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1. Regularization
An essential numerical aspect of Operator Inference

[MHW21] McQuarrie, Huang, W. Data-driven reduced-order models via 
regularized operator inference for a single-injector combustion process. 
Journal of the Royal Society of New Zealand, 2021
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�𝐗𝐗⊤�𝐀𝐀⊤ + �𝐗𝐗⊗ �𝐗𝐗 ⊤�𝐇𝐇⊤ + 𝐔𝐔⊤�𝐁𝐁⊤ − �̇𝐗𝐗⊤
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Baseline Operator Inference optimization statement (quadratic system):

• Least squares problem decouples by row → solve 𝑟𝑟 independent least squares systems

• Number of optimization dof in each least squares problem is 𝑑𝑑 𝑟𝑟

‒ For linear-quadratic ROM, 𝑑𝑑 𝑟𝑟 = 𝑟𝑟 + 𝑟𝑟 𝑟𝑟+1
2

+ 𝑁𝑁𝑖𝑖

• To be overdetermined, we require 𝐾𝐾 > 𝑑𝑑(𝑟𝑟), but least squares systems are potentially 
ill-conditioned and sensitive to noise:
‒ Linear dependence among the 𝐾𝐾 snapshots

‒ Noise in estimates of time derivatives �̇𝐗𝐗
‒ Model mis-specification
‒ Closure errors due to truncated POD modes



Baseline Operator Inference optimization statement (quadratic system):

min
�𝐀𝐀,�𝐁𝐁,�𝐇𝐇

𝐃𝐃 �𝐀𝐀 �𝐇𝐇 �𝐁𝐁 ⊤ − 𝐑𝐑⊤
F
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Write as (notation from [MHW21]):

min
�𝐀𝐀,�𝐁𝐁,�𝐇𝐇

�𝐗𝐗⊤�𝐀𝐀⊤ + �𝐗𝐗⊗ �𝐗𝐗 ⊤�𝐇𝐇⊤ + 𝐔𝐔⊤�𝐁𝐁⊤ − �̇𝐗𝐗⊤
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Introduce Tikhonov regularization:

min
�𝐀𝐀,�𝐁𝐁,�𝐇𝐇

𝐃𝐃 �𝐀𝐀 �𝐇𝐇 �𝐁𝐁 ⊤ − 𝐑𝐑⊤
F

2
+ 𝜆𝜆1 �𝐀𝐀 F

2 + �𝐁𝐁 F
2 + 𝜆𝜆2 �𝐇𝐇 F
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Tikhonov regularized Operator (quadratic system):

• This Tikhonov regularization preserves the decoupling into 𝑟𝑟 least squares 
systems (important for scalability and conditioning).

• Penalizing each entry of the operators �𝐀𝐀, �𝐇𝐇, �𝐁𝐁 drives the system towards the ROM 
�̇𝐱𝐱 = 0 as 𝜆𝜆1 and 𝜆𝜆2 are increased, and so may encourage stability.

• We typically choose one regularization parameter for �𝐀𝐀 and �𝐁𝐁 (𝜆𝜆1) and a different 
regularization parameter for �𝐇𝐇 (𝜆𝜆2) because the scale of these terms are different.

• Other choices are possible: regularize �𝐀𝐀 and �𝐁𝐁 separately; introduce a diagonal 
matrix Λ to regularize each row of the ROM system separately, etc.

• Need to balance more fine-tuning of the regularization terms with the need to find 
optimal/robust regularization parameters.

min
�𝐀𝐀,�𝐁𝐁,�𝐇𝐇

𝐃𝐃 �𝐀𝐀 �𝐇𝐇 �𝐁𝐁 ⊤ − 𝐑𝐑⊤
F

2
+ 𝜆𝜆1 �𝐀𝐀 F

2 + �𝐁𝐁 F
2 + 𝜆𝜆2 �𝐇𝐇 F
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Tikhonov regularized Operator (quadratic system):

• Determine 𝜆𝜆1, 𝜆𝜆2 through an outer optimization (or grid search) 
• For example, find the regularization parameters that lead to the ROM that 

minimizes error over a set of training data:
1. initial guess for 𝜆𝜆1, 𝜆𝜆2
2. solve OpInf problem to determine �𝐀𝐀, �𝐁𝐁, �𝐇𝐇

3. solve ROM and compute ROM approximation of training data
4. compute error metric
5. update 𝜆𝜆1, 𝜆𝜆2 (grid search or derivative-free descent algorithm)

This can be done efficiently because ROM solves are cheap.

min
�𝐀𝐀,�𝐁𝐁,�𝐇𝐇

𝐃𝐃 �𝐀𝐀 �𝐇𝐇 �𝐁𝐁 ⊤ − 𝐑𝐑⊤
F

2
+ 𝜆𝜆1 �𝐀𝐀 F

2 + �𝐁𝐁 F
2 + 𝜆𝜆2 �𝐇𝐇 F
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Tikhonov regularized Operator (quadratic system):

• Can also embed other ROM properties in the outer optimization search for 
regularization parameters.

