Aufonlafica. Vol. 32, No. 5, pp. 669-677, 1996
Copyright 01996 Elsevier Science Ltd
Printed in Great Britain. All rights reserved
0005-1098196 $15.00 + 0.00

Explicit Feedbacks Stabilizing the Attitude of a Rigid
Spacecraft with Two Control Torques*
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Abstract-We construct explicit time-varying feedbacks that
locally asymptotically stabilize the attitude of a rigid
spacecraft with two controls. Copyright 0 1996 Elsevier
Science Ltd.

1. INTRODUCTION

Rigid-body models for rigid spacecraft with only
one or two controls-control torques provided
by thruster jets-have received much attention.
The controllability of such systems is well
understood. Bonnard (1982) and Crouch (1984)
proved that, in general, such systems are globally
controllable. In Kerai' (1995), following Hashemi
(1992), it was proved that, with two controls, the
system is small time locally controllable in
general. Moreover in KeraY (1995) it has been
shown that, with one control, the system is never
small-time locally controllable.
Stabilizability has been studied only recently.
The first result that was obtained on this subject
is the stabilizability of only part of the system,
namely the angular velocity. Aeyels and
Szafranski (1988) proved that, in general and
even with one control, the angular velocity can
be locally asymptotically stabilized by means of
smooth state feedback-see
also Brockett
(1983), Crouch and Irving (1983), Byrnes and
Isidori (1988), Aeyels (l985), Sontag and
Sussmann (1988) and Outbib and Sallet (1992).
For stabilization of other parts of the system see
Hermes (1980) and Byrnes and Isidori (1991).
Unfortunately, as shown by Byrnes and Isidori
(1991), this is no longer true for the full system,
even with two controls; indeed the system, with
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one or two controls, never satisfies the Brockett
condition (Brockett, 1983) and so cannot be
locally asymptotically stabilized by means of a
smooth state feedback law or even by a
discontinuous feedback law if one considers, as
proposed by Hermes (1967), Filippov solutions
for the closed-loop system (Coron and Rosier,
19%).
In pioneering works, Sontag and Sussmann
(1980) and Samson (1991) pointed out that there
are systems that cannot be locally asymptotically
stabilized by means of state feedback but can be
locally asymptotically stabilized by means of
time-varying feedback. So one may wonder if
our system can be locally asymptotically
stabilized by means of time-varying feedback.
In Samson and Morin (see Morin, 1992)
proposed, for a special case (see below) an
explicit time-varying feedback that displays
asymptotic stabilization on simulation; but no
proof of the asymptotic stability has been
established. Following Hashemi (1992), it was
proved by KeraY (1995) that, after a suitable
change of variables, the rigid spacecraft with two
controls satisfies, in general, a sufficient condition for small-time local controllability due to
Sussmann (1987, Theorem 7.3), and so, by
Coron (1993,1995), can be locally asymptotically
stabilized by means of time-varying feedbacks.
However, it remained to construct such feedbacks explicitly. This construction was performed independently by Walsh et al. (1994) (for
more details, see also Walsh et al., 1995) and by
Morin et al. (1995)-both in the special case
(considered also in Morin, 1992; Hashemi, 1992)
where the torque actions are exerted about the
principal axis of the inertia matrix of the
spacecraft. See also Krishnan et al. (1992) for
explicit time-varying feedbacks such that, for the
same special case, 0 is a local attractor for time
0 for the closed-loop system-but note that, with
these feedbacks, 0 is not locally asymptotically
stable for the closed-loop system. The goal of
this paper is to perform the construction of a
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locally asymptotically stabilizing time-varying

Then u locally asymptotically stabilizes the

feedback in the general case.

control system 2 ; this follows from ( 9 , the fact
that the vector field X(x) + u(x, t)Y is homogeneous of degree 0 with respect to a,, and from
(the time-varying version of) a result due to
Rosier (1992, 1993)-see also Massera (1956),
Kawski (1988) and Hermes (1990) when u is
smooth enough.
Now the strategy is to construct a periodic
time-varying feedback with good homogeneity
that globally asymptotically stabilizes the control
system

