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A local basis method

While the methods work well, the size of the basis is 
generally very large

This is a classic challenge associated with transport 
dominated problems which often has a slowly decaying 
Kolmogorov-n width

The only general way to deal with this is through the 
development of methods with a nonlinear local basis

Challenges in doing so 

‣Structure must be maintained 

‣Basis must evolve and be adapted



A local basis

We consider the problem

A vector space V2N endowed with a symplectic structure ! is called a symplectic vector space and denoted
with (V2N ,!).

A result by Darboux [10], see also [1, Theorem 3.2.2], ensures that, on the symplectic vector space
(V2N ,!), there exist local coordinates, called canonical coordinates, in which the symplectic form ! has
the canonical form, namely

!(v1, v2) = v>1 J2Nv2, 8 v1, v2 2 V2N ,

where J2N is called Poisson tensor, and it is defined as

J2N :=

0

@ 0N IN

�IN 0N

1

A 2 R2N⇥2N , (2.2)

with IN , 0N 2 RN⇥N denoting the identity and zero matrices, respectively. Canonical coordinates on a
symplectic vector space allow to define a global basis that is symplectic and orthonormal.

Definition 2.2 (Orthosymplectic basis). Let (V2N ,!) be a 2N -dimensional symplectic vector space. Then,
the set of vectors {ei}2Ni=1 is said to be orthosymplectic in V2N if

!(ei, ej) = (J2N )i,j , and (ei, ej) = �i,j , 8i, j = 1 . . . , 2N,

where (·, ·) is the Euclidean inner product and J2N is the canonical symplectic tensor on V2N .

An evolution problem (2.1) is Hamiltonian if the vector field XH(·, ⌘) 2 V2N can be written in
canonical coordinates as

XH(u(t; ⌘); ⌘) = J2NrH(u(t; ⌘); ⌘), 8u 2 V2N , and ⌘ 2 � fixed, (2.3)

where H : V2N ⇥ � ! R is the Hamiltonian function, J2N is the canonical symplectic tensor (2.2), and r
is the gradient with respect to the state variable u. For any function H, the associated vector field XH,
defined in (2.3), is unique and it is called Hamiltonian vector field.

Hamiltonian dynamical systems in canonical symplectic form are characterized by symplectic flows.
Specifically, for any fixed parameter ⌘ 2 �, the vector field XH determines a phase flow, namely a
one-parameter group of diffeomorphisms �t

XH
: V2N ! V2N satisfying dt�t

XH
(u) = XH(�t

XH
(u); ⌘) for all

t 2 T and u 2 V2N , with �0
XH

(u) = u. The flow map �t
XH

of a vector field XH 2 V2N is Hamiltonian if
and only if �t

XH
is a symplectic diffeomorphism on its domain, i.e., for each t 2 T , the pullback of the

flow map satisfies (�t
XH

)⇤! = !.

3 Dynamical reduced basis method for Hamiltonian systems

We are interested in solving the Hamiltonian system (2.1) for a given set of p vector-valued parameters
{⌘j}pj=1 ⇢ �, that, with a small abuse of notation, we will denote with ⌘h 2 �h. Then, the state
variable u in (2.1) can be thought of as a matrix-valued application u(·; ⌘h) : T ! Vp

2N ⇢ R2N⇥p where
Vp
2N := V2N ⇥ . . . ⇥ V2N . Throughout, for a given matrix R 2 R2N⇥p, we will denote with Rj 2 R2N

the vector corresponding to the j-th column of R, for any j = 1, . . . , p. The Hamiltonian system (2.1),
evaluated at ⌘h, can be recast as a set of ordinary differential equations in a 2N ⇥ p matrix unknown in
Vp
2N as follows. For R0(⌘h) :=

⇥
u0(⌘1)| . . . |u0(⌘p)

⇤
2 Vp

2N , find R 2 C1(T ,Vp
2N ) such that

8
<

:
Ṙ(t) = XH(R(t), ⌘h) = J2NrH(R(t); ⌘h), for t 2 T ,

R(t0) = R0(⌘h),
(3.1)

where H : Vp
2N ! Rp and, for any R 2 Vp

2N , its gradient rH(R; ⌘h) 2 Vp
2N is defined as (rH(R; ⌘h))i,j =

@Hj

@Ri,j
, for any i = 1, . . . , 2N , j = 1, . . . , p. The function Hj is the Hamiltonian of the dynamical system

(2.1) corresponding to the parameter ⌘j , for any j = 1, . . . , p.
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is the solution for ‘p’ parameter values

Let us seek a solution on the form

We assume that, for a fixed sample of parameters ⌘h 2 �h, the vector field XH(·; ⌘h) 2 Vp
2N is Lipschitz

continuous in the Frobenius norm k·k uniformly with respect to time, so that problem (3.1) is well-posed.
For the model order reduction of (3.1) we consider the dynamical reduced basis method introduced

in [34] and inspired by dynamical low-rank matrix approximations [24]. Here we propose an adaptive
dynamical scheme where, not only the reduced space is evolving, but also its dimension might change
over time. To this aim, let us first split the time integration domain T = (t0, T ] into the union of
intervals T⌧ := (t⌧�1, t⌧ ], ⌧ = 1, . . . ,MT , with t0 := t0 and tMT := T , and we define the local time step
as �t ⌧ = t⌧ � t⌧�1 for every ⌧ . Let n⌧ 2 R be given in each temporal interval T⌧ under the assumptions
that 2n⌧  p and n⌧ ⌧ N . We consider a local approximation of the solution of (3.1) of the form

R(t) ⇡ R(t) =
2n⌧X

i=1

Ui(t)Zi(t, ⌘h) = U(t)Z(t), 8 t 2 T⌧ , (3.2)

where U(t) =
⇥
U1| . . . |U2n⌧

⇤
2 R2N⇥2n⌧ , and Z 2 R2n⌧⇥p is such that Zi,j(t) = Zi(t, ⌘j) for i = 1, . . . , 2n⌧ ,

j = 1, . . . , p, and any t 2 T⌧ . With this notation, we introduce the collection of reduced spaces defined as

M2n⌧ := {R 2 R2N⇥p : R = UZ with U 2 U⌧ , Z 2 Z⌧}, 8 ⌧ = 1, . . . ,MT ,

where U represents the reduced basis and it is taken to be orthogonal and symplectic, while Z are the
expansion coefficients in the reduced basis; thereby

U⌧ := {U 2 R2N⇥2n⌧ : U>U = I2n⌧ , U
>J2NU = J2n⌧ },

Z⌧ := {Z 2 R2n⌧⇥p : rank(ZZ> + J>

2n⌧
ZZ>J2n⌧ ) = 2n⌧}.

