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Abstract: Starting with the Naghdi model for a shell in Cartesian coordinates, we derive
a model for the contact of this shell with a rigid body. We also prove the well-posedness
of the resulting system of variational inequalities.

Résumé: À partir du modèle de Naghdi pour une coque en coordonnées cartésiennes,
nous proposons un modèle décrivant le contact de cette coque avec un corps rigide. Nous
prouvons que le système d’inéquations variationnelles qui en résulte est bien posé.
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1. Introduction.

We are interested in studying the unilateral contact of a shell with an obstacle, here
a rigid body. We have chosen to work with the Naghdi model for the shell, more precisely
with the formulation of this model introduced by Blouza [5] and Blouza and Le Dret
[6]. This formulation relies on the idea of using a local basis-free formulation in which
the unknowns are described in Cartesian coordinates instead of covariant or contravariant
components as is usually done in shell theory, see for example [3]. Such a formulation is able
to handle shells with a W 2,∞-midsurface, thus allowing for curvature discontinuities, as
opposed to C 3 in the classical formalism (see [9, Chap. 7] and the references therein), and
leads to much simpler expressions. Furthermore, as it appears later on, this formulation
makes much easier the treatment of the contact of the shell with an obstacle.

Relying on this model, we derive from the fundamental laws of elasticity a model for
the contact with a rigid body. In opposite with the contact between membranes that we
have already considered in [1] and [2], the further difficulty here is that the shell is mainly
modeled by its midsurface while the contact occurs on part of the physical surface of the
shell. However, by using an appropriate definition of this physical surface, we consider
a model which seems mathematically reasonable and realistic from a mechanical point of
view.

The system results into a double mixed problem (i.e., a mixed problem with a double
Lagrange multiplier) combining variational equalities and inequalities. We refer to [8] for
a similar but simpler system. We thus derive that this problem has a unique solution.
Note that the Naghdi model has a unique solution only when the shell is clamped on part
of its boundary. The well-posedness of the contact problem requires moreover that, where
the shell is clamped, it is in contact with the obstacle, and this further condition seems
realistic. Numerical experiments which are under consideration will prove the interest of
such a model.

An outline of the paper is as follows.
• In Section 2, we recall the formulation of the Naghdi model and its main properties.
• Section 3 is devoted to the derivation of the model for the contact problem.
• In Section 4, we present several variational problems and, for each of them, we indicate
the assumptions which are needed for their well-posedness.
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2. The Naghdi model.

Let ω be a bounded connected domain in R2 with a Lipschitz–continuous boundary
∂ω. We consider a shell whose midsurface is given by M = ϕ(ω̄) where ϕ is a one-to-one
mapping in W 2,∞(ω)3 such that the two vectors

aα(x) = (∂αϕ)(x)

are linearly independent at each point x of ω̄. Thus,

a3(x) =
a1(x) ∧ a2(x)
|a1(x) ∧ a2(x)|

is the unit normal vector on the midsurface at point ϕ(x). The vectors ai(x) define
the local covariant basis at point ϕ(x). The contravariant basis ai(x) is defined by the
relations ai ·aj = δji where δji is the Kronecker symbol. In particular a3(x) coincides with
a3(x). Note that all these vectors belong to W 1,∞(ω)3.

As standard, Greek indices and exponents take their values in the set {1, 2} and
Latin indices and exponents take their values in the set {1, 2, 3}. The first and second
fundamental forms of the surface are given in covariant components by

aαβ = aα · aβ and bαβ = a3 · ∂βaα.

We set a(x) = |a1(x)∧a2(x)|2 so that
√
a(x) is the area element of the midsurface in the

chart ϕ. Similarly, the length element ` on the boundary ∂ω is given by
√
aαβτατβ , with

the standard summation convention for repeated indices and exponents, the aαβ = aα ·aβ
being the contravariant components of the first fundamental form and (τ1, τ2) being the
covariant coordinates of a unit vector tangent to ∂ω. The thickness of the shell, denoted
by e, is a positive continuous function.

In the case of a homogeneous, isotropic material with Young modulus E > 0 and
Poisson ratio ν, 0 ≤ ν < 1

2 , the contravariant components of the elasticity tensor aαβρσ

are given by

aαβρσ =
E

2(1 + ν)
(aαρaβσ + aασaβρ) +

Eν

1− ν2
aαβaρσ. (2.1)

We note that each component of the elasticity tensor belongs to L∞(ω). Moreover, this
tensor satisfies the usual symmetry properties and is uniformly strictly positive.