2. SKETCH OF THE CONSTRUCTION

In this seition we sketch our construction of a
locally asymptotically stabilizing time-varying
feedback law in the generic case where there are
two controls. After a suitable change of
variables (see Keral (1995) and the Appendix of
this paper), the system can be written as

2: x = f (x, u) = X(x) + R(x) + uY(x), (1)
where x = (x,, . . . ,x,) E R6 is the state, u =
(u,, u,) E R2 is the control,

with c a constant in (0, +m), and R is a
perturbation term. More precisely, note that X is
homogeneous of degree 0 with respect to the
dilation

which means (see e.g. Kawski, 1988; Hermes,
1990) that

where the state is (x,, x,, x3) E R3 and the
control (x,, x,) E R2. By 'good homogeneity', we
mean that, for all t in R, all (x,, x2, x3) in R3, all
E in (0, + m) and all i in {5,6),
Using (as in Coron and Praly, 1991) the method
of desingularization (Praly et al., 1991) and
Sontag's (1988) proof of Artstein's (1983)
theorem, we obtain from such a feedback a
feedback ii: R5 X R + R2, (x,, x,, x,, x,, x,, t) -,
ii (xl ,x2, x3, x,, x6, t) that is periodic in time,
has good homogeneity, and globally asymptotically stabilizes the control system obtained from
5 by adding an integrator on x, and on x,, i.e.
the control system

Then, for a suitable constant C , the vector field
R satisfies, for all E in (0,l) and all x in R6 with
Ix 1 small enough,

roughly speaking, Ri is small compared with X
for the dilation 6,. Let us point out that the case
studied in Morin (1992), Hashemi (1992) and
Morin et al. (1994) is that where c = 1; note that
in this case Rouchon (1992) has proved that the
system I: is flat, a notion introduced by Fliess et
al. (1992).
Keeping in mind this homogeneity with
respect to 6, and following Kawski (1988) and
Hermes (1990), it is natural to consider
time-varying feedback laws u that are homogeneous of degree 1 with respect to a,, i.e. that
satisfy

Indeed, assume that u is homogeneous of degree
1 with respect to 6, and that it is a periodic
time-varying feedback law that globally asymptotically stabilizes (see Definition 3.1) the
control system

where the state is (x,, x,, x3, x5, x,) E R5 and the
control u = (u,, u,) E R2. Now by 'good homogeneity' we mean that for all t in R, all
(x,, x2, x3, x,, x,) E R5, all E in (0, + a ) and all i
in {I, 21,

It remains to take care of x4; in order to do this,
we note that if x: R + R6 and u,: R + R are such
that x(t) = X(x(t)) + u2(t)Y2, and if for some
time t E R, x 1 0 = x 2 0 = x 3 0 = x 5 0 = 0, then,
for all t 2 t (and in fact for all t), x,(t) = x2(t) =
x3(t) = x5(t) = 0. SO a natural idea is to define
u: R6 x R + W in the following way: let t and t'
be in (0, +m) and let, for x = (x,, . . . ,x,) E R6,

where 5, and 5, are constants such that 0 E R2 is
globally asymptotically stable for x4 = x 6 and
i6
= c4x4+ c6x6; finally, we extend u to all
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R6 X R by (z + 7')-periodicity with respect to
time. We see that, for a suitable choice of
z, z', l4 and 56, the periodic time-varying
feedback u locally asymptotically stabilizes the
control system C*, and therefore also the control
system C, since u is homogeneous of degree 1
with respect to 6,.
Our paper is organized as follows. We design
periodic time-varying feedbacks, with the required homogeneities, that locally asymptotically
stabilize 2 in Section 3, in Section 4 and Z*
(and therefore Z) in Section 5.
3. STABILIZATION OF

2

Let us first introduce a definition.
Definition 3.1. A function h : Rn x R + Rm is
almost continuous if there exist a sequence of
time (ti; i E Z) and a sequence of functions
(hi E CO(Rnx [ti, ti+l];Rm);i E Z) such that

lim ti=-m,
i-+-==

lim t i = + m ,

i 4 +=

(15)

