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I. Operator Inference
1. Projection-based model reduction basics
2. Operator Inference formulation

II. Operator Inference for Nonlinear Systems
1. Regularization
2. Examples
3. Variable transformations & lifting
4. OpInf Python Package

III. Beyond Linear Subspace Approximations
1. Quadratic manifold approximations
2. Localized Operator Inference

IV. Parametric Problems & UQ
1. Bayesian Operator Inference
2. Parametric Operator Inference

Leçons
Outline

These slides include 
contributions from many 
postdocs and students, 
including
I. Farcas, R. Geelen,
B. Kramer, S. McQuarrie, 
B. Peherstorfer, E. Qian 



Motivation
Sometimes a linear basis does not define a 
sufficiently rich approximation space.



Sometimes a LINEAR BASIS 
is NOT ENOUGH

Snapshot collection across 
different time steps and 
initial conditions

Slow decay of the singular values
→ reduced model has high dimension
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Cahn-Hilliard
phase-field model



Sometimes a LINEAR BASIS 
is NOT ENOUGH
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Wave Equation



Constructing reduced-order models is challenging for 
advection-dominated and multiscale problems

→ Quadratic Manifold Operator Inference [Geelen, Wright & W., CMAME, 2022]

→ Localized Operator Inference [Geelen & W., Phil. Trans. Royal Society A, 2021]
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non-intrusive physics-based 
(Operator Inference)

approximation power of 
nonlinear manifolds+

• Addressed by: adaptive model reduction, interpolation, 
nonlinear manifolds, dictionaries of ROMs,
problem-specific registration, domain decomposition, …
[Amsallem, Beran, Farhat, Haasdonk, Maday, Ohlberger,
Patera, Peherstorfer, Rozza, Ryckelynck, Stamm, Vega,
Zahr, many others]

• These approaches are all intrusive, limiting adoption



1. Quadratic manifold approximations
Increasing the richness of our low-dimensional approximation space

Geelen, Wright, W. Operator inference for non-intrusive model reduction with nonlinear 
manifolds. Computer Methods in Applied Mechanics and Engineering, to appear, 2022.



Full-order model (FOM)
state 𝐱𝐱 ∈ ℝ𝑁𝑁

input 𝐮𝐮 ∈ ℝ𝑁𝑁𝑖𝑖

Reduced-order model 
(ROM)
state �𝐱𝐱 ∈ ℝ𝑟𝑟

𝑟𝑟 ≪ 𝑁𝑁

�̇�𝐱 = 𝐀𝐀𝐱𝐱 + 𝐁𝐁𝐮𝐮

Approximate
𝐱𝐱 ≈ 𝐕𝐕�𝐱𝐱
𝑉𝑉 ∈ ℝ𝑁𝑁×𝑟𝑟

𝐫𝐫 = 𝐕𝐕�̇𝐱𝐱 − 𝐀𝐀𝐕𝐕�𝐱𝐱 − 𝐁𝐁𝐮𝐮

Project
𝐖𝐖⊤𝐫𝐫 = 0
(Galerkin: 𝐖𝐖 = 𝐕𝐕)

Residual: 𝑵𝑵 eqs ≫ 𝒓𝒓 dof

�̇𝐱𝐱 = �𝐀𝐀�𝐱𝐱 + �𝐁𝐁𝐮𝐮
�𝐀𝐀 = 𝐕𝐕⊤𝐀𝐀𝐕𝐕
�𝐁𝐁 = 𝐕𝐕⊤𝐁𝐁

Projecting a
linear system
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Instead of the linear approximation 𝐱𝐱 ≈ 𝐕𝐕�𝐱𝐱, represent the high-dimensional 
state 𝐱𝐱 ∈ ℝ𝑵𝑵 in a quadratic manifold:

𝐱𝐱 ≈ 𝐱𝐱ref + 𝐕𝐕�𝐱𝐱 + �𝐕𝐕 �𝐱𝐱⊗ �𝐱𝐱

where we have
reduced state �𝐱𝐱 ∈ ℝ𝒓𝒓 (as before)
linear basis 𝐕𝐕 ∈ ℝ𝑵𝑵×𝒓𝒓 (as before)
a reference state 𝐱𝐱ref (scaling/shifting is important)
and the new set of modes �𝐕𝐕 ∈ ℝ𝑵𝑵×𝒓𝒓𝟐𝟐

Two questions:
1. Quadratic manifold dimensionality reduction: How to compute 𝐕𝐕, �𝐕𝐕 and the 

mapping from 𝐱𝐱 to �𝐱𝐱 ?
2. ROM with quadratic manifold approximation: What is the form of a ROM that 

employs a quadratic manifold approximation and how to compute it?