Observe that any R 2 M2n⌧ has rank at most 2n⌧ .
To approximate the Hamiltonian system (3.1) in T⌧ with an evolution problem on the reduced space

M2n⌧ that can be solved at a lower computational cost, we need to prescribe evolution equations for the
reduced basis U(t) 2 U⌧ and the expansion coefficients Z(t) 2 Z⌧ . In order to do that, we follow the
approach proposed in [32] and [34], and derive the reduced flow describing the dynamics of the reduced
state R in (3.2) by applying to the Hamiltonian vector field XH the symplectic projection ⇧TR(t)M2n⌧

onto the tangent space of the reduced manifold at the current state. The resulting local evolution problem
reads: Find R 2 C1(T⌧ ,M2n⌧ ) such that

Ṙ(t) = ⇧TRM2n⌧
XH(R(t), ⌘h), for t 2 T⌧ , (3.3)

where we assume, for the time being, that the initial condition of (3.3) at time t⌧�1, ⌧ � 1, is given, and
we refer to Section 6.3 for a complete description on how such initial condition is prescribed.

By exploiting the characterization of the projection operator ⇧TR(t)M2n⌧
in [34, Proposition 4.2], we

can obtain the local evolution equations for the factors U and Z in the modal decomposition of the
reduced solution (3.2), as in [32, Proposition 6.9] and [34, Equation (4.10)]. In more details, for any
⌧ � 1, given (U(t⌧�1), Z(t⌧�1)) 2 U⌧ ⇥ Z⌧ we seek (U,Z) 2 C1(T⌧ ,U⌧ )⇥ C1(T⌧ ,Z⌧ ) such that

(
Ż(t) = J2nrHU (Z, ⌘h), for t 2 T⌧ ,
U̇(t) = (I2N � UU>)(J2NY Z> � Y Z>J>

2n⌧
)(ZZ> + J>

2n⌧
ZZ>J2n⌧ )

�1, for t 2 T⌧ ,
(3.4a)

(3.4b)

where Y (t) := rH(R(t); ⌘h) 2 Vp
2n⌧

, and R(t) = U(t)Z(t) for all t 2 T⌧ . Observe that the local expansion
coefficients Z 2 Z⌧ satisfy a Hamiltonian system (3.4a) of reduced dimension 2n⌧ , where the reduced
Hamiltonian is defined as HU (Z; ⌘h) := H(UZ; ⌘h).

To compute the initial condition, at time t0, of the reduced problem, we perform the complex SVD of
R0(⌘h) 2 R2N⇥p in (3.1), truncated at the n1-th mode. Then, the initial reduced basis U0 2 U1 can be
derived from the unitary matrix of left singular vectors of R0(⌘h), via the isomorphism between U1 and
the Stiefel manifold of unitary N ⇥ n1 complex matrices, cf. [32, Lemma 6.1]. The expansion coefficients
matrix is initialized as Z0 = U>

0 R0(⌘h).

4

Reduced basis Expansion coefficients

We assume that, for a fixed sample of parameters ⌘h 2 �h, the vector field XH(·; ⌘h) 2 Vp
2N is Lipschitz

continuous in the Frobenius norm k·k uniformly with respect to time, so that problem (3.1) is well-posed.
For the model order reduction of (3.1) we consider the dynamical reduced basis method introduced

in [34] and inspired by dynamical low-rank matrix approximations [24]. Here we propose an adaptive
dynamical scheme where, not only the reduced space is evolving, but also its dimension might change
over time. To this aim, let us first split the time integration domain T = (t0, T ] into the union of
intervals T⌧ := (t⌧�1, t⌧ ], ⌧ = 1, . . . ,MT , with t0 := t0 and tMT := T , and we define the local time step
as �t ⌧ = t⌧ � t⌧�1 for every ⌧ . Let n⌧ 2 R be given in each temporal interval T⌧ under the assumptions
that 2n⌧  p and n⌧ ⌧ N . We consider a local approximation of the solution of (3.1) of the form

R(t) ⇡ R(t) =
2n⌧X

i=1

Ui(t)Zi(t, ⌘h) = U(t)Z(t), 8 t 2 T⌧ , (3.2)

where U(t) =
⇥
U1| . . . |U2n⌧

⇤
2 R2N⇥2n⌧ , and Z 2 R2n⌧⇥p is such that Zi,j(t) = Zi(t, ⌘j) for i = 1, . . . , 2n⌧ ,

j = 1, . . . , p, and any t 2 T⌧ . With this notation, we introduce the collection of reduced spaces defined as

M2n⌧ := {R 2 R2N⇥p : R = UZ with U 2 U⌧ , Z 2 Z⌧}, 8 ⌧ = 1, . . . ,MT ,

where U represents the reduced basis and it is taken to be orthogonal and symplectic, while Z are the
expansion coefficients in the reduced basis; thereby

U⌧ := {U 2 R2N⇥2n⌧ : U>U = I2n⌧ , U
>J2NU = J2n⌧ },

Z⌧ := {Z 2 R2n⌧⇥p : rank(ZZ> + J>

2n⌧
ZZ>J2n⌧ ) = 2n⌧}.

