomorphic function such that

∃C0 > 0, such that, ∀s ∈ C, |f(s)| ≤ C0e
C0|s|. (51)

Assume that f 6= 0. Let n : [0, +∞) → N be defined by

n(R) := #{s ∈ C; f(s) = 0 and |s| ≤ R}.
Then,

∃C1 > 0, ∀R ∈ (1, +∞),
∫ R

1

n(t)
t

dt ≤ C1R. (52)

(This lemma follows easily from the Jensen formula, see e.g. [12, Lecture 2,
section 2.3, p. 10-11].) We apply this lemma with f := G. By the easy part of the
Paley-Wiener theorem, G is a holomorphic function which satisfies (51). By (41)
and (50), (52) does not hold. Hence, by Lemma 5, G = 0. On the other hand, we
compute G(s) for s small enough. Simple integrations by parts yield, for j, l = 1, 2
and s ∈ C2,

Cj
l (s) = −sDj

l (T )esT + s2

∫ T

0

Dj
l (t)e

stdt. (53)

As s goes to 0, the previous equation can be written Cj
l (s) = −sDj

l (T )esT + O(s2)
and then,

G(s) = s2e2sT
(
D1

1(T )D2
2(T )−D1

2(T )D2
1(T )

)
+ O(s3) = s2e2sT + O(s3),

which implies that G(s) 6= 0 for s small enough but nonzero. That contradicts the
fact that G is the zero function. Theorem 4 is proved.
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Remark 6. The control system (32) is the linearized control system of a control
system modeled by the Saint-Venant equations (see [21]). For a tank in dimension
1 (i.e. with Ω = (0, L) ⊂ R) it is proved in [4] -see also [21]- that the linearized
control system is steady state controllable but is not locally controllable. However,
the non linear terms give the local controllability for a tank in dimension 1; see [3].
It would be interesting to know if this is also the case in dimension 2.

3.2. Genericity of condition (B). In this section, we prove that condition (B)
holds generically for tank shapes of class C3, and therefore by Theorem 4, for such
generic tank shapes Ω, steady-state controllability for a water-tank does not hold.

We use here notations and results of [24]. Let S3 be the set of all open, bounded,
connected subsets Ω ⊂ R2 of class C3. The topology on S3 is defined as follows
([24, p. 7]).

Let C3
b (R2;R2) be the space of functions u : R2 → R2 of class C3 such that

‖u‖3 := Sup{|∂αu(x)| ; x ∈ R2, α = (α1, α2) ∈ N2 with α1 + α2 ≤ 3} < +∞.

Then C3
b (R2;R2) equipped with the norm ‖ · ‖3 is a Banach space. For Ω ∈ S3 and

u ∈ C3
b (R2;R2), let Ω + u := (Id + u)(Ω) be the subset of points y ∈ R2 such that

y = x + u(x) for some x ∈ Ω and ∂Ω + u := (Id + u)(∂Ω) its boundary. By simple
topological arguments, one easily gets that, for u ∈ C3

b (R2;R2) small enough, Ω+u
belongs to S3.

For ε > 0, let V(ε) be the sets of all Ω + u with u ∈ C3
b (R2;R2) and ‖u‖3 < ε.

The topology on S3 is defined by taking the sets V(ε) with ε small enough as a base
of neighborhoods of Ω. Then S3 is a Baire space.

Theorem 5. Condition (B) holds for generic Ω ∈ S3.

Proof. The strategy is entirely similar to that of the argument of Theorem 4. Let
H ⊂ S3 be the set of Ω ∈ S3 such that

(a): all eigenvalues of −∆N
Ω and −∆D

Ω are simple;
(b):

∫
∂Ω

wνdx 6= 0, for every non zero eigenfunction w of −∆N
Ω corresponding to

a nonzero eigenvalue.

For l ≥ 1, define the set Kl ∈ S3 (respectively Hl ∈ S3) of open sets Ω ∈ S3

such that property (a) (respectively, and property (b)) holds at least for the first l
eigenvalues of −∆D

Ω and −∆N
Ω . Then, H is the countable intersection of the Hl’s.

We show next thatH is residual, which implies Theorem 5. Similarly to the proof
of Theorem 4, that follows by using a Weyl formula for −∆N

Ω , namely λk ∼k→∞
C(Ω)k, (cf. [10, formula (10.2.40), page 505]).

For l ≥ 0, K0 = H0 := S3, Hl ⊂ Kl, Kl+1 ⊂ Kl and K := ∩l≥0Kl and, similarly,
Hl+1 ⊂ Hl and H = ∩l≥0Hl. Moreover, for l ≥ 0, it is clear that the sets Kl and
Hl are open in S3.

We first need to establish the next result.

Lemma 6. For every l ≥ 0, Kl+1 is dense in S3.

Proof of Lemma 6. Following the standard strategy, one must prove that Kl+1

is dense in Kl for l ≥ 1. Let Ω ∈ Kl and λl+1 := λ is the (l + 1)−th eigenvalue
of −∆N

Ω with multiplicity h ≥ 2. Since Kl is open and property (a) on page 6 is
generic, we may also assume that the eigenvalues of −∆D

Ω are simple.
By [20, Theorem 4], we have the following proposition.
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Proposition 1. There exist h continuous functions with values in R, u 7→ λi(u)
and h functions u 7→ wi(u), with values in H3(Ω + u), l + 1 ≤ i ≤ l + h, defined in
a neighborhood U of u = 0 in C3

b (R2;R2), such that the following properties hold:

(i): λi(0) = λ, l + 1 ≤ i ≤ l + h;
(ii): for every u ∈ U , λi(u) is an eigenvalue of −∆N

Ω+u with associated eigen-
function wi(u);

(iii): for every u ∈ U , the set {wl+1(u), · · · , wl+h(u)} is orthonormal in L2(Ω+
u);

(iv): for each open interval I ⊂ R, such that the intersection of I with the
sequence (λi)i≥0 contains only the eigenvalue λ, there exists a neighborhood
UI ⊂ U such that there exist exactly h eigenvalues (counting the multiplicity)
λi(u), l + 1 ≤ i ≤ l + h of −∆N

Ω+u contained in I;
(v): For each u ∈ C3

b (R2;R2) and l + 1 ≤ i ≤ l + h, the map t ∈ R 7→
(λi(tu), wi(tu) ◦ (Id + tu)) ∈ R × H3(Ω) is analytic in a neighborhood of
t = 0.

