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General Hamiltonian problems

Let us now consider the general - and more complex - 
state dependent Hamiltonian problem
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[46], Lax pairs [26] and dictionary-based approximations [30], L1-norm minimization techniques [1],
model reduction tracking discontinuities [50], the Gauss–Newton with approximated tensors (GNAT)
method [14], RBM for finite volume discretizations [31], with conservation properties [13]. Most of these
approaches are conceived to tackle ad hoc features of the problems considered, hence not striving to be
sufficiently general, let alone provide a sound strategy to preserve the structure intrinsic to the original
model.

Hamiltonian Formulation of Nonlinear and Hyperbolic Problems. The field theory formalism,
grounded in the mathematical description of physical quantities via integral action functionals, provides a
unified perspective encompassing partial differential equations of interest in a broad range of applications.
Examples of problems that can be derived from action principles include Maxwell’s equations [9],
Schrödinger’s equation, Korteweg–de Vries [42] and wave equations, compressible [37] and incompressible
[4] Euler equations, Vlasov–Poisson and Vlasov–Maxwell equations [43], etc. The action principle yields a
formulation of the constitutive equations as Hamiltonian systems whose phase space is naturally endowed
with a differentiable Poisson manifold structure. The algebraic structure of the phase space, which is
generally degenerate and nonlinearly state-dependent, underpins the physical properties of the system.
Most prominently, Poisson structures encode a family of conserved quantities, which by Noether’s theorem,
are related to symmetries of the Hamiltonian. In addition, the degeneracy of the Poisson brackets entails
the conservation of families of invariants.

The preservation, at the discrete level, of the algebraic and topological structure of physical problems
have received considerable attention during the last decades. Both in the context of spatial discretization
and temporal integration (with the so-called geometric numerical integrators), it has become apparent
that structure-preserving strategies can yield approximate solutions with superior stability and accuracy
properties. On the other hand, the geometric structure of continuous and discrete Hamiltonian systems
is in general thwarted during model order reduction, resulting in the onset of spurious and unphysical
artifacts which may trigger instabilities and qualitatively wrong solution behavior.

Recently, the promising performance of structure-preserving techniques have fostered the development
of reduced basis methods tantamount to geometric numerical integration and compatible spatial dis-
cretizations. In the context of nondissipative Hamiltonian dynamical systems Lall, Krysl, and Marsden
[34] pioneered the use of a Galerkin projection on the Euler–Lagrange equations to devise reduced order
models preserving Lagrangian structures. A similar approach was later pursued and improved in [15].
Dealing directly with the Hamiltonian formulation, reduced basis methods preserving the canonical
symplectic structure of dynamical systems were developed in [48], and [3]. A similar technique has been
adopted in [45] in the study of dynamical low-rank methods for the approximation of the stochastic wave
equation.

To the best of our knowledge, none of the aforementioned works address the case of degenerate and/or
state-dependent nonlinear Poisson structures. A naïve extension of the available structure-preserving
reduction techniques to these cases is hindered by the intrinsic nonlinearity and degeneracy of the
structure which, among others, fails to provide a pseudo-inner product and a path to endow the reduced
model with a Poisson phase flow.

Our Contribution: Novelties and Outline. In this work we develop and analyze structure-preserving
reduced basis methods for Hamiltonian dynamics with state-dependent and possibly degenerate Poisson
manifold structures. Pursuing a method of lines approach, we consider the ordinary differential equations
ensuing from a suitable spatial approximation of the Hamiltonian dynamics. The latter is assumed to be
structure-preserving in the sense of yielding a semi-discrete system of the form

du

dt
“ JN puqruHN puq, (1.1)

where the unknown u depends on time and possibly on a set of parameters, HN is the discrete system
Hamiltonian and JN puq is a finite-dimensional operator describing the Poisson manifold structure.

The gist of our method is to perform a local splitting of the Hamiltonian dynamics into a canonically
symplectic component and a trivial evolution of the invariants associated with the kernel of the Poisson
structure. The splitting of the dynamics is motivated by a result of Darboux [23] which, roughly speaking,
demonstrates the existence of local charts in which any Poisson structure has the canonical form. The

This is complicated for at least 2 reasons 

‣The Poisson operator may be degenerate, thereby 
introducing additional invariants  

‣The Poisson operator is state dependent

Approach - split the evolution into a canonical evolution 
and an evolution of the invariants



Constant degenerate Poisson structure

We need 

‣Darboux’s theorem - there exists a local chart that maps the 
Poisson structure to the canonical structure. 

‣Lie-Weinstein splitting theorem - the Poisson structure can 
locally be split into a canonical form and a set of invariants. 

New coordinates are known as Clebsch variables and the  
invariants as Casimirs
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Every finite-dimensional symplectic manifold admits local coordinates in which the local symplectic
form is canonical. This result is known as Darboux’s theorem [23].

Theorem 2.8. Let V2R be a finite 2R-dimensional symplectic manifold. For each u P V2R there exists a

chart pBu, uq in which a nondegenerate closed 2-form is locally isomorphic to the canonical form. The

manifold V2R can be covered by such charts.

Note that this result can be extended to the infinite-dimensional case only under special assumptions
and in general not if the symplectic structure ! on the manifold is only weakly nondegenerate, i.e. the
map !5

X is injective but not necessarily onto. We refer to [51, 38, 47] for further details on the topic.
In order to derive the canonical form of Poisson structures one has to first deal with the kernel of

the vector bundle map. Every Poisson manifold can be foliated by injectively immersed submanifolds
corresponding to the equivalence classes under the following relation: two points on a Poisson manifold
belong to the same class if there exists a piecewise smooth curve joining them consisting of segments of
integral curves of Hamiltonian vector fields.