In this context, the covariant components of the change of metric tensor read

γαβ(u) =
1
2

(∂αu · aβ + ∂βu · aα), (2.2)

the covariant components of the change of transverse shear tensor read

δα3(u, r) =
1
2

(∂αu · a3 + r · aα), (2.3)
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and the covariant components of the change of curvature tensor read

χαβ(u, r) =
1
2

(∂αu · ∂βa3 + ∂βu · ∂αa3 + ∂αr · aβ + ∂βr · aα), (2.4)

see [6]. Note that all these quantities make sense for shells with little regularity, and are
easily expressed with the Cartesian coordinates of the unknowns and geometrical data.

We assume that the boundary ∂ω of the chart domain is divided into two parts: γ0

on which the shell is clamped and the complementary part γ1 = ∂ω \γ0 on which the shell
is subjected to applied tractions and moments. From now on, we suppose that γ0 has a
finite number of connected components and a strictly positive 1-dimensional measure. To
take into account the boundary conditions, we define the space

H1
γ0(ω) =

{
µ ∈ H1(ω); µ = 0 on γ0

}
. (2.5)

Let us now consider the function space introduced in [6], which is appropriate in the context
of shells,

V(ω) =
{
V = (v, s) ∈ H1

γ0(ω)3 ×H1
γ0(ω)3; s · a3 = 0 in ω

}
. (2.6)

This space is endowed with the natural Hilbert norm

‖V ‖V(ω) =
(
‖v‖2H1(ω)3 + ‖s‖2H1(ω)3

)1/2
. (2.7)

We recall the variational formulation of the problem corresponding to the linear
Naghdi model for shells with little regularity. For data (f ,N ,M) in L2(ω)3 × L2(γ1)3 ×
L2(γ1)3, it reads

Find U = (u, r) in V(ω) such that

∀V ∈ V(ω), a
(
U, V

)
= L(V ), (2.8)

where the bilinear form a(·, ·) is defined by (again with the standard summation convention)

a
(
U, V

)
=
∫
ω

{
eaαβρσ

[
γαβ(u)γρσ(v) +

e2

12
χαβ(U)χρσ(V )

]
+ 2e

E

1 + ν
aαβδα3(U)δβ3(V )

}√
a dx,

(2.9)

and the linear form L(·) is given by

L(V ) =
∫
ω

f · v
√
a dx +

∫
γ1

(N · v + M · s) ` dτ. (2.10)

The data f , N and M represent a given resultant force density, an applied traction density
and an applied moment density, respectively.

The form L is clearly continuous on V(ω) and its norm satisfies, with obvious notation,

‖L‖ ≤ c
(
‖f‖L2(ω)3 + ‖N‖L2(γ1)3 + ‖M‖L2(γ1)3

)
. (2.11)
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We refer to [6] for the proof of the following ellipticity property: There exists a constant
c∗ > 0 such that

∀V ∈ V(ω), a
(
V, V

)
≥ c∗ ‖V ‖2V(ω). (2.12)

All this leads to the next statement.

Theorem 2.1. For any data (f ,N ,M) in L2(ω)3 × L2(γ1)3 × L2(γ1)3, problem (2.8)
admits a unique solution U in V(ω). Moreover this solution satisfies

‖U‖V(ω) ≤ c ‖L‖. (2.13)

Remark 2.2. In view of the discretization we observe that the tangency constraint
s · a3 = 0 which appears in the definition of V(ω) can be handled via the introduction of
a Lagrange multiplier. Let us consider the relaxed function space

X(ω) = H1
γ0(ω)3 ×H1

γ0(ω)3, (2.14)

still equipped with the norm defined in (2.7) which is now denoted by ‖ · ‖X(ω). We also
set M(ω) = H1

γ0(ω). Obviously, the forms a(·, ·) and L(·) defined in (2.9) and (2.10),
respectively, are also defined (and continuous) on X(ω)×X(ω) and X(ω). We consider the
variational problem