Let us denote by λ′i(u) the value of the directional derivative of λi at 0 in the
direction of u. In order to compute λ′i(u), we use classical results on shape dif-
ferentiation, as those one can find in [15, 24]. We use notations and results of
[24]. Note that one cannot apply directly the statements of [24] since the map
u ∈ C3

b (R2;R2) 7→ (λi(u), wi(u) ◦ (Id + u)) ∈ R ×H2(Ω) is not differentiable at 0.
But this map has a directional derivative at 0 in every direction, which is sufficient
to adapt the proofs given in [24]. So, when we say that we apply a specific statement
of [24], we should say that we apply the proof given in [24] of the specific statement
in order to get the desired statement for directional derivatives. By [24, Teorema
2.13 p. 49] and (v) of Proposition 1, for every i ∈ {l + 1, . . . , l + h}, there exists
w′i(u) ∈ H2(Ω) such that, for every open subset ω of Ω such that ω ⊂ Ω,

1
t

(wi(tu)|ω − wi(0)|ω) → w′i(u)|ω in H2(ω) as t → 0. (54)

We have, for every t ∈ R such that |t| is small enough,

∆wi(tu) + λi(tu)wi(tu) = 0 in Ω + tu, (55)

∂wi(tu)
∂ν

= 0 on ∂(Ω + tu), (56)
∫

Ω+tu

wi(tu)2dx = 1. (57)

From (54) and (55), we get

∆w′i(u) + λ′i(u)wi(0) + λiw
′
i(u) = 0 in Ω, (58)

By (57) and [24, Teorema 4.14 p. 103],

∂w′i(u)
∂ν

+ (u · ν)
∂2wi(0)

∂ν2
− ∂wi(0)

∂τ

∂(u · ν)
∂τ

= 0 on ∂Ω, (59)

where τ(x) ∈ R2 denotes the tangent unit vector to ∂Ω at x ∈ ∂Ω such that
(ν(x), τ(x)) is a direct basis of R2 and where

∂2

∂ν2
:=

2∑
p,q=1

νpνq
∂2

∂xp∂xq
.
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By [24, Teorema 2.21 p. 62-63, formula (2.72)’], the evaluation at t = 0 of the
derivative with respect to t of the left hand side of (57) is equal to

2
∫

Ω

wi(0)w′i(u)dx + 2
∫

∂Ω

(u · ν)w2
i (0)dσ.

Hence, by (57), one gets
∫

Ω

wi(0)w′i(u)dx +
∫

∂Ω

(u · ν)wi(0)2dσ = 0. (60)

We multiply (58) by wi(0) and integrate on Ω. Then, straightforward integrations
by parts, together with (55), (56), (59) and (60), give

λ′i(u) = −
∫

Ω

wi(0)(∆ + λ)w′i(u)dx

= −
∫

∂Ω

wi(0)
∂w′i(u)

∂ν
dσ

=
∫

∂Ω

(u · ν)

[(
∂wi(0)

∂τ

)2

− λw2
i (0)

]
dσ. (61)

As pointed out by Albert [1], in order to prove the lemma, it is enough, for
every pair of distinct indices (i1, i2) in {l + 1, · · · , l + h}, to exhibit u ∈ C3

b (R2,R2)
arbitrary small such that λ′i1(u) 6= λ′i2(u).

We argue by contradiction. For every u small enough and any pair of distinct
indices (i1, i2) in {l + 1, · · · , l + h}, one has

λi1(u) = λi2(u) =: λ(u) and λ′i1(u) = λ′i2(u) =: λ′(u).

For α ∈ R, set wα(u) := cos(α)wi1(u) + sin(α)wi2(u) and λα(u) = λ(u) the corre-
sponding eigenvalue. Clearly wα(u) is a normalized eigenfunction of −∆N

Ω+u asso-
ciated to λ(u). Set λ′α(u) to be the directional derivative of λα in the direction u.
The same computations as above give

λ′α(u) = λ′(u) + 2 cos(α) sin(α)
∫

∂Ω

(u.ν)[
∂wi1(0)

∂τ

∂wi2(0)
∂τ

− λwi1(0)wi2(0)]dσ.

But, for every α ∈ R, λ′α(u) = λ′(u). Hence
∫

∂Ω

(u.ν)[
∂wi1(0)

∂τ

∂wi2(0)
∂τ

− λwi1(0)wi2(0)]dσ = 0.

The previous equality must hold for every u ∈ C3
b (R2;R2). Therefore, on ∂Ω,

∂wi1(0)
∂τ

∂wi2(0)
∂τ

− λwi1(0)wi2(0) = 0. (62)

We first assume that the above equality implies that wi1(0) is equal to zero on
∂Ω. By the Holmgren uniqueness theorem, this is not possible. A contradiction is
reached and Lemma 6 is proved.

It remains to show that (62) implies that wi1(0) = 0 on ∂Ω. The set ∂Ω is the
finite union of regular Jordan curves Γ1, · · · , Γm. It is enough to show that, for
every such a curve, say Γk, (62) on Γk implies wi1(0) = 0 on Γk. For notational
ease, we set wi1(0) := f and wi2(0) := w. On Γk we have

λwf − ∂w

∂τ

∂f

∂τ
= 0. (63)
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Modifying λ if necessary (but still a positive constant), equation (63) simply reduces
to

λwf = w′f ′ (64)

where w and f are C1 functions on the unit circle S1. The conclusion follows using
the next lemma.

Lemma 7. With the above notations, then f ≡ 0.

Proof of Lemma 7. Indeed, consider H := f λw2

2 . Note that H is of class C1 and,
by (64),

H =
ww′f ′

2
, (65)

H ′ = f ′
(
(w′)2 +

λ

2
w2

)
. (66)

We first claim that H must be identically equal to zero. Reasoning by contradiction,
there exists some θ0 ∈ S1 such that H ′(θ0) = 0 and H(θ0) 6= 0. By (66), one has
f ′(θ0) = 0 or w′(θ0) = w(θ0) = 0, since λ > 0. Both equalities contradict H(θ0) 6= 0
(see (65)). We get that fw ≡ 0. By the Holmgren uniqueness theorem, w cannot be
equal to zero on any nonempty open subset of ∂Ω since w is a non zero eigenfunction
of −∆N

Ω . We conclude that f ≡ 0 on S1.