Let us point out that if h is almost continuous
then there exists a unique function h that is
equal to h almost every where and satisfies, for
all (x, t) in Rn x R, h(xl, tl)+h(x, t) if x ' + x
and t' + t with t' r t; we use this representative
of h systematically and also call it h for
simplicity.
The feedbacks that we consider are always
almost-continuous. Let F : Rn x R+ Rn be an
almost-continuous function; it is well known (see
e.g. Filippov, 1988, Theorem 1 in Chapter 1) that
the Cauchy problem, where xo E Rn and to E R
are given,
x = F(x, t), x(to) = xo,
(17)
always has a solution, which means that there
exists an open interval I containing to and an
absolutely continuous function x: I + Rn such
that x(to) = xo and x(t) = F(x, t) for almost every
t E I. Note that (17) may have more than one
solution.
Let us now define locally asymptotically
stable-we should in fact say uniformly locally
asymptotically stable.

f = F(x, t), Ix(to)l I p implies that, for any

t ?to, Ix(t)lI E;
(ii) there exists r > 0 such that, for any E >O,
there exists z > 0 such that, for any to in R
and any (maximal) solution of f = F(x, t),
Ix(to)l5 r implies that, for any t 2 to + 2,
Ix(t)l 5 E.
If, in (ii), one can replace 'there exists r > 0 such
that, for any E >O' by 'for any r > O and any
E > 0', we say that 0 is globally asymptotically
stable for i= F(x, t).
Of course, for a control system x = g ( x , u),
where x E Rn is the state, u E Rm is the control,
and g E CO(Rnx Rm;Rn), we say that the
almost-continuous time-varying feedback locally
(respectively globally) asymptotically stabilizes
this control system if 0 is locally (respectively
globally) asymptotically stable for the closedloop system x = g(x, u(x, t)).
After these definitions, we now turn to the
stabilization of 2. Let
let T E (0, + m), and let a: R + (0, + m) be any
function of class C1, or, more generally,
any Lipschitz function whose derivative in
the distributional sense is equal-almost
everywhere-to an almost-continuous function.
We assume that a is t-peridoic with respect to
time and satisfies the following conditions:

3v1> 0 such that 1 + 2a(t) > Y1
for almost every t in R,

(19)

3 V 2 > 0 such that 1 + 2Ka(t) > V ,

for almost every t in R, (20)
a is not a constant function.

(21)

Let 6: R+ R be defined by

For M>O, let us define the continuous
time-varying feedback (G, G): R3 x R+ R X R
by

Definition 3.2. Let F : Rn X R+ Rn be an almostcontinuous function. Then 0 is locally asymptotically stable for x = F(x, t) if
(i) for all E > 0, there exists p > 0 such that, for
any to in R and any (maximal) solution of

In (23), as throughout this paper, we use
the notation pi") = IP\"-'P if P # 0, 0'"' = 0
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R\{O}. Note that (G,&) is T-periodic with

Straightforward computations give

respect to time and has good homogeneity:

x , ( € ~ xE2x2,
~ , EX3, f )
= %(XI,

X2,

X3,t)

w,

X2, X3,

w = - w 1- pW2,
with

t ) E R4,

(32)

Wl = M X ' ( X ~- 361i3XZ+ 3SZi3Z2)

The result of this section is the following.

Proposition 3.1. If M is large enough then the
feedback (&,&) defined by (23) and (24)
globally asymptotically stabilizes the control
system 2.
Proof. Let b: R+ R be defined by

where (see (21))

Note that b is T-periodic with respect to time.
For p E [0, + m ) , let v : R ~ x R - + [ o +, m ) be
defined by

(27)
for all ( x 1 , x 2 , x 3t, ) in R4. Note that V is
T-periodic with respect to time, and has the
following homogeneity

Let us denote by Ai (1 5 i 5 6 ) various positive
constants that may depend on a, c but are
independent of X, Y , Z , M and p. These
constants can be easily estimated from above: for
simplicity we shall not do this. From (18)-(20),
(22), (28) and (33), one gets that there are
constants A , , A2 and A3 such that

from (20), (26) and (34) we find positive
constants A,, A5 and A6 such that

v ( E 2 x 1 E2x2,
,
E X 3 , f ) = E4V(x1,X I , X 3 , f )
V ( ~ , x ~ , x ~ , Ex (0,
~ ,+
t )m ) X R 4 . (28)
We choose p small enough that
From (27) and (29), we find that V > O on
(R3\{0}) x R. Let W: R3 x R -+R be defined by

