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LINEARIZED CONTROL SYSTEMS AND APPLICATIONS
TO SMOOTH STABILIZATION*

JEAN-MICHEL CORON

Abstract. For a control system f(x, u), the author proves that, for generic feedback laws z such that
f(x, u(c)) does not vanish, the linearized control systems around the trajectories of f(x, u(x)) have the
same strong accessibility algebra as f. Applications are given to the smooth stabilization problem.
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Introduction. In two previous papers ([C1], [C2]) we showed that in order to stabilize
asymptotically a nonlinear control system, it is sometimes useful to generate control laws
which may dependmsmoothlymon time, state, or initial data such that the strong acces-
sibility algebras of the linearized control systems, around the trajectories of the nonlinear
system obtained by using these control laws, are as large as possible, i.e., are equal to the
strong accessibility algebra of the nonlinear control system at each point and time. If a
control law has such a property we will say that it saturates the nonlinear system or that
it is saturating. Such control laws can be perturbed in a suitable way in order to allow
interesting local modifications of the trajectories. For example, if a saturating feedback
law stabilizes the nonlinear control system, but not asymptotically, and if the strong ac-
cessibility algebra of the nonlinear system is large enough (in particular if it is equal to
the tangent space at each point) then we can perturb slightly the feedback law in such
a way that the new feedback law stabilizes asymptotically the nonlinear system. This is
the well-known Jurdjevic-Quinn theorem [JQ]. This is applied in [C1]: The main idea of
[C1] is to prove, for nonlinear systems without drift, the existence of saturating periodic
time-varying feedback laws which stabilize, but not asymptotically, the nonlinear system;
the existence of such feedback laws implies that any nonlinear system without drift which
satisfies the accessibility rank condition can be asymptotically stabilized by means of peri-
odic time-varying feedback laws. In [C2] we use the fact that, given an embedded curve C
in the state space, any saturating open loop control depending smoothly on the initial data
and on time can be modified slightly in such a way that, if the nonlinear control system
satisfies the strong accessibility rank condition and if the dimension of the state space is at
least four, with the new control the curve at any time is still embedded. This embedding
property allows us to transform, along the trajectories starting on E, the open loop control
law into a time-varying feedback control. This is important for the stabilization problem
(see [C2] for more details).

In [C2] we briefly sketched the main part of a proof (relying partly on [C1 ]) that generic
control laws depending .smoothly on time and on the initial data saturate the nonlinear
control system (if the strong accessibility algebra has constant rank). We give here the
details of this proof (and we will see that, in fact, the constant rank hypothesis is not
needed). Moreover we obtain the same result for feedback laws: Generic feedback laws
such that the closed loop control system has no singular points in a fixed open set saturate
the system on this open set.
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Let us mention that our results are connected to the prior works [S1] and [G]. In [S 1]
Sontag showed that if a system is completely controllable then any two points can be joined
by means of a control law such that the linearized control system around the associated
trajectory is controllable. In [G, 2.3.8.E, Thm., p. 156] Gromov showed that generic
underdetermined linear (partial) differential equations are algebraically solvable; saturation,
when the strong accessibility rank condition is satisfied, implies (and is in fact equivalent
in the analytic case) to the algebraic solvability of the linearized control systems (see [INS]
or [G, 2.3.8.(B)]). In our situation the linear differential equations are not generic; only
the controls are generic, but this will be sufficient to get the result.

Recently Sontag obtained, as a consequence of an important result on observability
due to Sussmann [$3], the following result: If the nonlinear analytic system f(x, u)
satisfies the usual strong accessibility rank condition, then for any generic control law u
in C([0, T]) the linearized control systems around the trajectories of gc f(x, u(t)) are
controllable on [0, T]. The novelty of this result compared to [C2, 2] is that now the
control laws do not depend on the initial data. However, the method sketched in [C2]
and that we present here in detail allows us to get this result without using [$3]; it also
allows two slight improvements: We can assume f to be only C--we need in this case
to modify the definition of the strong accessibility rank condition in a natural way--and the
linearized control systems can be required to be controllable with impulsive controls for all
time in [0, T]. Let us remark that controllability with impulsive controls of the linearized
control systems is important to get the embedding property mentioned above and used in
[C2].

We also give some direct applications of our results on the genericity of saturating
feedback laws to the asymptotic stabilization problem. Finally, we give straightforward
modifications of our main proof in order to obtain results on observability spaces and
codistributions instead of accessibility algebras.

1. Definition and statements of the main theorem and corollaries. Throughout this
paper "manifold" always means finite-dimensional Hausdorff, second countable manifold of
class C. Unless otherwise specified the manifolds have no boundary. For two manifolds
V and W, and for p in I t3 {x} CP(V; W) denotes the set of maps from V into W which
are of class CP; for p in I, this set is equipped with the (fine) Whitney CP-topology (see,
e.g., [GG, p. 42]) called, for simplicity, CP-topology. On C (V, W) we define a topology,
called the C-topology, in the following way. For an integer k, let Jk(V, W) be the set of
k-jets of C-mappings from Vointo W. Let (/f, E I) be a sequence of compact subsets
of V such that K0 3, K CK+ for all integer i, and UI.K V. For a sequence
k (k;i E ) of integers and for a sequence U (U;i I) where U is an open subset
of jki (V, V) for all integer i, we consider the set O(k, U) of u in C(V; W) such that
ju(V\ If) c U for all integers i. Our C-topology is the topology whose basis is the
family of set O(k, U) where k and U are as above. This topology is independent of the
choice of (/(; I) and is finer than the Whitney C-topology if V is not compact; for
example, {u C((O, +x);]);lim0 u()(x) --0 for all I} is an open set for our
topology, but is not open for the Whitney C-topology. Note also that C(V; W) with
our topology, as C(V; W) with the Whitney C-topology, is a Baire space (the proof
is similar to the proof of [GG, Prop. II.3.3]). Let us mention that Theorem 1.3 following
holds also for the Whitney C-topology, but our C-topology is slightly more convenient
for the applications to the stabilization problem.

Let N be a manifold, TN its tangent bundle, m a positive integer, U an open subset
of. We denote by Cff(TN) the set of f in C(N U; TN) such that

(1.1) f(x,u) ETxN for all (x,u) inNU.
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For two elements fl and f2 ofC(TN) we define the Lie bracket [fl, f2] E C(TN) by

(1.2) [fl, f2](x, u) [fl (’, u), f2(’, u)](x)

where, in the right-hand side of (1.2), [., .] denotes the usual Lie bracket of tangent vector
fields on N.

Let f be in C(TN). We define the strong jet accessibility algebra of f by the
following definition.

DEFINITION 1.1. The strong jet accessibility algebra of f is the vectorial subspace
A(= .A(f)) of the vectorial space C(TN) defined by

(1.3) .,4 Span {{oll f/ou;c Nm,c # O) k3 Brz{Oll f/ou;c Nm}}

where, for a family .T" C C(TN),Brz(J) denotes the set of iterated Lie brackets of
elements in .T" of length at least two. For example, Of/Ou, [f, Of/Oui], and Ozf/ouiOuj

are in .,4. Let us remark that the strong jet accessibility algebra differs slightly from the
classical strong accessibility algebra 0 (see, e.g., the definitions in [S1, p. 549] and [SJ,
p. 101 ]). Note that

(1.4) {g(x,u);geA}C{g(x);gC0)=C0(x) VxN, VuEU

and that the inclusions in (1.4) are equalities if, for example, f is a polynomial with respect
mto u (e.g., the classical affine case f(x, u) fo(x) + i=l uifi(x)) or if N and f are

analytic and U is connected. Note that {g(x, u); g A} depends only on the jet (of order
o) of f at (x, u); this is the reason for our terminology.