Note: To keep the exposition 
simple, I’m writing �𝐕𝐕 ∈ ℝ𝑵𝑵×𝒓𝒓𝟐𝟐

and the full quadratic product 
�𝐱𝐱⊗ �𝐱𝐱 . In practice we 
eliminate the redundant 
degrees of freedom and 
compute �𝐕𝐕 ∈ ℝ𝑵𝑵×𝒓𝒓(𝒓𝒓+𝟏𝟏)/𝟐𝟐
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Q1: Quadratic manifold dimensionality reduction: How to compute 𝐕𝐕, �𝐕𝐕
and the mapping from 𝐱𝐱 to �𝐱𝐱 ?

Given snapshots 𝐗𝐗 =
| |
𝐱𝐱1 … 𝐱𝐱𝐾𝐾
| |

we wish to determine the basis 𝐕𝐕 ∈ ℝ𝑵𝑵×𝒓𝒓 and 

�𝐕𝐕 ∈ ℝ𝑵𝑵×𝒓𝒓𝟐𝟐 to yield the approximation 𝐱𝐱 ≈ 𝐱𝐱ref + 𝐕𝐕�𝐱𝐱 + �𝐕𝐕 �𝐱𝐱⊗ �𝐱𝐱 .

min
𝐕𝐕,�𝐕𝐕,�𝐗𝐗

�
𝑗𝑗=1

𝐾𝐾

𝐱𝐱𝑗𝑗 − 𝐱𝐱ref − 𝐕𝐕�𝐱𝐱𝑗𝑗 − �𝐕𝐕 �𝐱𝐱𝑗𝑗 ⊗ �𝐱𝐱𝑗𝑗 𝟐𝟐
𝟐𝟐

Could write as a simultaneous joint optimization problem:

but not clear how to solve this joint optimization in a 
computationally tractable way.
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Instead, we break the task into two steps:
(1) choose 𝐕𝐕 to give the best linear fit, 
and then
(2) choose �𝐕𝐕 to minimize the remaining misfit.

min
�𝐕𝐕

�
𝑗𝑗=1

𝐾𝐾

𝐱𝐱𝑗𝑗 − 𝐱𝐱ref − 𝐕𝐕�𝐱𝐱𝑗𝑗 − �𝐕𝐕 �𝐱𝐱𝑗𝑗 ⊗ �𝐱𝐱𝑗𝑗 𝟐𝟐
𝟐𝟐

𝐕𝐕 ← svd(𝐗𝐗 − 𝐗𝐗ref), 𝐕𝐕 ∈ ℝ𝑵𝑵×𝒓𝒓 is orthonormal

(1) choose 𝐕𝐕 to give the best linear fit:

(2) choose �𝐕𝐕 to minimize the remaining misfit:

where �𝐱𝐱𝑗𝑗 = 𝐕𝐕⊤(𝐱𝐱𝑗𝑗−𝐱𝐱ref)

This is suboptimal but computationally 
efficient and fits naturally with linear 
dimensionality reduction frameworks. 
We will also see that it lends itself to 
interpretation as a closure term.
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min
�𝐕𝐕

�
𝑗𝑗=1

𝐾𝐾

𝐱𝐱𝑗𝑗 − 𝐱𝐱ref − 𝐕𝐕�𝐱𝐱𝑗𝑗 − �𝐕𝐕 �𝐱𝐱𝑗𝑗 ⊗ �𝐱𝐱𝑗𝑗 𝟐𝟐
𝟐𝟐

Can write this as min
�𝐕𝐕

1
2

𝐖𝐖⊤�𝐕𝐕⊤ − 𝜺𝜺⊤ 𝐹𝐹
2

the part of 𝐗𝐗 − 𝐗𝐗ref not captured 
by the linear basis matrix 𝐕𝐕, with 
𝐕𝐕⊥ ∈ ℝ𝑵𝑵×(𝑵𝑵−𝒓𝒓) the orthogonal 
complement of 𝐕𝐕 in ℝ𝑵𝑵

where

𝐖𝐖 ≔
| |

�𝐱𝐱1 ⊗ �𝐱𝐱1 ⋯ �𝐱𝐱𝐾𝐾 ⊗ �𝐱𝐱𝐾𝐾
| |

∈ ℝ𝑟𝑟2×𝐾𝐾

𝜺𝜺 ≔ 𝐈𝐈 − 𝐕𝐕𝐕𝐕⊤ 𝐗𝐗 − 𝐗𝐗ref ≔ 𝐕𝐕⊥𝐕𝐕⊥⊤ 𝐗𝐗 − 𝐗𝐗ref ∈ ℝ𝑁𝑁×𝐾𝐾

the quadratic terms 
in the reduced state 
representation

Choosing �𝐕𝐕 :
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min
�𝐕𝐕

1
2

𝐖𝐖⊤�𝐕𝐕⊤ − 𝜺𝜺⊤ 𝐹𝐹
2

Choosing �𝐕𝐕 :