Definition 2.9 (Manifold Foliation). Let VN be an N -dimensional manifold. A foliation F of class Cp and
of dimension q on VN is a decomposition of VN into disjoint connected subsets F “ tf↵u↵, called the
leaves of the foliation, with the following property: each point of VN has a neighborhood B and a system
of Cp coordinates B Ñ z :“ pzs, zcq P Rq ˆ RN´q such that for each leaf f↵, the components of B X f↵
are described by the equations pzcq1 “ constant, . . ., pzcqN´q “ constant.

The embedding of each symplectic leaf in a Poisson manifold is an injective Poisson map, and the
phase flow of a Hamiltonian vector field preserves the symplectic structures on the leaves.

The combination of Darboux’s theorem with the foliation properties of Poisson manifolds (cf. also
the symplectic stratification theory [5, Chapter 2]) provides a way to bring degenerate Poisson structures
into canonical form.

Theorem 2.10 (Lie-Weinstein Splitting Theorem [35, 52]). Let pVN , t¨, ¨uN q be an N -dimensional Poisson

manifold. For each u P VN there exists a neighborhood Bu Ä VN of u, in which the rank of VN is

equal to 2R, and an isomorphism  u : Bu Ñ S ˆ N 1
where S “  spBuq is a symplectic manifold and

N “  cpBuq is a Poisson manifold whose rank vanishes at  cpuq. The factors S and N are unique

up to local isomorphisms. Moreover, there exist local coordinates tq1, . . . , qR, p1, . . . , pR, c1, . . . , cN´2Ru
which are canonical, i.e. tqi, qjuN “ tpi, pjuN “ tqi, ckuN “ tpi, ckuN “ 0, and tqi, pjuN “ �i,j for all

i, j “ 1, . . . , R and k “ 1, . . . , N ´ 2R.

On the neighborhood Bu, the coordinates tckuk correspond to the Casimir invariants, whereas
tpqi, piqui are the symplectic canonical coordinates, sometimes referred to as Clebsch variables [19]. In
the canonical coordinates, the vector bundle map (2.1) takes the form

J c
N :“

¨

˚̊
˚̋

Id

´ Id

0

˛

‹‹‹‚: T˚VR ˆ T˚VR ˆ T˚VN´2R ›Ñ TVN ,

where Id and 0 denote the identity and zero map, respectively.
There are many advantages for using canonical coordinates, see e.g. [47], most prominently, the

possibility of bringing the Poisson tensor into constant-valued form and isolate its kernel. The design of
our structure-preserving reduced basis methods for (2.4) hinges upon canonical forms obtained via exact
or approximate Darboux maps, cf. Sections 3.1 and 4.1.

1The Cartesian product of two Poisson manifolds is endowed with a Poisson structure given by the Poisson map property
of the projection on each factor, and by requiring that the pullbacks of the Poisson algebras on each factor form commuting
subalgebras of the Poisson algebra of the Cartesian product.



Constant degenerate Poisson structure

We can rely on the result
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2.3 Construction of Global Darboux’s Map

On finite-dimensional Poisson manifolds VN , endowed with a constant-valued Poisson structure JN , the
Darboux map from Theorem 2.8 is global. An analytic expression for the Darboux map can be derived
by reverting to well-known results on matrix decompositions.

Proposition 2.11. Every skew-symmetric matrix M P RN,N
with rankpMq “ 2R † N admits a decompo-

sition of the form

M “ UJ c
NUJ, (2.5)

where U P RN,N
is invertible (but not orthogonal in general), and J c

N P RN,N
is the matrix representation

of the Poisson tensor in canonical form, namely

J c
N :“

¨

˝ J c
2R 02R,q

0q,2R 0q

˛

‚, J c
2R :“

¨

˝ 0R IR

´IR 0R

˛

‚,

where q :“ N ´ 2R is the dimension of the null space of M , 0R P RR,R
and IR P RR,R

denote the zero

and the identity matrix, respectively.

The factorization (2.5) is unique up to transformations in the symplectic group Spp2R,Rq.
Proof. We propose a constructive proof by steps: The implementation on the numerical experiments of
Section 5 will mimic this argument.
Step 1. Every skew-symmetric square matrix can be brought into canonical form by a unitary congruence
transformation, namely there exists Q P RN,N orthogonal such that M “ QSQJ. The so-called Youla
form S [55] is formed by blocks along the main diagonal, each 2 ˆ 2 block formed by the complex part of
a conjugate pair of complex eigenvalues of M , t˘i�juRj“1, �j ° 0, and zeros for j ° R. The proof of this
result can be found in [55, Corollary 2] or [25, Theorem 2].

The Youla decomposition in not unique: the factor S can be fixed by computing a decomposition for
a given ordering of the eigenvalues of M , see e.g. [10]. However, the orthogonal matrix Q is not unique.
Step 2. The block diagonal matrix S P RN,N can be further decomposed as S “ pD pS pD where the matrix
pD is diagonal with diagonal equal to p?

�1,
?
�1, . . . ,

?
�R,

?
�R, 0, . . . , 0q, while each element of pS P RN,N

is the sign of the corresponding element of S, i.e. the upper left block pS2R P R2R,2R of S is formed by R
blocks along the main diagonal, each 2 ˆ 2 block containing ˘1 as off-diagonal elements. Combining the
first two steps, one has M “ Q pD pS pDQJ.
Step 3. As a last step, we construct a permutation matrix such that pS2R is similar to J c

2R. Let
pP2R P R2R,2R be the perfect shuffle permutation matrix in R2R, namely

pP2R :“ r e1 | e3 | . . . | e2R´1 | e2 | e4 | . . . | e2R s ,

where ej is the j-th canonical column vector in R2R. Then pS2R “ pP2RJ c
2R

pPJ
2R, and we have that

M “ Q pD pPJ c
N

pPJ pDQJ, where pP P RN,N is the zero extension of pP2R.
Since we would like the transformation that brings M into canonical form to be invertible, we introduce

the modified matrices

D :“
¨

˝
pD2R 02R,q

0q,2R Iq

˛

‚, P :“
¨

˝
pP2R 02R,q

0q,2R Iq

˛

‚. (2.6)

The matrices D and P are invertible, and the extension of pP2R by the identity Iq makes P into
an orthogonal matrix. With the modified matrices P and D, the decomposition still holds, namely
M “ QDPJ c

NPJDQJ. The conclusion (2.5) follows by setting U “ QDP .
It can be easily verified that the factorization is not unique: if Y P RN,N satisfies Y J c

NY J “ J c
N and

it is nonsingular, then (2.5) holds with UY in lieu of U .

and we can decompose the dynamics
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An analogous reasoning shows that pp ´1q˚tF ,GuN qpuq “ tp ´1q˚F , p ´1q˚GucN puq for all u P VN and
F ,G P C8pVN q.

