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A brief history of SPDEs

A Stochastic Partial Differential Equation is a PDE which contains some randomness, and
which requires some form of stochastic integration, unlike random PDEs.

SPDEs had been invented at the beginning of the 70s and developed mainly in Canada
(Dawson), France (Pardoux), Italy (Da Prato) and URSS (Krylov).

For several decades SPDEs have been a rather unfashionable topic, although (since?) it was
at the frontier between analysis and probability. Then, in 2014

Martin Hairer is awarded a Fields Medal for his outstanding contributions to the
theory of stochastic partial differential equations, and in particular for the creation of
a theory of regularity structures for such equations.

I L. Z. A brief and personal history of stochastic partial differential equations,
DCDS - A (2020)
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The physical models

In the 80s some theoretical physicists (Giorgio Parisi, Gianni Jona-Lasinio), introduced
SPDEs in their models, e.g.

(KPZ) ∂tu = ∆u + (∂xu)2 + ξ, x ∈ R,

(Φ4
3) ∂tu = ∆u− u3 + ξ, x ∈ R3,

where ξ is a space-time white noise, namely the random distribution on R+ × Rd

ξ(t, x) =
∑

k

Ḃk(t) ek(x), x ∈ Rd,

with (ek)k a complete orthonormal system in L2(Rd) and (Bk)k independent standard
Brownian motions.

Unlike distributions which are common in analysis, ξ is a.s. singular at every point (t, x).
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The physical models: KPZ

The Khardar-Parisi-Zhang model for fluctuations of a growth model

(KPZ) ∂tu = ∆u + (∂xu)2 + ξ, x ∈ R.

The solution u is expected to be continuous, but Brownian-like in space, certainly not
differentiable in x.

Therefore ∂xu is well defined only as a distribution, and (∂xu)2 is ill-defined.

As for ξ, the singularities of ∂xu are spread all over space-time.

A.s. ξ ∈ C−3/2, u ∈ C1/2 and ∂xu ∈ C−1/2; the classical analytic approach fails:

I There is no classical Banach space where one can set the equation.
I The very same notion of solution is unclear.
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The physical models: Φ4
3 from Quantum Field Theory

The Parisi-Wu stochastic quantisation in space-dimension 3:

(Φ4
3) ∂tu = ∆u− u3 + ξ, x ∈ R3/Z3 = T3.

Here u is itself a distributions in C−1/2, again with singularities at every point.

Therefore u3 is ill-defined.
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More general equations

More generally

∂tu = ∆u + F(u,∇u, ξ).

Even for polynomial non-linearities, we do not know how to properly define products of
(random) distributions.

Regularity structures give a theory of well-posedness for a class of these equations.

This theory develops in a far-reaching way ideas of, among others, Terry Lyons and
Massimiliano Gubinelli on Rough Paths.

Regularity structures use local generalised Taylor expansions. Another approach, due to M.
Gubinelli, uses a stochastic version of para-differential calculus.
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A general Theorem based on RS

Theorem
Let ξε a regularisation of ξ and let uε solve

∂tuε = ∆uε + F(uε,∇uε, ξε).

In general, uε can fail to converge.

For a class of equations, called subcritical, one can find a renormalised equation

∂tûε = ∆ûε + F̂ε(ûε,∇ûε, ξε)

with an explicit F̂ε, such that
ûε → û, ε→ 0.
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Examples

For example, for KPZ:

F(∂xu, ξ) = (∂xu)2 + ξ, F̂ε(∂xûε, ξε) = (∂xûε)2−C
ε

+ ξε.

For Φ4
3:

F(u, ξ) = −u3 + ξ, F̂ε(ûε, ξε) = −û3
ε +

(
C1

ε
+ C2 log ε

)
ûε + ξε.

The non-linearity F̂ε always has the form F plus explicit terms which can contain diverging
constants.
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A factorisation

ξ ξε

Xε

uε

Φ (continuous)

D′(Rd+1) D′(Rd+1)

(M, d)

Here uε = Φ(Xε).
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The space M and the solution map Φ

ξ ξε

Xε

uε

Φ (continuous)

D′(Rd+1) D′(Rd+1)

(M, d)

Every element X of the metric space (M, d) contains a finite number of distributions.

Convergence in (M, d) means (roughly) convergence of each such distribution.

Each X ∈M acts as a control

u = Φ(X) ⇐⇒ u = Γ(u,X),

where Γ acts on a X-dependent Banach space. The solution map Φ : M→ D′(Rd+1) is
continuous.