�𝐕𝐕⊤ = 𝐖𝐖𝐖𝐖⊤ −1𝐖𝐖𝜺𝜺⊤ ⟹ �𝐕𝐕 = 𝜺𝜺𝐖𝐖⊤ 𝐖𝐖𝐖𝐖⊤ −1Normal equations:

Using the definition of 𝜺𝜺:

�𝐕𝐕 = 𝐈𝐈 − 𝐕𝐕𝐕𝐕⊤ 𝐗𝐗 − 𝐗𝐗ref 𝐖𝐖⊤ 𝐖𝐖𝐖𝐖⊤ −1 = 𝐕𝐕⊥𝐕𝐕⊥⊤ 𝐗𝐗 − 𝐗𝐗ref 𝐖𝐖⊤ 𝐖𝐖𝐖𝐖⊤ −1

Each column of �𝐕𝐕 is in the column space of 𝐕𝐕⊥, and so we have 𝐕𝐕⊤�𝐕𝐕 = 0.
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Notes:
• Numerically may need to regularize and solve �𝐕𝐕 = 𝜺𝜺𝐖𝐖⊤ 𝐖𝐖𝐖𝐖⊤ + 𝛾𝛾𝐈𝐈 −1

with 𝛾𝛾 a scalar regularization parameter
• Since we have 𝐕𝐕⊤�𝐕𝐕 = 0, we can interpret the term �𝐕𝐕 �𝐱𝐱⊗ �𝐱𝐱 as adding a data-driven 

closure term to our approximation of 𝐱𝐱
• We introduce an additional 𝑟𝑟 𝑟𝑟+1

2
directions (~basis vectors) to the approximation,

but (importantly) we do not increase the reduced state dimension

Summary of Q1: Quadratic manifold dimensionality reduction: How to 
compute 𝐕𝐕, �𝐕𝐕 and the mapping from 𝐱𝐱 to �𝐱𝐱 ?

1. Compute 𝐕𝐕 as the first 𝑟𝑟 left singular vectors of 𝐗𝐗 − 𝐗𝐗ref
2. Compute �𝐕𝐕 as the solution of the linear least squares problem

�𝐕𝐕 = 𝜺𝜺𝐖𝐖⊤ 𝐖𝐖𝐖𝐖⊤ −1

3. �𝐱𝐱 = 𝐕𝐕⊤(𝐱𝐱 − 𝐱𝐱ref) (as before)

𝐱𝐱 ≈ 𝐱𝐱ref + 𝐕𝐕�𝐱𝐱 + �𝐕𝐕 �𝐱𝐱⊗ �𝐱𝐱



16

Simple illustrative example:
3D trajectory parameterized by scalar variable 𝒕𝒕 ∈ [𝟎𝟎,𝟐𝟐𝟐𝟐]

• Generate snapshots by uniformly sampling 
the trajectory at 𝐾𝐾 = 100 values of 𝑡𝑡

• 𝒔𝒔ref set to the initial condition 𝐬𝐬(0)

• Compute left singular vectors of 𝐒𝐒 − 𝐒𝐒ref :

• Form linear approximation with 𝑟𝑟 = 2
𝐱𝐱 = 𝐱𝐱ref + 𝐯𝐯1�𝐱𝐱1 + 𝐯𝐯2�𝐱𝐱2 + 𝜺𝜺

𝜎𝜎1 = 12.94 𝜎𝜎2 = 7.04 𝜎𝜎3 = 4.28
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Simple illustrative example:
3D trajectory parameterized by scalar variable 𝒕𝒕 ∈ [𝟎𝟎,𝟐𝟐𝟐𝟐]

Set 𝑟𝑟 = 2, compute 𝜀𝜀 for each snapshot and 
solve for the 𝑟𝑟 𝑟𝑟+1

2
= 3 vectors in �𝐕𝐕 :