Showing that H is residual amounts to establish the next lemma.

Lemma 8. For every l ≥ 0, Hl+1 is dense in S3.

Proof of Lemma 8. The argument follows the lines of that of Lemma 2. Since
H1 (= K1) is dense in S3, we may assume that l ≥ 1.

Let Ω ∈ Hl. It is sufficient to exhibit Ω′ ∈ Hl+1, arbitrarily close to Ω. Since
Kl+1 is dense, it is enough to establish the previous fact for Ω ∈ Hl ∩ Kl+1. Let
(µk)k∈N∗ be the ordered sequence of the eigenvalues of −∆D

Ω repeated according
to their multiplicity, and similarly, let (λk)k∈N∗ be the ordered sequence of the
eigenvalues of −∆N

Ω repeated according to their multiplicity. We have

µ1 < µ2 < · · ·µl < µl+1 < µl+2 ≤ µl+3 ≤ · · · ,

and
0 = λ1 < λ2 < · · ·λl < λl+1 < λl+2 ≤ λl+3 ≤ · · · .

If
∫

∂Ω
wl+1νdx 6= 0 then Ω ∈ Hl+1. Therefore, we may assume that

∫

∂Ω

wl+1νdσ = 0, (67)

and we simply use λ, λ(u), w and w(u) to denote λl+1, λl+1(u), wl+1 and wl+1(u).
Note that since λ is a simple eigenvalue of −∆N

Ω , there exists a neighborhood U of
the zero function in C3

b (R2;R2) such that the maps

u ∈ U 7→ w(u) ◦ (Id + u) ∈ H3(Ω) and u ∈ U 7→ λ(u) ∈ R
are well-defined and analytic in U . We argue by contradiction: we assume that

∫

∂Ω+u

w(u)νdσ = 0, ∀u ∈ U , (68)
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at least if U is a small enough neighborhood of the zero function in C3
b (R2;R2).

Integrations by parts and (68) give
∫

Ω+u

∇w(u)dx = 0. (69)

By [24, Teorema 2.21 p. 62-63, formula (2.72)’], the derivative of the left hand side
of (68) at 0 in the direction of u ∈ C3

b (R2;R2) is
∫

Ω

∇(w′(u))dx +
∫

∂Ω

(u · ν)∇wdσ.

Hence, with also (57), (69) and integrations by parts,
∫

∂Ω

(w′(u)ν + (u · ν)∇w)dσ = 0, ∀u ∈ C3
b (R2;R2). (70)

In order to express
∫

∂Ω
w′(u)νdσ explicitly in terms of u, we consider the unique

solution of the inhomogeneous Neumann problem given by



(−∆− λ)S = 0, in Ω,
∂S
∂ν = ν, on ∂Ω,∫
Ω

Swdx = 0.
(71)

Since
∫

∂Ω
wνdσ = 0 and the eigenvalue λ is simple, the Fredholm alternative tells

us that such a S exists and is unique. Then, for every u ∈ U , one has, by using
(58), (59) and (71), applying Stokes’ formula and performing integrations by parts,

∫

∂Ω

w′(u)νdσ =
∫

∂Ω

w′(u)
∂S

∂ν
dσ =

∫

∂Ω

(u · ν)
(
λwS − ∂w

∂τ

∂S

∂τ

)
dσ

which, with (70), leads to
∫

∂Ω

(u · ν)
[
λwS − ∂w

∂τ

∂S

∂τ
+

∂w

∂τ
τ

]
dσ = 0, ∀u ∈ U . (72)

Hence, on ∂Ω,

λwS − ∂w

∂τ

(∂S

∂τ
− τ

)
= 0. (73)

Of course, by (68), one can replace in (73) w by w(u) and Ω by Ω + u, that is

λ(u)w(u)S(u)− ∂w(u)
∂τ(u)

(∂S(u)
∂τ(u)

− τ(u)
)

= 0, ∀u ∈ U , (74)

on ∂(Ω + u), where S(u) is the unique solution to the inhomogeneous Neumann
problem

(−∆− λ(u))S(u) = 0, in Ω + u, (75)

∂S(u)
∂ν(u)

= ν(u), on ∂(Ω + u), (76)
∫

Ω+u

S(u)w(u)dx = 0, (77)

ν(u) denoting the outward normal to Ω + u on ∂(Ω + u), and where τ(u)(x) ∈ R2

denotes the tangent unit vector to ∂(Ω+u) at x ∈ ∂(Ω+u) so that (ν(u)(x), τ(u)(x))
is an orthonormal basis of R2. Moreover, we may assume that ν(·) is actually the
extension of the normal field ν := ν(0) to Ω which is defined in [24], page 86. Recall
that the map u 7→ ν(u), defined on U , is differentiable at zero and ∂ν(0)

∂ν = 0 on ∂Ω.
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We use ν′(u) to denote the evaluation at u ∈ U of the differential of ν(·) at zero,
which is equal to

ν′(u) = −∂(u · ν)
∂τ

τ,

on ∂Ω, where u · ν again denotes the normal component of u.
A proof similar to the proof of (v) in Proposition 1 tell us that the map u ∈ U 7→

S(u) ◦ (Id + u) ∈ H3(Ω) is of class C1. Hence, by [24, Teorema 2.13 p. 49] again,
there exists S′(u) ∈ H2(Ω) such that, for every open subset ω of Ω such that ω ⊂ Ω,

1
t

(S(tu)|ω − S(0)|ω) → S′(u)|ω in H2(ω) as t → 0. (78)

Using (75) and (78), we get that

λ′(u)S + (∆ + λ)S′(u) = 0 in Ω. (79)

In addition, we get that S′(u) satisfies

∂S′(u)
∂ν

=
∂(u · ν)

∂τ

∂S

∂τ
− ∂(u · ν)

∂τ
τ − (u · ν)

∂2S

∂ν2
on ∂Ω, (80)

as a consequence of [24, Teorema 2.16, p. 54] applied to the map u 7→ ∇S(u) ·
ν(u)− ν(u).