• For example, in [MHW21], have training data (snapshots) over time domain 
𝑡𝑡0, 𝑡𝑡𝑘𝑘−1 but want a ROM that performs well over 𝑡𝑡0, 𝑡𝑡𝑓𝑓 with 𝑡𝑡𝑓𝑓 > 𝑡𝑡𝑘𝑘−1
→ choose 𝜆𝜆1, 𝜆𝜆2 so that the ROM minimizes error over 𝑡𝑡0, 𝑡𝑡𝑘𝑘−1 while 

maintaining a bound on the integrated POD coefficients over 𝑡𝑡0, 𝑡𝑡𝑓𝑓

min
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𝐃𝐃 �𝐀𝐀 �𝐇𝐇 �𝐁𝐁 ⊤ − 𝐑𝐑⊤
F

2
+ 𝜆𝜆1 �𝐀𝐀 F

2 + �𝐁𝐁 F
2 + 𝜆𝜆2 �𝐇𝐇 F
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Require ROM state    �𝐱𝐱 𝑡𝑡 =

�𝑥𝑥1(𝑡𝑡)
�𝑥𝑥2(𝑡𝑡)
⋮

�𝑥𝑥𝑟𝑟(𝑡𝑡)

produced by integrating the ROM 

to satisfy �𝑥𝑥𝑗𝑗(𝑡𝑡) ≤ 𝐵𝐵, 𝑗𝑗 = 1, … , 𝑟𝑟, 𝑡𝑡 ∈ 𝑡𝑡0, 𝑡𝑡𝑓𝑓
for some (chosen) 𝐵𝐵 > 0.

𝑥𝑥𝑖𝑖 𝑡𝑡 = �
𝑗𝑗=1

𝑟𝑟

𝑉𝑉𝑖𝑖𝑗𝑗 �𝑥𝑥𝑗𝑗 𝑡𝑡 ≤�
𝑗𝑗=1

𝑟𝑟

𝑉𝑉𝑖𝑖𝑗𝑗 �𝑥𝑥𝑗𝑗 𝑡𝑡 ≤ 𝐵𝐵�
𝑗𝑗=1

𝑟𝑟

𝑉𝑉𝑖𝑖𝑗𝑗 𝑖𝑖 = 1, 2, … ,𝑁𝑁

precomputeChoose 𝐵𝐵 to impose an appropriate bound
on the 𝑥𝑥𝑖𝑖 e.g., limiting values of temperature

Choosing regularization parameters to maintain a bound on the ROM solution: 

Efficient, because it involves only ROM solutions in the regularization parameter optimization loop 
→ hyperparameter search can be a cheap way to encourage desired ROM properties.

Why? Can write this as a bound on the magnitude of the entries of the full-order state 𝐱𝐱 𝑡𝑡 = 𝐕𝐕�𝐱𝐱(𝑡𝑡):



10

[Algorithm 1 from MHW21]
Regularized Operator Inference

This part coming soon



2.3 Examples of Operator Inference 
in action



GEMS 621K dof ROM 75 dof per injector

12
https://www.bintoa.com/powder-bed-fusion

Solidification in additive 
manufacturing
(Khodabakhshi w/ ORNL)

Phase-field modeling (Geelen)

FOM

ROM

Rocket Combustor
(Qian, Farcas, McQuarrie w/ Air Force COE)

VAT Wing Aerostructural
Analysis (Zastrow & Chaudhuri w/ Lockheed)

FUN3D ROM

Operator Inference Applications
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Ionut Farcas
Collaboration with R. Munipalli at AFRL
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Modeling a single injector of 
a rocket engine combustor