𝐱𝐱 ≈ 𝐱𝐱ref + 𝐯𝐯1 �𝑥𝑥1 + 𝐯𝐯2 �𝑥𝑥2 + �𝐯𝐯1 �𝑥𝑥1𝟐𝟐 + �𝐯𝐯2 �𝑥𝑥1 �𝑥𝑥2 + �𝐯𝐯3 �𝑥𝑥2𝟐𝟐𝐱𝐱 ≈ 𝐱𝐱ref + 𝐯𝐯1 �𝑥𝑥1 + 𝐯𝐯2 �𝑥𝑥2
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Can also introduce a quasi-quadratic manifold:

�𝐕𝐕 ∈ ℝ𝑁𝑁×𝑞𝑞 , 𝑞𝑞 < 𝑟𝑟 𝑟𝑟+1
2

Use column selection to choose 𝑞𝑞 columns of �𝐕𝐕 using 
group-sparse regularization
→ balance approximation quality with cost

Details in Geelen, Wright & W., 2022.
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Quasi-quadratic manifold balances 
approximation quality with cost

𝐱𝐱 ≈ 𝐱𝐱ref + 𝐯𝐯1 �𝑥𝑥1 + 𝐯𝐯2 �𝑥𝑥2 + �𝐯𝐯1 �𝑥𝑥1𝟐𝟐 + �𝐯𝐯2 �𝑥𝑥1 �𝑥𝑥2 + �𝐯𝐯3 �𝑥𝑥2𝟐𝟐𝐱𝐱 ≈ 𝐱𝐱ref + 𝐯𝐯1 �𝑥𝑥1 + 𝐯𝐯2 �𝑥𝑥2 𝐱𝐱 ≈ 𝐱𝐱ref + 𝐯𝐯1 �𝑥𝑥1 + 𝐯𝐯2 �𝑥𝑥2 + �𝐯𝐯3 �𝑥𝑥2𝟐𝟐



Q2: ROM with quadratic manifold approximation: What is the form of a ROM 
that employs a quadratic manifold approximation and how to compute it?



21

Q2: ROM with quadratic manifold approximation: What is the form of a ROM 
that employs a quadratic manifold approximation and how to compute it?

approximate 𝐱𝐱 ≈ 𝐱𝐱ref + 𝐕𝐕�𝐱𝐱 + �𝐕𝐕 �𝐱𝐱⊗ �𝐱𝐱 with 
�𝐱𝐱 ∈ ℝ𝒓𝒓, 𝐕𝐕⊤𝐕𝐕 = 𝐈𝐈, �𝐕𝐕⊤𝐕𝐕 = 𝟎𝟎

linear full-order 
model (FOM): 

reduced-order 
model (ROM): 

�̇�𝐱 = 𝐀𝐀𝐱𝐱 + 𝐁𝐁𝐮𝐮

�𝐀𝐀 = 𝐕𝐕⊤𝐀𝐀 𝐕𝐕,  �𝐇𝐇 = 𝐕𝐕⊤𝐀𝐀 �𝐕𝐕, �̂�𝐜 = 𝐕𝐕⊤𝐀𝐀𝐱𝐱ref, �𝐁𝐁 = 𝐕𝐕⊤𝐁𝐁

�̇𝐱𝐱 = �𝐀𝐀�𝐱𝐱 + �𝐇𝐇 �𝐱𝐱⊗ �𝐱𝐱 + �̂�𝐜 + �𝐁𝐁𝐮𝐮

𝐫𝐫 = 𝐕𝐕�̇𝐱𝐱 + �𝐕𝐕
d
d𝑡𝑡

�𝐱𝐱 ⊗ �𝐱𝐱 − 𝐀𝐀𝐱𝐱ref − 𝐀𝐀𝐕𝐕�𝐱𝐱 − 𝐀𝐀�𝐕𝐕 �𝐱𝐱⊗ �𝐱𝐱 − 𝐁𝐁𝐮𝐮

Galerkin projection 𝐕𝐕⊤𝐫𝐫 = 0
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FOM:

ROM:

�̇�𝐱 = 𝐀𝐀𝐱𝐱 + 𝐁𝐁𝐮𝐮

𝐱𝐱 ≈ 𝐱𝐱ref + 𝐕𝐕�𝐱𝐱 𝐱𝐱 ≈ 𝐱𝐱ref + 𝐕𝐕�𝐱𝐱 + �𝐕𝐕 �𝐱𝐱⊗ �𝐱𝐱

�̇�𝐱 = 𝐀𝐀𝐱𝐱 + 𝐁𝐁𝐮𝐮

�̇𝐱𝐱 = �𝐀𝐀�𝐱𝐱 + �𝐇𝐇 �𝐱𝐱⊗ �𝐱𝐱 + �̂�𝐜 + �𝐁𝐁𝐮𝐮�̇𝐱𝐱 = �𝐀𝐀�𝐱𝐱 + �̂�𝐜 + �𝐁𝐁𝐮𝐮

closure term appears in the ROM; 
representing effects of the 
neglected POD modes