The dynamics �t
XHN

can then be decoupled into the dynamics on the symplectic leaf and the trivial
dynamics of the Casimir invariants. More in details, the system (3.1) can be recast in canonical form as:
Find zp¨, µq P C1pT ,VN q such that

$
&

%
Btzpt, µq “ J c

NrzHc
N pzpt, µq;µq, for t P T ,

zpt0, µq “  u0pµq,
(3.2)

where Hc
N :“ p ´1q˚HN for every µ P ⇤.

Since  is linear and bijective, Proposition 3.1 entails that  is a Poisson isomorphism: for any t P T
and any fixed parameter µ P ⇤, zpt, µq is a solution of (3.2) if and only if zpt, µq “  upt, µq, where upt, µq
is a solution of (3.1).

Moreover, since Poisson maps preserve the Poisson bracket, the invariants of �t
XHN

are in one-to-one
correspondence with the invariants of �t

XH
c
N

.

Corollary 3.2. For any fixed parameter µ P ⇤, let �t
XHN

and �t
XH

c
N

be the flow maps associated with

(3.1) and (3.2), respectively. The functional I P C8pVN q is an invariant of motion of �t
XHN

if and only

if p ´1q˚I P C8pVN q is an invariant of �t
XH

c
N

. Conversely, I P C8pVN q is an invariant of motion of

�t
XH

c
N

if and only if  ˚I P C8pVN q is an invariant of �t
XHN

.

Note that all independent Casimir invariants of a constant-valued degenerate Poisson tensor are linear.
Indeed the Casimir invariants of t¨, ¨ucN are the functionals tIm : z P VN fiÑ zm :“ p cuqmuqm“1. In view
of Proposition 3.1 and Corollary 3.2, the functionals t ˚Imum are Casimir invariants of t¨, ¨uN and since
 is linear, they are linear in u.

3.2 Reduced Basis Methods Preserving Poisson Structures

Exploiting the splitting of the dynamics introduced in Section 3.1, we seek a structure-preserving symplectic
model order reduction on the symplectic manifold V2R, while leaving unchanged the submanifold N
associated with the center of the Lie algebra C8pVN q.

The reduced basis solution is the linear combination of a suitably chosen finite collection of solution
trajectories computed from the high-fidelity model in canonical form, to provide an optimal decomposition
in the sense of representing the dominant components of the dynamics. This is done via a weak greedy
strategy, discussed in Section 3.2.2. The reduced basis functions are constructed to span an n-dimensional
space Vn, for n ! N , with the following properties:

• Vn is a manifold endowed with the canonical Poisson structure t¨, ¨ucn .

• The rank of the canonical Poisson tensor J c
n on Vn, rankpJ c

nq “: 2r, satisfies n ´ 2r “ q, namely
the dimension of the center of the Lie algebras C8pVN q and C8pVnq coincides.

• Vn has a vector space structure given by the `2-norm.

To compute the evolution of the coefficients of the expansion in the reduced basis we rely on a Galerkin
projection of the original dynamical system (2.4). This ensures that the expansion coefficients are uniquely
determined by the basis. To preserve the Poisson structure, the projection is constructed to be symplectic
on the symplectic leaf of VN and to preserve the kernel of the Poisson tensor JN .

Let ⇡` : VN Ñ Vn be a surjective map which is assumed to be linear. Since ⇡` is surjective there
exists a linear map ⇡ : Vn Ñ VN such that ⇡` ˝ ⇡ : Vn Ñ Imp⇡q Ä VN Ñ Vn is the identity on Vn.

Lemma 3.3. The map ⇡` : pVN , t¨, ¨ucN q Ñ pVn, t¨, ¨ucnq is Poisson if and only if

⇡`J c
N⇡J

` “ J c
n .
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2.4 Geometric Temporal Discretizations

Reduced basis methods for dynamical systems, designed with the aim to preserve the algebraic and
geometric structure of the phase flow, cannot leave out of considerations the importance of relying on
structure-preserving time integrators.

Definition 2.12. Let �t
h : pVN ,JN puqq Ñ pVN ,JN puqq be the discrete flow map associated with a

temporal approximation of problem (2.4) with initial condition u0 P pVN ,JN puqq. A numerical time
discretization u1 “ �t

hpu0q is a JN puq-Poisson integrator if the discrete flow map �t
h is a Poisson map

and preserves the Casimir invariants. If the manifold is symplectic then the time integrator associated
with �t

h is symplectic if �t
h is a symplectomorphism.

While the literature on canonically symplectic numerical schemes is vast, for the case of Poisson systems
with non-constant nonlinear structure, general structure-preserving integrators are largely unavailable,
cf. e.g. [32] for a comprehensive treatise on the topic. However, since the study of geometric numerical
integrators is outside of the scope of the present work, we assume the availability of a Poisson solver for
the dynamical system (2.4).

3 Constant-Valued Degenerate Poisson Structures
In the present Section we develop reduced basis methods for parametric Hamiltonian systems on Poisson
manifolds with a constant-valued Poisson structure. To fix the notation VN is assumed to be an N -
dimensional Poisson manifold with bracket t¨, ¨uN and constant-valued tensor JN with rankpJN q “ 2R.
Moreover, VN is endowed with a vector space structure given by the `2-norm }¨}.

