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Abstract
We consider a particular configuration of 8 soap bubbles to study

the geometrical influences on its equilibrium rearrangement. We as-
sume that the spatial arrangement of bubbles obeys a geometrical prin-
ciple maximizing the minimum mutual distance between the closest
bubbles centroids. The compaction is obtained by radially packing
the spheres under constraint of volume conservation. This compaction
process generates a tiling on the central sphere which is proved to be
optimal under suitable physical criteria. Then, we look for the force
balance that produces such a configuration and we find that the surface
tensions on the interfaces separating the peripheral bubbles are higher
than the ones between the peripheral bubbles and the central one. This
supports the conjecture that even if a configuration is in mechanically
equilibrium, an anisotropy in the mechanical cues could cause a sym-
metry break in a particular direction.

Introduction
Geometry and mechanics have both a relevant role in determin-
ing the physical and dynamical behaviour of a chosen configura-
tion. For example, in Rational Mechanics, fixing the geometry,
one can compute the force balance that produces such a config-
uration. Or, vice versa, fixing the distribution of forces, one can
obtain the suitable geometrical rearrangement. This work aims
at studying the influence of geometry in the mechanical cues
driving the three-dimensional packing of a particular but physi-
cal reasonable 8-bubbles configuration: seven spheres symmet-
rically surrounding a central one.

Geometrical principle

Spatial arrangement
The coordinates of the peripheral bubbles centroids are the so-
lution of the classical Tammes’ problem [6]: determine the ar-
rangement of n = 7 points on the surface of a sphere maximiz-
ing the minimum distance between the nearest points (maxmin
principle). We exploit graph theory: a set of 7 points on a sphere
forms a graph G of 7 points connected by arcs of great circles of
length a [5].

Figure 1: Construction of the Tammes’ tessellation.

Figure 2: Spherical and stereographic projection of the Tammes’ points on
the spherical surface.

Tiling the central sphere
By connecting the vertices {D,E, F}, we can obtain a triangular
tessellation. So, we can construct its dual tessellation: we con-
nect the circumcenters of the triangles and the Tammes’ points
are now the centroids of the polygons of the dual tessellation.

Figure 3: Bottom and top view of the construction of the dual tessellation.

This tessellation corresponds to the bubble packing, which is
obtained moving each peripheral bubble, initially tangent to the
central one in the Tammes’ points, towards the origin O along
the radial direction. By assuming conservation of the initial vol-
ume V , we shuffle the peripheral and the central spheres preserv-
ing it.

Figure 4: Sketch of the compaction process between two bubbles and visu-
alisation of the tessellation composed of a triangular, three quadrilaterals and
three pentagons.

Geometrical optimality
All the bubbles are identical and the idea to cover the central
bubble with identical polygons is therefore tempting: unfortu-
nately, this is not allowed by Eulers Polyhedron Formula [4], i.e.
there are no regular heptahedra. Then, by the software Plantri
[3], we can obtain the 34 convex polytopes with seven faces and
we can divide them in terms of number of edges or number of
vertices, i.e.

Vertices Polyhedra Edges
6 2 11

7 8 12

8 11 13

9 8 14

10 5 15

Creating a interface liquid/liquid costs less than a liquid/air one
[7]: we assume that the tiling of the central bubble is the one
with maximum numbers of edges. Hence, we reduce the num-
ber of candidates passing from 34 to 5, which are

Figure 5: Representation of the five polyhedra obtained by the software
Plantri.

Then, we need another optimality condition: a single bubble has
a spherical shape [1] and when it enters in contact with other
bubbles, it does not change too much its volume. Hence, we
impose that the final polyhedron is the one with maximum vol-
ume among these five. Computing the volumes, we find that the
tiling obtained as the dual of the Tammes tessellation is the one
with the maximum volume.

Compactification around the central sphere
The inner bubble has no free surface: it is surrounded by contact
interfaces with other bubbles only. The external ones have the
shape of a pyramidal frustum covered by a laterally cut spherical
cap.

Figure 6: Compactification of peripheral bubbles around the triangle, a
quadrilateral and a pentagon

Mechanical balance

Unknowns and equations
• Each bubble-bubble interface and each free surface is char-

acterized by a tension τi. We have 10 independent tensions

which have to be balanced
3∑
j=1

tjτj = ci ×
3∑
j=1

nijτj = 0 i = 1, ..., 12

• the edge contribution of the tension defined on the free sur-
face depends on the curvature of the surface itself through the
Young-Laplace equation

∆p =
2τsi
Ri

i = P,Q, T

• Conservation of the volume of the peripheral bubbles

V = Vpy + Vsv

Figure 7: Balance of tensions on a edge and the visualisation of the volume
of a peripheral bubble.

Results
We solve the system of 16 equations with respect the 16 un-
knowns by fixing the physical data ∆p = 25 Pa and rin = 12µm
and we get the following tensions
τP = 442 pN

µm τT = 375 pN
µm τQ = 410 pN

µm

τPP = 693 pN
µm τQQ = 595 pN

µm τPT = 567 pN
µm τPQ = 660 pN

µm

τsP = 357 pN
µm τsT = 283 pN

µm τsQ = 328 pN
µm;

the following radii of curvature and radial heights

RP = 24µm, RT = 18µm, RQ = 21µm,

hP = 11.008µm, hT = 11.003µm, hQ = 11.005µm.

This result shows an anisotropy in the equilibrium configuration.
This is in agreement with our conjecture, such as this system is
locally stable: this anisotropy in the mechanical cues may cause
the symmetry break of this bubbles configuration.

Conclusions
This work shows that a particular geometrical rearrangement can
influence the mechanical equilibrium of a fixed configuration.
Moreover, just by a geometrical argument we obtained an opti-
mal tiling with 7 faces which respects the physics of the problem.
Future efforts will be devoted in applying this method to study
mechanical influences on the mitosis process in the embryo.
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