Finally, we derive another relation verified by S′(u). Similarly to (60), the de-
rivative with respect to t at t = 0 of

∫

Ω+tu

S(tu)w(tu)dx = 0,

yields, by using [24, Teorema 2.21 p. 62-63, formula (2.72)’],
∫

Ω

S′(u)wdx +
∫

Ω

Sw′(u)dx +
∫

∂Ω

(u · ν)Swdσ = 0. (81)

At this stage, we are not able to prove that the existence of S′(u) satisfying (79)
and (80), for every u belonging to some open neighborhood in C3

b (R2;R2) of the
zero function, yields a contradiction. The next step would be to consider second-
order domain variations. The required theory for doing so is actually developed in
[24] but we chose another way to complete the argument of Lemma 8. It proceeds
as follows.

First recall that Hl ∩ Kl+1 is open and dense in C3
b (R2;R2). Let Rl+1 be the

union of the domains Ω of Hl ∩Kl+1 so that Eq. (73) does not hold true (in which,
of course, λ and w denote respectively λl+1 and wl+1, and S is defined in (71)).
We claim that the denseness of Rl+1 in Ω of Hl ∩ Kl+1 would complete the proof
of Lemma 8. Indeed, take Ω in Hl ∩ Kl+1. If (67) does not hold, the vector field
S is not even defined and, then, Ω ∈ Rl+1. Consider next Ω in Hl ∩ Kl+1 so that
(67) holds. If Rl+1 is dense in Ω of Hl ∩ Kl+1, then, clearly, for any neighborhood
U of the zero function in C3

b (R2;R2), Eq. (68) cannot hold. Therefore, there exist
domains Ω′ arbitrarily close to Ω so that (67) does not hold for Ω′, meaning exactly
that condition (B) is generic.

It remains to show that Rl+1 is dense in Hl ∩Kl+1. We have to prove that there
does not exist a domain Ω ∈ Hl ∩ Kl+1 where (67) holds, and a neighborhood U
of the zero function in C3

b (R2;R2) so that, for every u ∈ U , Eq. (68) and thus Eq.
(74) hold true.
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As usual, we argue by contradiction and first consider the directional derivative
of (74) with respect to the variation u ∈ U . Applying [24, Teorema 2.16, p. 54] to
the map

u 7→ λ(u)w(u)S(u)−∇w(u)∇S(u) +∇w(u),

we get that, on ∂Ω,

λ′(u)wS+λw′(u)S+λwS′(u)−∇w′(u)∇S−∇w∇S′(u)+∇w′(u) = −(u·ν)G(w,S),
(82)

where G(w, S) := ∂
∂ν

(
λwS − ∇w∇S + ∇w

)
. Note that the previous equation

involves the functions w′(u) and S′(u) defined respectively in Eqs. (58)-(59) and
(79)-(80).

We next sketch the remaining part of the proof and then proceed later on with
the details. For notational ease, we set ϕ := u · ν, which is defined on ∂Ω. Note
that the dependence of λ′(u), w′(u) and S′(u) with respect to u is only through ϕ.
Therefore, for the rest of the paper, there will be a slight ambiguity when we will
refer to a variation ϕ only defined on ∂Ω, giving rise to λ′(u), w′(u) and S′(u), with
ϕ = u ·ν. Note that, at the present stage of the proof, the variation ϕ may be taken
in C2(∂Ω). Indeed, fix ϕ ∈ C2(∂Ω). By a standard partition of unity argument on
Ω, one can construct a C2-extension ν̃ of the outward normal vector field ν such
that ν̃ is defined on an open neighborhood N of ∂Ω and compactly supported. On
the other hand, by using ν̃, one can get a C2-extension ϕ̃ of ϕ, defined on N and
compactly supported. Set finally u := ϕ̃ν̃. Then u clearly belongs to C2(Ω) and,
thanks to the fact that C3(Ω) is dense in C2(Ω), the global variation u is admissible.

The key point now consists of rewriting Eq. (82) as follows,

∇w′(u)∇S+∇w∇S′(u)−∇w′(u) = λ′(u)wS+λw′(u)S+λwS′(u)+ϕG(w, S), (83)

and, then, to observe that there is a “gap of regularity” between the left-hand side
and the right-hand side of (83). Indeed, the left-hand side of (83) should be at most
as regular as dϕ

dσ (σ denotes the arc-length of ∂Ω) whereas the right-hand side of
(83) should have at least the regularity of ϕ (recall that λ′(u) is scalar). Since both
sides are equal, some information should be gained on the left-hand side of (83) by
considering variations, as irregular as possible and, which can be “localized” at any
arbitrary point of ∂Ω. By the latter, we mean that we would like, in a first step, to
consider variations exhibiting just one jump of discontinuity at an arbitrary point
a ∈ ∂Ω, so that, for all the quantities involved in (83), an “irregular part” only
occurs at the point a. If we are then able to compute exactly that “irregular part”
(at a), we could infer that it has to be equal to zero by using the equality in (83).

The rest of the paper intends to render the above observation completely rigorous.
The first task consists of defining an appropriate extension for the variations space.

Recall that the set of admissible ϕ contains an open neighborhood of the zero
function in C2(∂Ω;R). We would like actually to handle variations ϕ belonging to
L2(∂Ω). For that purpose, we rely on [13, Théorème 7.4 , p.202]. In order to state
completely that theorem, we must introduce some functional spaces.

We first recall standard definitions on Sobolev spaces and distributions over Ω
(see, for instance p. 3 of [13]). If m is a positive integer, we use Hm(Ω) to denote
the Sobolev space of order m on Ω defined by

Hm(Ω) = {u |Dαu ∈ L2(Ω), |α| ≤ m},
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where Dα = ∂α1+α2

∂x
α1
1 ∂x

α2
2

, α = (α1, α2) and |α| := α1 + α2. Here the differential
operators Dα are defined in the sense of distributions in Ω. We also use D(Ω) to
denote the set of smooth functions on Ω with compact support and endow it with
the (standard) inductive topology as defined in [13, Eq. (1.5), p. 4]. Let D′(Ω) be
the dual of D(Ω) endowed with the strong dual topology; it is called the space of
distributions on Ω.

Let ρ : Ω → R+ be a C2(Ω) function, positive on Ω and equal to the distance
function to ∂Ω (ρ(x) = d(x, ∂Ω)) for d(x, ∂Ω) small enough. Such a function ρ
exists as (essentially) noted in [13], p. 183.