Observe that any R 2 M2n⌧ has rank at most 2n⌧ .
To approximate the Hamiltonian system (3.1) in T⌧ with an evolution problem on the reduced space

M2n⌧ that can be solved at a lower computational cost, we need to prescribe evolution equations for the
reduced basis U(t) 2 U⌧ and the expansion coefficients Z(t) 2 Z⌧ . In order to do that, we follow the
approach proposed in [32] and [34], and derive the reduced flow describing the dynamics of the reduced
state R in (3.2) by applying to the Hamiltonian vector field XH the symplectic projection ⇧TR(t)M2n⌧

onto the tangent space of the reduced manifold at the current state. The resulting local evolution problem
reads: Find R 2 C1(T⌧ ,M2n⌧ ) such that
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A local basis
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In the spirit of dynamic low-rank approximations, we recover

If                               is ill-conditioned, two options 

‣ Regularize it  

‣ Reduce size — indicates basis is too rich 

We assume that, for a fixed sample of parameters ⌘h 2 �h, the vector field XH(·; ⌘h) 2 Vp
2N is Lipschitz

continuous in the Frobenius norm k·k uniformly with respect to time, so that problem (3.1) is well-posed.
For the model order reduction of (3.1) we consider the dynamical reduced basis method introduced

in [34] and inspired by dynamical low-rank matrix approximations [24]. Here we propose an adaptive
dynamical scheme where, not only the reduced space is evolving, but also its dimension might change
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2n⌧
ZZ>J2n⌧ ) = 2n⌧}.

Observe that any R 2 M2n⌧ has rank at most 2n⌧ .
To approximate the Hamiltonian system (3.1) in T⌧ with an evolution problem on the reduced space

M2n⌧ that can be solved at a lower computational cost, we need to prescribe evolution equations for the
reduced basis U(t) 2 U⌧ and the expansion coefficients Z(t) 2 Z⌧ . In order to do that, we follow the
approach proposed in [32] and [34], and derive the reduced flow describing the dynamics of the reduced
state R in (3.2) by applying to the Hamiltonian vector field XH the symplectic projection ⇧TR(t)M2n⌧

onto the tangent space of the reduced manifold at the current state. The resulting local evolution problem
reads: Find R 2 C1(T⌧ ,M2n⌧ ) such that

Ṙ(t) = ⇧TRM2n⌧
XH(R(t), ⌘h), for t 2 T⌧ , (3.3)

where we assume, for the time being, that the initial condition of (3.3) at time t⌧�1, ⌧ � 1, is given, and
we refer to Section 6.3 for a complete description on how such initial condition is prescribed.

By exploiting the characterization of the projection operator ⇧TR(t)M2n⌧
in [34, Proposition 4.2], we

can obtain the local evolution equations for the factors U and Z in the modal decomposition of the
reduced solution (3.2), as in [32, Proposition 6.9] and [34, Equation (4.10)]. In more details, for any
⌧ � 1, given (U(t⌧�1), Z(t⌧�1)) 2 U⌧ ⇥ Z⌧ we seek (U,Z) 2 C1(T⌧ ,U⌧ )⇥ C1(T⌧ ,Z⌧ ) such that

(
Ż(t) = J2nrHU (Z, ⌘h), for t 2 T⌧ ,
U̇(t) = (I2N � UU>)(J2NY Z> � Y Z>J>

2n⌧
)(ZZ> + J>

2n⌧
ZZ>J2n⌧ )

�1, for t 2 T⌧ ,
(3.4a)

(3.4b)

where Y (t) := rH(R(t); ⌘h) 2 Vp
2n⌧

, and R(t) = U(t)Z(t) for all t 2 T⌧ . Observe that the local expansion
coefficients Z 2 Z⌧ satisfy a Hamiltonian system (3.4a) of reduced dimension 2n⌧ , where the reduced
Hamiltonian is defined as HU (Z; ⌘h) := H(UZ; ⌘h).

To compute the initial condition, at time t0, of the reduced problem, we perform the complex SVD of
R0(⌘h) 2 R2N⇥p in (3.1), truncated at the n1-th mode. Then, the initial reduced basis U0 2 U1 can be
derived from the unitary matrix of left singular vectors of R0(⌘h), via the isomorphism between U1 and
the Stiefel manifold of unitary N ⇥ n1 complex matrices, cf. [32, Lemma 6.1]. The expansion coefficients
matrix is initialized as Z0 = U>

0 R0(⌘h).

4

4 Reduced dynamics under rank-deficiency

Maybe it is better to move this section after partitioned RK...?
By rank-deficient reduced dynamics we indicate the evolution problem resulting from model order

reduction in situations of overapproximation. More specifically, as pointed out in [24, Section 5.3], this
might happen when a full model solution with effective rank r < n is approximated, via a dynamical
low-rank technique, by a rank-n matrix. It is not clear how the effective rank of the reduced solution will
evolve over time: in each temporal interval T⌧ , the dynamics might not remain on the reduce manifold
M2n⌧ and the matrix S(Z) := ZZ> + J>

2n⌧
ZZ>J2n⌧ might become singular or severely ill-conditioned.

This happens, for example, when the full model state at time t0 is approximated with a rank deficient
matrix, or, as we will see in the rank-adaptive algorithm presented in Section 6, when the reduced solution
at a fixed time is used as initial condition to evolve the reduced system on a manifold of states with an
increased rank.

In the traditional dynamical low-rank approximation, the problem of overapproximation is solved
in [30], by introducing a temporal intergrator for the solution of the reduced dynamics based on a
suitable splitting of the projection onto the tangent space of the reduced manifold. However, these
projector-splitting integrators do not preserve any geometric structure of the underlying problem. In
[32], the authors suggest to perform a complex diagonalization of the matrix S to evolve only the “active”
modes of the dynamics while the remaining ones are kept constant. Although this approach avoids the
algebraic limitations of inverting a rank-deficient matrix, the discrete evolution does not take into account
the geometric structure of the Hamiltonian dynamics and there is no investigation on the error introduced
by such technique.

In this Section, we propose an algorithm to deal with the overapproximation while maintaining the
geometric structure of the Hamiltonian dynamics and of the factors U and Z in (3.2).

Lemma 4.1 (Characterization of the matrix S). Let S := ZZ> + J>

2nZZ>J2n 2 R2n⇥2n
with Z 2 R2n⇥p

and p � 2n. S is symmetric positive semi-definite and it is skew-Hamiltonian, namely SJ2n � J2nS> = 0.
Moreover, if S has rank 2n then S is non-singular and S�1

is also skew-Hamiltonian. In particular, the

null space of S is even dimensional and contains all pairs of vectors (v, J2nv) 2 R2n ⇥R2n
such that both

v and J2nv belong to the null space of Z>
.