For (x, u) in N U, let

(1.5) a(x, u) {g(x, u); g ,4} C TN.
Let us remark that, if (1.4) is an equality for all u in U, then

(1.6) a(x,ul)=a(x,u2) for all (u,u2) inUU.

Let x be in N and u be a smooth map, with values into U, defined on a neighborhood of
x. Let fo(Y) f(y,u(y)) e Tyg and, for e [1,m], let f(y) Of/Oui(y, u(y)). We
define ae(x; u) C TN by

(1.7) ae(x; u) Span{ado(f)(x), k > O, e [1,m]},

with, as usual, adfo(f) f and ado(f [fo, adk(f)]. Let us remark that ae(x;u)
can be interpreted in the following way. Let 7, defined on an open interval of F containing
0 with values in N, be such that

(1.8) ;y(t) =/(7(t), u(7(t))),
(1.9) 7(0) x.

The linearized control system around 7 is the time-varying linear system

with

(1 11) A(t) Of-x(7(t),u(7(t))),
(1.12) B(t)w EWiu (7(t)’ u(7(t))),

i--I

(1.10) A(t)z + B(t)w,
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and where w E Im is the control and z(t) TT(t)N is the state. Then we easily check
that, with obvious notations,

d
_A(t) B(t) w;w’ i>O(1.13) ae(x;u) Span - t--O

The right-hand side of (1.13) is just the classical strong accessibility algebra, evaluated at
t 0, of the time-varying linear control system (1.10).

We introduce the following definition.
DEFINITION 1.2. A control u C (N; U) saturates f at x if

(1.14) ae(x; ) a(x, (x)).

Moreover u saturates f on a subset S c N if it saturates f at all points of S.
Let us remark that we always have

a(x; ,) C (x, (x))

and that, ifa(x, u(x)) TxN, then (1.14) is equivalent to the controllability with "impul-
sive controls" at time 0 of (1.10) (see, e.g., [KAI; p. 614]).

Let Y be a manifold, let h be in C(N; Y), and let

(1.16) f C {u C(Y; U);h’(x)(f(x, u o h(x))) OVx e N}.

Then we will provide proof in 2.
THEOREM 1.3. Assume that, for the CC-topology,

(1.17) f is open.

Then the set of u in f such that u o h saturates f on N is residual in f (for the C-topology).
Let us recall that a residual set is the countable intersection of open dense subsets.

Since, if (1.17) holds, 9t is a Baire space, the set of u in Ft such that u o h saturates f on N
is dense in f (for the C-topology). Let us also remark that, if in Definition 1.2 we replace
a(x, u) by/20(x), then Theorem 1.3 is wrong, e.g., N U Y , h(x) x, f(x, u)
+ exp(-1/u2), and f C(,): With Eo(x) instead of a(x,u) in Definition 1.2

u E C(,) saturates f if and only if it does not vanish, and such maps are not dense
in C (; ).

We may wonder if the set of u in C(N; U), which saturates f on N, is residual in
C(N; U). The answer is no, in general. Let us give an example.

Example 1.4. Let N 3, U 9., and

(1.18) f(x, ) (Ztl, zt2, XllZ2 x2/zl).

We easily check that a(x, u) TxN 3, for all x in 3 and all u in ], and that u in
C(3; 2) saturates f at x if and only if

(1.19) u(x) # O.

But the set of C(; ]2), which do not vanish on , is not dense in C(I; 2).
For r > 0, let

Btr {x e n; o < Ixl <
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In 3 we will obtain the following corollary of Theorem 1.3.
COROLLARY 1.5. Assume N ]’,0 E U, and f(0,0) 0. Assume also that

c f(x, u) can be globally (respectively, locally) asymptotically stabilized by means

of a continuous feedback law. Then it can be globally (respectively, locally) asymptotically
stabilized by means of a continuous feedback law x -- u0(x), C on n\{0} (respec-
tively, t3 for some r > O) which saturates f on n\{0} (respectively, /3); in particular
if a(x, u) n for all (x, u) in (n\{0}) U then the linearized control systems around
the trajectories of f(x, u0(x)) are controllable with impulsive controls at each time t
such that x(t) # 0 (respectively, x(t) t3r).

Let us mention that this corollary is related to a previous result proved by Sontag
in [S1]. There it is proved, in particular, that if :b f(x, u) is completely controllable
and satisfies a(x, u) Tx(N) on N U, then any two points of N can be joined by a
trajectory of ic f(x, u(t)) such that the linearized control system around this trajectory is
controllable. Our corollary can be viewed as a "stabilization" version of this controllability
result.

Our next corollary of Theorem 1.3 concerns systems on N- ’ such that

(1.21) 0 U,

(1.22) f(0, 0) 0,

and

(1.23) f(x,u). VV(x) <_ 0 for all (x,u) in ]n U,

where V C (n; [0, +)) satisfies

(1.24) V(x) 0 x 0

and

(1.25) lim V(x)-

Then we have the following statement which is proved in 3.
COROLLARY 1.6. Assume that (1.21), (1.22), (1.23), (1.24), and (1.25), hold. Assume

that

(1.26) f(x, O) # 0 for all x in ]n\{o},

and that, for all x in n\{0}, there exists 9 in fit tO {f} such that

(1.27) 9(x, 0). VV(x) : O.

Then c f (x, u) can be globally asymptotically stabilized by means of a feedback law of
class C.

Let us give an application of Corollary 1.6.
Example 1.7. Let V C(n; [0, +x)), satisfying (1.24) and (1.25). Let Xo, X,X2

be three vector fields on n of class C. Assume that

(1.28) LxV=O Vi{0,1}.
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Assume also that

(1.29) Xo(0) 0

and that

(1.30) Lx2V(x) 7O if x ER’\{0} and X0(x)=0.

Let .T" be the set of iterated Lie brackets of the vector fields X0 and X1. Assume that, for
all z in n\{0} such that LxoV(z) 0, there exist X in .T" and k in I such that

(1.31) Ladx(x)V(x 7k O.

Then gc Xo + ulX1 + u2X2 can be globally asymptotically stabilized by means of a
feedback law of class C. Indeed, let

(1.32) f(z, u) Xo(z) Lx2V(z)Xz(z) + ’/X1 (z)- u(Lx2V(FE))X2(88);

then (1.22), (1.23), and (1.26) are satisfied. Let us remark that if X in f, z in In, and
k in I satisfy Laa (x2) V(z) - 0 and Laa) (x2) V(z) 0 for all E [0, k 1], then

L,a2x((Lx2V)x)V(z 0; then it follows easily from (1.31) that (1.27) holds. Note that a
direct application to our situation of [JQ] would require that (1.31) hold with X X0.

Our next corollaries of Theorem 3.1 concern time-varying control systems (but also
give nontrivial information for time-independent control systems). Therefore, now f
C(N x I x U; TN) with

(1.33) f(x,t,u) TxN for all(x,t,u) inNxlxU

where I is an open subset of IR. Associated with f is the time-independent system on
NxI

(1.34) E :b f (x, r, u), 4- 1.

Let az and a be the corresponding maps for system
(z,’r,u) in N x I x U,

Let us remark that, for any

(1.35) c x {o},

where we have identified T(x,)(N x I) with TxN x TI. Let us define, for (z, r, u) in
NxIxU,

(1.36) {x; (x, o) e

and, for u in C(N x I; U),

(1.37)

For example, Of/Oui, 02f/OtOui q- [f, Of/Oui], 02f/OttiOuj evaluated at (x, r, u) are in
a(x, r, u). Of course, if f does not depend on t (and u does not depend on t) then the new
a(x, t, u) (and the new ae(x, t; u)) coincides with the previous a(x, u) (and the previous
ae(x; u)). For S C N x I we will say that u C(N x I; U) saturates f on S if

(1.38) ae(z, t; u) a(z, t, u(z, t) for all (z, t) in S.
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Then our next corollary is the following.
COROLLARY 1.8. The set of u in C (N I; U) which saturate f on N I is residual

in C(N I;.U). The set of u in C(I; U) which saturate f on N I is residual in
C(I;U).