• Spatial domain discretized into 2.6M cells

• Forced by a back pressure
boundary condition at
exit throat

• 3D simulations use flamelet
model for chemistry

Injector Element

Injector Post

Oxidizer Manifold

Combustion Chamber

Exit Throat

Elizabeth Qian and Ionut Farcas



Modeling a single injector of a 
rocket engine combustor

Training data
• 3 ms of full state solutions generated using Air Force 

GEMS code (2.6M spatial dof, ~4500 hours CPU time)

• Timestep Δ𝑡𝑡 = 10−6s; 3,000 snapshots

• Variables used for learning ROMs

𝐱𝐱 = 𝐩𝐩 𝐮𝐮 𝐯𝐯 𝐰𝐰 𝐓𝐓 �𝟏𝟏 𝝆𝝆 𝝆𝝆𝒁𝒁𝒎𝒎 𝝆𝝆𝝆𝝆

makes many (but not all) terms in
governing equations quadratic

• Snapshot matrix 𝐗𝐗 ∈ ℝ21M×3,000

Test data
Additional 2 ms of
snapshot data
(2,000 timesteps)

17



18

Time Traces: Pressure

Probe 1

Probe 2

GEMS data
Lift & Learn

𝑟𝑟 = 80 𝑟𝑟 = 100 𝑟𝑟 = 150

1

2

Qian, Farcas, 
W., SISC 2022



𝑡𝑡 = 15 ms

𝑡𝑡 = 16 ms

𝑡𝑡 = 17 ms

𝑡𝑡 = 18 ms

𝑡𝑡 = 19 ms

𝑡𝑡 = 20 ms

GEMS 𝑟𝑟 = 80 𝑟𝑟 = 100

Te
m
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Acta Numerica Willcox Errata

• Eq. (7.8): dimension of 𝐇𝐇 should be 𝑛𝑛 × 𝑛𝑛2

• Eq. (7.13): ⊙ should be ⊗
• Definition of Khatri-Rao, dimension of 𝐕𝐕⊙ 𝐕𝐕 should be 𝑛𝑛2 × 𝑟𝑟

Please send me any more errors you find… 



3. Variable transformations & lifting
A strategy to address the challenges of nonlinear model reduction



Linear Model

24

FOM: 

ROM: ROM: 

FOM: 

Precompute the ROM matrices: Precompute the ROM matrices and tensor:

Quadratic Model

�̇𝐱𝐱 = �𝐀𝐀�𝐱𝐱 + �𝐁𝐁𝐮𝐮 �̇𝐱𝐱 = �𝐀𝐀�𝐱𝐱 + �𝐇𝐇 �𝐱𝐱⊗ �𝐱𝐱 + �𝐁𝐁𝐮𝐮

�̇�𝐱 = 𝐀𝐀𝐱𝐱 + 𝐇𝐇 𝐱𝐱⊗ 𝐱𝐱 + 𝐁𝐁𝐮𝐮�̇�𝐱 = 𝐀𝐀𝐱𝐱 + 𝐁𝐁𝐮𝐮

projection preserves structure  ↔ structure embeds physical constraints

�𝐀𝐀 = 𝐕𝐕⊤𝐀𝐀𝐕𝐕, �𝐁𝐁 = 𝐕𝐕⊤𝐁𝐁 �𝐇𝐇 = 𝐕𝐕⊤𝐇𝐇(𝐕𝐕⊗ 𝐕𝐕)



Projection-
based nonlinear 
reduced models

approximation of
high-fidelity nonlinear 
models via projection 
onto a low-dimensional 
subspace

𝐫𝐫 = 𝐕𝐕�̇𝐱𝐱 − 𝐟𝐟 𝐕𝐕�𝐱𝐱 , 𝐮𝐮

ROM
dimension is reduced, but 
evaluating nonlinear term still 
scales with large dimension 𝑁𝑁

FOM�̇�𝐱 = 𝐟𝐟(𝐱𝐱,𝐮𝐮)

𝐱𝐱 ≈ 𝐕𝐕�𝐱𝐱

𝐕𝐕⊤𝐫𝐫 = 𝟎𝟎

�̇𝐱𝐱 = 𝐕𝐕⊤𝐟𝐟(𝐕𝐕�𝐱𝐱,𝐮𝐮)

state 𝐱𝐱 ∈ ℝ𝑁𝑁

input 𝐮𝐮 ∈ ℝ𝑁𝑁𝑖𝑖

basis 𝐕𝐕 ∈ ℝ𝑁𝑁×𝑟𝑟

reduced state �𝐱𝐱 ∈ ℝ𝑟𝑟

𝑟𝑟 ≪ 𝑁𝑁



Variable 
transformations 
expose polynomial 
structure

Using specific volume ( ⁄1 𝜌𝜌) 
exposes quadratic structure 
in the Euler equations