Linear Subspace ROM vs. Quadratic Manifold ROM

This fits very nicely in the Operator Inference 
framework. Now we have an additional ROM 
operator to learn, but otherwise the OpInf
algorithm is identical. Note that the mapping 
from reduced state �𝐱𝐱 to full state 𝐱𝐱 is different.
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[Geelen, Wright & W., CMAME 2022]

Quadratic Manifold Operator Inference



Quadratic Manifold Model Reduction 
for the wave equation

24

Wave equation (linear):

OpInf ROM with quadratic state approximation:
Quadratic term acts as a closure.



Quadratic Manifold Model Reduction 
for the wave equation

Error
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FOM:

ROM:

�̇�𝐱 = 𝐀𝐀𝐱𝐱 + 𝐇𝐇 𝐱𝐱⊗ 𝐱𝐱 + 𝐁𝐁𝐮𝐮

𝐱𝐱 ≈ 𝐱𝐱ref + 𝐕𝐕�𝐱𝐱 + �𝐕𝐕 �𝐱𝐱⊗ �𝐱𝐱

�̇𝐱𝐱 = �𝐀𝐀�𝐱𝐱 + �𝐇𝐇 �𝐱𝐱⊗ �𝐱𝐱 + �𝐆𝐆 �𝐱𝐱⊗ �𝐱𝐱⊗ �𝐱𝐱
+ �𝐅𝐅 �𝐱𝐱⊗ �𝐱𝐱⊗ �𝐱𝐱⊗ �𝐱𝐱 + �̂�𝐜 + �𝐁𝐁𝐮𝐮

• Learning a quartic ROM is problematic: the number of coefficients to be learned in the 
OpInf least squares will scale with 𝑟𝑟4

• Even if we could learn a quartic ROM, it will be expensive to solve
• Column selection over quadratic, cubic and quartic terms will be essential
• Some form of hyper-reduction may be an option (but we want to remain non-intrusive)

Quadratic Manifold ROM for 
nonlinear systems



2. Localized Operator Inference
Increasing the richness of our low-dimensional approximation space

Geelen, W. Localized non-intrusive reduced-order modeling in the operator inference 
framework. Philosophical Transactions of the Royal Society A, Vol. 380, Issue 2229, 2022.



Localized Operator Inference – Divide & Conquer

Offline
1. Data collection & clustering – collect

training data and partition into clusters
using unsupervised learning methods

2. Train the classifier – for selecting
the appropriate local ROM

3. Learn a set of cluster-specific ROMs
– in non-intrusive fashion, infer a set of optimal local reduced operators

Online
1. Select ROM – using the state as an indicator,

select which local ROM to employ
2. Solve – evaluate the ROM using reduced model

operators corresponding to the selected local ROM

OFFLINE

ONLINE

28

Follows the offline/online workflow of intrusive localized reduction methods



Reducing a Cahn-Hilliard phase-field model

Different initial conditions 
give rise to different 
kinematics across 
different temporal
and spatial scales

time

s0 = 0.1

s0 = 0.3
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Step 1 – Data collection & clustering
• Snapshot training data

• Compute a global POD basis  𝐕𝐕G ∈ ℝ𝑁𝑁×𝑔𝑔

(compression for clustering and classification)

• Low-dimensional data representation  �𝐗𝐗 = 𝐕𝐕G⊤𝐗𝐗:
• Partition training data into 𝑛𝑛𝑝𝑝 snapshot clusters using unsupervised learning

Localized Operator Inference: Offline Phase

𝐗𝐗 =
| | |
𝐱𝐱𝟎𝟎 𝐱𝐱1 ⋯ 𝐱𝐱𝑘𝑘
| | |

, �̇�𝐗 =
| | |
�̇�𝐱𝟎𝟎 �̇�𝐱1 ⋯ �̇�𝐱𝑘𝑘
| | |

30

Snapshot collection 
across different 
timesteps and 
initial conditions

⋯

cluster 1 cluster 2 cluster 𝑛𝑛𝑝𝑝



Localized Operator Inference: Offline Phase

Step 3 – Learn 𝒏𝒏𝒑𝒑 cluster-specific Operator Inference ROMs
• Localized ROMs have cubic form (inherits structure of Cahn Hilliard):