Proof. Apply Theorem 1.3 to system E with Y N I (respectively, Y I),
h(z, t) (z, t) (respectively, h(z, t) t), and f C(Y; U) (let us note that the vector

h’(z, t)(f(z, t, u(h(z, t))), O/Ot) never vanishes).
Let us remark that, in our previous work [C2, Thm. 2.1; Remark 2.2], we stated (with

a sketch of proof) an open loop version of the first part of Corollary 1.8. This open loop
version can be derived by applying Theorem 1.3 to the system on N (0, T) A 5:
9(z, u, A), 4- 1, 0 with Y (0, T) A and h(z, -, A) (7-, A). Let us remark also
that the second part of this corollary is strongly related to a result due to Sontag: In [$2] he
proves that a consequence of [$31 is that, if f E C(TN) satisfies a(z, u) TxN on N x U
and is analytic, then, for T > 0, the set of u in C ([0, T]; U) such that all the trajectories
of :b f(z, u(t)) defined On [0, T] have a controllable linearized control system is residual
in C ([0, T]; U). This result also follows from Corollary 1.8 (take I (-T, 2T)...) even
with controllability with impulsive controls of the linearized systems and f not necessarily
analytic.

Of course, we have a similar corollary for periodic systems. More precisely, assume
that I and that for some positive real number T

(1.39) f(x, t + T, u) f(x, t, u) for all (x,t,u) inNxaxU.

Denote by C(Nxlt; U)
_
C(Nx (I/TZ); U) (respectively,

U)) the set of u in C(N x ItS; U) (respectively, C(N; U)) which are T-periodic in time.
Then we have the following corollary.

COROLLARY 1.9. The set of u in C(N ; U) (respectively, C(N; g)) which
saturate f on N x a is residual in C(N x II; U) (respectively, C(I; U)).

Proof. Consider E has a system on N x (RITZ)
A direct consequence of the first part of Corollary 1.9 is the following time-varying

version of Corollary 1.5.
COROLLARY 1.10. Assume that f E C(I It U;I’) satisfies (1.39) (with

N IIn),0 G U,f 0 on {0} x N x {0}, and that gc f(z,t,u) can be globally
(respectively, locally) asymptotically stabilized by means of a continuous T-periodic time
varying feedback law. Then f(z, t, u) can be globally (respectively, locally) asymptot-
ically stabilized by means of a continuous T-periodic, time varying feedback law, of class
C on (]l%n\{0}) (respectively, {x n;0 < Ixl < r} for some r > O) which
saturates f on (Nn\{0}) It (respectively, {x Nn;0 < Ix < r} N).

The first part of Corollary 1.9 allows us also to give a time-varying version of Corollary
1.6. Let, for T > 0, V in C(R x ; [0, +oc)) be such that

(1.40) V(x,t+T):V(x,t) V(x,t) 6a I,

(1.41) V(z, t) 0 :v z O,

and

(1.42) lim V(x,t) +oc Vt .
Assume 0 U and let f C(I x I x U; I’), satisfying (1.39) be such that

(1.43) f(0, t, 0)=0 VtI
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and

(1.44)
OV ’ OV

(x t)+ E fi(x t, (x,t) <0 V(x,t,u) eN P U.

Then we have the following corollary.
COROLLARY 1.11. Assume that, for all (x,t) in (n\{0}) [0, T] such that

av
(, t) o,avat (, t) + y,(, t,

=1

(1.45)

there exists h in a(x, t, O) such that

Ov
(z, t) < o(1.46) Zhx

i-I

Then 2 f(x, t, u) can be globally asymptotically stabilized by means of a T-periodic,
time varying feedback law of class C.

Remark 1.12. Assume that all the assumptions of Corollary 1.6 hold except (1.26).
Then, applying Corollary 1.9 with V(x, t) V(x) and f(x, t, u) f(x, u), we get that,
for all T > 0,2 f(z, u) can be globally asymptotically stabilized by means of a T-
periodic, time varying feedback law of class C. In general 2 f(x, u) will not be
locally asymptotically stabilizable by means of a continuous feedback law u u(x), e.g.,
n 2, m 2, f(x,u) (--UU(UlXl + X2), --U’(UX + X2)), V x2 + x22" The
assumptions of Corollary 1.5 hold except (1.26), but f does not map a neighborhood of
zero in F2 F2 onto a neighborhood of zero in I and therefore, by a theorem of Brockett
[B], 2 f(x, u) cannot be locally asymptotically stabilized by means of a continuous

,aw ( (x)).
In our next corollary we have again 0 e U and f C(]’ U; n) satisfying

(1.39) (with N ]n) and (1.43). We assume that there exists CC( U; U) such
that

(1.47)
(1.48)

and

(t + T, ) (t, ,) V(t, ) e x u,
f(x, T t, a(T t, u)) -f(x, t, u) V(x, t, u) It x I x U,

(1.49) (t,O) 0 Vt e

Let Fn ] -- n be defined by

(1.50) cot f(Z’ t, 0),

(1.51) (x, 0) x.

We assume also that f is such that is defined on F F. Note that by (1.48) and (1.49)
we have

(1.52) (x, T) x for all x in ]n.

Let V C(]n; [0, +oc)) be such that

(1.53) V(x) 0 = x O,
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lim V(x)(1.54)
Ixl---,+

and let W E (I x I; [0, +oc)) be defined by

(1.55) --0t - Z fi(x, t, O) , O,
i=1

(1.56) W(z,O) V(z) Vz an.
We have W(z,t) V((z,t)) and therefore by (1.43), (1.52), (.1.53), and (1.54), W
satisfies (1.40), (1.41), and (1.42). Then our next corollary follows.

COROLLARY 1.13. Assume thatfor all (z, t) in (an\{0})x there exists X in a(z, t, O)
such that

ow
( t) # o.(1.57) Xii=l

Then f(z,t, u) can be globally asymptotically stabilized by means of a T-periodic,
time vaing feedback law of class C.

Let us give an example. Assume

(1.58) f (z, t, u) f (z, u)
(1.59) (t, u) (u).

Assume that, for ffl,... ,tip in N(f) (see (1.3)), the control system

P

(.60 z. (,0)
i=l

is globally asymptotically stabilized by means of continuous feedback law; then the con-
clusion of Corolla 1.13 holds. Indeed let (l,..., p) be a continuous feedback law
which globally asymptotically stabilizes E. By a generalization of Kurzweil [KUR] of the
converse of a classical Lyapunov’s theorem there exists V C(R; [0, +)) satisfying
(1.53) and (1.54) such that

(1.61) Vz N{0} Bi [1,p] such that 9i(z,O) VV(z) 0.

Hence the assumptions (and therefore the conclusion) of Corollary 1.13 hold. Note that
if f(z, ) i uifi(z), this result has been already proved in [C1] (see [C1, Remark
5.11). In this case E is called, in the literature, an extended system of il ifi(z)
Links between trajectories of the extended systems and the trajectories of il ifi(z)
have already been extensively studied (see, e.g., [HH], [KW], [LS], [SL], and the references
therein). Note also that Corollary 1.13 implies [C 1, Thm. 1.11, [C 1, Remark 5.1], [C2,
Prop. 1.2], and [CA, Thm. 1].