Specific volume:  𝑞𝑞 = ⁄1 𝜌𝜌

𝜕𝜕
𝜕𝜕𝑡𝑡

𝑤𝑤
𝑝𝑝
𝑞𝑞

+

𝑤𝑤
𝜕𝜕𝑤𝑤
𝜕𝜕𝑧𝑧 + 𝑞𝑞

𝜕𝜕𝑝𝑝
𝜕𝜕𝑧𝑧

𝛾𝛾𝑝𝑝
𝜕𝜕𝑤𝑤
𝜕𝜕𝑧𝑧 + 𝑤𝑤

𝜕𝜕𝑝𝑝
𝜕𝜕𝑧𝑧

𝑞𝑞
𝜕𝜕𝑤𝑤
𝜕𝜕𝑧𝑧 + 𝑤𝑤

𝜕𝜕𝑞𝑞
𝜕𝜕𝑧𝑧

= 0

specific volume variables

transformed system
has quadratic structure

𝜕𝜕
𝜕𝜕𝑡𝑡

𝜌𝜌
𝜌𝜌𝑤𝑤
𝐸𝐸

+
𝜕𝜕
𝜕𝜕𝑧𝑧

𝜌𝜌𝑤𝑤
𝜌𝜌𝑤𝑤2 + 𝑝𝑝
𝐸𝐸 + 𝑝𝑝 𝑤𝑤

= 0

𝐸𝐸 =
𝑝𝑝

𝛾𝛾 − 1
+

1
2
𝜌𝜌𝑤𝑤2

𝜕𝜕
𝜕𝜕𝑡𝑡

𝜌𝜌
𝑤𝑤
𝑝𝑝

+

𝜌𝜌
𝜕𝜕𝑤𝑤
𝜕𝜕𝑧𝑧

+ 𝑤𝑤
𝜕𝜕𝜌𝜌
𝜕𝜕𝑧𝑧

𝑤𝑤
𝜕𝜕𝑤𝑤
𝜕𝜕𝑧𝑧

+
1
𝜌𝜌
𝜕𝜕𝑝𝑝
𝜕𝜕𝑧𝑧

𝛾𝛾𝑝𝑝
𝜕𝜕𝑤𝑤
𝜕𝜕𝑧𝑧

+ 𝑤𝑤
𝜕𝜕𝑝𝑝
𝜕𝜕𝑧𝑧

= 0

conservative variables
mass, momentum, energy

primitive variables
mass, velocity, pressure

�̇𝐱𝐱 = �𝐇𝐇 �𝐱𝐱⊗ �𝐱𝐱 + �𝐁𝐁𝐮𝐮

�̇�𝐱 = 𝐇𝐇 𝐱𝐱⊗ 𝐱𝐱 + 𝐁𝐁𝐮𝐮

ROM has quadratic structure
26



Introducing auxiliary 
variables can 
expose structure
→ lifting

Example: Lifting a 
quartic ODE to 
quadratic-bilinear form

Can either lift to a
system of ODEs or
to a system of DAEs

27

Consider the quartic system

Introduce auxiliary variables:

Chain rule:

Need additional variable to make auxiliary dynamics quadratic:

QB-ODE
QB-DAE

[McCormick 1976; Gu 2011]



Introducing auxiliary 
variables can 
expose structure
→ lifting

• original state 𝑠𝑠 𝑥𝑥, 𝑡𝑡
dimension 𝑑𝑑𝑠𝑠

• lifted state 𝑤𝑤(𝑥𝑥, 𝑡𝑡)
dimension 𝑑𝑑𝑤𝑤

• lifted PDE has 
quadratic form

28

[McCormick 1976; Gu 2011]

[Qian, Kramer, Peherstorfer, W. Physica D, 2020]



original equations

cubic lifted equations

Many different
forms of nonlinear 
PDEs can be lifted
to polynomial form

Model of a solidification process in additive manufacturing
[Khodabakhshi, W. CMAME 2021]