3.1 Splitting of Poisson Dynamics

Let ⇤ Ä Rd, with d • 1, be a compact set of possible parameters. For each µ P ⇤, we consider the initial
value problem: For u0pµq P VN , find up¨, µq P C1pT ,VN q such that

$
&

%
Btupt, µq “ JNruHN pupt, µq;µq, for t P T ,

upt0, µq “ u0pµq.
(3.1)

To ensure well-posedness of (3.1), we assume that, for any µ P ⇤, rHN is Lipschitz continuous in u
uniformly in t P T in the `2-norm.

As a first step towards the development of reduced basis methods for (3.1), we perform a global

splitting of the Poisson manifold pVN ,JN q as describe in Section 2.2, namely

 : VN ›Ñ V2R ˆ N ,

where V2R “  spVN q is a symplectic manifold of dimension 2R and N “  cpVN q is a submanifold whose
dimension equals q, the number of independent Casimir invariants of t¨, ¨uN . The map  exists, is linear
and bijective in view of Proposition 2.11, and satisfies  JN J “ J c

N . The splitting preserves the Poisson
structure of VN .

Proposition 3.1. Let t¨, ¨ucN : C8pVN q ˆ C8pVN q Ñ C8pVN q be the bracket defined by tF ,GucN puq :“
ruFpuqJJ c

NruGpuq, for all F ,G P C8pVN q and u P VN . The manifold pVN , t¨, ¨ucN q is Poisson.

Moreover, the map  : pVN , t¨, ¨uN q ›Ñ pVN , t¨, ¨ucN q and its inverse are Poisson.

Proof. It can be easily verified that the operator J c
N satisfies the assumptions of Lemma 2.2 and therefore

it is a Poisson structure.
To prove that the map : pVN , t¨, ¨uN q ›Ñ pVN , t¨, ¨ucN q is Poisson we need to show that p ˚tF ,GucN qpuq “

t ˚F , ˚GuN puq, for all u P VN and F ,G P C8pVN q. Let z :“  u, then

t ˚F , ˚GuN puq “ rup ˚FqpuqJJNrup ˚Gqpuq “ p ˚ruFqpuqJJN p ˚ruGqpuq
“ przFqp uqJ JN 

JprzGqp uq “ przFqp uqJJ c
N przGqp uq

“ tF ,GucN p uq.
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An analogous reasoning shows that pp ´1q˚tF ,GuN qpuq “ tp ´1q˚F , p ´1q˚GucN puq for all u P VN and
F ,G P C8pVN q.

The dynamics �t
XHN

can then be decoupled into the dynamics on the symplectic leaf and the trivial
dynamics of the Casimir invariants. More in details, the system (3.1) can be recast in canonical form as:
Find zp¨, µq P C1pT ,VN q such that

$
&

%
Btzpt, µq “ J c

NrzHc
N pzpt, µq;µq, for t P T ,

zpt0, µq “  u0pµq,
(3.2)

where Hc
N :“ p ´1q˚HN for every µ P ⇤.

Since  is linear and bijective, Proposition 3.1 entails that  is a Poisson isomorphism: for any t P T
and any fixed parameter µ P ⇤, zpt, µq is a solution of (3.2) if and only if zpt, µq “  upt, µq, where upt, µq
is a solution of (3.1).

Moreover, since Poisson maps preserve the Poisson bracket, the invariants of �t
XHN

are in one-to-one
correspondence with the invariants of �t

XH
c
N

.

Corollary 3.2. For any fixed parameter µ P ⇤, let �t
XHN

and �t
XH

c
N

be the flow maps associated with

(3.1) and (3.2), respectively. The functional I P C8pVN q is an invariant of motion of �t
XHN

if and only

if p ´1q˚I P C8pVN q is an invariant of �t
XH

c
N

. Conversely, I P C8pVN q is an invariant of motion of

�t
XH

c
N

if and only if  ˚I P C8pVN q is an invariant of �t
XHN

.

Note that all independent Casimir invariants of a constant-valued degenerate Poisson tensor are linear.
Indeed the Casimir invariants of t¨, ¨ucN are the functionals tIm : z P VN fiÑ zm :“ p cuqmuqm“1. In view
of Proposition 3.1 and Corollary 3.2, the functionals t ˚Imum are Casimir invariants of t¨, ¨uN and since
 is linear, they are linear in u.

3.2 Reduced Basis Methods Preserving Poisson Structures

Exploiting the splitting of the dynamics introduced in Section 3.1, we seek a structure-preserving symplectic
model order reduction on the symplectic manifold V2R, while leaving unchanged the submanifold N
associated with the center of the Lie algebra C8pVN q.

The reduced basis solution is the linear combination of a suitably chosen finite collection of solution
trajectories computed from the high-fidelity model in canonical form, to provide an optimal decomposition
in the sense of representing the dominant components of the dynamics. This is done via a weak greedy
strategy, discussed in Section 3.2.2. The reduced basis functions are constructed to span an n-dimensional
space Vn, for n ! N , with the following properties:

• Vn is a manifold endowed with the canonical Poisson structure t¨, ¨ucn .

• The rank of the canonical Poisson tensor J c
n on Vn, rankpJ c

nq “: 2r, satisfies n ´ 2r “ q, namely
the dimension of the center of the Lie algebras C8pVN q and C8pVnq coincides.

• Vn has a vector space structure given by the `2-norm.

To compute the evolution of the coefficients of the expansion in the reduced basis we rely on a Galerkin
projection of the original dynamical system (2.4). This ensures that the expansion coefficients are uniquely
determined by the basis. To preserve the Poisson structure, the projection is constructed to be symplectic
on the symplectic leaf of VN and to preserve the kernel of the Poisson tensor JN .