According to [13, Définition 6.1, p. 183], set

Ξ2(Ω) := {u ∈ L2(Ω) | ρ|α|Dαu ∈ L2(Ω), |α| ≤ 2}, (84)

equipped with the norm ‖u‖Ξ2(Ω) =
∑
|α|≤2 ‖ρ|α|Dαu‖L2(Ω). Then, Ξ2(Ω) is a

Hilbert space so that H2(Ω) ⊂ Ξ2(Ω) ⊂ L2(Ω) and D(Ω) is dense in Ξ2(Ω) ([13,
Proposition 6.2, p. 183]). Therefore, the dual space of Ξ2(Ω) is itself a space of dis-
tributions and we set Ξ−2(Ω) :=

(
Ξ2(Ω)

)′. In fact, the exponent 2 in Ξ2(Ω),Ξ−2(Ω)
can be replaced by any positive real number s > 0 with the same conclusions (see
Eqs. 6.20 and 6.21, p. 184, [13]).

Next, for s ∈ [0, 2), define Ds(Ω) as the space of functions u ∈ Hs(Ω) such that
(∆N

Ω +λ)u belongs to Ξs−2(Ω), (see bottom of p. 199 and Eq. 6.24, p. 185, of [13]).
By [13, Théorème 7.2 , p.200], we have the following interpolation result

D1/2(Ω) = [H2(Ω), D0(Ω)]3/4,

where the definition of an intermediary space [·, ·]θ, θ ∈ [0, 1], is given in [13,
Définition 2.1, p. 12].

We can now apply [13, Théorème 7.4 , p.202] and get the following proposition.

Proposition 2. For every ϕ ∈ L2(Ω), there exists a unique solution

(w′(u), S′(u), λ′(u)) ∈ D1/2(Ω)× (
D1/2(Ω)

)2 × R
for the equations (58), (59), (60) and (79), (80), (81), so that (61) and (83) hold
true. By solution, we mean that

(i): Eqs. (58) and (79) are verified in the distributional sense in Ω;
(ii): Eqs. (59) and (80) are verified in the sense of the trace theorem [13,

Théorème 7.3, p.201];
(iii): The mapping ϕ 7→ (w′(u), S′(u), λ′(u)) is continuous;
(iv): Eq. (83) holds in

(
H−1(∂Ω)

)2, in the sense of the trace theorem [13,
Théorème 7.3, p.201].

Proof of Proposition 2: We first need to be precise with the regularity for w and
S as defined respectively as a normalized eigenfunction of ∆N

Ω and by (71). Applying
[8, Theorem 6.31 , p.128] and the remark which immediately follows it, one gets
that both w and S belong to the Hölder spaces C2,α(Ω), for every α ∈ (0, 1).

It is clear that all the hypotheses to apply [13, Théorème 7.3, p.201] are verified
and thus we can apply them with s = 1/2, m = m0 = 1, A = ∆ + λ, B0 = ∂

∂ν .
We first have to check that the right-hand sides of Eqs. (58) and (79) belong to

Ξ−3/2, which is true since C2(Ω) ⊂ H2(Ω) and

H3/2(Ω) ⊂ Ξ3/2(Ω) ⊂ L2(Ω) ⊂ Ξ−3/2,
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where the last two inclusions are consequences of respectively [13, Eq. (6.19), p.183]
and [13, Eq. (6.22), p.184].

Items (i), (ii) and (iii) follow by essentially translating the contents of [13,
Théorème 7.3,p.201] and [13, Théorème 7.4 , p.202] with the notations of our prob-
lem. The uniqueness part of the proposition is a consequence of Eqs. (60) and (81)
and the fact that the kernel of the operator ∆N

Ω + λ is generated by w (since λ is a
simple eigenvalue of −∆N

Ω ).
We now turn to an argument for item (iv). As a consequence of items (i) and (ii),

we first notice that, for every ϕ ∈ L2(∂Ω), every term in both sides of the equality
(83) belong to

(
H−1(∂Ω)

)2. Then, recall that, for every ϕ ∈ C2(∂Ω), (83) holds
pointwise on ∂Ω. Therefore, to establish the result, it is enough to prove that, for
every sequence (ϕn)n≥0 of L2(∂Ω) converging (in L2(∂Ω)) to ϕ and so that (83)
holds in

(
H−1(∂Ω)

)2 for every ϕn, then (83) holds in
(
H−1(∂Ω)

)2 for ϕ. By using
(iii) and standard arguments, we conclude.

Having at hand the previous proposition, we next choose appropriate variations
ϕ to deduce additional pointwise information on ∂w

∂τ and ∂S
∂τ . More precisely, we

will prove that

Lemma 9. With the above notations, we have on ∂Ω,
∂w

∂τ

(∂S

∂τ
− τ

)
= 0. (85)

Proof of Lemma 9. We fix a point a ∈ ∂Ω and set

wt :=
∂w

∂τ
(a).

Up to a translation and an orthogonal transformation of Ω, we may assume that
a = 0 ∈ R2 and ν(0) = (0, 1)tr (thus τ(0) = (−1, 0)tr). Let Γ0 be the connected
component of ∂Ω containing 0. Let σ be the arc-length of a point of Γ0 such that
σ = 0 at 0 and σ ∈ [−L/2, L/2). Choose the variation ϕ so that ϕ(σ) = 1 if
σ ∈ [0, L/4], ϕ(σ) = 0 if σ ∈ [−L/4, 0) and smooth on Γ0 \ {0}.

Consider the fundamental solution of Laplace’s equation, i.e., the function ψ :
Ω → R defined by

ψ(x, y) = − 1
2π

ln(x2 + y2).

Then, we have the following lemma, whose proof is deferred to the end of the
paper.

Lemma 10. The function ψ belongs to D1/2(Ω) and ∆ψ = 0 in the distributional
sense in Ω. Moreover, there exist two functions Tt, Tn in L2(∂Ω) so that, on ∂Ω,

∂ψ

∂ν
= δ0 + Tn, (86)

∂ψ

∂τ
= − 1

π
p.v.(

1
σ

)ξ(σ) + Tt, (87)

where δ0 denotes the Dirac measure at 0, p.v.( 1
σ ) denotes the principal value of the

function 1
σ and ξ is a smooth function compactly supported in [−3L/8, 3L/8] so that

ξ ≡ 1 on [−L/4, L/4].