All this is Terry Lyons’approach to SDEs via Rough Paths.
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Products

The element Xε ∈M contains a finite number of relevant explicit products, e.g.

ξε, ξε(G ∗ ξε) , (∂xG ∗ ξε)2 , ξε
(
G ∗ (∂xG ∗ ξε)2).

with G the heat kernel and ∗ the convolution product, namely

Gt(x) :=
1

(2πt)
d
2

exp

(
−|x|

2

2t

)
, f ∗ g (z) :=

∫

Rd+1
f (z− y) g(y) dy.

These quantities are represented in a combinatorial way

�

To describe the functions that make up the components of X" we use a graphical
notation: each function is represented by a rooted tree, where

• the edges correspond to convolutions with G (edges of type ) or @xG (edges of type
),

• each branching point corresponds to the pointwise product of the functions repre-
sented by the subtrees above the node in question.

• the noises are represented by nodes of type .
For example, the four functions in (�) are represented by the following trees:

, , , . (�)

Formally, we see X" as a linear map sending a space Hof formal linear combinations of
such trees into a space of distributions by writing X"( ) = ⇠"(G ⇤ ⇠"), etc. Note that the
trees in (�) are naturally associated with a degree by applying the following rules: white
noise has degree �d

2 with d the e�ective dimension of the corresponding space(-time),
integration against the heat kernel increases degrees by 2, di�erentiation lowers degree
by 1, and degrees are additive under multiplication. When d = 3 for example, we then
have deg = � 3

2 , deg = deg = �1 and deg = � 1
2 .

By simplifying a lot, we can say that convergence in (M, d) corresponds to the
convergence of all these explicit functions as distributions. Note, however, that M is not
a linear space: the topology of M encodes quantitative versions of statements of the type
“close to the point z, the distribution X"( ) is well approximated by the distribution
X"( )X"( )(z)”. (Note that the latter always makes sense since the argument of X"( )
is ‘frozen’ at the value z.) A major problem that appears in the examples (�) is that the
products appearing in these expressions may diverge in the limit "! 0, e.g.

E[⇠"(G ⇤ ⇠")] = (%" ⇤ G ⇤ %")(0) ! G(0) = +1 ,

so that we do not expect in general that X" converges in (M, d) as "! 0.

Renormalisation. To overcome this problem, we must accept that it is necessary to
modify (renormalise) some components of X", and define a new lift X̂" 2 M of ⇠". For
example, the canonical (pointwise) product ⇠"(G ⇤ ⇠"), which diverges when "! 0 as
we have just seen, can be replaced by

X"
� �

= ⇠"(G ⇤ ⇠") 7! ⇠"(G ⇤ ⇠") � E[⇠"(G ⇤ ⇠")] = X̂"
� �

. (�)

If, with appropriate modifications, we can build a lift X̂" of ⇠" such that
• we respect the non-linear constraints that define the space of models M,
• the lift is ‘admissible’ in the sense that it respects the meaning of edges as convolution

operators for planted trees, so one imposes for example that X̂"( ) = @xG⇤X̂"( ),
• we get a converging family in (M, d) when "! 0,

then we can use the continuity of the solution map � and get a family û" := �(X̂")
converging in D0(Rd) to some limit û which may be a reasonable candidate for being
‘the’ solution we’re looking for.

The changes in the components of X" can not, of course, be totally arbitrary: the
non-linear structure that we have already mentioned must be preserved, see also the
discussion on page �. The renormalisation group G� that we describe in [BHZ��]
is precisely the group of transformations of M that respect this structure and that
furthermore preserve stationarity.

This procedure can be summarised in four steps:

Note that Xε is a non-linear function of ξε: the space M of controls is not a vector space.
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Diverging products

ξ ξε

Xε

uε

Φ (continuous)

D′(Rd+1) D′(Rd+1)

(M, d)

The above products can be ill-defined in the limit ε→ 0, e.g.

E[ξε(G ∗ ξε)]→ +∞.

Therefore in general Xε does not converge in M as ε→ 0.

There is in general no simple lift of ξ to M.

Lorenzo Zambotti Séminaire du LJLL, Octobre 2020



A factorisation

ξ ξε

?
Xε

uε

Φ (continuous)

D′(Rd+1) D′(Rd+1)

(M, d)
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Renormalised products

ξ ξε

?
Xε

uε

Φ (continuous)

D′(Rd+1) D′(Rd+1)

(M, d)

We can try to modify the finite family of products contained in Xε ∈M in order to obtain a
lift X̂ε ∈M of ξε that may possible converge in Mwhen ε→ 0.