Proof. Any eigenvalue of a skew-Hamiltonian matrix has even multiplicity, hence the null space of S
has even dimension. The kernel of S is the set of all v 2 R2n such that ZZ>v + J>

2nZZ>J2nv = 0.
Since S is positive semi-definite this means that v 2 ker(S) if and only if ZZ>v = 0 and ZZ>J2nv = 0,
that is ker(S) = ker(Z>) \ ker(Z>J2n). Observe that all the elements v of the kernel of Z> are
such that J>

2nv 2 ker(Z>J2n). An equivalent characterization of ker(S) is given by {v 2 R2n : v 2
ker(Z>) and J2nv 2 ker(Z>)}.

In addition to the algebraic limitations associated with the solution of a rank-deficient system, the
fact that the matrix S might be singular or ill conditioned prevents the reduced basis from evolving on
the manifold of the orthosymplectic matrices. To show this, let F(·, ·; ⌘h) : R2N⇥2n⌧ ⇥ Z⌧ ! R2N⇥2n⌧

denote the velocity field of the evolution (3.4b) of the reduced basis, namely

F(U,Z; ⌘h) := (I2N � UU>)(J2NY Z> � Y Z>J>

2n⌧
)S�1, 8U 2 R2N⇥2n⌧ , Z 2 Z⌧ . (4.1)

As shown in [34, Proposition 4.3], if U(t⌧�1) 2 U⌧ then U(t) 2 R2N⇥2n⌧ solution of (3.4b) in T⌧
satisfies U(t) 2 U⌧ for all t 2 T⌧ , owing to the fact that F(U,Z; ⌘h) belongs to the horizontal space
HU := {XU 2 R2N⇥2n⌧ : X>

U U = 0, XUJ2n⌧ = J2NXU}.

Lemma 4.2. The function F(·, ·; ⌘h) : R2N⇥2n⌧⇥Z⌧ ! R2N⇥2n⌧ defined in (4.1) is such that F(U,Z; ⌘h) 2
HU if and only if U 2 U⌧ and Z 2 Z⌧ .

Proof. Let XU := F(U,Z; ⌘h) = (I2N � UU>)AS�1, where A := J2NY Z> � Y Z>J>

2n⌧
and S :=

ZZ> + J>

2n⌧
ZZ>J2n⌧ . The condition X>

U U = 0 is satisfied for every U 2 R2N⇥2n⌧ orthogonal and
Z 2 R2n⌧⇥p. Concerning the second condition, it can be easily shown, cf. [34, Proposition 4.3], that
A = J2NAJ>

2n⌧
and J2N (I2N �UU>) = (I2N �UU>)J2N . Hence, J2NXU = (I2N �UU>)AJ2n⌧S

�1 and
this is equal to XUJ2n⌧ if and only if J2n⌧S

�1 = S�1J2n⌧ . This condition follows from Lemma 4.1.
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Time integration

To advance in time, we consider

summarize here. The tangent space of the manifold U⌧ of orthosymplectic 2N ⇥ 2n⌧ matrices, at a point
Q 2 U⌧ , can be characterized as T ?

QU⌧ := {V 2 R2N⇥2n⌧ : Q>V 2 so(2n⌧ ), V J2n⌧ = J2NV }, where
so(2n⌧ ) denotes the group of skew-symmetric real 2n⌧ ⇥ 2n⌧ matrices. Let us assume to know, in each
temporal interval T⌧ , the approximate solution Q := U⌧�1 2 U⌧ of U(t⌧�1). Then, any element of U⌧ , in
a neighborhood of Q, can be expressed as the image of a vector V 2 T ?

QU⌧ via the retraction defined as

RQ : T ?
QU⌧ �! U⌧

V 7�! cay(⇥Q(V )Q> �Q⇥Q(V )>)Q,
(5.1)

where cay is the Cayley transform and 2⇥Q(V ) := (2I2N �QQ>)V 2 R2N⇥2n⌧ . We refer to [34, Section
5.3] for further details on the derivation of the map (5.1).

Since by construction RQ is a retraction, instead of solving the evolution problem (3.4b) for U , one
can derive the local behavior of U in a neighborhood of Q by evolving V (t), with U(t) = RQ(V (t)), in
the tangent space T ?

QU⌧ . By computing the local inverse of the tangent map of the retraction RQ, the
evolution problem for the vector V reads. for any t 2 T⌧ ,

V̇ (t) = f⌧ (V (t), Z(t); ⌘h) := �Q(RQ(V )>Q+ I2n⌧ )
�1(RQ(V ) +Q)>�+ ��Q�>Q, (5.2)

where � :=
�
2F(RQ(V ), Z; ⌘h)� (⇥Q(V )Q> �Q⇥Q(V )>)F(RQ(V ), Z; ⌘h)

�
(Q>RQ(V ) + I2n⌧ )

�1, and
F is defined in (4.1), cf. [34, Section 5.3.1].

The resulting set of evolution equations describing the reduced dynamics in each temporal interval T⌧
are: given (U⌧�1, Z⌧�1) 2 U⌧ ⇥ Z⌧ , find Z(t) 2 Z⌧ and V (t) 2 T ?

U⌧�1
U⌧ such that U(t) = RU⌧�1(V (t))

for all t 2 T⌧ and 8
>>>>>><

>>>>>>:

Ż(t) = G(RU⌧�1(V (t)), Z(t); ⌘h), for t 2 T⌧ ,

V̇ (t) = f⌧ (V (t), Z(t); ⌘h), for t 2 T⌧ ,

V (t⌧�1) = 0 2 T ?
U⌧�1

U⌧ ,

Z(t⌧�1) = Z⌧�1 2 Z⌧ ,

(5.3)

where G := J2nrHU (Z, ⌘h) from (3.4a) and f⌧ is defined in (5.2).
For the numerical approximation of (5.3), we rely on partitioned Runge–Kutta methods. Let

PZ = ({bi}si=1, {aij}si,j=1) be the collection of coefficients of the Butcher tableau describing an s-stage
symplectic RK method, and let bPU = ({bbi}si=1, {baij}1j<is) be the set of coefficients of an s-stage
explicit RK method. Then, the numerical approximation of (5.3) via partitioned RK integrators yields

Z⌧ = Z⌧�1 +�t
sP

i=1
biki,

V⌧ = �t
sP

i=1

bbibki,

k1 = G(U⌧�1, Z⌧�1 +�t
sP

j=1
a1,jkj ; ⌘h),

bk1 = F(U⌧�1, Z⌧�1 +�t
sP

j=1
a1,jkj ; ⌘h),

ki = G
✓
RU⌧�1

�
�t

i�1P
j=1

bai,jbkj
�
, Z⌧�1 +�t

sP
j=1

ai,jkj ; ⌘h

◆
, i = 2, . . . , s,

bki = f⌧

✓
�t

i�1P
j=1

bai,jbkj , Z⌧�1 +�t
sP

j=1
ai,jkj ; ⌘h

◆
. i = 2, . . . , s.