We proceed with the proof of Lemma 9 assuming that Lemma 10 holds true.
Consider the function w̃′(u) := w′(u)− wtψ. Then, clearly,

∆w̃′(u) + λw̃′(u) = −λ′(u)w − λwtψ,
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belongs to H1/2(Ω) ⊂ Ξ−1/2(Ω). Moreover,

∂ϕ

∂τ
= δ0 + φR,

where φR is a periodic smooth function on [−L/2, L/2]. Then,

∂w̃′(u)
∂ν

∈ L2(∂Ω), (88)

thanks to (59) and (86). Applying [13, Théorème 7.4 , p.202] with s = 3/2 and
the other data unchanged (m = m0 = 1, A = ∆ + λ, B0 = ∂

∂ν ), we get that
w̃′(u) belongs to D3/2(Ω). With w̃′(u) at hand, we apply [13, Théorème 7.3 , p.201]
with the same data as before except that B0 stands now for the Dirichlet boundary
condition on ∂Ω. We deduce that the trace of w̃′(u) to ∂Ω belongs to H1(∂Ω),
implying that

∂w̃′(u)
∂τ

∈ L2(∂Ω). (89)

From (87) and (89), it follows that

∂w′(u)
∂τ

+
1
π

wtξ(σ)p.v.(
1
σ

) ∈ L2(Γ0). (90)

Set

St :=
∂S

∂τ
(0, 0).

Proceeding similarly with S′(u), we obtain that

∂S′(u)
∂τ

+
1
π

ξ(σ)p.v.(
1
σ

)
(
St − τ(0, 0)

) ∈ (
L2(Γ0)

)2
. (91)

Plugging (90) and (91) in (83), we deduce that

wt

(
St − τ(0, 0)

)
ξ(σ)p.v.(

1
σ

) ∈ (
L2(Γ0)

)2
.

Since ξ(σ)p.v.( 1
σ ) does not belong to L2(Γ0), then (85) holds, i.e, Lemma 9 is proved.

¤

End of the proof of Lemma 8. By (85), then (73) reduces to

λwS ≡ 0, on ∂Ω.

If S(x0) 6= 0 for some x0 ∈ ∂Ω, then w is equal to zero on an open subset of ∂Ω,
which is impossible by the Holmgren uniqueness theorem. Therefore, S = 0 on ∂Ω.

The following lemma tells us that an S subject to (71) and (73) does not exist.
In that case, (68) cannot hold true, which in turn, yields the existence of domains
Ω(u) arbitrary close to Ω, for which∫

∂Ω

wl+1(u)νdσ 6= 0, (92)

i.e., Rl+1 is dense in Hl ∩ Kl+1.

Lemma 11. With the above notations, there is no solution to the following overde-
termined eigenvalue problem




(−∆− λ)S = 0, in Ω,
∂S
∂ν = ν, on ∂Ω,
S = 0, on ∂Ω.

(93)
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Proof of Lemma 11. For every vector a ∈ R2, S · a is solution of the Dirichlet
problem {

(−∆− λ)y = 0, in Ω,
y = 0, on ∂Ω.

(94)

Since S 6= 0, then there exists a ∈ R2 such that S · a is a nonzero solution of
(94). Therefore λ is also an eigenvalue of −∆D

Ω . As in the proof of Lemma 3,
one gets that there exists a nonzero vector a ∈ R2 such that S = az, where z is
a nonzero eigenfunction of −∆D

Ω associated to λ. Up to a rotation, one concludes
that S = (‖a‖z, 0)tr, and then ν is constant on each connected component of ∂Ω
and equal to (1, 0)tr or −(1, 0)tr. This yields a contradiction with the boundedness
of Ω.

Proof of Lemma 10. We first prove ∆ψ = 0, in the distributional sense in Ω,
together with (86). It amounts to show the existence of a function Tn ∈ L2(∂Ω)
such that, for every function Φ ∈ C2(Ω) Stokes’ formula holds true, i.e.

I :=
∫

Ω

ψ∆Φdx−
∫

∂Ω

ψ
∂Φ
∂ν

dσ = −φ(0)−
∫

∂Ω

TnΦdσ. (95)

For ε > 0, consider the function ψε defined on R2 by

ψε(x, y) = − 1
2π

ln(x2 + y2 + ε2).

Note that

‖∇ψε‖ ≤ C
|x|+ |y|

x2 + y2 + ε2
, (96)

where C is a positive constant independent of (x, y) ∈ R2, and

∆ψε =
ε2

π(x2 + y2 + ε2)2
. (97)

Set

Iε :=
∫

Ω

ψε∆Φdx−
∫

∂Ω

ψε
∂Φ
∂ν

dσ.

Let us first prove that Iε tends to I as ε tends to zero.
The proof consists of computing the limit, as ε tends to zero, of several integrals

over Ω or ∂Ω. Let Ω0 be the bounded connected component of Ω, with boundary
Γ0, the connected component of ∂Ω containing (0, 0). From (96) and (97), it is clear
that possible difficulties regarding the convergence of the integrals only occur in the
neighborhood of the point (0, 0). It is then immediate that

lim
ε→0

∫

Ω\Ω0

ψε∆Φdx−
∫

∂Ω\Γ0

ψε
∂Φ
∂ν

dσ =
∫

Ω\Ω0

∆Φdx−
∫

∂Ω\Γ0

ψ
∂Φ
∂ν

dσ.

It remains to prove a similar result for Ω0 and Γ0. In the sequel, it is therefore
enough to assume that Ω is simply connected, i.e., Ω reduces to Ω0.