From (32), (35), and (36), we find positive
constants Mo, po and vo such that, for all M in
[Mo,+ m ) and all p in [0,pol,

which, with (31) and Lyapunov's second
theorem, ends the proof of Proposition 3.1.
0

and let

4-

S 1 " ( 2 ~ x+1 x2/a){li2)
+ x3,

,
/
'

+2 ~ ~ / a ) { " ~ ' ,
Z = (2Kxl + ~ , / a ) { " ~ !
Y

= (x,

By ( l a ) , we have

( X = Y = Z = O ) * ( X ~= x 2 = x 3 = O ) . (31)

Remark 3.1. We could in fact take p = 0 and
conclude by using LaSalle's theorem instead of
Lyapunov's second theorem. The interest in
taking p in (0, pol is that we get an estimate of
the decay of V with time; this is useful if one
wants to estimate some constants that appear in
our time-varying feedback that stabilizes Z (see
Section 5).
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4. STABILIZATION OF 3

Recall that 2 is obtained from 2 by adding an
integrator on x5 and on x6. Our stabilizing
feedback (f5,26) for is not smooth enough to
use directly the procedure due to Byrnes and
Isidori (1989) and Tsinias (1989); we proceed as
in Praly et al. (1991) and Coron and Praly
(1991): we 'homogeneously desingularize' f5and
Xg. Let ~ , : R x R - R and 4 , : R x R - R
be
defined by
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function (see Artstein, 1983; Sontag, 1988; Praly
et al., 1991). Let f = (x, ,x2, x3, x5, x6) E R5 and
let 7: R5 X R2+R5 be defined by f(2, u) =
(x,x6, x, + cx3x6,x,, u,, u2); hence 2 is the
control system i =y(f, u). Let H: R5 X R X
R2+ R be defined by

41(x1, X2, X3, X5, t) = (x5 + Mx3I3
We
can write H = A(f, t) + B,(f, t)u, +
B2(2, t)u2, where the functions A, B, and B2
have the following homogeneity, with 8,f =
(e2xl,r2x2,EX37 EX5, EX^):
Note that 4, and 4, are of class C1 with respect
to the state variablesand of class C1 with
respect to all the variables if a is also of class C1.
Note also that

Moreover, if B,(f, t) = B2(2, t) = 0 then

+,:

As in Praly et al. (1991), we define
R4 X R -+
R, t,b2:R4 x R- R, and V: R5 x R+ R
We choose p in (0, pol and M in [M,, +m) (see
Section 3). In particular, we have (37); using this,
with (31) and (50), we have

Let M be any real number in (0, + a ) . Inspired
by Sontag (1988), we define rl = (rl , a 2 ) :R5 X
R-, R2 by

,

where y is a positive constant. Note that V
is T-periodic with respect to time, vanishes
on (0) x R, is positive outside (0) x R, and has
good homogeneity, i.e., for any r > 0 and
any (x,, x2, x3, x5, x6, t) E R6, we have V(r2x1,
E2x2, EX3,
~ , X5, X6, f).
f ) = E ~ V ( XX2,
Straightforward computations give

where B = (B,, B,). Then ii is T-periodic with
respect to time, 8,-homogeneous of degree 1, i.e.
,
a(8,(f, t)) = ~ r l ( ft)
V(E,2, t)

We use

V as a (time-varying) control Lyapunov

E

(0,

+a)X

R5 x R,

(54)

and (see in particular (51)-(54)) is almost
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continuous. Let W: RS X R+ R be defined by
w := 9 = H(2, t, C(2, t)). It follows from

such estimates. From (51), (55) and homogeneity, we get

(51)-(53) that

on
which, with (51), implies that w 0
(R5\{O)) x R; hence, from Lyapunov's second
theorem, we find that ii globally asymptotically
stabilizes the control system 2.

