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Carrés pour la Résolution des Problèmes aux 
Limites Linéaires Elliptiques avec Conditions   

aux Limites de Neumann ou Robin : 

Une Approche de type Controle Virtuel



1. Introduction
The main goal of this lecture is to discuss a fictitious domain

method for the solution of linear elliptic boundary value
problems with Neumann or Robin boundary conditions. The 
method is of the virtual control type and relies on a least-
squares formulation making the problem solvable by a 
conjugate gradient algorithm operating in a well chosen 
control space. Our main motivation for these investigations is 
the simulation of particulate flows when a slip boundary
condition takes place at the interface fluid-particle.
2. Formulation of the boundary value problems
We focus on the Robin problem only since it contains 

Neumann’s as a particular case. Let  Ω and ω be two bounded 
domains of Rd , such that d ≥ 1 and ω ⊂⊂⊂⊂ Ω. We denote by Г
and γγγγ the boundaries of Ω and ω, respectively. 
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The Robin problem that we consider
reads as follows:
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In the above system, we have α ≥ 0, µ > 0, l > 0 is a 
characteristic distance , and f, g0 and g1 (and γ)

are smooth enough so that ψ has the H2-regularity
in  

From now on, we will denote by Ω1 and ω by
Ω2. Introducing now 

V0 = {φ| φ ∈H1(Ω1), φ = 0 on Γ }

we have for the Robin problem the following 
variational formulation
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ψ ∈ H1(Ω1), ψ = g0 on Γ, 

α∫Ω1
ψ φdx + µ∫Ω1

∇∇∇∇ψ.∇∇∇∇φ dx + (µ/l)∫γψ φdγ =

∫Ω1
fφdx + ∫γ g1φdγ, ∀ φ ∈ V0. 



3. A fictitious domain/virtual control 
formulation of the Robin problem

(i) To v ∈ L2(Ω2) we associate fext(v) and {ψ1,ψ2}

defined as follows:
fext(v)|Ω1

= f   and fext(v)|Ω2
= v

(E1) αψ1 – µ∇∇∇∇2ψ1= fext(v) in Ω, ψ1 = g0 on Γ,

(E2) αψ2 – µ∇∇∇∇2ψ2= v in Ω2, µ ∂ψ2/∂n = µ ψ1/l – g1 on γ.

(E1) and (E2) have each a unique solution in H1(Ω)

and H1(Ω2), respectively (in fact, in H2(Ω) and H2(Ω2)). 



(ii) Define A:L2(Ω2) → H1(Ω2) by

A(v) = ψ2 – ψ1|Ω2
.

Operator A(.) is clearly affine and continuous . Suppose that

v is such that A(v) = 0; we have then

ψ2 = ψ1 on Ω2

and it is easy to see that the H2 – regularity of ψ1 and ψ2 implies
that ψ1|Ω1

= ψ, where ψ is the solution of the Robin problem
under consideration. Our problem is thus to solve the functional
equation:

(VCP) A(u) = 0.



(VCP) is an exact controllability problem where the control

space is U = L2(Ω2), the state equation being the elliptic 

system (E1), (E2). In the mid 90’s, J.L. Lions has coined the 

name virtual control for this type of problems. For the numeri-
cal solution of exact or approximate controllabilit y problems
for systems modeled by time dependent PDE’s , see, e.g.,

R.G., J.L. LIONS & J.W. HE, Cambridge University Pr ess, 2008
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Concerning the existence of solutions to problem (VCP)
we can prove (relatively easily) that indeed (VCP) has (an infinity 
of) solutions . In order to solve (VCP) we are going to use a 
Least-Squares / Conjugate Gradient Method whose finite 
element implementation is easy.

4. A Least-Squares formulation of (VCP)

Among the many possible least-squares formulations of pro-
blem (VCP), a reasonable one reads as follows:

Find u ∈∈∈∈ L2(Ω2) such that
(LSP)

J(u) ≤ J(v), ∀∀∀∀ v ∈∈∈∈ L2(Ω2),
with



J(v) = ½ ∫Ω2
[α|ψ2 – ψ1|2 + µ|∇∇∇∇(ψ2 – ψ1)|2]dx

where ψ1 and ψ2 are the respective solutions in H1(Ω) and 
H1(Ω2) of (E1) and (E2), that is

(E1) αψ1 – µ∇∇∇∇2ψ1= fext(v) in Ω, ψ1 = g0 on Γ,

(E2) αψ2 – µ∇∇∇∇2ψ2= v in Ω2, µ ∂ψ2/∂n = µ ψ1/l – g1 on γ.

The functional J is clearly convex and C∞ over L2(Ω2). More-
over if u is a solution of (VCP) it is characterized by:

(VCP-N) DJ(u) = 0,



where DJ(u) is the differential of J at u. In order to solve (LSP)
via (VCP-N) we advocate a conjugate gradient algorithm

operating in the control space U; such an algorithm requires the

knowledge of DJ(.).