The renormalised model X̂ε ∈M contains all these modified (renormalised) products, e.g.

ξε, ξε(G ∗ ξε)− E[ξε(G ∗ ξε)].
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Renormalised Model

ξ ξε

X̂ε

Xε

uεûε

Φ (continuous)

D′(Rd+1) D′(Rd+1)

(M, d)

Here ûε = Φ(X̂ε).
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Renormalised equation

ξ ξε

X̂ε

Xε

uεûε

Φ (continuous)

D′(Rd+1) D′(Rd+1)

(M, d)

The function ûε = Φ(X̂ε) solves a renormalised equation

∂tûε = ∆ûε + F̂ε(ûε,∇ûε, ξε)

where F̂ε has the form F plus explicit terms which can contain diverging constants (one per
renormalised product). For KPZ this is e.g.

∂tûε = ∆ûε + (∂xûε)2−C
ε

+ ξε.
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Regularity Structures

ξ ξε

X̂ X̂ε

Xε

û uεûε

Φ (continuous)

D′(Rd+1) D′(Rd+1)

(M, d)

If chosen correctly, X̂ε converges a.s. to X̂ in M. Here û = Φ(X̂).
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Renormalisation

ξ ξε

X̂ X̂ε

Xε

û uεûε

Φ (continuous)

D′(Rd+1) D′(Rd+1)

(M, d)

Since M is a non-linear space, choosing X̂ε ∈M is non-trivial.

The transformation M3 Xε 7→ X̂ε ∈M is given by a group: the renormalisation group.

The correct noise is X̂ rather than ξ. This is Terry Lyons’ basic idea (Rough Paths).

The distribution û = Φ(X̂) does not solve a PDE in the classical sense, but it does solve a
fixed point problem û = Γ(û, X̂) controlled by X̂.
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Renormalisation

ξ ξε

X̂ X̂ε

Xε

û uεûε

Φ (continuous)

D′(Rd+1) D′(Rd+1)

(M, d)

The maps X̂ 7→ û := Φ(X̂) is continuous. The map ξ 7→ X̂ is only measurable.

The map ξ 7→ X̂ is not unique either. The renormalisation group acts on the possible choices
of X̂. This is related to the presence in X̂ε of diverging constants like E[ξε(G ∗ ξε)].
Renormalisation means choice of the correct approximation.
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Curve-shortening flow

We have a Riemannian manifold (M, g).

A classical deterministic problem is the curve-shortening flow:

u : [0,T]× S1 → M, ∂tuα = ∂2
x uα + Γαβγ(u) ∂xuβ∂xuγ .
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The geometric stochastic heat equation

(Joint work with Y. Bruned, F. Gabriel, M. Hairer).

For (ξi)i a sequence of independent space-time white noises on [0, T]× S1, we want to study

∂tuα = ∂2
x uα + Γαβγ(u) ∂xuβ∂xuγ +

∑

i

σαi (u) ξi .

The usual problem arises: the solution u is expected to be non-differentiable in space, so that
the derivative ∂xu is a distribution and the above product is ill-defined.
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The geometric stochastic heat equation

The solution to
∂tuα = ∂2

x uα + Γαβγ(u) ∂xuβ∂xuγ +
∑

i

σαi (u) ξi ,

is expected to have the Brownian loop on M as stationary distribution.

In this setting the renormalisation terms are geometric quantities like
∑

i

∇σiσi, Rαβγη gβζ (∇ζg)γη, (∇ζR)αβγη gζγgβη.

The list of relevant products is described by the symbols

�

which is the renormalised version of (@xG ⇤ ⇠")2. The continuity of the map � allows
us to conclude the convergence of û" := �(X̂").

SPDEs with values in a manifold. A recent application of the RS theory is the
following: in [BGHZ��] the authors of this note with F. Gabriel have constructed a
natural random dynamic on the space of loops in a Riemannian manifold with metric g.
This evolution can be viewed as the solution to the SPDE given in local coordinates by

@tu
↵ = @2

xu↵ + �↵
��(u) @xu�@xu� +

mX

i=1

�↵
i (u) ⇠i , (��)

see Figure �. Here, � denotes the Christo�el symbols of the metric g while the �i are
any finite collection of smooth vector fields such that

X

i

�↵
i (u)��

i (u) = g↵�(u) . (��)

The list of trees indexing the components of a model in the space (M, d) associated to
this class of equations is much longer. For example, the most relevant trees of negative
degree are the following:

, , , , , , , , , , , , , ,

, , , , , , , , , , , ,
, , , , , , , , , , .