From x4 = x6 and (60), we get
Since 0 E R2 is locally asymptotically stable for
x4 = X6 and x6 = c4x4+ c6x6, we have

Remark 4.1. Again one could take p = 0 and
conclude by LaSalle's theorem instead of
Lyapunov's second theorem.
which, with (60) and (61), implies
5. STABILIZATION OF X* AND X

We proceed as described in Section 2. Let 5,
and 56 be two real numbers such that 0 E [W2 is
locally asymptotically stable for x4 = X6 and
x6 = C4x4+ 56x6. let z and z' be two positive
real numbers; we define an almost-continuous
function u: R6 X R -+ R2 by

R6 X [O, Z),

(56)

R6 X [z, Z + z'),

(57)

V(x, t)
U(X,l) = (O, 6

E

[z, z + zl]. (63)
On [z, z + z'] we have xs = 0, so, from (60), we
have
Vt

E

Vt

E

[Z, z + Z1], (64)

which, with x3 = x5 and (60), implies

+ 66x6)

4 ~ 4

V(x, t)

E

Vt

E

[z, z + 2'1.

(65)

Using i1
= X5X6, (60), (63) and (64), we get
Let r: R6-+ [O, +m) be a continuous function
that vanishes only on (0) and satisfies, V(x, E) E
R6 x (0, + m), r(SEx)= ~ ~ r ( x )One
.
can take,
for example, r(x) = x: + x i + x: + x: + x: + x:.
Note that u has the required homogeneity: it
satisfies (6). This homogeneity property implies
that any (maximal) solution of x =X(x) +
u(x, t)Y(x) is defined on all R and satisfies, for
some constant C, that may depend on
a, c, r, M, M, p , L4, 56, z and 7' but is independent of the maximal solution,

Let us denote by A i (i 2 7) various positive
constants that may depend on a, c, r, M, M, p ,
c4, 56 and 7, > 0 but are independent of z in
[ ~ + m ) ,of z' in [to, +a) and of x, the
(maximal) solution of x = X(x) + u(x, t)Y(x).
These positive constants can be easily estimated
from above; but, for simplicity, we do not give

Vt

which, with x2 = X,
implies

[z, 2 + 2'1.

(66)
+ CX3X6, (63), and (65),
E

Finally, from (63)-(67), we can get

Vt

We choose
( 4
enough that
from (68), we

[z, z + z'].

(68)
z' large enough that exp(~ ~ and
) ' then choose z large
7' exp (-r/Am) 5 (4~19)-'. SO,
get
E

r(x(z + TI)) 5 &r(x(O)),

(69)
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which proves that
0 is globally asymptotically stable for x

Indeed, from (59) and (69), we get
2-(f2-fl)'(r+7')4r(x(tl))
exp [2C1(5 + T')]

which gives (70). By homogeneity and the
Massera (1956)-Kawski (1988)-Hermes (1990)Rosier (1992, 1993) theorem, (70) implies that 0
is also locally asymptotically stable for x =
f (x, u(x, t)). Let us remark that Massera (1956),
Kawski (1988), Hermes (1990) and Rosier (1992)
deal with vector fields that do not depend on
time, but their results can be adapted to
time-varying vector fields-note
in particular
that, by a result due to Rosier (1993), the
converse of Lyapunov's second ,theorem holds
for time-varying almost-continuous vector field.
Moreover, in our case the fact that 0 is also
locally asymptotically stable for x = f (x, u (x, t))
follows directly from (69). Indeed r is a
8,-homogeneous Lyapunov function for the
Poincare map x(0) +x(z + 5') for x = X(x) +
uY(x) and so also for x =f (x, u(x, t)), near 0, as
follows from standard estimates.
Let us end this section with a comment. One
has 'r-exponential asymptotic stability': it follows
from our construction of u that there exists
ro> 0, Co> 0, A > 0 such that, for any maximal
solution of x = f (x, u(x, t)), any t in R and
any t r 7, lx(7)l Iro implies that r(x(t))
Cor(x(7))exp [- A(t - 01. One can increase the
value of A by the following procedure-which of
course, and unfortunately, decreases ro and
increases Co. Let K,to, t7 and 58 be four real
numbers and let us define six new real numbers
66=58-50, 55=57-50, 54=58-250, 53=
67 - 250, 51 = 57 + 58 - 350 and 5 2 = 57 + 58 4
Let uKye
= (u;.~,u;9: R6 X R+ R2 be the
almost-continuous
function
defined
by
u ;"(x, f) = K&U (K-"x~,. . . , K-"x~,K"t)
and
~ , Then
u;"(x, t) = K ~ u ( K - ' ~.x. ~. ,, K - ~ xK%).
uKp5is 8,-homogeneous of degree 1, i.e. it
satisfies (6). Moreover, if x: R+ R6 is a solution
of x = X(x) + u(x, t)Y then x K 6R + R6 defined
by xr9&(t)
= K ~ ' X ~ ( KVi
% )E [I, 61 is a solution of
= X(xKpe)
+ u"*'(x"*~,t)Y. Easy estimations
xK9&
show the existence of r,",(> 0 and C:15> 0 such
that, for any maximal solution of x =
f(x, uKpS(x,
t)), any T in R and any t 27,
r(x(T)) 5 r:15
implies
that
r(x(t)) 5
Ct.%-(x(T))exp [- AK")(~
- T ) ] ; hence uKpealso
locally asymptotically stabilizes I: and A is now
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replaced by A K & % So, in order to get large A, it
suffices to take So = 1 and K large.
Remark 5.1. Our stabilizing feedback u, which is
only almost-continuous, can be easily transformed into a continuous stabilizing feedback.
Indeed, one can always take a to be of class C1,
and then, for E > 0, define u,: R6 X R+ R2 by

