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DESCRIPTION DU STAGE 

Thématique(s) : hyperbolic conservation laws, maximum principle, discontinuous Galerkin 
discretization method, backward Euler method 

Type de stage :             Fin d’études bac+5       Master 2       Bac+2 à bac+4       Autres 

Intitulé : A robust time implicit discontinuous Galerkin scheme for hyperbolic conservation laws 

Sujet :  
Context: We are interested in the accurate numerical 
approximation of solutions to hyperbolic conservation laws 
that are involved in the modeling of many physical systems 
such as gas dynamics, traffic flow, plasma physics, etc. This 
usually requires advanced and robust algorithms to capture the 
physically relevant solution. 
We here focus on the discontinuous Galerkin spectral element 
method (DGSEM) for the space discretization where we look 
for a piecewise polynomial approximate solution. In recent 
years, much attention has been paid in the literature to 
DGSEM schemes that offer good capabilities in terms of 
accuracy (as illustrated in the figure), performance and 
robustness when coupled with time explicit temporal 
discretizations. However, the latter makes computations 
prohibitive for long time simulations or when looking for 
steady-state solutions due to the strong restriction on the 
time step. To overcome this issue we here focus on a time 
implicit discretization with a backward Euler method. The 
objective of this work is the analysis of the properties of the 
discrete scheme: under which conditions the discrete 
scheme satisfies certain properties of the exact solution (e.g., positivity or maximum principle of certain 
components of the solution). 
Description of work: The theoretical analysis of the DGSEM scheme for one-dimensional linear scalar 
equations proves its stability similarly to classical DG schemes [1] and the question arises whether the same 
properties hold for nonlinear scalar equations and systems. Theoretical and numerical investigations will be 
carried out to answer this question. To this end, the candidate will: 

• Get familiar with the DGSEM discretization of hyperbolic conservation laws and the theoretical 
analysis of its properties (accuracy, stability and robustness) when associated to an explicit forward 
Euler time discretization; 

• Analyze the properties of the DGSEM scheme with a backward Euler time integration for one-
dimensional linear and nonlinear scalar equations; 

• Develop a solver for a time implicit DGSEM for linear and nonlinear scalar conservation laws in one 
space dimension; 

Illustration of the piecewise polynomial 
approximation of the DGSEM: inviscid 

subsonic steady flow around an airfoil with 
zoom at the leading-edge (color levels: 

density contours; black lines: mesh). 
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• Perform numerical experiments to confirm the theoretical properties of the DGSEM scheme for linear 
equations and investigate its generalization to nonlinear equations; 

• Perform numerical experiments for the compressible Euler equations for gas dynamics with the 
Aghora code [2] developed at ONERA to also investigate the behavior of the DGSEM scheme for 
nonlinear hyperbolic systems of conservation laws in multiple space dimensions. 
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Est-il possible d'envisager un travail en binôme ? Non 

Méthodes à mettre en oeuvre : 
 Recherche théorique  Travail de synthèse 

 Recherche appliquée  Travail de documentation 

 Recherche expérimentale  Participation à une réalisation 

Possibilité de prolongation en thèse : A renseigner 

Durée du stage :  Minimum : 4 months Maximum : 5 months 

Période souhaitée : February to August 2023 

PROFIL DU STAGIAIRE 
Connaissances et niveau requis : 
A solid background in Computational 
Mechanics (numerical analysis of PDEs), 
programming skills and motivation to learn are 
required. 

Ecoles ou établissements souhaités : 
M.Sc. in Applied Mathematics, Mechanics or a related 
discipline, with excellent academic records. 
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