It is also clearly enough to prove that the two integrals

I1
ε :=

∫

Ω

|(ψ − ψε)(x, y)|dxdy and I2
ε :=

∫

∂Ω

|(ψ − ψε)(σ)|dσ

tend to zero as ε tends to zero. For (x, y) ∈ Ω,

|(ψ − ψε)(x, y)| = 1
2π

ln(1 +
ε2

x2 + y2
).
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In both integrals, we perform the change of variable (x′, y′) = 1
ε (x, y) and denote

by Ωε and ∂Ωε respectively the domain 1
εΩ and its boundary. Then, we get

I1
ε ≤ C1ε

2

∫

Ωε

ln(1 +
1

x2 + y2
)dxdy and I2

ε ≤ C2ε

∫

∂Ωε

ln(1 +
1

x2 + y2
)dσ,

where C1, C2 are positive constants independent on ε. Since Ωε is contained in an
open ball of radius R0/ε, with R0 independent on ε, it is easy to see that

I1
ε ≤ C ′1ε

2

∫ R0/ε

0

ln(1 +
1
r2

)rdr and I2
ε ≤ C ′2ε

∫ R0/ε

0

ln(1 +
1
σ2

)dσ,

where C ′1, C
′
2 are positive constants independent on ε. For I1

ε , we used polar co-
ordinates and for I2

ε , we simply noticed that that limσ→0+
σ+x(σ)

σ = 0 (see below
eq. (98)). Since limr→0 r ln(1 + 1

r2 ) = 0 and r ln(1 + 1
r2 ) ∼r→∞ 1/r, we get

that
∫ R0/ε

0
ln(1 + 1

r2 )rdr is equivalent to ln(R0/ε) as ε tends to zero. Therefore
limε7→0 I1

ε = 0. As for I2
ε , the same conclusion holds by noticing that σ → ln(1+ 1

σ2 )
is integrable at zero and infinity.

We next compute the limit of Iε as ε tends to zero. Applying Stokes’ formula in
Ω for ψε, we get

Iε =
∫

Ω

Φ∆ψε −
∫

∂Ω

Φ
∂ψε

∂ν
dσ.

Set Iε := Jε −Kε, where

Jε :=
∫

Ω

Φ∆ψεdx and Kε :=
∫

∂Ω

Φ
∂ψε

∂ν
dσ.

For the convergence of Kε to
∫

∂Ω
TnΦdσ, it is enough to show that ‖∂ψε

∂ν ‖L2(∂Ω)

is bounded by a positive constant independent of ε. We actually show that ∂ψε

∂ν is
bounded over ∂Ω in L∞-norm, uniformly with respect to ε small enough. It is clear
that it amounts to do the job in a neighborhood of zero, since it is only there where
x2 + y2 may be dominated by ε2 in the denominator of ψε.

The key point is to get the Taylor expansion of the arc-length σ in a neighborhood
of zero. Such a neighborhood only depends on the geometry of Ω near zero and not
on ε. After standard computations, it follows that there exists a neighborhood N0

of 0 (∈ R) such that, we have, for σ ∈ N0,

x(σ) = −σ + O(σ3), (98)

y(σ) = κx2(σ) + 0(σ3), (99)

ν(σ) = ν(0) + xκτ(0) + O(σ3), (100)

τ(σ) = τ(0)− xκν(0) + O(σ2), (101)

where κ is the geodesic curvature of ∂Ω at zero and O(σj), j = 2, 3, are functions
of σ dominated by σj , j = 2, 3, uniformly over N0. From the equation

∂ψε

∂ν
= ∇ψε(σ) · ν(σ),

we get, by using (96) and (100), that

∂ψε

∂ν
=

∂ψε

∂y
− κx

∂ψε

∂x
+ g(x, y),



CONDITIONS THAT PREVENT STEADY–STATE CONTROLLABILITY 669

where g(x, y) is bounded above by the product of x2 + y2 and ‖∇ψε‖. It is easy to
see that each term of the right-hand side of the previous equation is bounded above
over N0, uniformly with respect to ε. For instance, from (99), we have

|∂ψε

∂y
| ≤ C

|y|
x2 + y2 + ε2

≤ C
x2

x2 + y2 + ε2
≤ C.

It remains to compute the limit, as ε tends to zero, of Jε. We have

Jε = − 2
π

∫

Ω

ε2

(x2 + y2 + ε2)2
Φ(x, y)dxdy.

Performing the change of variable (x′, y′) = 1
ε (x, y), we get

Jε = − 2
π

∫

Ωε

1
(x2 + y2 + 1)2

Φ(εx, εy)dxdy.

Set Jε := − 2
π (Φ(0, 0)J1

ε + J2
ε ), where

J1
ε =

∫

Ωε

1
(x2 + y2 + 1)2

dxdy, (102)

J2
ε =

∫

Ωε

1
(x2 + y2 + 1)2

(
Φ(εx, εy)− Φ(0, 0)

)
dxdy. (103)

We first prove that limε→0 |J2
ε | = 0. We use BR(x0) to denote the ball of center x0

and radius R ≥ 0. For every ε > 0 small enough, fix R(ε) such that limε→0 R(ε) =
∞, and if

ρε := max
BR(ε)(0)

|Φ(εx, εy)− Φ(0, 0)|,

then limε→0 ρ(ε) = 0. Set J(x, y) := |Φ(εx,εy)−Φ(0,0)|
(x2+y2+1)2 . Then, we have

|J2
ε | ≤

∫

Ω∩BR(ε)(0)

J(x, y)dxdy +
∫

Ω\BR(ε)(0)

J(x, y)dxdy. (104)

The first integral J2
1 in the above right-hand side is smaller than

ρ(ε)
∫

BR(ε)(0)

1
(x2 + y2 + 1)2

dxdy.

By taking polar coordinates, one can see that J2
1 is itself smaller than πρ(ε).

Set MΦ := max(x,y)∈Ω |Φ(x, y) − Φ(0, 0)|. For J2
2 , the second integral in the

right-hand side of (104), we have

J2
2 ≤ MΦ

∫

Ω\BR(ε)(0)

1
(x2 + y2 + 1)2

dxdy ≤
∫

R2\BR(ε)(0)

1
(x2 + y2 + 1)2

dxdy,

the last integral being equal to πMΦ
1+R2

ε
. Gathering the previous estimates, one gets

that limε→0 |J2
ε | = 0.

We next prove that limε→0 J1
ε = π

2 , i.e.,

lim
ε→0

∫

Ωε

1
(x2 + y2 + 1)2

dxdy =
π

2
.