(��)

In [BGHZ��], natural geometric quantities such as the scalar curvature play an important
and fascinating role in the study of the equation (��). It was shown there that it is
possible to perform the renormalisation of this equation in such a way that solutions
perform under changes of variables as expected from the naïve application of the rules
of calculus and such that the law of these solutions is independent of the choice of vector
fields �i satisfying (��).

Figure �: The solution of (��) on the sphere at two successive times.

The algebraic structure. We can notice that the two examples of renormalised products
that we discussed in (�) - (�) are simply given by the subtraction of a constant. In
general, the renormalisation procedure (and therefore the transformation of X" to X̂") is
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Taylor expansions

Surprisingly, RS are based on a far-reaching generalisation of this classical notion.

If f : Rd → R is smooth, then for all x, y ∈ Rd

f (y) =
∑

|k|≤n

f (k)(x)
(y− x)k

k!
+ R(x, y), |R(x, y)| . |x− y|n+1

(locally in x, y).
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Taylor expansions

Let us look again at the Taylor sum

Fx(y) =
∑

|k|≤n

f (k)(x)
(y− x)k

k!
.

This is composed by
I some coefficients f (k)(x),
I some monomials y 7→ 1

k!(y− x)k centered at x, each with its respective degree |k| ∈ N.

Note that the (algebraic) degree |k| plays also an analytic role since
∣∣(y− x)k

∣∣ ≤ |y− x||k|.
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Generalised Taylor expansions

Suppose that we want to replace y 7→ 1
k!(y− x)k by other functions or even distributions.

We need
I a finite family {τ1, . . . , τn}, like the trees seen before, endowed with degrees |τi| ∈ R
I for each i = 1, . . . , n, functions Rd 3 x 7→ Πxτi ∈ D′(Rd) such that

|Πxτi(y)| . |x− y||τi|.

In reality, this is ill-defined and replaced by the weaker formulation for ϕ ∈ C∞c (Rd)

∣∣∣Πxτi(ϕ
λ
x )
∣∣∣ . λ|τi|, ϕλx (y) :=

1
λd ϕ

(
y− x
λ

)
, λ > 0.
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Generalised Taylor expansions

Then we can define F : Rd → D′(Rd)

Fx(·) =
∑

τ∈{τ1,...,τn}
cτ (x) Πxτ(·)

for some coefficients cτ : Rd → R. Here F is a generalised jet.

Recall that for a smooth f : Rd → R, we had above

| f (y)− Fx(y)| . |x− y|n+1, Fx(y) =
∑

|k|≤n

f (k)(x)
(y− x)k

k!
.

Now what replaces f ? This problem is a generalisation of Whitney’s Extension Theorem.

Formally one would like to set f (y) := Fy(y) but this makes no sense in general.
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Hairer’s Reconstruction Theorem (without regularity structures)

Theorem (Hairer 14, Caravenna-Z. 20)
Suppose that for a given F : Rd → D′(Rd) there exist γ > 0 and α ≤ 0, with α ≤ γ, such
that for all ϕ ∈ D(Rd)

|(Fy − Fx)(ϕ
λ
x )| . λα(|x− y|+ λ)γ−α, λ > 0, x, y ∈ Rd,

(coherence condition) where

ϕλx (y) :=
1
λd ϕ

(
y− x
λ

)
, λ > 0.

Then there exists a unique RF ∈ D′(Rd) such that for all x ∈ Rd

|(RF − Fx)(ϕ
λ
x )| . λγ , λ > 0.
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Final comments

I The solution u to the above SPDEs is written as a local expansion with respect to a
finite family of distributions which play the role of generalised monomials.

I The initial SPDE is interpreted as a PDE controlled by a finite number of (random)
distributions. The solution map Φ : X 7→ u is deterministic and continuous.

I The renormalisation step is a completely algebraic operation applied to complicated
integrals, inspired by the renormalisation of Feynman diagrams.

I The algebraic structure is described with Hopf algebras. Algebra and analysis meet in
the notion of generalised Taylor expansions.

I There is an interesting relationship with numerical analysis, in particular geometric
numerical integration. One of the leading figures in this field is Ernst Hairer.

I The reconstruction theorem is a deep and powerful result. Like the rest of the theory, it
is waiting for applications well beyond SPDEs...
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