Then u, is continuous and, for some eo > 0 that
can be estimated from below, u, locally
asymptotically stabilizes I: for any E in (0, E ~ ) .
6. CONCLUSIONS
We have constructed time-varying feedbacks
that locally asymptotically stabilize the attitude
of a rigid spacecraft with only two control
torques. Such feedbacks, the existence of which
was proved in Coron (1993, 1995) and Kerai
1995), had been constructed previously by Morin
et al. (1994) in a special case.
Our time-varying feedbacks depend on various
constants and on two functions (a and r). This
offers some flexibility. It would be interesting to
study the influence of these parameters on the
'quality' of the stabilization (the size of the
basin of attraction, the rate of convergence,
robustness, etc.).
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APPENDIX
In this Appendix we derive (1). Let q = (4, 9, rl/) be the
Euler angles of a frame attached to the spacecraft,
representing rotations about a reference frame, let
w = ( w , , w2, w,) be the angular velocity of the frame
attached to the spacecraft with respect to the reference
frame, expressed in the frame attached to the spacecraft; let J
be the inertia matrix of the satellite. The evolution of the
satellite is governed by the equations.

where v , E R and v2 E R are the controls, v l b l E R3 and
v2b2E R3 are the torques applied to the satellite, S ( w ) is the
matrix representation of the wedge product, i.e.
0

0 3

-02

(A.2)
and
cos 9
0
sin 9
sin 9 tan 4 1 -cos 9 tan 4
-sin 9/cos 4 0 cos 9/cos 4

+

Without loss of generality, we may assume that { v l b l
v 2 b 2 :( v , , v2) E. R2} = (0) X R2. SO, after a change of control
variables, (A.l) can be replaced by

with L, w = Dl w , + El w2 + 4 w3 and q ( o ) = Aw$ + Bw2w3 +
CW;. For the system (A.4), the controls are Vl and V2. It is
proved in KeraY (1995) that Q changes sign if and only if the
control system (A.l) satisfies the Lie-algebra rank
condition-which is a necessary condition for controllability
(Sussmann and Jurdjevic, 1972). From now on, we assume
that Q changes sign-this is a generic situation. Hence, after
a suitable change of coordinates of the form
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In these coordinates, our system can be written as

the system ( A . 4 ) can be written as

e l=

02(;)3

+G1L2(6),

d3=u2,

=U1,

=A(7))P6,
(A.6)

with L 2 6 = D 2 6 , + E 2 h 2 + F2G3. let c = det P ; we can
always choose P so that c > 0. Let
X 1 = G l , X 5 = G 2 , X6=G3,
1
x3 = - ( d p e
C

- bpl(i),
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1
x4 = - ( - c p O
C

+ apJI),

(A.7)

( A 8

where R , , R 2 , R3 and R4 are analytic functions on a
neighborhood of 0 such that, for a suitable positive constant
C , one has, for all x in R%ith 1x1 small enough,