Our proof of Theorem 1.3 can also be used to obtain similar results for observability.
Let be in C(N; Nq), where q is some positive integer. Let

(1.6) D {0 f/O; } c C(TN)

and let O be the observation space defined, as a subspace of C(N x U; Rq), by

(1.63) O Span{LxLx_, ...Lx,;k O,X DVi [1,k]}
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where Lx denotes the usual Lie derivative, u E U being considered as a parameter, and
where, by convention, if k O, Lx,Lx,_... Lxq . We define the observability
codistribution dO by--where again u E U is a parameter--

(1.64) o {; o} c Cy(T*X).

Let o(z, u) and do(z, u), the observation space and the observability codistribution at

(z, u) N x U, be defined by

(1.65) o(, ) {(, ); o} c

and

(1.66) do(z, u) {w(z, u); w dO} C (TN)q.

For u in C(N; U) we define, with X(x) f(x, u(x)),

(1.67) oe(x; u)- Span{(Lc)(x); k >_ 0} C ]q

and

(1.68) doe(x, u) Span{(dLx)(x); k >_ 0} C (TN)q.

Similarly, if I is an open subset of and u is in C(N x I; U), we define, for (x, t) in
NxI,

(1.69) oe(x, t; u) Span - + Lx (x) ;k_>O} cq

and

(1.70) doe(x, t; u) Span - + Lx ) (x);k>0} C(TN)q

with X(x,t) f(x, u(x,t)). We have, for all x in N and all u in C(N; U),

(1.71) o,(, ) c o(, ()),

and for all (x, t) in N I and all u in C(N x I; U),

(1.72) o,(, t; ) c o(, (, t)).

Moreover, if

(1.73) h’(x)(of(x,u))-0 V(x,u)NI and Vi[1,m],

then for all x in N

(1.74) doe(x; u) C do(x, u(x) ).

Similarly, for all (x, t) in N I and all fi in C(I; U),

(1.75) doe(x, t; u) C do(x,
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with u(x, t) z(t).
The counterpart of Theorem 1.3 to this situation is the following theorem.
THEOREM 1.14. Assume that (1.16) and (1.17) hold. Then the set of u in 9t such that,

for all x in N,

(1.76) oe(x; u o h) o(x, u o h(x))

is residual in 2. If, moreover, (1.73) holds, then the set of u in f such that, for all x in N,

(1.77) doe(x; u h) do(x, u h(x))

is residual in f.
We will give in 3 the modifications of the proof of Theorem 1.3. in order to get

Theorem 1.14. As Corollaries 1.8 and 1.9 are corollaries of Theorem 1.3, we have the
following corollary of Theorem 1.14.

COROLLARY 1.15. The set of u in C(N I; U) (respectively, C(N I; U) where
T > 0), such that (1.72) is an equality for all (x, t) in N I (respectively, N I),
is residual in C(N I; U) (respectively, C(N I; U)). The set of z in C(I; U)
(respectively, C(I; U)) such that, with u(x, t) 2(t), (1.72) is an equality for all (x, t)
in N ! (respectively, N I), is residual in C (I; U) (respectively, C(I; U)). The set

of z in C(I; U) (respectively, C(I; U)), such that (1.75) is an equality for all (x, t) in
N I (with, again, u(x,t)- z(t)), is residual in C(1; U) (respectively, G’(I; U)).

Remark 1.16. The last statement of Corollary 1.15 is related to a result obtained,
independently of us and with different methods, by Wang and Sontag in [WS] when f is
analytic.

As an application of Theorem 1.14 and Corollary 1.15 let us give an improvement
of Example 1.7. Again let V E Ccxz(]n;[0,--oo)), satisfying (1.24) and (1.25). Let
X0, X1, X2 be three vector fields on n of class C. Assume (1.29) and

(1.78) LxV < O ViE{O, 1}.

Assume also that, for all x in n\{0} such that LxV(x) O, there exist a positive integer
and k vector fields Y1,..., Yk .in the Lie algebra generated by X0 and X such that

(1.79) L...LyV(x) 0 or Lv...LLxV(x) O.

Then we have the following corollary.
COROLLARY 1.17. Under the above assumptions, for any positive real number T, c

Xo(x) + uX(x) + u2X2(x) can be globally asymptotically stabilized by means of a
time varying, T-periodic feedback law of class C. If moreover, Xo does not vanish on

{x ]n\{O);Lx, V(x) LxV(x) 0} then c Xo(x) + uX(x) + u2X2(x) can be
globally asymptotically stabilized by means of a feedback law of class C

Proof Let us start with the second part of this corollary. We first note that we may
assume that

(1.80) Zo(x 0 Vx ]n\{0}.

Indeed, if Xo Xo (Lx, V)X1 (Lx2V)X2, then

(.8) Xo(x) 0 Vx \{0}

and

(1.82) (Xo, X1,X2)
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satisfies the assumptions of Corollary 1.17. Hence replacing, if necessary, X0 by X0,
we may assume (1.80). We now apply Theorem 1.14 with N Itn\{0},m 1,U
,f(x,u) Xo + u21X1,Y \{0}, h(x) x,q 3, (LxoV, Lx, V, LxV) and
f an open neighborhood of u 0 small enough so that (1.16) holds (see (1.80) and
any u in f extended by 0 at 0 is of class C on I’. We get the existence of in
Ccx (]ln; [0, +(3o)) such that

(1.83) g (0) 0

andmsee (1.76) and (1.79)m

(1.84) {x In;Lkx+lV(x) LkxLx, V(x) LkxLx2V(x) -O, Vk _> O} c {0}

with X X0 + 21X1. Note also that, by (1.78),

(1.85) LxV <_ O.

Finally, using the improvements of [JQ] given in [LA, Thm. 1] or [OS, Prop. 1], we get
that u (21 Lx, V,-Lx2 V) globally asymptotically stabilized gc Xo + ulX1 + u2X2.
The first part of Corollary 1.17 can be obtained in a similar way by using Corollary 1.15
(and more precisely the result dealing with C(N ]; U) and o) instead of Theorem 1.14.

2. Proof of Theorem 1.3. For a subset S of N, let us denote by fY(S) the set of u
in f such that u o h saturates f on S. If, for all compact subsets S of N, fY(S) is residual
in f, then fY(N) will also be residual in f; indeed N I,J,r S, for some sequence
(Sn’, n E N) of compact subsets of N and we have fY(N) I’-’ln ft’(Sn). So it remains
only to prove that, if

(2.1) S c N is compact,

then fY(S) is residual. Now we fix S satisfying (2.1) and, for simplicity, we will write f’
for a’(S).

We equip N with a Riemannian metric. This allows us to define, for X in TxN and
E C TxN,

(2.2) d(X, E) Inf {IX- ZI; Z e E},

where I" is the norm on TxN defined by the Riemannian metric. Let K be a compact set,
let g be in ,A, and let 6 be a positive real number. For such K, g, and S we define

(2.3) a(K, g, 6) {u e a; d(g(x, (x)), at(x; )) < ; gx h-1 (/(’) CI S},

where g u o h. Clearly, for a suitable sequence ((gn, 6n); n G l),

nN

Hence, if f(h(S), g, 6) is open and dense in f, ft’ is residual in f. The fact that f(h(S), g, 6)
is open follows from the upper semicontinuity of the map N C(N; U) [0, +cx),
(z, u) d(9(z, u(z)), at(z; u)) and from the compactness of S. It remains only to prove
that

(2.4) ft(h(S), g, ) is dense in f.
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We equip Y with a Riemannian metric, and still denote by I" the associated norm on TuY.
Let Q be a compact neighborhood of h(S). For a positive real number/3, let

Ut {u e 2; ]h’(x)(f(x,-(x)))l > lie Vx e S,

and

(2.6) fe(K, y, 5) fe fq a(K, 9, 6).

