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A NON-UNIQUENESS RESULT

FOR ENTROPY SOLUTIONS

TO THE COMPRESSIBLE EULER SYSTEM

ELISABETTA CHIODAROLI

Abstract. The deceivingly simple-looking compressible Euler equa-
tions of gas dynamics have a long history of important contributions
over more than two centuries. If we allow for discontinuous solu-
tions, uniqueness and stability are lost. In order to restore such
properties, further restrictions on weak solutions have been pro-
posed in the form of entropy inequalities. In this talk we will discuss
a counterexample to the well-posedness of entropy solutions to the
multi-dimensional compressible Euler equations: in our construc-
tion the entropy condition is not su�cient as a selection criterium
for unique solutions. Our methods are inspired by a new analysis
of the incompressible Euler equations recently carried out by De
Lellis and Székelyhidi and based on a revisited "h-principle".

The Euler equations of gas dynamics are the oldest hyperbolic system
of conservation laws, but still the most prominent paradigm for this kind
of PDEs. Let us introduce the isentropic compressible Euler system in
n space dimensions, n ≥ 2 (cf. Section 3.3 of [3]). It is obtained as a
simpli�cation of the full compressible Euler equations, by assuming the
entropy to be constant. The state of the gas is described through the
state vector

V = (ρ,m)

whose components are the density ρ and the linear momentum m. The
balance laws in force are for mass and linear momentum. The resulting
system, which consists of n+ 1 equations, takes the form:

∂tρ+ divxm = 0

∂tm+ divx

(
m⊗m
ρ

)
+∇x[p(ρ)] = 0

ρ(·, 0) = ρ0

m(·, 0) = m0

. (1)

The pressure p is a function of ρ determined from the constitutive ther-
modynamic relations of the gas in question. A common choice is the
polytropic pressure law

p(ρ) = kργ

with constants k > 0 and γ > 1. The system is hyperbolic if

p′(ρ) > 0.

Our aim is to discuss the issue of uniqueness of weak solutions to the
Cauchy problem (1). The theory of the Cauchy problem for hyperbolic
system of conservation laws is typically confronted with two major chal-
lenges. First, classical solutions develop discontinuities, even starting
out from smooth initial data. In the literature this behaviour is known
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as breakdown of classical solutions. Therefore, it becomes imperative
to indroduce the notion of weak solution. However, weak solutions fail
to be unique. In order to restore uniqueness restrictions need to be im-
posed in hope of singling out a unique physical solution. When dealing
with systems coming from Physics, as in our case, the second law of
Thermodynamics naturally induces such restrictions, such admissibility
criteria, which can be incorporated in the analytical theory directly by
stipulating that weak solutions are admissible if they satisfy entropy in-
equalities. Finally, a third important challenge then arises: do entropy

inequalities really serve as selection criteria? Are admissible solutions
unique? This is a central problem to set down a complete theory for
the Cauchy problem. It has deserved a lot of attention, but positive an-
swers were found only for scalar conservation laws or for systems in one
space dimensions. Indeed, a very elegant, de�nitive theory is available
for the case of scalar conservation laws, in one or several space dimen-
sions. The main result in this case is due to Kruzkov [11] who proved
well-posedness for admissible weak solutions. By contrast, when dealing
with systems of conservation laws, it is still an intriguing mathematical
problem to develop a theory of well-posedness for the Cauchy problem
which includes the formation and evolution of shock waves. In one space
dimension this problem has found recently a quite satisfactory and gen-
eral answer, thanks to the e�orts of generations of mathematicians: the
�rst existence result is due to Glimm [8] in the sixties; Bianchini and
Bressan [1] �nally proved a well-posedness result. The higher dimen-
sional case is �terra incognita� as Dafermos writes in [3]. The theory is
in its infancy. In 2006, Elling [7] studied numerically a particular case of
initial data for the two-dimensional non-isentropic Euler equations. His
results show that the numerical method does not always converge to the
physical solution. Moreover, they suggest that entropy solutions (in the
weak entropy inequality sense) to the multi-dimensional Euler equations
are not always unique. Elling writes: �If this conjecture is true, it would
have far-reaching consequences. The entropy condition would not be suf-
�cient as a selection principle for physical/unique solutions. It would be
necessary to discover new entropy conditions. Although the numerical re-
sults support the conjecture unambiguously, the question is so important
that a rigorous proof is highly desirable.� A recent paper by De Lellis-
Székelyhidi gives an example in favour of the conjecture that entropy
solutions to the multi-dimensional compressible Euler equations are in
general not unique. The non-uniqueness result by De Lellis-Székelyhidi
is a byproduct of their new analysis of the incompressible Euler equations
based on its formulation as a di�erential inclusion. They �rst show that,
for some bounded compactly supported initial data, none of the classical
admissibility criteria singles out a unique solution to the Cauchy problem
for the incompressible Euler equations. As a consequence, by construct-
ing a piecewise constant in space and independent of time density ρ, they
look at the compressible isentropic system as a �piecewise incompress-
ible� system (i.e. still incompressible in the support of the velocity �eld)
and thereby exploit the result for the incompressible Euler equations to
exhibit bounded initial density and bounded compactly supported initial
momentum for which admissible solutions of (1) are not unique (in more
than one space dimension).
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The result here presented stems from the same problem of better un-
derstanding the e�ciency of entropy inequalities as selection criteria
among weak solutions. Using the techniques introduced by De Lellis-
Székelyhidi (cf. [4] and [5]) we can give a negative answer to the challeng-
ing problem of uniqueness of entropy solutions. More precisely, we can
consider any continuously di�erentiable periodic initial density ρ0 and ex-
hibit suitable periodic initial momenta m0 for which space-periodic weak
admissible solutions of (1) are not unique on some �nite time-interval.