Using standard techniques of Control Theory (see, e.g.,G.L.H.

[2008] ) we can show that to obtain the differential DJ(v) of the

least-squares functional J at v ∈ U we can proceed as follows:



(a) Solve problem (E1) to obtain ψ1.

(b) Solve problem (E2) to obtain ψ2.

(c) Solve the following (adjoint ) Dirichlet problem

p1 ∈∈∈∈ H1
0(Ω),

∫Ω[αp1φ + µ∇∇∇∇p1.∇∇∇∇φ]dx = 

∫Ω2
[α(ψ1 – ψ2)φ +µ∇∇∇∇(ψ1 – ψ2).∇∇∇∇φ]dx +

(µ/l)∫γ (ψ2 – ψ1)φdγ, ∀∀∀∀ φ ∈∈∈∈ H1
0(Ω).

(d)              DJ(v) = (p1 – ψ1)|Ω2
+ ψ2.



5. Numerical experiments

These experiments were done at HKUST. They show that the 
method seems to perform well for linear parabolic equations
when ω position varies with time , including rotations . We will 
present results for an elliptic case where:

α = 100, µ = 0.1, l = 0.1, Ω = (0, 8) × (0, 8) and 
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The data f, g0 and g1 have been chosen so that

ψ(x1, x2) = x1
3 – x2

3

With u0 = 0 and tol = 10–14 we obtain if h2 = 1/40

h1 nit     ||ψ - ψh||0,∞ ||ψ - ψh||0,2 ||ψ - ψh||1,2

1/5          33          2.20 × 10–1 7.51 × 10–3          2.83 × 10–1

1/10        45          4.49 × 10–2            1.85 × 10–3          1.41 × 10–1

1/20        62          9.54 × 10–3            4.55 × 10–4         7.06 × 10–2

1/40        62          2.37 × 10–3            1.15 × 10–4          3.54 × 10–2

In order to further investigate how these approximation errors 
behave as functions of the ratio h1/h2 additional numerical 
experiments have been performed, leading to  



h2 = 1/20

h1 nit           ||ψ - ψh||0,∞ ||ψ - ψh||0,2 ||ψ - ψh||1,2

1/10        31          4.49 × 10–2 1.86 × 10–3      1.41 × 10–1 

1/20        34          9.51 × 10–3            4.63 × 10–4      7.08 × 10–2 

1/40      105          1.55 × 10–2            1.18 × 10–4      3.56 × 10–2

1/80        79          2.54 × 10–2            3.25 × 10–5       1.79 × 10–2

These results suggest that to be on the safe side we should 
take 

h1 = h2



8. Virtual control and domain decomposition

Let us consider the following elliptic boundary value problem

(EBVP) aϕ – ∇∇∇∇.A∇∇∇∇ϕ = f in Ω, u = ϕ on Γ

where Ω is a bounded domain of Rd and ΓΓΓΓ = ∂Ω. (EBVP) is 
elliptic if we assume that a ≥ 0 and if A is uniformly positive
definite over Ω.

Suppose that Ω is decomposed according to the following figure



Below ϕi = ϕ|Ωi

1Ω 2Ω
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There is equivalence between (EBVP) and

a1ϕ1 – ∇∇∇∇.A1∇∇∇∇ϕ1 = f1 in Ω1, 
ϕ1 = g on Γ∩Ω1,

a2ϕ2 – ∇∇∇∇.A2∇∇∇∇ϕ2 = f2 in Ω2, 
ϕ2 = g on Γ∩Ω2,                       (DDP)

ϕ1 = ϕ2 on γ,

A1∇∇∇∇ϕ1.n1 + A2∇∇∇∇ϕ2.n2 = 0 on γ



A virtual control formulation of (DDP) reads as follows:

a1ϕ1 – ∇∇∇∇.A1∇∇∇∇ϕ1 = f1 in Ω1, 
ϕ1 = g on Γ∩∂Ω1,
ϕ1 = u on γ,

a2ϕ2 – ∇∇∇∇.A2∇∇∇∇ϕ2 = f2 in Ω2, 
ϕ2 = g on Γ∩∂Ω2, 

A2∇∇∇∇ϕ2.n2 = – A1∇∇∇∇ϕ1.n1 on γ,

ϕ2 – u = 0 on γ.



It is worth mentioning that in the DDM community 
the priority of the DTN approach is given to A.
Quarteroni (mid-80’s); actually, the first time we 
heard about it was in 1977 while visiting IAI at 
Lod (with M. Bercovier and N. Gefen ); engineers 
at IAI were using it routinely at the time to 
compute potential flows in complex geometries .