Let ⇡` : VN Ñ Vn be a surjective map which is assumed to be linear. Since ⇡` is surjective there
exists a linear map ⇡ : Vn Ñ VN such that ⇡` ˝ ⇡ : Vn Ñ Imp⇡q Ä VN Ñ Vn is the identity on Vn.

Lemma 3.3. The map ⇡` : pVN , t¨, ¨ucN q Ñ pVn, t¨, ¨ucnq is Poisson if and only if

⇡`J c
N⇡J

` “ J c
n .

Exists, is linear and bijective



Constant degenerate Poisson structure

We can now use previous work for the canonical problem 
and construct a suitable reduced basis

A Hamiltonian and the Casimirs are preserved

We solve the projected system
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Proof. We need to show that the pullback of ⇡` preserves the Poisson bracket, namely that p⇡˚
`tF ,Gucnqpuq “

t⇡˚
`F ,⇡˚

`GucN puq, for all u P VN and F ,G P C8pVnq. Let y :“ ⇡`u, rewriting the bracket using the
canonical vector bundle map J c

N , results in

t⇡˚
`F ,⇡˚

`GucN puq “ rup⇡˚
`FqpuqJJ c

Nrup⇡˚
`Gqpuq “ p⇡˚

`ruFqpuqJJ c
N p⇡˚

`ruGqpuq
“ pryFqp⇡`uqJ⇡`J c

N⇡J
`pryGqp⇡`uq “ tF ,Gucnp⇡`uq,

where the last equality holds if and only if ⇡`J c
N⇡J

` “ J c
n .

Following the splitting approach described in Section 3.1, the map ⇡` can be constructed as

⇡` : V2R ˆ N ›Ñ V2r ˆ N , ⇡` “ ⇡s
` ˆ Id ,

where ⇡s
` is taken to be a surjective `2-orthogonal symplectic application, i.e. ⇡s

`J c
2Rp⇡s

`qJ “ J c
2r.

Remark 3.4. The map ⇡ cannot be a Poisson map between the regular Poisson manifolds pVn, t¨, ¨ucnq and
pVN , t¨, ¨ucN q. Indeed, if that was the case, by a simple counting argument rankpJ c

N q § mintrankpJ c
nq, rankp⇡qu,

which cannot hold under the assumption r ! R.

Definition 3.5. The Poisson projection onto Imp⇡sq ˆ N Ä VN is defined as the map P “ Ps ˆ Id :
V2R ˆ N Ñ Imp⇡q ˆ N such that, for any zs P pV2R,J c

2Rq,
!pPszs ´ zs, ⇠q “ 0, @ ⇠ P Imp⇡sq,

where ! is the canonical symplectic 2-form on the symplectic vector space pV2R,J c
2Rq.

The reduced problem is derived via the Poisson projection P :“ ⇡ ˝ ⇡` onto Imp⇡q Ä VN of the
canonical Poisson dynamical system (3.2), namely for t P T and µ P ⇤,

Btzrbpt, µq “ PpJ c
NrzHN p ´1zrbpt, µq;µqq, zrbpt0, µq “ z0pµq.

On the n-dimensional Poisson manifold Vn, the function ypt, µq “ ⇡`zrbpt, µq satisfies
$
&

%
Btypt, µq “ J c

nryHnpypt, µq;µq, for t P T ,

ypt0, µq “ ⇡` u0pµq,
(3.3)

where Hn :“ ⇡˚Hc
N . Problem (3.3) is a dynamical system in canonical Poisson form on the manifold

pVn,J c
nq. The assumption on the Lipschitz continuity of rHN ensures that rHn is also Lipschitz

continuous with constant } ´1}2Lµ
�H, where Lµ

�H is the Lipschitz constant of rHN for parameter µ P ⇤.
This guarantees the well-posedness of the reduced problem (3.3).

Remark 3.6. In principle, instead of relying on an orthogonal Poisson map ⇡`, one can envision ⇡`
to be only `2-orthogonal. In this case ⇡`JN⇡J

` is constant-valued and skew-symmetric since JN is
skew-symmetric, hence it generates a Poisson bracket on Vn. A Galerkin projection of the original Poisson
dynamics yields a reduced Poisson system in noncanonical form. Using Proposition 2.11 one can bring
such a system into canonical form via a bijective global change of coordinates. However, if JN “ JN puq
this reasoning fails since ⇡`JN puq⇡J

` is still skew-symmetric for every u P VN , but it may not satisfy the
Jacobi identity (2.3).

3.2.1 Stability and Conservation Properties of the Reduced Problem

By construction, the Hamiltonian Hn P C8pVnq of the reduced systems is obtained by pullback from the
Hamiltonian Hc

N P C8pVN q, namely Hn “ ⇡˚Hc
N , for all µ P ⇤. This has the important consequence

that, for any fixed µ P ⇤, whenever HN is a Lyapunov function with equilibria tueue [2, Chapter 3 p.
207], then Hc

N is a Lyapunov function with equilibria t ueue, and the reduced dynamics preserve the
Lyapunov stable equilibria t ueue contained in Imp⇡q. Indeed it can be shown that Hn is Lyapunov
function with equilibria given by the image of the equilibria of the canonical Poisson system under ⇡`.

Concerning the preservation of the invariants of motion of �t
XH

c
N

after the reduction, we introduce
the following concepts.

Lyapunov stable points are preserved

Analysis can be extended to include non-linear terms 
treated by (D)EIM
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where LM is the Lipschitz constant of MN . Similar to (4.8) we recover

}Rj} § C1Kj}ej`1} ` C2Kj}ej} ` }W }}Mj
N ppzjq ´ ⇡J

`⇡`Mj
N ppzjq},

where Kj :“ }Lj
N } ` }W }} ´1

j`1{2}2LM, and the finite non-negative constants C1 and C2 depend only on
the numerical temporal discretization of (4.1). Hence, proceeding as in (4.7), the total error at time tj`1

can be bounded as,

}ej`1} § 1

1 ´ �t C1Kj

ˆ jÿ

k“1

�k}ekp} ` }ej`1
p } `

j´1ÿ

k“1

ˆ jÿ

m“k`1

�m

˙
�k}ekp}

` }W }}Mj
N ppzjq ´ ⇡J

`⇡`Mj
N ppzjq}

˙
,

where �m :“ ↵m ` �t C2Km “ ↵m ` �t C2p}Lm
N } ` }W }} ´1

m`1{2}2LMq.
The conclusion follows from the fact that uj ´ uj

rb “  ´1
j´1{2e

j , by Proposition 4.2.