Solidification of 
a Pure Material

30

with

DebRoy et al. Progress in Materials Science, 2018

Nonlinear system for 1D solidification

𝑇𝑇
𝜙𝜙



Solidification of 
a Pure Material

31

Chain rule:

with

Nonlinear system for 1D solidification

𝑇𝑇
𝜙𝜙



Solidification of 
a Pure Material

32

Chain rule:

with

Nonlinear system for 1D solidification

𝑇𝑇
𝜙𝜙
𝐾𝐾



Solidification of 
a Pure Material
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Chain rule:

with

Nonlinear system for 1D solidification

𝑇𝑇
𝜙𝜙
𝐾𝐾
𝑝𝑝



Solidification of 
a Pure Material

34

Chain rule:

with

Nonlinear system for 1D solidification

𝑇𝑇
𝜙𝜙
𝐾𝐾
𝑝𝑝
𝑝𝑝𝑝



Solidification of 
a Pure Material

35

Chain rule:

Nonlinear system for 1D solidification

𝑇𝑇
𝜙𝜙
𝐾𝐾
𝑝𝑝
𝑝𝑝𝑝
𝑝𝑝𝑝𝑝



Solidification of 
a Pure Material

36

Original system:

Quadratic

Quadratic

Quadratic

Cubic

Cubic

Cubic

Cubic

Cubic

with lifted variables 𝑇𝑇,𝜙𝜙,𝐾𝐾,𝑝𝑝,𝑝𝑝′,𝑝𝑝′′,𝑚𝑚0,𝑦𝑦

with original variables 𝑇𝑇,𝜙𝜙

Nonlinear system for 1D solidification
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Using variable transformations to expose 
polynomial structure fits naturally with the
non-intrusive Operator Inference framework

→  We do not need to discretize the lifted equations
→  We do not need to derive the operators of the ROM of the lifted equations
→  We perform the lifting at the pencil & paper level; this identifies variables to 

work with and gives a corresponding notional form of the system



1. A physics-based model
Typically described by PDEs or ODEs

2. Variable transformations & lifting that
expose polynomial structure in the model 

3. Lens of projection to define the form of a 
structure-preserving low-dimensional model
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Our Lift & Learn approach blends 
model reduction & machine learning 

min
�𝐀𝐀,�𝐁𝐁,�𝐇𝐇

�𝐗𝐗⊤�𝐀𝐀⊤ + �𝐗𝐗⊗ �𝐗𝐗 ⊤�𝐇𝐇⊤ + 𝐔𝐔⊤�𝐁𝐁⊤ − �̇𝐗𝐗⊤
low-dimensional 
operators define 

the reduced 
model as a 

dynamical system

snapshots generated from 
lifted projected simulation data

minimum residual 
formulation leads to 
linear least squares

Non-intrusive learning by inferring 
reduced model operators from simulation 
data (Operator Inference [Peherstorfer & W., 2016])

Define the structure of the 
reduced model

+ Require regularization to account for noise and model misspecification [McQuarrie et al, 2021]



Learning a
low-dimensional 
model

Using only snapshot 
data from the
original high-fidelity 
model (non-intrusive) 
but using variable 
transformations to 
expose and exploit 
structure

𝐗𝐗𝐨𝐨𝐫𝐫𝐨𝐨𝐨𝐨 =
| |

𝐱𝐱(𝑡𝑡1) … 𝐱𝐱(𝑡𝑡𝐾𝐾)
| |

�̇�𝐗𝐨𝐨𝐫𝐫𝐨𝐨𝐨𝐨 =
| |

�̇�𝐱(𝑡𝑡1) … �̇�𝐱(𝑡𝑡𝐾𝐾)
| |

Lift & Learn [Qian, Kramer, Peherstorfer & W., 2019]

1. Generate full state trajectories (snapshots)
(from high-fidelity simulation)
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Learning a
low-dimensional 
model

Using only snapshot 
data from the
original high-fidelity 
model (non-intrusive) 
but using variable 
transformations to 
expose and exploit 
structure

Lift & Learn [Qian, Kramer, Peherstorfer & W., 2019]

1. Generate full state trajectories (snapshots)
(from high-fidelity simulation)

2. Transform snapshot data to get lifted snapshots
(analyze the PDEs to expose system 
polynomial structure)

𝐗𝐗𝐨𝐨𝐫𝐫𝐨𝐨𝐨𝐨 ⟶ 𝐗𝐗 �̇�𝐗𝐨𝐨𝐫𝐫𝐨𝐨𝐨𝐨 ⟶ �̇�𝐗
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Learning a
low-dimensional 
model

