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Abtract. As a preliminary step towards understanding the dynamics of the ocean and the
1. The equations
of the large-scale ocean
impact of the ocean on the global climate system and weather prediction, we study in this

article the mathematical formulations and a t t r a c t ~ r sof three systems of equations of the
1 .I. The Boussinesq
approximation
ocean, i.e. the
primitivc equations (the PES), the primitive equations with vertical viscosity
(the PEV's), and the Boussinesq equations (the BEs), of the ocean.
Generally speaking,
it is considered
that the
ocean of
is ma
slightly
compressible
up oThe BEs
are fundamental
equations
the ocean.
are obtained
from
These equations
fluid with Coriolis
force.
The full
equations
of under
the large-scale
ocean
are the following:
equations
of a set
compressible
fluid
the Boussinesq
approximation.
i.e. the
the general
are continuity
neglected in the
system except
in the buoyancy term
and in the
densityequation,
differencesthe
the momentum
equation,
the thermodynamical
equation
(i.e.
derived
from the
under
hydrostatic
approximation
equation
of state.
The PES arethe
the equation
for the
temperature),
equation
ofBEs
state
andthethe
equation
of diffusion
for the vertical momentum equation. The PEV's are the PES with the viscosity for the
for the salinity S :
vertical velocity retained. This retention is partially based on the important role played by
the viscosity in studying the long time behaviour of the ocean. and the earths climate.

Highly anisotropic fluids
Aspect ratio
the depth of the ocean is
much smaller than its
horizontal extent
Ø Locally we consider a
cartesian geometry

Stratification
at equilibrium, density and
temperature depend only on
the vertical variable
Ø Mathematical studies by
Danchin, Paicu, Charve…

Rotation
At leading order ocean motion is the solid rotation.
Fluctuations are described in the moving frame, which is
not Galilean. This accounts for an additional term in the
momentum equation, referred to as Coriolis force.
Ø only this source of anisotropy will be considered here
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Geostrophic approximation
and inertial waves

(Brenier, Grenier, Chemin, Iftimie,Gallagher, …)

Gesotrophic constraint
We keep only the vertical component of the rotation
In first approximation, the Coriolis force compensates
exactly the pressure:

Taylor-Proudman columns
We conclude that
à The gesotrophic motion is
2D, horizontal
à It depends only on the wind
forcing

Inertial waves
The system actually oscillates around this geostrophic
motion, according to the wave equation:

In a simple geometry, this leads
to a superposition of plane waves
with

!! Particles move much slower than
the waves !!

Resonances
Non linear terms introduce a coupling between these waves.
The slow evolution is governed by envelope equations
involving resonances
In the case of inertial waves
(for a simple geometry),
because of the specific form of
the coupling, waves do not have
constructive interferences.
The geostrophic motion is
completely decoupled from
oscillations.

Boundary layers
and Ekman pumping

(Grenier, Chemin, Gallagher, Dalibard, SR…)

Boundary layers
The leading order approximation is not compatible with
boundary conditions.
à Viscosity plays a major role close to the boundaries
à Correctors need to be added to restore no slip and
forcing boundary conditions
Scaling
In the boundary layer,
viscosity balances the
Coriolis force.

Boundary layer profile
Correctors satisfy
They can be obtained as linear
combinations of

Vertical flux
The vertical component of
the boundary layer
correctors is obtained
from the incompressibility
constraint.

The zero flux condition
implies then a small amplitude
motion in the whole domain.

The Coriolis acceleration associated to this flux creates a
pumping term in the dynamical equation describing the
gesotrophic motion.

Energy balance
A macroscopic part of the energy is concentrated in
boundary layers. In order to obtain uniform bounds, it is
crucial to use the structure of the surface boundary layer.
The wind energy is
transmitted to the fluid
via the boundary layer.
à This is why icebergs
move in a direction which
is shifted from 45°
compared to the wind
direction (Ekman pumping)

Inhomogeneous rotation
and Rossby waves
(Gallagher, Paul, SR…)

Inhomogeneous rotation
Betaplane approximation
Close to the equator, the
vertical component of the
rotation vanishes

When coefficients are not
constant, there is no general
method to obtain the spectral
decomposition of the Coriolis
operator.

Diagonalization
With this specific approximation, the Coriolis operator can
be expressed in terms of the harmonic oscillator in x2, and
therefore diagonalized in Fourier-Hermite basis
à The equator behaves as a waveguide!

Semi-classical analysis
For more general inhomogeneities, semiclassical analysis
provides good approximations (WKB) in presence of a scale
separation (slow variation of the inhomogeneities compared
to the wavelength of the oscillations).
Pseudodifferential calculus
is then replaced by
symbolic computations in
the phase space
Commutators come at
higher order

Here the matrix structure of
the Coriolis operator brings
additional difficulties.
The symbolic equation states

Equatorial waves
Formules
Scalar
propagators

à If
, this is similar to the usual dispersion relation
à The inhomogeneity of the rotation induces a shift
Rossby waves
✓ ◆t
1
Variations of Ω destroy geostrophic equilibria.
Y (t) = 7, 5 + 7, 5 ⇤
2
à Rossby waves describe the quasigeostrophic
motion
=

k1
,
2
|k|

k3 = 0 .

à These waves propagate Eastwards and much slower
à Their interaction with the mean flow is responsible for the
formation of large oceanic eddies

Influence of the topography
Blocking phenomenon
(Bianchini, Dalibard, …)

Reflection on a slope
Plane waves
The dispersion relation states

The group velocity is fixed by
the frequency, orthogonal to
the wavenumber.

Boundary conditions
The no slip condition can be
satisfied if the reflected wave
satisfies
together with some polarization
condition.

In presence of topography, the reflection of plane waves
exhibits
à a focusing/defocusing mechanism
à singularities for the critical slope (generating a strong
viscous dissipation and/or creation of harmonics)

2D attractors
In the WKB approximation
(not valid in experiments)
- Trajectories concentrate
on limit cycles;
- The wavenumber diverges
the group velocity goes to 0.

The wave propagator has
actually continuous spectrum
(Colin de Verdière, SR).
The apparition of attractors
results from a quasiresonant
mechanism.

Blocking phenomenon
In a channel, kll remains
constant.
We expect that
- The transverse component
of the trajectories
concentrate on limit cycles
- The group velocity in the
direction xll is integrable, so
that the trajectories are
blocked.
Remains to be proved without
WKB approximation.