Clearly (2.4) will be proved if we check that, for all positive real number/3,

(2.7) fz(h(S), g, 5) is dense in

We now consider/3 as a fixed positive real number. Then, from (2.5), we see that there
exists a finite number of compact subsets K, K2,..., K,, each one included in a coordinate
chart of Y, such that

(2.8)
n

[_J
i--!

and, for all u in fe, there exist n maps 0,..., O in C (Y, I) such that, with u- u o h,

(2.9) (0 c) h)’(x)(f(x,o(x))) :/: 0 Vx E h-’(K) fq S.

Clearly,

(2.10) fZ(h(S), g, 5) N e(Ki, g, 6)
i=1

and

(2.11) fz(Ki,g, 6) is open Vi e [1,n].

So (2.7) will be proved if we check that fe(Ki, g, 6) is dense in fe for all in [1, n]. We
now fix in [1, n] and, for simplicity, we will omit this index: We will write fe(K, 9, 6)
for fe(K, 9, 6) and 0 for 0. Let u be in fe; we want to check that

(2.12) u fe(K, g, 5).

Let K be a compact neighborhood of/ also included in a coordinate chart of Y. In order
to prove (2.12) it suffices to check that, given an integer # and a positive real number c,
there exists u in f(/, 9, 5) such that

(2.13) support (u- u) C K1,

(2.14) lu- ulK,,. Max{10(u- u)/Oy’(x)l;

where, in (2.14), the derivatives are computed in a fixed coordinate chart containing K.
We choose a function r/in C(Y; [0, 1]) such that

(2.15) r/= on a neighborhood of K
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(2.16) Support (r/) C K1.

Let

(2.17) C(N; Rm) {b E C(I;Nm);b(t + 27r) b(t)Vt e

Let 0(= 0i) C(Y;I’), satisfying (2.9) (with Ki K). For b in

# I\{0}, and - (0, 1] we define u in C(Y; a’)--as in [C2,

(2.18) u(y) u(y) + <r(y)b(O(y)/r).

Then using (2.16) we have (2.13). Moreover, if - is small enough (depending on b, #, and
e), (2.14) is satisfied. We are going to check that for generic (and universal; they do not
depend on K, 9, 6, f...)b in C2(; R") we have, if # is large enough,

(2.19) u f(K, g, 6) for "r small enough.

Let

(2.20) g U o h (El, 2,..., m), 0 0 o h,

and

(2.21) Z(x) f(x, g(x)) TzN.

Let us define a sequence (Xj;j > 1) of tangent vector fields on N by

(2.22) X, (z) T/-l Z bl) (-O(Z)/T)Lz-O(X) Of (x, (z))
i=1

Vx 6 N,

and, for all j >_ 2,

(2.23)
m

Of (z, ())Xj(x) [Z, Xj_I](X nt- ZLxj-’-i(x)-
i=l

VxN.

Using (2.15), (2.18), (2.20), (2.21), (2.22), and (2.23), we easily have

(2.24) Xj(x) ag(x;-) Vx e h-l(/), Vj >_ 1.

In order to give a useful expression of Xj, j > 1, we introduce some combinatorial
notations. Let gk be the set of sequences I ili2.., ik of k elements of {0, 1,..., m};
the length k of the sequence 1 will be denoted by III. For convenience we denote by go
the set whose unique element is the empty sequence, denoted by 13; we have 0. For
I ili2.., i and J jlj2.., j, we define I J E g+, by

(2.25) I J ili2.., ikjlj2.., j,.

Let [..J>0 and ’ g\({I 0; I } tO {0}). For I in g’ we define, by induction
on I11, an element fi in C(TN) by

Of(2.26) fi- Vi [1, m],
Oui

(2.27) fo,I [f fI] VI
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and

0
(2.28) fi,t _-dr-_ f1 Vi E [1,m], VIE g’.

In a similar way as in [C1] we define a sequence (cT(I);r >_ 0, I g) of function in

C2 (I; I by

(2.29) e0(0)= 1, co(I)-0 if IIl_> 1, Cp(O)-O if p>0,

(2.30) Cp(i I) iCp_l(I) + dp_,(i I) VI g, Vi [0, m], Vp >_ 1,

with the convention bo 1. For example, el(i) bl ) for all [1,m], Cl(I) 0 if

[II> 2, c2(i) b2) for all [1, m], c2(0) 0, c2(i,i2) bll)blJ for all i G [1, m], for
all i2 E [1, m]. Note that

(2.31) cT(I) is a polynomial in the variables blj) j < r, [1 m]

For I in g, let c(I) be the number of times the index 0 appear in I and let/9(I) [II -c(I).
Let also, for two integers and j,

(2.32) mi,j k (kl,..., kj) G ]J;1 _< kl _< <_ kj, kr
r=l

and, if k Ai,j,

(2.33)

Note that Ai,j is not empty if and only if j <_ i. By induction on r > we can check that

(2.34)

with

XT,i,s(x) Z
kAr-c(I),s-(I)

(Lz-O)(x)Q.,,,,g(-O(x)/’r)fi(x, g(x))

where

(2.35) Qr,s,I,J is a polynomial in the variable (b}J)’j > [1 m])

By definition of 9 and using Jacobi’s identity we can see that, in the vectorial space
C(TN) and for some large enough integer 6,

(2.36) g E Span {fi;I g’, III <_ g’}.

Let

(2.37)
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and

(2.38) qo(g) cardinal of {I; I

Let us introduce an ordering on the 1 in with 0 < 111 < g (e.g., lexicographical) and, for
q > qo(g), let us consider the nonsquare q qo(g) matrix with entries (c,,(I); < r < q,
1 E g’ with [II <- ). Let Jq be the space of jets

(2.39) Jq-{bJ).o, <j<q, <i<m}.

In Appendix A we prove the following lemma.
LEMMA 2.1. If q is large enough, then the set of (blJ)’o, < j < q, < < m) in Jq

such that

(2.40) rank (cr(I); <_ r <_ q, I g’, [II <- g) < qo(g)

is of codimension at least 2 in Jq.
Let us remark that Appendix A provides an explicit value of q (which is not optimal

and, of course, depends on m and g) such that the conclusion of Lemma 2.1 holds. Applying
Thom’s transversality theorem (see, e.g., [GG, Chap. II, Thm. 4.9]) and using Lemma 2.1
we get, for ql (g) large enough, the existence of a b in C(I; I") such that

(2.41) rank (cr(I)(s);1 <_ r <_ ql (g), I g’, [II <_ g) qo(e), Vs a.

In fact, there exists a residual set T in C2(I; It) C(I1/27r2;; N) such that (2.41)
holds for all b in and all >_ 1. We choose a b such that (2.41) holds; we are going to
check that (2.19) holds. By (2.36) we may assume

(2.42) 9- rio where Io ’ with Ilol < g’.

Let us denote by M various constants independent of 7- in (0, 1] and z in h-l( S (but
M may depend on/(, S, g, h, f, b, u0,/3, #...). Let us remark that, for all 7- in (0, ],

(2.43) ILz-OI M on h-I (K) N S

and

(2.44) ILJzl _< MT-z-j on h-l(K) S’ Vj [2, q,(e)].

From these two inequalities, we get that, if I E ’, 3(I) _< s < r _< ql(g), and k
Ar_(l),s_(i) then

(2.45) ILOI _< MT-s-r+l on h-l(K) f’l S, VT- e (0, 1].

By (2.9) there exist 3‘ > 0 and 7-0 in (0, such that

(2.46) ILz-O[ >_ 3’ on h-l(K)D S, VT- (0, 7-o).

From (2.34), (2.45), and (2.46) we get, on h-l(/() f"l S and for r in [1,q(g)],

(2.47) X Z
IE’,III<_r

(Lz-O)r-a(I)7-a(I)+(I)-r (Cr(I)(-O/7-) + 7-R(r, I, 7-)) ff
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where R(r,I,-)E C(h-’(K) A S; R) satisfies for all (r,I, 7-) [1,ql(g)] x g’x (0, 7-0],
with II[ _<_ ql (g),

(2.48) IR(r,I,r)l <- M on h-’(K) S.