U⌧ = RU⌧�1(V⌧ ).

(5.4)

To guarantee the symplecticity of the discrete flow for Z and achieve a sufficient order of accuracy
for the coupled discrete system (5.4), we aim at devising suitable partitioned Runge–Kutta methods.
Runge–Kutta methods of order 2 and 3 and possessing such properties can be characterized in terms of
the coefficients PZ and bPU as in the following result.
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Error estimator
To adapt the rank we need to consider two actions 

‣Decrease basis size - this is handled by rank condition 
of Z and reduction in U 

‣ Increase basis size - this requires both an error 
estimator and a candidate vector to add.

We define 

pessimistic bounds that can not be used to properly assess the quality of the reduced approximation.
More accurate results are provided in [47], where the bounds are based on the space-time reduced-basis
formulation and requires the computation of stability constants for the full system.

Few works focus on the development of error estimate (not bounds) for reduced solutions and
advection-dominated problems. In [27], a sharp error bound for the 2D Navier-Stokes equation has been
introduced. This bound is based on separate estimates of the error due to the POD approximation in
space and the error due to the integration scheme. Similar separations have been exploited in [39, 21],
where the lack of the considered reduced basis to fully represent the full-order solution and the neglected
effects of the unresolved dynamics are separately estimated.

The approach proposed in [31], known as Dual-Weighted Residual method (DWR), is based on the
consideration that in practical applications only a functional of the solution is of interest, i.e. surface
integrals in fluid dynamics and stresses and displacements of certain nodes in structural dynamics
simulations. From the linearization of the error of the functional and the definition of a dual problem to
the full-model, an estimate of the approximation error is obtained. Despite the promising results of this
approach, the arbitrariness in the choice of the functional clashes with the idea of having a procedure as
general as possible. In the proposed approach, we start from the original problem

Ṙ(t) = J2NrH (R(t); ⌘h) , (6.1)

and we consider the RK coefficients {bi, ai,j} used in the temporal integrator for the time discretization
of the dynamical system for the expansion coefficients Z in (5.4). By using the same coefficients to
discretize in time (6.1) we have

R⌧ = R⌧�1 +�t
sP

i=1
biki,

ki = J2NrH
✓
R⌧�1 +�t

i�1P
j=1

ai,jkj ; ⌘h

◆
i = 1, . . . , s.

(6.2)

The residual operator representing the governing equation for the system are

⇢⌧ (R⌧ ,R⌧�1; ⌘h) = R⌧ �R⌧�1 ��t
sX

i=1

biki = 0. (6.3)

We consider the Taylor expansion of the residual operator (6.3) at (U⌧Z⌧ , U⌧�1Z⌧�1) to have

⇢⌧ (R⌧ ,R⌧�1; ⌘h) = ⇢⌧ (U⌧Z⌧ , U⌧�1Z⌧�1; ⌘h)

+
@⇢⌧
@R⌧

����
(U⌧Z⌧ ,U⌧�1Z⌧�1)

(R⌧ � U⌧Z⌧ )

+
@⇢⌧

@R⌧�1

����
(U⌧Z⌧ ,U⌧�1Z⌧�1)

(R⌧�1 � U⌧�1Z⌧�1)

+O
⇣
kR⌧ � U⌧Z⌧k2 + kR⌧�1 � U⌧�1Z⌧�1k2

⌘
.

This can be inverted to give an approximation of the error

R⌧ � U⌧Z⌧ ⇡ E⌧ := �
 

@⇢⌧
@R⌧

����
(U⌧Z⌧ ,U⌧�1Z⌧�1)

!�1

 
⇢⌧ (R⌧ ,R⌧�1; ⌘h) +

@⇢⌧
@R⌧�1

����
(U⌧Z⌧ ,U⌧�1Z⌧�1)

(R⌧�1 � U⌧�1Z⌧�1)

!
.

(6.4)

The quantity defined by (6.4) is the first order approximation of the error between reduced and full
order solver. In particular, it quantifies the discrepancy due to the local approximation (3.2). We stress
that the computation of the error estimate E⌧ involves the solution of a linear system. To reduce the
computational burden of this operation, we solve (6.4) on a subset of the p vector-valued parameters ⌘h.

CP: the Jacobian is computed analytically? What is the overall computational cost? Isn’t the
indicator computed on a coarse mesh? More details...
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and consider leading term in residual

pessimistic bounds that can not be used to properly assess the quality of the reduced approximation.
More accurate results are provided in [47], where the bounds are based on the space-time reduced-basis
formulation and requires the computation of stability constants for the full system.

Few works focus on the development of error estimate (not bounds) for reduced solutions and
advection-dominated problems. In [27], a sharp error bound for the 2D Navier-Stokes equation has been
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Ṙ(t) = J2NrH (R(t); ⌘h) , (6.1)
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R⌧ = R⌧�1 +�t
sP

i=1
biki,

ki = J2NrH
✓
R⌧�1 +�t

i�1P
j=1

ai,jkj ; ⌘h

◆
i = 1, . . . , s.

(6.2)
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@⇢⌧
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kR⌧ � U⌧Z⌧k2 + kR⌧�1 � U⌧�1Z⌧�1k2

⌘
.