4.4 Parametric State-Dependent Poisson Structures

If we consider a parametric dynamical system similar to (3.1) but with state-dependent Poisson structure,
we can extend the derivation and analysis of the reduced basis method described in the previous Sections.
The main obstacle relates to the fact that the resolution of the dynamical system in the low-dimensional
space (4.3) requires the knowledge of the Darboux map approximations t j`1{2uj . These will inevitably
depend on the parameter where the Poisson tensor is evaluated. Only the linear maps t j`1{2pµquj
associated with the parameters µ P ⇤h Ä ⇤ will be computed in the offline phase. Therefore a way
to approximate each  j`1{2 at any given parameter µ P ⇤ is indispensable. A way to perform such
approximation at a computational cost proportional to the size of the low dimensional problem is to apply
e.g. an empirical interpolation technique on  j`1{2pµq for all µ P ⇤z⇤h. However, such approximation
will in general affect the preservation of the Poisson structure by introducing a, pointwise in µ, error in
the structure splitting of Proposition 4.2.

5 Numerical Experiments
To validate the theoretical results of the previous Sections we perform a set of one-dimensional numerical
simulations. For want of Poisson integrators for general structures, we consider ad hoc test cases
for which such integrators are available. The rationale is that we seek to assess the performances of
the structure-preserving reduced basis method in the absence of pollution coming from the temporal
discretization.

In the forthcoming numerical simulations, if not otherwise specified, we will use Newton iteration
as a nonlinear solver for implicit temporal discretizations. We fix the Newton tolerance to 10´10

and the maximum number of nonlinear iterations to 50. In the symplectic greedy Algorithm 1, we
consider a stabilized version of the symplectic Gram–Schmidt and a symplectic Gram–Schmidt with full
reorthogonalization [27] to deal with cases where the snapshots matrix might be ill conditioned.

5.1 Numerical Experiments for Constant-Valued Degenerate Structures

As example of constant-valued degenerate Poisson structure we consider the Korteweg–de Vries (KdV)
equation. KdV type problems are nonlinear hyperbolic equations describing the propagation of waves
in nonlinear dispersive media. The KdV equation in the one-dimensional spatial domain ⌦ and time
interval T reads: Find upt, xq : T ˆ ⌦ Ñ R such that

Bu
Bt ` ↵u

Bu
Bx ` µ

B3u

Bx3
“ 0, ↵, µ P R. (5.1)

With the structure 
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The dispersive third order term provides a regularization yielding smooth solutions for smooth initial
conditions. The numerical treatment of (5.1) for small values of µ, the so-called dispersion limit, is
particularly challenging, and for µ “ 0, Burgers’ equation is recovered.

The KdV equation is a completely integrable system, i.e. it has as an infinite set of invariants, and
possesses a bi-Hamiltonian structure: The formulation with degenerate constant-valued Poisson tensor
reads

Bu
Bt “ J �Hpuq, with Hpuq “

ˆ
⌦

ˆ
↵

6
u3 ´ µ

2
pBxuq2

˙
dx, J “ Bx,

and where � denotes a functional derivative. Let us consider a uniform partition of the interval ⌦ “ ra, bs,
a, b P R with periodic boundary conditions, into N ´1 elements, and let �x “ |b´a|{pN ´1q. The Poisson
tensor J is discretized using centered finite differences, whereas the Hamiltonian H is approximated
using the trapezoidal rule and forward finite differences for the first order spatial derivative, as in [6,
Equation (2)]. With a small abuse of notation, u denotes henceforth the semi-discrete solution (after
spatial discretization). If uk is the nodal value of u at the k-th mesh node, then

HN puq “ �x
Nÿ

k“1

ˆ
↵

6
u3
k ´ µ

2

ˆ
uk`1 ´ uk

�x

˙2 ˙
, (5.2)

and pJNuqk “ uk`1 ´ uk´1, for k “ 1, . . . , N with uN`k “ u1`k, u0 “ uN´1 by periodicity. The Poisson
tensor JN has rankpJN q “ 2R, with 2R “ N ´ 1 if N odd, 2R “ N ´ 2 if N even. The corresponding
Casimir invariants are

C1puq “
Nÿ

k“1

uk, C2puq “
Nÿ

k“1

pu2k ´ u2k`1q. (5.3)

Note that, if N is odd, then C2puq ” 0 and C1 is the only Casimir invariant of the Poisson system.
Time discretization using the fully implicit midpoint rule on Th “ î

jP⌥h
ptj , tj`1s yields

uj`1 ´ uj “ �t

2�x
JNrHN puj`1{2q, u0 “ ⇧hu0, j P ⌥h, (5.4)

where uj`1{2 :“ puj`1 ` ujq{2 and ⇧h is the nodal projection. The implicit midpoint rule provides a
Poisson integrator for any constant-valued Poisson tensor. However, it does not preserve the discrete
Hamiltonian (5.2) exactly.

As an alternative scheme, we consider the Average Vector Field (AVF) integration [41], which is
second order accurate, preserves the Hamiltonian exactly [21, Theorem 3.1], but it is not a Poisson
integrator [16]. For j P ⌥h, the fully discrete scheme reads

uj`1 ´ uj “ ↵

6

�t

2�x
JN

ˆ
puj`1q2 ` ujuj`1 ` puj`1q2

˙
` µ

2�x3
JNFhpuj`1{2q, (5.5)

with u0 “ ⇧hu0 and where pFhpuqqk :“ puk`1 ´ 2uk ` uk´1q{2, for k “ 1, . . . , N .