From (2.41) and (2.48) we get, on h-1 (/4")O S, for some "rl (0, 7o) and for all 7- in
(0, 7-1),

(2.49)

and

(2.50)

q,(e)

"y(r, -)(C(I)(-O/-)+ -R(r, I, ’)) -0

VIg’\{Io} with[II_<g

q,(e)

E 7(r, 7-)(C(Io)(-@7-)+ 7-R(r, Io, 7-)) 1,
r=l

where 7(r, 7") C(h- (K) S; ) satisfies

(2.51) 17(r, 7")1 < M on h-(K) CS, V(r, 7") [,q(e)] (0,7-1].

From (2.47), (2.48), (2.49), (2.50), and (2.51) we get, on h-(K) S,

fl(X’ (x)) Z (Lz-O)-r+c(l)7--c(I)-t(I)+r’)’(r’ 7")(x)Xr(x)
(2.52)

<_ M E T--c(l)--tz(I)-I-c(I)+#/3(I)

which proves (2.19) (and ends the proof of Theorem 1.3) since 9 flo (see (2.42)) and,
by (2.37),

(2.53) (I0) + #fl(I0) < c(I)+ #/3(I), VI

(Note also that since f is open we have, using (2.16) and (2.18), u E f if # is large
enough and, then, 7" small enough.)

3. Proofs of corollaries and Theorem 1.14. In this section we give the proof of the
corollaries of 1, which were not proved in that section, and the modifications of the proof
of Theorem 1.3 in order to get Theorem 1.14.

3.1. Proof of Corollary 1.5. We prove the global statement only (the proof of the
local statement is similar). Let g C(Itn; U) be such that

(3.1) (0) 0and 0is globally asymptotically stable point of f(x, g(z)).

By a generalization of Kurzweil [KUR] of the converse of Lyapunov’s second theorem,
there exists V in C(In; [0, +o)) such that

(3.2) (V(x) 0 == x 0), lim V(x)

and

(3.3) f(x,g(x)). VV(x) < 0 Vx =/: O.
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Let ft be the set of u in C(In\{0}; U) such that

(3.4)

(3.5) f(x,u(x)). VV(x) < 0 Vx

This set f is open and, since C(Itn\{0}; U) is dense in C(n\{0}; U), it is nonempty
by (3.3). We take Y N Nn\{0}, h(x) z. By (3.5), (1.16) holds. Applying Theorem
1.3 we get that f contains at least a map u which saturates f on 1tn\{0}. This feedback law
u globally asymptotically stabilizes 5: f(x, u), belongs to C(In\{0}; U)f3C(In; U),
and satisfies u(0) 0.

3.2. Proof of Corollary l.li. Let f be an open neighborhood of 0 in C(Iin\{0}; U)
such that, for all u in f,

(3.6) f(x,u(x)) 7 0 Vx E

(3.7) Vx E Fn\{0}, 3g A U {f} such that g(x, u(x)). VV(x) =/= 0,

and

(3.8) u extended by 0 on {0} is of class C on ]n.

The existence of such a ft follows from (1.26) and (1.27). We take Y N In\{0}, h(x)
x. It follows from Theorem 1.3 that there exists u such that

(3.9)

(3.10) u saturates f on Nn\{0}.

We extend u by 0 on {0} and still denote by u this extension. Let

(3.11) O {(x, v); v + u(x) U}

and let F C (O; ]n) be defined by

(3.12) F(x, v) f(x, v + u(x)).
Also let

(3.13) Fo(x) F(x, 0),
Of(3.14) F(x) --u (x, u(x)),

Then, using (1.23), (3.7), and (3.10),

E [1,rn].

(3.15) Fo(x) VV(x)

_
0 Vx an,

and for all x in Nn\{0} such that (3.15) is an equality, there exists k in N and in [1, m]
such that

(3.16) Lado(F)V(x 7 O.

The conclusion of Corollary 1.6 follows from Jurdjevic and Quinn [JQ] (see Appendix B).
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3.3. Proof of Corollary 1.9. The proof is similar to the proof of Corollary 1.5. We
omit it.

3.4. Proof of Corollary 1.11. The proof is similar to the proof of Corollary 1.6.; the
only difference is that we use Corollary 1.9 instead of Theorem 1.3.

3.5. Proof of Corollary 1.13. Let ft be an open neighborhood of 0 in C’((/tU\{O})
(0, T/2); U) such that

(3.17) any u in f extended by 0 outside (]n\{0}) (0, T/2)is C on ’ .
For u in 9t we extend u to ’ E by

(3.18) u 0on ({0} x )U (’ x (T/2)Z),

and, as in [C1],

(3.19) u(z, t) (T t, u(z, T t)) V(x, t) E ’ x (T/2, T),

(3.20) (, t + ) (, t) V(x, t) " .
We still denote by u this extension. Note that by (1.49), (3.17), (3.18), (3.19), and (3.20)

(3.21) u c (’ x ; u).

Hence we may consider f as a subset of C (’ ; U). Now, as Pomet in [P], we define
W n [0,+cx) by

(3.22)

w
(x t) o, w( o) v() v( t) ,OWU

(x, t) +Z f(x, t, u(x t))
i--1

Then, using (1.47), (1.48), (3.19), and (3.20), we easily have

(3.23) W’(z, t + T) W’(x, t) V(x, t) 6 ’ .
Moreover W satisfies (1.41) and (1.42), and, diminishing 9t if necessary, we get from
(1.57) that, for all (x,t) in ’\{0} [0, T/2] and for all u in f, there exists X in
a(x, t, u(x, t)) such that

w"(,t) # o.(3.24)
i--1

Now, using Corollary (1.8), we get the existence of a in 9 such that

(3.25) saturates f on (’\{0}) (0, T/2).

Finally, we obtain the desired conclusion by using the version of [JQ] given in Appendix B"
We take N (n\{0}) (/TZ), F((x, t), u) (f(x, t, (x, t) + u), O/Ot), V((x, t))
W(x, t)... note that by (3.24) and (3.25)

(3.26) Q C (’\{0}) x ([T/2, T]/TZ).
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Remark 3.1. We may wonder if there exists E C(It’ ; U) satisfying (3.18),
(3.19), and (3.20) which saturates f on all (n\{0}) . This is the case if

(3.27)
i=1

and

(3.28) q)(u) -u.

This can be seen in the following way. First, by Corollary 1.8, there exists u E C (It
I1; U) which saturates f on (’\{0}) and satisfies

(3.29) u (0, t) 0 for all t in .
Then, let u2(z,t) d(tul(z, t2)) where d C(’; U) satisfies d(u) u for u small
and d(-u) -d(u) for all u. Then u2 satisfies (3.29), is odd and, as can be easily seen,
also saturates f on (’\{0}) {0}. From u2 we can construct u3 in C( ; U) which
satisfies (3.18), (3.19), and (3.20) and saturates f on (’\{0}) (T/2)Z. Now applying
Corollary 1.8 on (’\{0}) (0, T) we get u4 C( [0, T]; U) which saturates f on

(’\{0}) (0, T/2) and satisfies, for all z in I and for all (a,/3) in I I’,

c9’ 0I1 U4 0 0flu3(3.30)
Ot Oz Ot Oz on ({0} x [O,T])t_J ((I’\{0}) x {0, T/Z});

(note that the set of u in C (Ir x [0, T]; U) which satisfy (3.30) is open for the C-topology
of C((I’\{0}) (0, T/2); U)). We extend u4 to I It by requiring (3.18), (3.19),
and (3.20). Then this extended u4 saturates f on (N’\{0}) (II\(T/Z)Z) and, by (3.30),
saturates f on (’\{0}) (T/2)2;. Therefore u4 saturates f on (’\{0}) x I.