This can be inverted to give an approximation of the error

R⌧ � U⌧Z⌧ ⇡ E⌧ := �
 

@⇢⌧
@R⌧

����
(U⌧Z⌧ ,U⌧�1Z⌧�1)

!�1

 
⇢⌧ (R⌧ ,R⌧�1; ⌘h) +

@⇢⌧
@R⌧�1

����
(U⌧Z⌧ ,U⌧�1Z⌧�1)

(R⌧�1 � U⌧�1Z⌧�1)

!
.

(6.4)

The quantity defined by (6.4) is the first order approximation of the error between reduced and full
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Rank adaptation

We use as condition for adaptation the growth

6.2 Criterion for rank update
Let E⌧ 2 R2N⇥p be the error indicator matrix obtained with the method described in Section 6.1. To
decide when to activate the rank update algorithm, we take into account that, for advection-dominated
and hyperbolic problems discretized using spectral methods, the error tends to accumulate step after step
[15], and the effect of unresolved modes on the resolved dynamic contributes to this accumulation [9].
Moreover, it has been noticed [43, 28] that for many problems of practical interest the singular values
spectrum fills with time, potentially worsening the loss of accuracy if an approximating manifold of fixed
dimension is employed.

Let us define t⌧ as the current time, t⇤ as the last time at which the dimension of the reduced basis U
has been updated and let � be the number of updates up to time t⌧ . Before the first update, t⇤ coincides
with the initial time t0 and � = 0. The rank update is performed if the ratio between the norms of error
indicators at t⌧ and t⇤ satisfies the criterion

kE⌧k
kE⇤k

> rc� , (6.5)

where r and c are arbitrary control parameters. CP: Add a temporal index to � like �⌧ .
The ratio of the norms of the error indicators gives a qualitatively indication of how the error is

growing in time. In (6.5), we control the error’s evolution by defining a maximum acceptable error’s slope.
Deciding what represents an acceptable slope depends on the problem at hand but the results in Section
8 show little sensitivity with respect to r and c NR: (I don’t know if this is enough to justify the choice
of the error indicator. One possibility might be referring to articles like [39] where bounds of the form
kE⌧k < c(t)kE0k are introduced, with c(t) increasing in time, and are similar to (6.5). Unfortunately
they are based on Gronwall’s inequality.). CP: Guardando [32], il loro bound (4.6) e’ il bound standard
che si ottiene nell’analisi di convergenza (citano infatti [13] il libro classico di Norsett et al su ODEs).
Non lo metterei quindi. Direi magari il criterio empirico con cui hai scelto i valori per i test, o almeno
qualcosa del tipo valori molto alti provocano questo, valori molto piccoli quest’altro. Nei test considerati
valori in questo range sono sensati e comunque non c’e’ molta differenza. Note that other criteria are
possible: one alternative is to check that the norm of the error indicator remains under a fixed threshold;
another possibility is to control the norm of some approximate gradient of the error indicator. Even
combinations of the aforementioned criteria can be envision. By numerically testing these various criteria,
we have observed that, at least in the numerical simulations performed, the criterion (6.5) based on the
ratio of error indicators is the most reliable and gives the best flexibility.

6.3 Update of the reduced state
This subsection is devoted to the description of the algorithm to update the current reduced solution to a
new state having a different rank. Specifically, assume that, in the time interval T⌧�1, we have solved the
discrete reduced problem (5.4) to obtain the reduced solution R⌧�1 = U⌧�1Z⌧�1 in Mn⌧�1 .

As a first step, we derive an updated basis U 2 U⌧ from U⌧�1 2 U⌧�1, with n⌧ = n⌧�1 + 1. To this
aim, we enlarge U⌧�1 with two extra columns derived from an approximation of the error, analogously to
a greedy strategy. In greater detail, with the algorithm described in Section 6.1, we derive the error matrix
associated with the reduced solution at the current time. Via thin SVD, we extract the left singular
vector associated with the principal component of the error matrix, and we normalize it in the 2-norm to
obtain the vector e 2 R2N . We finally enlarge the basis U⌧�1 with the two columns [e | J>

2Ne] 2 R2N⇥2.
The rationale for this choice is that we aim at increasing the accuracy of the low-rank approximation

by adding to the reduced basis the direction that is worst approximated by the current reduced space. A
numerical evidence of the improved quality of the updated basis in approximating the full model solution
is provided in Section 8.2 in the simulation of the shallow water equations in 1D. In Figure 5, we monitor
the projection error of the full model solution at current time in the space spanned by the reduced
basis. The green and black lines correspond to the dynamical RBM with and without rank-adaptation,
respectively. It can be easily inferred that the space spanned by the updated basis, at the vertical dashed
lines, provides a better approximation of the full model solution compared to the space spanned by the
current reduced basis.
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If successful, the first eigenvector of E is added to U

From the updated matrix [U⌧�1| e | J>

2Ne] 2 R2N⇥2n⌧ , we construct an orthosymplectic basis in the
sense of Definition 2.2, by performing a QR-like decomposition using symplectic unitary transformations
[4]. In particular, we employ a symplectic (modified) Gram-Schmidt algorithm [42], with the possibility
of adding reorthogonalization [14, 13] to enhance the stability and robustness of the algorithm. Observe
that, alternatively, one can perform the thin SVD of the complex unitary matrix bU⌧�1 2 CN⇥(n⌧�1)

univocally associated with U⌧�1, i.e. bU⌧�1 = bQ⌧�1⌃V ⇤ and then recover an orthosymplectic basis from
bQ⌧�1 (note that bQ⌧�1 and U⌧�1 have the same column space).

Once the updated reduced basis U 2 U⌧ is computed, we derive the matrix Z 2 R2n⌧⇥p by expanding
the current reduced solution R⌧�1 in the updated basis. Therefore, the updated Z satisfies UZ = R⌧�1,
which results in Z = U>R⌧�1.

The rank update strategy is summarized in Algorithm 2.

Remark 6.1. Since the updated reduced state coincides with the reduced solution R⌧�1 at time t⌧�1, all
invariants of (3.1) preserved by the partitioned Runge–Kutta scheme (5.4) are conserved during the rank
update.