• Solve linear least squares to infer localized operators �𝐀𝐀𝑝𝑝 and �𝐆𝐆𝑝𝑝

Step 2 – Train the classifier
• Nearest neighbor classifier maps from

low-dimensional state �𝐱𝐱 to cluster index

classifier:  �𝐱𝐱 →   1,2, … ,𝑛𝑛𝑝𝑝
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⋯

cluster 1
ROM 1

cluster 2
ROM 2

cluster 𝑛𝑛𝑝𝑝
ROM  𝑛𝑛𝑝𝑝

d
d𝑡𝑡
�𝐱𝐱𝑝𝑝 = �𝐀𝐀𝑝𝑝�𝐱𝐱𝑝𝑝 + �𝐆𝐆𝑝𝑝 �𝐱𝐱𝑝𝑝 ⊗ �𝐱𝐱𝑝𝑝 ⊗ �𝐱𝐱𝑝𝑝

min
�𝐀𝐀𝑝𝑝,�𝐆𝐆𝑝𝑝

�𝐀𝐀𝑝𝑝�𝐗𝐗𝑝𝑝 + �𝐆𝐆𝑝𝑝 �𝐗𝐗𝑝𝑝 ⊙ �𝐗𝐗𝑝𝑝 ⊙ �𝐗𝐗𝑝𝑝 − �̇𝐗𝐗𝑝𝑝 𝐹𝐹

2
+ 𝜆𝜆1,𝑝𝑝 �𝐀𝐀𝑝𝑝 𝐹𝐹

2 + 𝜆𝜆2,𝑝𝑝 �𝑮𝑮𝑝𝑝 𝐹𝐹
2



Step 1 – Compute indicator and evaluate classifier

Localized Operator Inference: Online Phase

Step 2 – ROM evaluation
• 𝑝𝑝th ROM:

• When switching from cluster/ROM 𝑏𝑏 to 𝑎𝑎, project the reduced state

�𝐱𝐱 = 𝐕𝐕G⊤𝐕𝐕𝑝𝑝 �𝐱𝐱𝑝𝑝 ∈ ℝ𝐺𝐺 →   1,2, … ,𝑛𝑛𝑝𝑝

�𝐱𝐱𝑎𝑎 = 𝐕𝐕𝑎𝑎⊤𝐕𝐕𝑏𝑏 �𝐱𝐱𝑏𝑏 ∈ ℝ𝑟𝑟𝑎𝑎

32

d
d𝑡𝑡
�𝐱𝐱𝑝𝑝 = �𝐀𝐀𝑝𝑝�𝐱𝐱𝑝𝑝 + �𝐆𝐆𝑝𝑝 �𝐱𝐱𝑝𝑝 ⊗ �𝐱𝐱𝑝𝑝 ⊗ �𝐱𝐱𝑝𝑝



Example: Reducing the Cahn-Hilliard equation

Different initial conditions 
give rise to different 
kinematics across 
different temporal
and spatial scales

time

x0 = 0.1

x0 = 0.3

33
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time

snapshots seeded with different initial conditions

Training details
• FOM: Ω = 0, 1 2, finite difference scheme, 𝑛𝑛 ≈ 16k dof, periodic BCs

• RK4 time integration; 𝐾𝐾 = 20,000 time steps; ∆t = 10−6 ; states and 
derivatives saved every 100 time steps

• ROM trained on 100 initial conditions from the parameter space [0.1, 0.4]

x0 = 0.1

x0 = 0.3

Example: Reducing the Cahn-Hilliard equation



35

Localization via clustering (unsupervised learning) 
is one way to mitigate slow singular value decay

time

snapshots seeded with different initial conditions

A global basis would 
require 102‒103 modes



Reduced-order model performance

Localized OpInf ROM with 32 snapshot clusters, 𝑟𝑟 = 15

Error in the autocorrelations

36

FOM 𝑁𝑁 = 16,384



Summary

→ Quadratic Manifold Operator Inference [Geelen, Wright & W., CMAME, 2022]

→ Localized Operator Inference [Geelen & W., Phil. Trans. Royal Society A, 2021]

37

non-intrusive physics-based 
(Operator Inference)

approximation power of 
nonlinear manifolds+

• Two ways to enrich the approximation 
space, while maintaining completely 
non-intrusive algorithms
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