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1.- 2009− 1984 = 25 < 40



I wrote my Thesis under the advice of Alain Haraux (Merci Alain!)

A significant part of my work was devoted to the issues that arose
when writing the notes of Jacques Louis course at Collège de France,
published in 1988, that influenced significantly the field. Merci Lions!





2.- Control and observation of the heat
equation



THE CONTROL PROBLEM

Let n ≥ 1 and T > 0, Ω be a simply connected, bounded domain of

Rn with smooth boundary Γ, Q = (0, T )×Ω and Σ = (0, T )× Γ:
ut −∆u = f1ω in Q
u = 0 on Σ
u(x,0) = u0(x) in Ω.

(1)

1ω denotes the characteristic function of the subset ω of Ω where the

control is active.

We assume that u0 ∈ L2(Ω) and f ∈ L2(Q) so that (1) admits an

unique solution

u ∈ C
(
[0, T ] ;L2(Ω)

)
∩ L2

(
0, T ;H1

0(Ω)
)
.



u = u(x, t) = solution = state, f = f(x, t) = control

Well known result (Fattorini-Russell, Fursikov-Imanuvilov, Lebeau-

Robbiano,...) : The system is null-controllable in any time T and

from any open non-empty subset ω of Ω.

In other words, for all u0 ∈ L2(Ω) there exists a control f ∈ L2(ω ×
(0, T )) such that the corresponding solution satisfies

u(T ) ≡ 0.





The control of minimal L2-norm can be found by minimizing

J0(ϕ0) =
1

2

∫ T
0

∫
ω
ϕ2dxdt+

∫
Ω
ϕ(0)u0dx (2)

The needed coercivity is guaranteed by the observability estimate:

‖ ϕ(0) ‖2
L2(Ω)≤ C

∫ T
0

∫
ω
ϕ2dxdt, ∀ϕ0 ∈ L2(Ω). (3)

for the adjoint heat equation:
ϕt + ∆ϕ = 0 in Q
ϕ = 0 on Σ
ϕ(T, x) = ϕT (x) in Ω.

(4)

The control is f = ϕ̃1ω where ϕ̃ is the minimizer of J.



This estimate was proved by Fursikov and Imanuvilov (1996) using

Carleman inequalities. In fact the same proof applies for equations

with smooth (C1) variable coefficients in the principal part and for

heat equations with lower order potentials.

The Carleman inequality yields in fact:∫ ∞
0

∫
Ω
e
−A

(T−t)ϕ2dxdt ≤ C
∫ ∞

0

∫
ω
ϕ2dxdt.

And there is an unavoidable boundary layer phenomenon at t = T .......

e
−A

(T−t)



Open problem # 2.1: Characterize the best constant A in this in-

equality:

A = A(Ω, ω).

The Carleman inequality approach allows establishing some upper

bounds on A depending on the properties of the weight function.

But this does not give a clear path towards the obtention of a sharp

constant.

Open problem # 2.1.b: Give a name to the constant

A = A(Ω, ω).



By inspection of the heat kernel we have

A > `2/4

where ` is the length of the largest geodesic in Ω \ ω.

Recall that:

G(x, t) = (4πt)−n/2 exp
(−|x|2

4t

)
.

then, the following upper bound holds for the Green function in Ω:

GΩ(x, y, t) ≤ Ct−n/2 exp
(−d2(x, y)

(4 + δ)t

)
.





Less clear for more complex domains...



The inequality ∫ ∞
0

∫
Ω
e
−A

(T−t)ϕ2dxdt ≤ C
∫ ∞

0

∫
ω
ϕ2dxdt

can also be written as∑
k≥1

e−D
√
λk|ϕ̂Tk |

2 ≤ C
∫ ∞

0

∫
ω
ϕ2dxdt,

where {ϕ̂Tk }k≥1 are the Fourier coefficients of ϕ at time t = T !

Note in particular that this is the domain of exp (−D
√
−∆) which is

much bigger that the range of the semigroup exp (−T∆).



Open problem # 2.2: Characterize the best constant D in this in-

equality.

Open problem # 2.2.b: Give a name to it.



The spectral approach: Lebeau and Robbiano proposed (1996) a
spectral proof of the null controllability that, by duality, yields observ-
ability inequalities too. The key ingredient is the following estimate
on the linear independence of restrictions of eigenfunctions of the
laplacian:

Theorem 1 (Lebeau + Robbiano, 1996)

Let Ω be a bounded domain of class C∞. For any non-empty open
subset ω of Ω there exist B,C > 0 such that

Ce−B
√
µ
∑
λj≤µ

| aj |2≤
∫
ω

∣∣∣∣∣∣∣
∑
λj≤µ

ajψj(x)

∣∣∣∣∣∣∣
2

dx (5)

for all
{
aj
}
∈ `2 and for all µ > 0.



Open problem # 2.3: To characterize the best constant B = B(Ω, ω).?

Is the constant B in this spectral inequality related to the best con-

stant A > 0 in the parabolic one?

Open problem # 2.3.b: Give a name to it.