Observe that, even if the current reduced state R⌧�1 is in M2n⌧�2, it does not belong to the manifold
M2n⌧ . Indeed, it can be easily shown that Z = U>R⌧�1 2 R2n⌧⇥p does not satisfy the full-rank condition,

rank(ZZ> + J>

2n⌧
ZZ>J2n⌧ ) = rank(U>U⌧�1[Z⌧�1Z

>

⌧�1 + J>

2n⌧
Z⌧�1Z

>

⌧�1J2n⌧ ]U
>

⌧�1U)

 min{rank(U>U⌧�1), rank(Z⌧�1Z
>

⌧�1 + J>

2n⌧
Z⌧�1Z

>

⌧�1J2n⌧ )}
 2n⌧�2.

As shown in Lemma 4.2, the fact that Z /2 Z⌧ implies that the velocity field F in (4.1), describing the
evolution of the reduced basis, is not well-defined. Therefore, we need to introduce an approximate velocity
field for the solution of the reduced problem (3.4) in the temporal interval T⌧ with initial conditions
(U,Z) 2 U⌧ ⇥ R2n⌧⇥p. We refer to Section 4 for a discussion about this issue and the description of the
algorithm designed to solve the rank-deficient reduced dynamics ensuing from the rank update.

Algorithm 2 Rank update
1: procedure Rank_update(U⌧�1, Z⌧�1,E⇤)
2: Compute the error indicator matrix E⌧�1 2 R2N⇥p (6.4)
3: if criterion (6.5) is satisfied then
4: Compute Q⌃V > = E⌧�1 via thin SVD
5: Set e Q1/kQ1k2 where Q1 2 R2N is the first column of the matrix Q
6: Construct the enlarged basis U  [U⌧�1| e | J>

2Ne] 2 R2N⇥(2n⌧�1+2)

7: Compute U via symplectic orthogonalization of U with symplectic Gram-Schmidt
8: Compute the coefficients Z  U>U⌧�1Z⌧�1

9: Set n⌧ = n⌧�1 + 1
10: else
11: U  U⌧�1, Z  Z⌧�1 and n⌧ = n⌧�1

12: end if
13: return updated factors (U,Z) 2 U⌧ ⇥ R2n⌧⇥p

14: end procedure

6.4 Approximation properties of the rank-adaptive scheme
To gauge the local approximation properties of the rank-adaptive scheme for the solution of the reduced
dynamical system (3.4), we consider the temporal interval T⌧ where the first rank update is performed.
In other words, assume that R⌧�1 = U⌧�1Z⌧�1, with (U⌧�1, Z⌧�1) 2 U⌧�1 ⇥ Z⌧�1, is the numerical
approximation of the solution R(t⌧�1) 2M2n⌧�1 of the reduced dynamical system (3.3) at time t⌧�1

with n⌧�1 = n⌧�2 = . . . = n1. After the rank update at time t⌧�1, the reduced state R satisfies the local
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Computational aspects

The computational cost of the scheme is 

The solution of (5.4) requires the evaluation of four operators: the velocity fields G and F , the retraction
R and its inverse tangent map f⌧ . The algorithms proposed in [34, Section 5.3.1] for the computation of
R and f⌧ have arithmetic complexity O(Nn2

⌧ ). The cost to evaluate G is CH, by assumption. Finally,
the velocity field F is computed via Algorithm 1 with a computational complexity of O(pn2

⌧ ) to calculate
S, O(n3

⌧ ) for the PVL factorization and the inversion of S", O(Nn⌧p)+O(Nn2
⌧ )+O(pn2

⌧ ) for the matrix-
matrix multiplication of the factors in Lines 6 and 10, while CH is the cost to evaluate Y , Therefore,
neglecting the number of nonlinear solver iterations in the partitioned Runge–Kutta scheme, problem
(5.4) can be computed with sCRK operations where CRK = CH+O(Nn⌧p)+O(Nn2

⌧ )+O(pn2
⌧ )+O(n3

⌧ ).
It follows that the rank-adaptive algorithm for the solution of the reduced system (5.3) with a

partitioned Runge–Kutta scheme entails a computational complexity at most linear in the dimension
of the full model N , provided the computational cost CH to evaluate the Hamiltonian vector field at
the reduced solution has a comparable cost. Concerning the latter, observe that the assembly of the
reduced state R from the factors U and Z requires O(Npn⌧ ) operations and similarly the matrix-vector
multiplication U>rH(R; ⌘h). Therefore, the possible computational bottleneck of the algorithm is
associated with the evaluation of the Hamiltonian gradient at the reduced state R. This problem is well-
known in model order reduction and emerges whenever reduced models involve non-affine and nonlinear
operators, cf. for example [38, Chapters 10 and 11]. Several, so-called, hyper-reduction techniques have
been proposed to mitigate or overcome this limitation, yielding approximations of nonlinear operators
that can be evaluated at a cost independent of the size of the full model. However, we are not aware
of any hyper-reduction method able to exactly preserve the Hamiltonian phase space structure during
model reduction. Furthermore, hyper-reduction methods entail an offline phase to learn the low-rank
structure of the nonlinear operators by means of snapshots of the full model solution. The dynamical
reduced basis approach does not entail any offline phase.

Compared to traditional global model order reduction, in a dynamical reduced basis approach the
constraints on the computational complexity of the reduced operators is less severe since the dimension
of the full model can enter, although at most linearly, the computational cost of the operations involved.
This means that the dynamical model order reduction can accommodate Hamiltonian gradients where
each vector entry depends only on a few, say c ⌧ N , components of the reduced solution, with resulting
computational cost of CH = O(Npn⌧ ) + O(cNp). This is the case when, for example, the dynamical
system (2.1) ensues from a local discretization of a partial differential equation in Hamiltonian form.
Note that this assumption is also required for the effective application of discrete empirical interpolation
methods (DEIM) [8].

When dealing with low-order polynomial nonlinearities of the Hamiltonian vector field, we can use
tensorial techniques to perform the most expensive operations only once and not at each instance of the
parameter, as detailed in the following section.