3.6. Proof of Theorem 1.14. To get the first (respectively, second) part of Theorem
1.14 we just use 2 with the following modifications:

In the definition of ft’(S) "u o h saturates f on S" is replaced by "u satisfies (1.76)
(respectively, (1.77)) for all x in S";

in (2.2) E is now a subset of Itq (respectively, a subset of (TN)q) and is a
norm on Nq (respectively, a norm on (TN)q which depends continuously on x in N);

in the definition of ft(K, 9,5),9 is now in O) (respectively dO) and ae(z;g) is
replaced by oe(z;) (respectively, doe(z; g));

Xi is now in C(N; Iq) (respectively, C(T*N)q); X1 is defined by replacing in
(2.22) Of/Ou(z,g(z)) by g) (respectively, dp),

fI is now in C(N U;Nq) (respectively, C(T*N)q) and is defined by

f(x, u)= g)(x)(respectively, f(x, u)= d(x)) V(z, u) U x U, Vi [1, m)
fo,i Lf fi Vl E g’

and (2.28).
The remaining part of the proof is unchanged.

Appendix A. In this appendix we prove, in particular, Lemma 2.1. We consider g as

fixed and, in order to emphasize that bj) are considered as independent real numbers, we

will write b for b). Let J be the set of sequences b- (b;1 _< <_ m, j _> 0) and, for an
integer q, we denote by Jq the set of b in J such that

(A.1) b -0 for all (i,j) in [1,m] (q,+oc).
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We have Jq C Jq+l. We define also

(A.2) J- {bE J;b 0for all (i,j)in [1,m] [1,q]}.

Let Bq be the set of b in Jq such that

(A.3) rank{or(I);0 _< r <_ q,I E ’,0 < [II _< g} < qo(g),

and let Gq Jq\Bq. Note that

(A.4) Gq C Gq+l.

Our first statement is the following proposition.
PROPOSITION A. 1. For any integer q’, there exists an integer q larger than q’ such that

(A.5) J N Gq 7 O.

Lemma 2.1 is a special case of the following corollary of Proposition A. 1.
COROLLARY A.2. Let s be an integer. Then, for q large enough, the codimension of

Bq in Jq is at least s.

Proof of Corollary A.2. Using Proposition A. we get the existence of (s + 1) integers
q0, ql,. qs such that

(A.6) O--qo < ql < < qs

and

(A.7) Jqii--I C)Gq 7a fb for all in [1, s].

Let, for in [1, s],ri- m(qi- qi-1) and let zi (z,... ,z]) E N’ be defined by

k+(j-l)m bjk+q k E [1(A.8) :c i<_j<_qi-qi_l,

Then, for all in [1,s], there exists a polynomial Pi E I[xl,...,x] in the variables
(x;1 <_ j <_ n,r E [1,i]) such that

(A.9) Pi(Cl,..., yi) 0 (b3;/" E [1, m], 0 <_ j <_ qi) E Bq.

Let us remark that, if we multiply all the components of b by A, then er(I) is multiplied
by An(I) where (see 2) fl(I) is the number of indices in I, counted according to their
multiplicity, which are not zero. Hence we may impose that, for any integer in [1, s],
there exists a positive integer m such that

(A.10) Pi(Xl,..., xi) mip(xl,..., xi) V(, Xl,..., xi) E x n, ... ni.

By (A.IO) we get that, for any xi in ’ such that

(A.11) Pi(0,..., 0, xi) 7 0,

and, for any (Cl,... ,Zi_l) in N’ x x Nn_,

(A.12) Pi(xl,..., xi-l, Axi) - 0 for Alarge enough.
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Therefore using (A.7) and (A.9), we get that

(A.13) such that Pi(Xl,... ,xi) 7/= O,

where, by convention, the meaning of (A.13), when 1, is

(A.14) Sxl E ITM such that Pl(Xl) 0.

Hence Corollary A.2 is a consequence of the following lemma.
LEMMA A.3. Let (Pi;1 <_ <_ s) be a sequence ofpolynomials such that

(A.15) Pi e ][xl,..., xi].

Assume that (A.13) holds. Then the codimension in In’++n8 of E, {z ]Rn’+’"+8;
Pi(x) O, for all [1, s]}, is at least s.

Proof of Lemma A.3. We prove the lemma by induction on s. This lemma is clearly
true for s (see (A.14)). Assume it holds for s; we are going to check that it holds for
s + 1. Let 0" E,+l - Y]I be defined by

0(Cl,...,Cs+l)- 2J 1.

By (A. 14)

(A.16) dim E <_ nl 1.

Let a71 be in ’’. Let us define a new sequence of polynomials (Pi; _< _< s)

(A.17)

(A.18)
Pi a([C2,...,Ci+,])

Pi(oc2, 2giq-1 Piq-1 (gel, a?2,.-., a;iq-1 ).

This sequence of s polynomials satisfies the hypothesis of Lemma A.3.
induction assumption,

Hence, by the

(A.19) dim 0-1 (Xl) r2 -+-... q- ns 8 for all z in El.

From (A.16) and (A.19), we get

(A.20) dim Es+l <_ rtl q- rt2 +... q- rts (/S nt- 1),

which ends the proof of Lemma A.3.
We turn to the proof of Propositio_n A. 1. We first introduce some notations. Let J be

the set of sequences of real numbers b (9; E [0, rn], j _> 0). For 9 in ,], I in ,5, r in
I7, we define (1) as we have defined cr(I) in 2. Note that now, we do not have,
in general, D) 1, {9 0 for j > 0. For example, 61 (i) 9, for all [0, rn], and

O2(ij) 9{9}, for all [0, rn], and for all j E [0, rn]. Let, for each integer q,

(A.21)

(A.22)
4 {9 E 0; 9{ -0Vj >_ q + 1,Vi E [0, m]},
/)q {9 E 07q; rank(cr(I); 0 <_ r _< q, 0 _< III < g) < 0o(g)},

with 0o(g) (m + 1)((m + 1) e 1)/rn #{I g\{0}; III < g). Let

(A.23) Oq-
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We have again

(A.24) q C q+.
For a sequence of real numbers a (ai; >_ 1), we define a map Fa ff -- by

(A.25) (Fa()) Vi E [0, rn]
(A.26) (F j J-(b)) D((Fa())i Vi [0, m], Vj >_ 1,

where D denotes the differentiation on the set of polynomials in the variables (ai; i >_
1), ({;i [0, rn],j >_ 0) such that Dai ai+, for all/ > and D al+’, for all

[0, rn], for all j > 0. More precisely, we first define with this differentiation, (A.25),
and (A.26) polynomials (F,( 3b))i in the variables (ai,i > 1),(;i [1,rn],j > 0) and
then obtain an element of J, still denoted F,()), by substituting in these polynomials the
"values" of (ai;i >_ 1) and ({;i [1,rn],j > 0). For example, we have

(A.27) (Fa())) a2 + a2192 Vi [1, rn]

and

(A.28) (Fa(D)) ~1 a2) nt-
3~3a3b + 3al ab

Also let, for each integer q, 7rq j q be defined by

Vi [1,rnl.

(A.29) (Trq())){ Vj < q, Vi {0, rn],

(A.30) (rq())) 0 Vj > q, Vi E [0, rn].

Let us assume, for the moment, the following lemma.
LEMMA A.4. If r is an integer such that

(A.31) a - 0,

then, for all integers q,

(A.32) (Trrq 0 Fa)(dq) C drq.

Let @ {9 ;/ 0forall/ in [0, rn] and allj >_ q+l}. As a corollary of
Lemma A.4 and [C1, Lem. 4.1], we have the following proposition.