Using only snapshot 
data from the
original high-fidelity 
model (non-intrusive) 
but using variable 
transformations to 
expose and exploit 
structure

𝐗𝐗 = 𝐕𝐕 𝚺𝚺𝐖𝐖⊤

Lift & Learn [Qian, Kramer, Peherstorfer & W., 2019]

1. Generate full state trajectories (snapshots)
(from high-fidelity simulation)

2. Transform snapshot data to get lifted snapshots
3. Compute POD basis from lifted trajectories
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Learning a
low-dimensional 
model

Using only snapshot 
data from the
original high-fidelity 
model (non-intrusive) 
but using variable 
transformations to 
expose and exploit 
structure

�𝐗𝐗 = 𝐕𝐕⊤𝐗𝐗

Lift & Learn [Qian, Kramer, Peherstorfer & W., 2019]

1. Generate full state trajectories (snapshots)
(from high-fidelity simulation)

2. Transform snapshot data to get lifted snapshots
3. Compute POD basis from lifted trajectories
4. Project lifted trajectories onto POD basis, to 

obtain trajectories in low-dimensional POD 
coordinate space
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Learning a
low-dimensional 
model

Using only snapshot 
data from the
original high-fidelity 
model (non-intrusive) 
but using variable 
transformations to 
expose and exploit 
structure

min
�𝐀𝐀,�𝐁𝐁,�𝐇𝐇

�𝐗𝐗⊤�𝐀𝐀⊤ + �𝐗𝐗⊗ �𝐗𝐗 ⊤�𝐇𝐇⊤ + 𝐔𝐔⊤�𝐁𝐁⊤ − �̇𝐗𝐗⊤ + regularization

Lift & Learn [Qian, Kramer, Peherstorfer & W., 2019]

1. Generate full state trajectories (snapshots)
(from high-fidelity simulation)

2. Transform snapshot data to get lifted snapshots
3. Compute POD basis from lifted trajectories
4. Project lifted trajectories onto POD basis, to 

obtain trajectories in low-dimensional POD 
coordinate space

5. Solve least squares minimization problem to 
infer the low-dimensional model (OpInf)
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Learning a
low-dimensional 
model

Using only snapshot 
data from the
original high-fidelity 
model (non-intrusive) 
but using variable 
transformations to 
expose and exploit 
structure

Lift & Learn [Qian, Kramer, Peherstorfer & W., 2019]

1. Generate full state trajectories (snapshots)
(from high-fidelity simulation)

2. Transform snapshot data to get lifted snapshots
3. Compute POD basis from lifted trajectories
4. Project lifted trajectories onto POD basis, to 

obtain trajectories in low-dimensional POD 
coordinate space

5. Solve least squares minimization problem to infer 
the low-dimensional model (OpInf)

→ convenience of black-box learning +
rigor of projection-based reduction +

structure imposed by physics
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McQuarrie, Huang, W., 2021



4. OpInf Python Package
https://willcox-research-group.github.io/rom-operator-inference-Python3/content/index.html

(or linked from kiwi.oden.utexas.edu under “Recent News”)


	Slide Number 1
	Leçons Outline
	1.	Regularization
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	2.3	Examples of Operator Inference 	in action
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Slide Number 15
	Modeling a single injector of a rocket engine combustor
	Modeling a single injector of a rocket engine combustor
	Slide Number 18
	Slide Number 19
	Operator Inference References
	Useful References:�Books & Survey/Overview papers
	Acta Numerica Willcox Errata
	3.	Variable transformations & lifting
	Linear Model
	Projection-based nonlinear reduced models
	Variable transformations expose polynomial structure
	Introducing auxiliary variables can expose structure�→ lifting
	Introducing auxiliary variables can expose structure�→ lifting
	Many different�forms of nonlinear PDEs can be lifted�to polynomial form
	Solidification of a Pure Material
	Solidification of a Pure Material
	Solidification of a Pure Material
	Solidification of a Pure Material
	Solidification of a Pure Material
	Solidification of a Pure Material
	Solidification of a Pure Material
	Using variable transformations to expose polynomial structure fits naturally with the�non-intrusive Operator Inference framework
	Our Lift & Learn approach blends model reduction & machine learning 
	Learning a�low-dimensional model
	Learning a�low-dimensional model
	Learning a�low-dimensional model
	Learning a�low-dimensional model
	Learning a�low-dimensional model
	Learning a�low-dimensional model
	Slide Number 45
	4.	OpInf Python Package