Let Ω+ := Ω∩H+ and Ω− := Ω∩H−, where H+ (H−) is the closed upper (closed
lower) half-plane. Because of the geometric assumptions on Ω, then H+\Ω contains
a closed ball B+ := Br+(0, r+), r+ > 0. On the other hand, Ω ∩ H− contains a
closed ball B− := Br− with center (0,−r−), r− > 0. Note that both B+ and B−

contain zero on their respective boundaries. After performing the dilation by 1/ε,
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then Ω+
ε := Ωε∩H+ lies in H+\B+

ε , with B+
ε := Br+/ε(0, r+/ε), and Ω−ε := Ωε∩H−

contains B−
ε := Br−/ε(0, r−/ε). Setting J1

ε := J1,+
ε + J1,−

ε with

J1,+
ε =

∫

Ω+
ε

1
(x2 + y2 + 1)2

dxdy,

and
J1,−

ε =
∫

Ω−ε

1
(x2 + y2 + 1)2

dxdy,

we deduce that
J1,+

ε ≤
∫

H+\B+
ε

1
(x2 + y2 + 1)2

dxdy, (105)

and ∫

B−ε

1
(x2 + y2 + 1)2

dxdy ≤ J1,−
ε ≤

∫

H−

1
(x2 + y2 + 1)2

dxdy. (106)

By taking polar coordinates, one can see that the right-hand side of (105) is equal
to

2
∫ π/2

0

dθ

1 + (r+ sin(θ)/ε)2
.

Since sin(θ) ≥ 2θ/π on [0, π/2], we end up with J1,+
ε ≤ Cε, for some positive

constant independent of ε. Therefore, limε→0 J1,+
ε = 0.

In (106), we take polar coordinates in the left and right integrals. The left one
is equal to

π/2− 1/2
∫ π/2

0

dθ

1 + (r+ sin(θ)/ε)2
,

and the right integral is equal to π/2. By letting ε tend to zero, we obtain that
J1,+

ε tends to π/2.
Finally, we turn to the proof of (87). Let ξ be a smooth periodic function on Γ0

such that ξ(σ) = 1 if |σ| ≤ L/4 and ξ(σ) = 0 if |σ| ≥ 3L/8. Consider the function
k : Γ0 \ {0} → R defined by

k(σ) = ψ(x(σ), y(σ)) +
1
π

ln(|σ|)ξ(σ).

Let us prove that k can be extended by continuity at σ = 0 as a C1 function on
∂Ω. It is clear that the only possible problem occurs at σ = 0. For σ small enough
and different from zero, we have

k(σ) =
2
π

ln(
σ2

x2(σ) + y2(σ)
),

implying that k tends to zero as σ tends to zero. Therefore, k can be extended by
continuity at σ = 0. We next remark that, for x 6= 0, then

| x

x2 + y2
− 1

x
| = y2

|x|(x2 + y2)
.

On N0, y2

|x|(x2+y2) ≤ 2κ2|σ|. Writing k′(σ) on N0 \ {0} as

k′(σ) =
∂ψ

∂τ
+

1
πσ

= (τ(σ)− τ(0)) · ∇ψ +
∂ψ

∂x
+

1
πσ

,

and by using (99) and (101), we have, for σ ∈ N0 and σ 6= 0,

|∂ψ

∂τ
+

1
πσ
| ≤ C|σ|,
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for some positive constant C independent of σ ∈ N0. ¿From the previous equations,
we deduce that k′ tends to zero as σ goes to zero. Therefore k is a C1 function on
∂Ω, implying that k′ is continuous on ∂Ω.

Using finally that p.v.( 1
σ ) is the distributional derivative of the locally integrable

function over R, σ 7→ ln(|σ|) (see for instance [7, Ex. 6, p. 328 ]), we immediately
get (87).

Acknowledgements. The authors would like to thank Karine Beauchard, Eti-
enne Fouvry, Pierre Rouchon, Nessim Sibony, Marius Tucsnak, Claire Voisin and
Enrique Zuazua for helpful comments and for providing accurate references. They
are indebted to Karim Belabas for the argument of Lemma 4.

REFERENCES

[1] J. H. Albert, Genericity of simple eigenvalues for elliptic PDE’s, Proc. Amer. Math. Soc. 48
(1975), pp. 413–418.

[2] S. A. Avdonin, S. A. Ivanov, Families of exponentials, Cambridge University Press, 1995.
[3] J.-M. Coron, Local controllability of a 1-D tank containing a fluid modeled by the shallow

water equations, ESAIM: COCV, 8 (2002), pp. 513-554.
[4] F. Dubois, N. Petit and P. Rouchon, Motion planning and nonlinear simulations for a tank

containing a fluid, ECC 99.
[5] D. Bresch, J. Simon, On the normal variations of a domain, ESAIM: COCV 3 (1998), pp.

251-261.
[6] H. O. Fattorini, Control in finite time of differential equations in Banach space, Comm. Pure

Appl. Math. 19 (1966), pp. 17–34.
[7] G. B. Folland, Fourier analysis and its applications, Wadsworth and Brooks/Cole Maths.

Series, 1992.
[8] D. Gilbarg, N.S. Trudinger, Elliptic partial differential equations of second order, Springer,

Classics in Maths., 2001.
[9] R. S. Hamilton, The inverse function theorem of Nash and Moser, Bull. Amer. Math. Soc.

(N.S.) 7 (1982), pp. 65–222.
[10] V. Ivrii, Microlocal analysis and precise spectral asymptotics, SMM, Springer, 1991.
[11] J. C. Lagarias, A. M. Odlyzko, Effective versions of the Chebotarev density theorem, Algebraic

number fields: L-functions and Galois properties (Proc. Sympos., Univ. Durham, Durham,
1975), pp. 409–464. Academic Press, London, 1977.

[12] B. Ya Levin, Lectures on entire functions, Translations of mathematical monographs, 150,
American mathematical society, Rhode Island, USA, 1996.
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[23] M. A. Shubin, Pseudodifferential operators and spectral theory, Springer Series in Soviet
Math., Springer-Verlag, (1987).

[24] J. Simon, Differenciacion de problemas de contorno respecto del dominio, Universidad de
Sevilla (1991) 122 pages.

[25] M. E. Taylor, Partial differerential equations I, Applied mathematical sciences, vol. 115,
Springer-Verlag, New York, 1996.

[26] K. Uhlenbeck, Generic properties of eigenfunctions, Amer. J. Math. 98 (1976), pp. 1059–1078.

Received October 2004; 1st revision April 2005; 2nd revision August 2005.
E-mail address: yacine.chitour@lss.supelec.fr

E-mail address: jean-michel.coron@math.u-psud.fr

E-mail address: mauro.garavello@unimib.it