Open problem # 2.4: In one space-dimension is it true that

A = `2/4 ???

So far there has been progress on showing that A < X`2/4 for some

X > 1 but we are still far from X = 1 (Miller, Tenenbaum-Tucsnak,

Glass,... )



Carleman inequalities have been applied to more general classes of

parabolic equations and systems. In particular to the Stokes system

to later derive results on the control of the Navier-Stokes equations.

However the following problem seems to be open:

Open problem # 2.5: Is the observability inequality∫ ∞
0

∫
Ω
e
−A

(T−t)ϕ2dxdt ≤ C
∫ ∞

0

∫
ω
ϕ2dxdt.

true for the Stokes system?

Do we have the same singularity e
−A

(T−t) at t = 0?



3.- Is the heat equation more difficult, after all?



Note that many of the questions above have simpler answers (or

at least some elements of answer) in terms of the propagation of

bicharacteristic rays for wave equations.

But the heat equation diffuses and regularizes too much.





Try yourself the failure of the nice multiplier x · ∇ϕ for the Laplace

and wave equation in the context of the heat equation. The boundary

layer e
−A

(T−t) at t = T appears again and again...



Kannai transform allows transfering the results we have obtained for
the wave equation to other models and in particular to the heat equa-
tion (Y. Kannai, 1977; K. D. Phung, 2001; L. Miller, 2004)

et∆ϕ =
1√
4πt

∫ +∞

−∞
e−s

2/4tW (s)ds

where W (x, s) solves the corresponding wave equation with data (ϕ,0).

Wss +AW = 0 + Kt −Kss = 0 → Ut +AU = 0,

Wss +AW = 0 + iKt −Kss = 0 → iUt +AU = 0.

This simplifies the original approach by D. L. Russell to transform
control results for waves into the heat equation.



4.- Numerics





Recall that f = ϕ̃ where ϕ̃ is the solution of the adjoint equation

ϕt + ∆ϕ minimizing J.



From A. Münch & E. Z., 2009.



Warning! We are dealing with a severely
ill-posed problem.

J0(ϕ0) =
1

2

∫ T
0

∫
ω
ϕ2dxdt+

∫
Ω
ϕ(0)u0dx (6)

Recall that there is an infinite gap on the upper and lower bound on

J:

C1
∑
k≥1

exp (−D
√
λk)|ϕ̂Tk |

2 ≤
∫ ∞

0

∫
ω
ϕ2dxdt ≤ C2

∑
k≥1

|ϕ̂Tk |
2.



Condition number when restricting J to the space generated by the

first M Fourier modes for various ω ⊂ Ω and ω = Ω = (0,1): T = 1.

M = 10 M = 20 M = 40 M = 80
ω = (0.2,0.8) 9.05× 102 1.65× 105 1.66× 109 6.96× 1016

ω = (0.5,0.8) 3.57× 105 3.81× 1010 7.31× 1018 ≥ 1020

ω = (0.7,0.8) 1.82× 107 2.40× 1014 ≥ 1020 ≥ 1020

ω = (0,1) 8.61× 101 3.44× 102 1.33× 103 5.51× 103



The controls of minimal L2-norm are not those that are the simplest

to compute.

Semi-discrete scheme ω = (0.2,0.8), Ω = (0,1) and T = 1.

h 1/20 1/40 1/80 1/160
# iterations 36 218 574 1588
‖vh‖L2 4.05× 10−1 4.322× 10−1 4.426× 10−1 4.492× 10−1

‖yh(T, ·)− yTh‖ 2.11× 10−9 1.58× 10−9 2.65× 10−9 2.35× 10−9

‖φh(0,x)‖2

‖φhXω‖2 4.072× 10−1 4.329× 10−1 4.429× 10−1 4.439× 10−1



It would be natural to address the issue of characterizing and/or

building the controls for which the computational cost is minimal.

One possibility: Use the Kannai transform at the discrete level to

compute more accurate controls (A. Münch & E. Z., 2009).





Control of minimal L2-norm obtained by Glowinski-Lions (1994) and

control obtained by Münch & E. Z. by Kannai’s transform (2009).



5.- 2009− 1984 = 25 < 40 revisited



Starting the PhD Thesis in 1985, who finally lead to 24 more years

of pleasent work, only was possible after succeeding in a number

of challenges: Getting the “carte de sejour”, overcoming the DEA

exams, and, last but no least, being interviewed by the two senior

researchers of the Lab that were in charge of orienting students.

One of them was quite friendly. The other one was much more severe.

The output of the interview was necessarily a mixing of impressions.

It was clear that the Thesis would be a hard task...



These to guys were always searching for new young talented students

for LJLL.

They are now very hard to reach. Their place of residence and work

is either unkown or permanently changing. It is also said that they

could had became nomades.

But I think today we will listen to one of them. How did Jean-Michel

Coron succeed on reaching him?



Confidential donation. Picture taken in Algeria in 1988.



I feel very lucky having had the opportunity to join JLL40.

Grand merci au Labo et, pour aujourdhui, merci aux organisateurs et

audience!

Thank you!