5.1.1 KdV: Long Time Stability of Double Soliton Interaction

In order to assess the stability of the reduced basis algorithm, we run a numerical test simulating solitons
interaction over long time. Let us consider the KdV problem (5.1), with fixed parameters ↵ “ 6 and
µ “ 1, in the domain ⌦ “ r´20, 20s and temporal interval T “ p0, 500s. Let the initial condition be
the periodic function u0pxq “ 6 sech2pxq, x P ⌦. The spatial discretization of the high-fidelity problem
relies on the finite difference scheme (5.2) with N “ 1000 mesh nodes. We compare the results obtained
with the midpoint rule (5.4) as timestepping and the AVF scheme (5.5), both with uniform time step
�t “ 10´3. We select Ms “ 10000 snapshots from the high-fidelity solution and run the symplectic
greedy Algorithm 1 with tolerances tol� “ 10´5 and tol� “ 10´12. The algorithm reaches convergence
with 2r “ 328 for the AVF timestepping and 2r “ 330 for the midpoint rule. The need of a sufficiently
large reduced space is typical of problems exhibiting propagation phenomena.

The high-fidelity solution and the reduced solution at final time are shown in Figure 2 (left), where
the subscripts a and m refer to the AVF scheme and midpoint rule, respectively. The reduced solutions
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With an equidistant grid, we have
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With 2 Casimirs
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A midpoint rule is used in time
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Example 1: The KdV equation
Small dispersion limit (N=1600, k~240)



State-dependent Poisson structure
The complication now is that the Darboux map evolves 
and is unknown a priori

We evolve the map
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small parameter and then truncate the expansion of JN puq, destroys the underlying Poisson structure
since the Jacobi identity (2.3) generally fails to hold for the approximate tensor. In the context of
Hamiltonian perturbation theory, the authors of [44] advocate a near identity change of variables in
the neighborhood of a stable equilibrium to bring the Poisson tensor in constant form pointwise. This
approach is, however, limited to weakly nonlinear Hamiltonian systems describing the dynamics near
equilibria, and introduces a local approximation of the Poisson structure by truncating the expansion of
the Poisson tensor.

We propose to perform a piecewise linear approximation of the Darboux map in each discrete time
interval and subsequently derive a reduced basis method for the resulting, locally canonical, structure.

To keep the presentation focused, we next consider dynamical systems which do not depend on a
parameter. We further comment on the extension of the results obtained in the forthcoming Sections to
the parameter-dependent case in Section 4.4.

4.1 Linear Approximation of Darboux’s Charts

We exploit the linearization introduced by the timestepping to derive piecewise linear approximations of
the Darboux map  , and construct a locally finite cover of VN along the solution trajectory, using time
intervals and linear approximations of the homomorphisms t uu, from Theorem 2.10, on each interval.

Let us define the submanifolds VN,j :“ tuptq P VN : t P Tj “ ptj , tj`1su Ä VN , associated with the
temporal mesh Th “ î

jP⌥h
Tj . Time discretization of (2.4) yields: For u0 P VN , find tuj`1ujP⌥h Ä VN

such that $
&

%
uj`1 “ uj `�tJN ppujqruHN ppujq, for j P ⌥h,

u0 “ u0,
(4.1)

where puj P VN,j is determined by the temporal discretization of choice, and can be a state or a combination
of them. Alternative discretizations of the Poisson tensor and of the Hamiltonian can be considered.
This choice will affect the convergence estimates and the restriction of the time step in Theorem 4.8 and
Theorem 4.9, but not the approximation of the Darboux map, nor the derivation of the reduced basis
method.

Definition 4.1. On each submanifold VN,j , with j P ⌥h, the local approximation of the Darboux map  
is defined to be the linear function  j`1{2 : VN,j Ñ VN,j , which satisfies  j`1{2JN ppujq J

j`1{2 “ J c
N at

the state(s) puj P Tj dictated by the temporal discretization (4.1). Each map  j`1{2 provides the local
splitting  j`1{2 : VN,j Ñ V2R ˆ Nj , with  s

j`1{2pVN,jq “ V2R being a 2R-dimensional subspace of VN

and  c
j`1{2pVN,jq “ Nj the approximation of the subspace associated with the kernel of the Poisson

tensor at puj .
Let VN,j :“ tuptq P VN : t P Tju for all j P ⌥h. Transition maps between neighboring intervals are

Tj :  j´1{2pVN,j´1 X VN,jq ›Ñ  j`1{2pVN,j´1 X VN,jq, defined as Tj :“  j`1{2 ˝  ´1
j´1{2, for j P ⌥hzt0u

with T0 :“ Id . A sketch of the approximated Darboux’s charts is presented in Figure 1.

We denote  : VN Ñ VN as the global map collecting the linear functions  j`1{2 on each VN,j , j P ⌥h.
For any j P ⌥h fixed, the map  j`1{2 is in general not Poisson on VN,j . However, provided the time
discretization (4.1) preserves the Casimir invariants (see Definition 2.12), the map  preserves the rank
of the Poisson structure since dimNj “ q for all j P ⌥h.

With the local change of coordinates introduced by  : VN Ñ VN , we can recast the fully discrete
problem (4.1) as: For u0 P VN , find tzj`1ujP⌥h Ä VN such that

$
&

%
zj`1 “ Tjzj `�tJ c

NrzHj
N ppzjq, for j P ⌥h,

z0 “  1{2u0,
(4.2)

where pzj :“  j`1{2puj and Hj
N pzq :“ HN p ´1

j`1{2zq for all z P VN,j .
The fact that the approximation of the Darboux map is based on the linearization, introduced by the

timestepping, ensures that the Poisson structure is not jeopardized by recasting the discrete problem
(4.1) as (4.2).
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VN

pVN ,JN puqq

Tj´1

 j´1{2

Tj

 j`1{2

Tj “  j`1{2 ˝  ´1
j´1{2

Figure 1: Sketch of Darboux’s charts approximation on the Poisson manifold pVN ,JN puqq.