7.1 Efficient treatment of polynomial nonlinearity
Let us consider the explicit expression of the cost CH for different Hamiltonian functions H. If the
Hamiltonian vector field XH in (3.1) is linear, then

G(U,Z; ⌘h) = J2nU
>rH(R; ⌘h) = J2nU

>AUZ, 8R = UZ 2 M2n⌧ ,

where A 2 R2N⇥2N is a given linear application, associated with the spatial discretization of the
Hamiltonian function H. Standard matrix-matrix multiplication to compute G has arithmetic complexity
O(Nn2)+O(pn2)+O(nk), where k is the number of nonzero entries of the matrix A. The computational
complexity of the algorithm is therefore still linear in N provided the matrix A is sparse. This is the case
in the kind of applications we are interested in where the Hamiltonian system (3.1) ensues from a local
spatial approximation of a partial differential equation.

In case of low-order polynomial nonlinearities, we use the tensorial representation [44, 25] of the
nonlinear function and we rearrange the order of computing. The gist of this approach is to exploit the
structure of the polynomial nonlinearities to separate the quantities that depend on the dimension of the
full model from the reduced variables, by manipulating the order of computation of the various factors.
Consider the evolution equations for the coefficients Z in (3.4a) for a single value ⌘j of the parameter
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Examples
We first consider the non-linear Schrödinger equation
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Figure 9: SWE-2D: On the left, we report the evolution over time of the error E(t) ((8.3)) for the adaptive
and not adaptive proposed dynamical RB method for different values of the hyperparameters r and c and
different dimensions n0 of the approximating manifold of the initial condition. In particular, we consider the
cases 2n1 = 4(9a), 2n1 = 6 (9c) and 2n1 = 8 (9e) and we compare the errors to the error obtained by solving
the semidiscrete formulation (8.9) using the high fidelity solver with the initial condition (8.12) projected onto a
symplectic manifold of dimension 2n1. On the right, the dimension of the dynamical reduced basis over time,
driven by the error indicator (6.5) is shown for 2n1 = 4 (9b), 2n1 = 6 (9d) and 2n1 = 8 (9f). In the not adaptive
setting, the dimension does not change with time.

8.3 Schrödinger equation
Test with example from optic fibers (?).
We can re-write this section directly for the 2D case

We consider the cubic Schrödinger equation in the spatial domain ⌦ := [0, L],
8
<

:
i
@u

@t
+

@2u

@x2
+ ⌘|u|2u = 0, in ⌦⇥ T ,

u(0, x; ⌘) = u0(x; ⌘), in ⌦,
(8.13)

with periodic boundary conditions. We consider as variables the real and imaginary part of the solution
u so that u = q + ip. Then, the Schrödinger equation (8.13) can be written as a Hamiltonian system in
canonical symplectic form with Hamiltonian

H(q, p; ⌘) =
1

2

Z L

0

✓✓
@q

@x

◆2

+

✓
@p

@x

◆2

� ⌘

2
(q2 + p2)2

◆
dx. (8.14)

Let us consider a partition of the spatial domain ⌦ into N � 1 equispaced intervals (xi, xi+1) with
xi = (i � 1)�x for i = 1, . . . , N � 1, and �x = L/N . We consider a finite difference discretization
where the second order spatial derivative is approximated using a centered finite difference scheme. Let
uh(t; ⌘h) := (q1, . . . , qN , p1, . . . , pN ), for all t 2 T and ⌘h 2 �h, where {qi}Ni=1 and {pi}Ni=1 are the degrees

24

of freedom associated with the nodal approximation of u. Then the semi-discrete has the form (8.2)
where, the discrete Hamiltonian is

Hh(uh; ⌘h) =
1

2

NX

i=1

✓✓
qi+1 � qi

�x

◆2

+

✓
pi+1 � pi

�x

◆2

� ⌘h
2
(q2i + p2i )

2

◆
, (8.15)

where q0 = qN and qN+1 = q1, and similarly for p, owing to the periodic boundary conditions.
We consider the initial conditions...
Observe that the Hamiltonian as a cubic nonlinearity that can be treated as described in Section 7.1.

8.3.1 NLS-1D

u0(x; ⌘h) =

p
2

cosh↵x
e
iv
x

2 (8.16)
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Figure 10: NLS-1D: 10a) Singular values decay of the global snapshots matrix S and time average of the singular
values decay of the local trajectories matrix St. The values are normalized using the largest singular value for
each case. 10b) ✏-rank of the local trajectories matrix St for different values of ✏.
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Figure 11: NLS-1D: Error as a function of the runtime for the dynamical RB method ( ) and the adaptive
dynamical RB method for different values of the hyperparameters r and c ( , , , ) for the simulation of all
the sampled parameters in �h. The considered error metric is the error defined in (8.3) at t = T . The runtime
is defined as the time required to evolve basis and coefficients ((5.3)) for the dynamical RB. For the adaptive
dynamical RB case, we add the time required to compute the error indicator and update the dimension of the
approximating manifold. For the sake of comparison, we report the timing required by the high-fidelity solver (
) to compute the numerical solution 8⌘h 2 �h.
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Figure 12: NLS-1D: Loss of orthogonality and J-orthogonality over time in the Frobenius norm for the proposed
adaptive dynamical RB method for different choices of the hyperparameters r, c and initial dimension of the
approximating manifold 2n1.

26

103 104 105

10�4

10�3

10�2

10�1

2n1 = 4

2n1 = 6

2n1 = 8

2n1 = 102n1 = 12

runtime [s]

E
(T

)

Not adapted

r = 1.2, c = 1.2

r = 1.1, c = 1.1

r = 1.1, c = 1.2

Full Model

Figure 11: NLS-1D: Error as a function of the runtime for the dynamical RB method ( ) and the adaptive
dynamical RB method for different values of the hyperparameters r and c ( , , , ) for the simulation of all
the sampled parameters in �h. The considered error metric is the error defined in (8.3) at t = T . The runtime
is defined as the time required to evolve basis and coefficients ((5.3)) for the dynamical RB. For the adaptive
dynamical RB case, we add the time required to compute the error indicator and update the dimension of the
approximating manifold. For the sake of comparison, we report the timing required by the high-fidelity solver (
) to compute the numerical solution 8⌘h 2 �h.
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Figure 12: NLS-1D: Loss of orthogonality and J-orthogonality over time in the Frobenius norm for the proposed
adaptive dynamical RB method for different choices of the hyperparameters r, c and initial dimension of the
approximating manifold 2n1.
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