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Our motivation is to better understand the behaviour of composite solid/fluid materials, made with solid
particles suspended in a complex fluid (Figure 1a), especially their non linear elasto-plastic behaviour. Indeed,
some plasticity, defined as the emergence of irreversible deformations, is observed in complex fluids – also referred
to as yield-stress fluids –, above some critical stress, named the yield stress, and below which only reversible
deformations occur (defining elasticity). Such model materials are useful for the purpose of predicting the
behavior and optimizing the use of multi-phase materials encountered in industry (concrete and batter) or
nature (landslides, debris or lava flows).

The focus has been for long on visco-plasticity, but their elasto-plastic behavior – especially relevant for
quasi-static flows at small shear rates – has been largely disregarded. We want to focus on the elasto-plastic
response of non isotropic particle composites, so that viscous effects are negligible compared with plastic effects.

The elasto-plastic behavior of yield-stress fluids has first been modeled as a perfect elasto-plastic behav-
ior [Saramito, 2007]. However, when studied in detail, it is observed that strain hardening – the progressive
strengthening of a material during its plastic deformation – occurs in these materials as well as in common elasto-
plastic solids [Lemaitre and Chaboche, 1994, Lemaitre et al., 2020]. Recently, kinematic hardening was shown
to be relevant and incorporated into continuum modelling of the elasto-visco-plastic response of yield-stress
fluids [Dimitriou et al., 2013, Dimitriou and McKinley, 2014, 2019].

Recent rheological experiments [Deboeuf et al., 2022] show that solid particles suspended in a complex fluid
exhibit strain hardening and Bauschinger effect – the development of anisotropic mechanical properties, the
material resistance being larger in the direction of the imposed flow, during its plastic deformation –, when
submitted to quasi-static flows at small shear rates (Figure 1b). This mechanical behaviour is related to shear-
history-dependent particle-pair distribution functions, that characterize the non isotropic microstructure of the
material (Figure 1b insets).

Recent numerical simulations [Patinet et al., 2020] report the same types of behaviours – Bauschinger effect
and hardening (softening)–, even if in a different system, that they relate quantitatively to the forward-backward
asymmetry in the local yield stress (or residual stress) distribution. As pointed out by the authors, the open
question is then ” ... how to describe the internal state of a glass in view of predicting its mechanical response”.
The microstructure (at the scale of particle pairs) can still be the relevant answer in this system, but the
relationship between the microstructure and the local yield stress field remains to be investigated.

Adopting the framework from plasticity theory (solid mechanics) for the rheology of particle suspensions
should allow to develop constitutive models for this class of materials. The goal of the internship is to test
and develop different constitutive laws, especially different hardening laws (for example, the Armstrong-
Frederick kinematic hardening equation), in order to reproduce the non linear elasto-plastic response
of a non isotropic particle composite reported from experiments and from numerical simulations
in the literature. In particular, we will seek to relate the internal parameter governing the internal dynamic
evolution of the transient yield stress (or back stress) to the properties of the microstructure. Different initial
microstructures – obtained by different shear histories – should change the initial value of the internal value.
We will use one dimensional (scalar) models and we will compare isotropic hardening rules with different linear
or nonlinear kinematic hardening rules, or combine isotropic and kinematic hardening rules (Figures 2 and 3).

Some originality of this project lies in its multi-disciplinarity (solid mechanics, fluid mechanics and physics
of disordered materials) and its purpose of comparing theoretical analyses with experimental measure-
ments.
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Figure 1: a) Three dimensional image of a sample of length ∼ 1cm at a solid fraction ϕ ≃ 35%. b) Stress-strain
τ(γ) response of the particle suspension in the elasto-plastic fluid (ϕ ≃ 40%) to shear-rate-controlled tests
(γ̇ = 10−2s−1), for two different initial conditions: pre-shear + and pre-shear −. In inset: (right) Steady-state
color map of the pair distribution function gr(ℓ, ξ) = gr(ρ, θ) in the velocity-velocity gradient plane of the simple
shear flow, which direction is shown by the two arrows; (left) Pair distribution function gr averaged over pairs
of distance ρ = d ± d/6, d being the particle diameter: ⟨gr(θ)⟩, shown in a Cartesian frame (θ, ⟨gr(θ)⟩), for
different shear history (γp from 0 to 200). The black curve refers to an isotropic pdf measured in a suspension
drop, which was not pre-sheared.

γ = γe + γp

γe =
τ

G′

τ = τback(χ) = C ′χ for τ ≥ τY

F(χ) = 0

τ Shear stress
γ, γe, γp Total, Elastic, Plastic shear strain

G′ Shear modulus
τY Steady state yield stress

τback Back stress
τ − τback Effective stress

χ Internal strain-like variable
F(χ) Kinematic hardening equation

C ′ Back stress modulus

Figure 2: Example of one-dimensional con-
stitutive elasto-plastic equations with kine-
matic hardening.

Figure 3: Notations and definitions used in the one-
dimensional constitutive elasto-plastic equations with kine-
matic hardening.

2