Proposition 4.2. The discrete problem (4.2) is well-posed. Moreover, let �t
h be the discrete flow map

associated with the time discretization (4.1) of (2.4) on Th. Let �t
h,cN be the discrete flow map associated

with the discrete system (4.2). Then  ´1
M´1{2 ˝ �T

h,cN ˝  1{2 “ �T
h .

Proof. It is enough to show that, for every j P ⌥h, the following diagram

uj P VN,j
�h››››Ñ uj`1 P VN,j

 j`1{2

§§û
ù§§ ´1

j`1{2

zj P VN,j
�h,cN››››Ñ zj`1 P VN,j
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the interaction and evolution of populations of competing species. Additionally, it provides a discretization
of the KdV equation or of the Logistic equation and can be used to model nonlinear control systems,
lattice problems, etc. The generalized Lotka–Volterra model for N species reads

dtukptq “ ukptq
ˆ
bk `

Nÿ

`“1

ak,`u`ptq
˙
, k “ 1, . . . , N, bk, ak,` P R,

where uk`N “ uk for all k, if the boundary conditions are periodic. Here we take the values of tbkuk and
tak,`uk,` yielding

dtuk “ ukpuk`1 ´ uk´1q, k “ 1, . . . , N. (5.6)
The Lotka–Volterra system (5.6) possesses the invariants

Iqpuq “
Nÿ

k“1

ˆ
1

2
u2
k ` ukuk`1

˙
, Icpuq “

Nÿ

k“1

1

3
u3
k `

Nÿ

k“1

ukuk`1puk ` uk`1 ` uk`2q,

and the Casimir

C1puq “
Nÿ

k“1

logpukq.

Furthermore, if the number N of species is even, the problem can be recast in a splitted form as follows.
Let qkptq “ u2k´1ptq and pkptq “ u2kptq for k “ 1, . . . , N{2 and t P T , then (5.6) is equivalent to

$
&

%
dtqk “ qkppk ´ pk´1q,
dtpk “ pkpqk`1 ´ qkq.

This is a Poisson system with Hamiltonian HN pq, pq “ ∞N{2
k“1pqk`pkq, and quadratic bracket corresponding

to the Poisson tensor

JN ppq, pqq :“

¨

˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̊
˚̋

0 q1p1 ´q1pN{2

´q1p1 0 q2p1 0

. . . . . .

´qkpk 0 qk`1pk

´qkpk´1 0 qkpk
. . . . . .

q1pN{2 ´qN{2pN{2 0

˛

‹‹‹‹‹‹‹‹‹‹‹‹‹‹‹‚

.

The dimension of the null space is q “ 2 for all u P VN .
Concerning the temporal discretization of the Lotka–Volterra problem in Hamiltonian form, the

symplectic Euler method preserves the quadratic Poisson structure [24], and reads, for all k “ 1, . . . , N{2
and j P ⌥h, $

&

%
qj`1
k “ qjk ` �t qjkppj`1

k ´ pj`1
k´1q,

pj`1
k “ pjk ` �t pj`1

k pqjk`1 ´ qjkq.
(5.7)

Let us consider a numerical simulation of problem (5.6) in the domain ⌦ “ r´1, 1s and temporal
interval T “ p0, 500s, with initial condition u0pxq “ 1 ` sech2pxq{p2N2q. The high-fidelity model is
obtained setting N “ 1000 and using the symplectic Euler discretization (5.7) with �t “ 10´2. In the
generation of the orthosymplectic reduced basis, the symplectic greedy Algorithm 1 is run with tolerances
tol� “ 10´5 and tol� “ 10´12. The algorithm reaches convergence with 2r “ 210.

In Figure 6 are reported the `2-error of the high-fidelity and reduced basis solutions at every time step
(left), and the error of the Hamiltonian, the Casimir C1 and the invariants Iq, Ic over time (right). It can
be observed that the invariants of motion of the high-fidelity problem are preserved with a high degree
of accuracy, similarly to [24, Figure 1]. The reduced solution produces larger, though still satisfactory,
errors in the conservation of the invariants which however do not grow in time.
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.

The dimension of the null space is q “ 2 for all u P VN .
Concerning the temporal discretization of the Lotka–Volterra problem in Hamiltonian form, the

symplectic Euler method preserves the quadratic Poisson structure [24], and reads, for all k “ 1, . . . , N{2
and j P ⌥h, $

&

%
qj`1
k “ qjk ` �t qjkppj`1

k ´ pj`1
k´1q,

pj`1
k “ pjk ` �t pj`1

k pqjk`1 ´ qjkq.
(5.7)

Let us consider a numerical simulation of problem (5.6) in the domain ⌦ “ r´1, 1s and temporal
interval T “ p0, 500s, with initial condition u0pxq “ 1 ` sech2pxq{p2N2q. The high-fidelity model is
obtained setting N “ 1000 and using the symplectic Euler discretization (5.7) with �t “ 10´2. In the
generation of the orthosymplectic reduced basis, the symplectic greedy Algorithm 1 is run with tolerances
tol� “ 10´5 and tol� “ 10´12. The algorithm reaches convergence with 2r “ 210.

In Figure 6 are reported the `2-error of the high-fidelity and reduced basis solutions at every time step
(left), and the error of the Hamiltonian, the Casimir C1 and the invariants Iq, Ic over time (right). It can
be observed that the invariants of motion of the high-fidelity problem are preserved with a high degree
of accuracy, similarly to [24, Figure 1]. The reduced solution produces larger, though still satisfactory,
errors in the conservation of the invariants which however do not grow in time.



Example 2: Lotka-Volterra model

Solution (N=1000, k=105)