Before stating the result let us overview the de�nitions of weak and
admissible solutions to (1).

Here, we have chosen to emphasize the case of the �ow with space

periodic boundary conditions. For space periodic �ows we assume that
the �uid �lls the entire space Rn but with the condition that m, ρ are
periodic functions of the space variable. The space periodic case is not
a physically achievable one, but it is relevant on the physical side as a
model for some �ows. On the mathematical side, it retains the com-
plexities due to the nonlinear terms (introduced by the kinematics) and
therefore it includes many of the di�culties encountered in the general
case. However the former is simpler to treat because of the absence of
boundaries. Furthermore, using Fourier transform as a tool simpli�es
the analysis.

Let Q = [0, 1]n, n ≥ 2 be the unit cube in Rn. We denote by Hm
p (Q),

m ∈ N, the space of functions which are in Hm
loc(Rn) and which are

periodic with period Q:

m(x+ l) = m(x) for a.e. x ∈ Rn and every l ∈ Zn.

For m = 0, H0
p (Q) coincides simply with L2(Q). Analogously, for every

functional space X we de�ne Xp(Q) to be the space of functions which
are locally (over Rn) in X and are periodic of period Q. The functions
in Hm

p (Q) are easily characterized by their Fourier series expansion

Hm
p (Q) =

{
m ∈ L2

p(Q) :
∑
k∈Zn

|k|2m |m̂(k)|2 <∞ and m̂(0) = 0

}
, (2)

where m̂ : Zn → Cn denotes the Fourier transform of m. We will use the
notation H(Q) for H0

p (Q) and Hw(Q) for the space H(Q) endowed with

the weak L2 topology.

Let T be a �xed positive time. By a weak solution of (1) on Rn× [0, T [
we mean a pair (ρ,m) ∈ L∞([0, T [;L∞p (Q)) satisfying

|m(x, t)| ≤ Rρ(x, t) for a.e. (x, t) ∈ Rn × [0, T [ and some R > 0,
(3)

and such that the following identities hold for every test functions ψ ∈
C∞c ([0, T [;C∞p (Q)), φ ∈ C∞c ([0, T [;C∞p (Q)):

∫ T

0

∫
Q

[ρ∂tψ +m · ∇xψ] dxdt+

∫
Q
ρ0(x)ψ(x, 0)dx = 0 (4)
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0

∫
Q

[
m · ∂tφ+

〈
m⊗m
ρ

,∇xφ
〉

+ p(ρ) divx φ

]
dxdt

+

∫
Q
m0(x) · φ(x, 0)dx = 0. (5)

For n ≥ 2 the only non-trivial entropy is the total energy η = ρε(ρ) +
1
2
|m|2
ρ which corresponds to the �ux Ψ =

(
ε(ρ) + 1

2
|m|2
ρ2

+ p(ρ)
ρ

)
m.

Then a bounded weak solution (ρ,m) of (1) satisfying

∂t

(
ρε(ρ) +

1

2

|m|2

ρ

)
+ divx

[(
ε(ρ) +

1

2

|m|2

ρ2
+
p(ρ)

ρ

)
m

]
≤ 0 (6)

in the sense of distributions, i.e. satisfying the following inequality∫ T

0

∫
Q

[(
ρε(ρ) +

1

2

|m|2

ρ

)
∂tϕ+

(
ε(ρ) +

1

2

|m|2

ρ2
+
p(ρ)

ρ

)
m · ∇xϕ

]

+

∫
Q

(
ρ0ε(ρ0) +

1

2

∣∣m0
∣∣2

ρ

)
ϕ(·, 0) ≥ 0, (7)

for every nonnegative ϕ ∈ C∞c ([0, T [;C∞p (Q)), is said to be an entropy

(or admissible) solution of (1).

Now, we can state the theorem.

Theorem 1. Let n ≥ 2. Then, for any given function p and any

given continuously di�erentiable periodic initial density ρ0, there exist a

bounded periodic initial momentum m0 and a positive time T for which

there are in�nitely many space-periodic admissible solutions (ρ,m) of (1)
on Rn × [0, T [ with ρ ∈ C1(Rn × [0, T [).

The result is obtained by applying directly to (1) the method of convex
integration combined with Tartar's programme on oscillation phenomena
in conservation laws (see [14] and [10]). In this way, we can show failure of
uniqueness of admissible solutions starting from any given continuously
di�erentiable initial density: a suitable variant of Gromov's h-principle
(see [9] and [6]) holds!

Finally, we address some comments to Theorem 1:

• Our result di�ers from the one by De Lellis-Székelyhidi in one
main aspect: here the initial density can be any given �regular�
function and remains �regular� forward in time while in [5] the
density allowing for in�nitely many admissible solutions must be
chosen as piecewise constant in space.
• Theorem 1 highlights that the main role in the loss of uniqueness
is played by the momentum �eld.
• If ρ0 and m0 are �smooth� enough (see Theorem 5.3.1 in [3]),
there exists a maximal time interval [0, T [ on which there exists
a unique (within the broader class of weak solutions) �smooth�
solution (ρ,m) of (1) (for 0 ≤ t < T ). Thus, a fortiori, the initial
momenta considered in our examples have necessarily a certain
degree of irregularity.
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• We have chosen to study the case of the �ow in a cube of Rn
with space periodic boundary conditions. This case leads to many
technical simpli�cations while retaining the main structure of the
problem.

For the proof of Theorem 1 we refer to [2].
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