PROPOSITION A.5. For any integer q, there exists an integer q > q such that

(A.33) J dq C-

Proof of Proposition A.5. Let a-- (ai; _> 1) be such that

(A.34) ai 0 for all in [1,q’],

(A.35) aq,+l 7 O.

From (A.34) we easily get

(A.36) F,(,) C ,.
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Applying Lemma A.4 with r q + 1, we obtain from (A.35)

(A.37) (71"(q,+l)s O Fa)(s) C (q’-t-1)s"
By [C1, Lem. 4.1], we know that there exists an integer s such that

(A.38) G 05.

Let us remark that the definition of or(I) we give here is slightly different from the
one we gave previously in [C1 ]. Our new or(I) correspond to our old c(I) computed with

b D{ +l. We choose s satisfying (A.38) and take q (q’ + 1)s. Then (A.33) follows
from (A.36), (A.37), and (A.38).

The same proof as the proof of Corollary A.2 (just replace /(1) by III) gives, as a
corollary of Proposition A.5, the following.

COROLLARY A.6. For any integer s, there exists an integer q such that the codimension

ofq in q is at least s.
We now give the proof of Proposition A.1. We first define a sequence of rational

functions (gi; >_ 1) in the variables (D; >_ 0) by

(A.39) l 1/)
(A.40) - (dg_l)/{) for >_ 2

where d denotes the differentiation in the field of rational functions in the variables (D; _>
0) such that d) )+l for all integer i. Let us remark that

(A.41) Vi _> 1, ()2i-lgi is a polynomial in the variables ();j _> 0).

Let qP be an integer. By Corollary A.6, there exist an integer q and in q such that

(A.42) 9 E (q,

(A.43) 9{--0 for all (i,j) in ([O,m]x [O,q’])\{(O, 1)},

(A.44) 9- 1.

From (A.41) and (A.44), we see that the rational functions (; >_ 1) can be evaluated for
this . This leads to a sequence of real numbers (ai; > 1). Let

(A.45) b Fa (b).

From (A.25), (A.26), (A.39), (A.40), and (A.45), we obtain

-1
(A.46) b0 1,

(A.47) b0=0 if j>_2.

From (A.25), (A.26), (A.39), (A.40), (A.43), and (A.45), we get

-j
(A.48) b for all (i, j) [1,m] x [0, q’].

From Lemma A.4, (A.39), (A.42), and (A.45), we have

(A.49) 7rq() dq.
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Finally, let b E Jq be defined by

(A.50) b (rq()) weir,m], vj>o.

Then, from (A.46), (A.47), (A.48), and (A.49), we have

(A.51) b jq2;, CI Gq

which implies (A.5).
It remains to prove Lemma A.4. We first define a sequence (Ai,j; I,j I) of

polynomials in the variables (ai; >_ 1) by

(A.52) A,j 0 j >
(A.53) A, a
(A.54) A,j i--l,j -- aA_,j_ Vi>_2 Vj_>

where, by convention, Ao,j 0 for all j >_ and denotes the differentiation on the set of
polynomials in the variables (a; >_ 1) defined by/ ai+l for all >_ 1. For example,

(A.55) Ai,1 a for all _> 1,
for all i>(A.56) Ai, a

Fori>_ and j_> 1, let

(A.57) S- (S1,...,8j) <_sl <_...<_sj,Zs=i
k=l

and

(A.58) A U Ai’j"

We easily check (by induction on i) that there exists a map a" A I such that

(A.59) a(s) > 0 Vs A,

(A.60) Ai,j Z a(s)a, a,
sAi,j

with the convention that, if Aid , the right-hand side of (A.60) is 0.
We consider now a sequence of real numbers (a; >_ 1) and still denote by Ai,j the

value of the polynomial A,j evaluated for this sequence of real numbers (a; > 1). Let
9 in J and let Fa()). Let - (Sj(I);j >_ 0,0 < III <_ g) and (-dj(I);j >_ 0,0 <
III _< g) be the associated sequences. We easily check (by induction on j) that

(A.61) -dj(I)- Z Aj,j,6j,(I).

Let r and q be two integers and let us assume that

(A.62) a, - 0
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and

(A.63) 9 E dq.

We want to prove

(A.64) 7rrq() E drq.

By (A.24), without loss of generality, we may assume

(A.65) ai-0 Vi [1,r-l].

From (A.59), (A.60), (A.62), and (A.65), we obtain

(A.66) Aj,j = 0 Vj >_

and

(A.67) Ai,j -0 Vj > 1, Vi < rj.

Finally (A.64) follows (A.61), (A.63), (A.66), and (A.67).

Appendix B. In this appendix, we give a "nonaffine" version of the classical result of
Jurdjevic and Quinn [JQ].

We first introduce some notations. Let N be a manifold, r/ C(N; (0, +oc)), and

Also let F C(M; TN) be such that

(B.1) (x, ) TxN V(x, ) e M.

Let, for [0, m], F C (TN) be defined by

(B.2) Fo(x) F(x, 0) for all x

OF(x 0) for all(B.3) Fi(x)-

in N

z in N, for all in [1,m].

We denote by the (maximal) solution of the flow associated to F0, i.e.,

(B.4)

(B.5)

0 F0()Ot
(x, o) x.

Let V C(N; I) and

(B.6) Q- {x e N;LFoV(x --O, LadJFo(F)V(x)--O, Vj >_ O, Vie [1,rn]}.

We assume

(B.7) LoV < 0 on M,

(B.8) VxN, 3t>0 such that(x,t) Q.
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For 0 E C(M; (0, +cx)) with

(B.9) O(x)I(LF, V(x),..., LFV(x))I < /(x),

we define u CI(M; ]m) by

(B.10) o V(x) forie[1 m] xN,ui(x --O(x)LF

and denote by qo the maximal solution of the flow associated with the vector fields
F(x, u (x)). Then we have the following lemma.

LEMMA B.1. There exists C(M;(0,+x)) such that if 0 CI(M;(0, +x))
satisfies

(B.11) 0_<e onN,

then (B.9) holds and, with Fo(x) F(x, u(x)),

(B.12) LF V <_ 0,

(B.13) Vx e M, t > 0 such that V(o(x,t)) < V(x).

Proof We first note that there exist C E C(N; (0, +x)) and o in C(M; (0,
such that, if 0 C(N; (0, +x)) satisfies

(B.14) 0 _< eo,

then (B.9) holds and

m m

r oV <_ r oV + E(r v)
i--1 i--1

Therefore, there exists e E C(N; (0, +)) such that, if 0 E C(N; (0, +x)) satisfies
(B.11), then (B.9) holds and

m

(B.16) LFo’t/r < LFov - Z(LyV)2,i--1

which, by (B.7), gives (B.12). Now, assume moreover that 0 is of class C (so o is
defined) and that for some in M

(B.17) V(o(5, t)) V()

for all t > 0 such that 0(, t) is defined. Then, by (B.16)

(B.18) Lvo(qo(-, t)) 0

(B.19) LF V(o(Y, t)) 0

for all t > 0 such that o(, t) is defined. In particular, by (B.10) and (B.19),

(B.20) o(, t) (, t).
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Let (t) (, t) and let I be the set of t in [0, +x) such that (t) is defined. By (B.18),
(B. 19), and (B.20)

(B.21) LFoV(-Y(t)) 0 Vt E I
(B.22) ai(t) LI V((t)) 0 Vt T,

Using (B.7) and (B.21), we get, for all X in C (TN),

vi

(B.23) LxLFoV((t)) 0 Vt I.

Using (B.22) and (B.23), we get

(J)(t) V((t)) ViE I1 m] Vj >0, VtI.(B.24) 0 ai Lado (F)

Using (B.8), (B.21), and (B.24), we get a contradiction. Hence (B.13) holds.
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