Find (U,ψ) in X(ω)×M(ω) such that

∀V ∈ X(ω), a(U, V ) + b(V, ψ) = L(V ),
∀χ ∈M(ω), b(U, χ) = 0,

(2.15)

where the bilinear form b(·, ·) is now defined by

b(V, χ) =
∫
ω

∂α(s · a3)∂αχdx. (2.16)

Since a3 belongs to W 1,∞(ω)3, the form b(·, ·) is continuous on X(ω) ×M(ω). Moreover,
the following characterization holds

V(ω) =
{
V = (v, s) ∈ X(ω); ∀χ ∈M(ω), b(V, χ) = 0

}
. (2.17)

The following inf-sup condition on the form b(·, ·) is easily derived by taking V = (0, χa3):
There exists a positive constant c] such that

∀χ ∈M(ω), sup
V ∈X(ω)

b(V, χ)
‖V ‖X(ω)

≥ c] ‖χ‖H1(ω). (2.18)

Combining all this with the ellipticity property (2.12) leads to the well-posedness of prob-
lem (2.15). This new formulation seems the simplest as possible in view of handling the
contact problem in a numerical way.
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Remark 2.3. Problem (2.8) can also be written as a system of partial differential equa-
tions. Indeed, let us define the operator A from H1(ω)3×H1(ω)3 into H−1(ω)3×H−1(ω)3

by duality
∀V ∈ H1

0 (ω)3 ×H1
0 (ω)3, 〈AU, V 〉 = a(U, V ),

and its associated Neumann operator N defined from the same space into the dual space
of H

1
2
00(γ1)3 ×H

1
2
00(γ1)3 by

∀V ∈ H1
γ0(ω)3 ×H1

γ0(ω)3, 〈NU, V 〉 = a(U, V )− 〈AU, V 〉

(this requires a further regularity property that we admit here). Thus, it is readily checked
that problem (2.8) yields the following system, in the sense of distributions

AU =
(

f
√
a

0

)
in ω,

r · a3 = 0 in ω,

u = r = 0 on γ0,

NU =
(

N `
M `

)
on γ1.

(2.19)

A similar formulation can also be written for problem (2.15). Note that an explicit form
of the operators A and N is given in [4, eq. (2.27)].
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3. The contact problem.

The Naghdi model is a two-dimensional shell model: In the previous section, only the
midsurface M of the shell was considered. It belongs to the Reissner shell family, which
relies on the theory of Cosserat surfaces. The derivation of the contact model supposes
that the distance between a point and the midsurface remains constant throughout the
deformation of the shell. We also assume that the points situated on a line normal to the
midsurface remain on a line but this line does no longer remain normal to the deformed
midsurface. Therefore, the unknowns for the two-dimensional model are the displacement
u of the points of the shell midsurface and the linearized rotation field r which describes
the normal straight fiber rotations midsurface. This means that the displacement of the
point ϕ(x) + z a3(x) is the vector u(x) + z r(x). Let us note that the field r should be
tangential in a linearized theory. Indeed, the rotation vector of the unit normal vector
associated to the displacement field of the midsurface is a tangential one to within the first
order. This explains why the linearized rotation vector r has a zero component over the
vector a3. We refer to [9, §7.4] for more details.

A shell S with midsurface M = ϕ(ω) and thickness e is given by

S =
{

ϕ(x) + z a3(x), x ∈ ω, −e(x)
2
≤ z ≤ e(x)

2

}
. (3.1)

Here, z represents the distance of a point of the shell to its midsurface. Let also {e1, e2, e3}
denote the Cartesian basis in R3. We are interested in studying the contact of this shell
with a rigid obstacle contained in the half-space z · e3 < 0 and such that its boundary
occupies the whole plane z · e3 = 0. So, from now on, we assume without restriction that
the function ϕ satisfies ϕ(x) · e3 > 0 for all x in ω. Thus, the contact occurs on part of
the lower surface of the shell, namely on the surface

{
ϕ(x)− e(x)

2 a3, x ∈ ω
}

.

As standard for contact models, the contact condition combines three equations or
inequalities: the respective positions of the shell and of the obstacle, the reaction of the
obstacle on the shell and the location of this reaction. We now describe them.

Positions of the shell and of the obstacle
As a consequence of the shell model, the deformed shell S∗ has its midsurface M∗ equal
to ϕ∗(ω), with the function ϕ∗ equal to ϕ + u. For the reasons explained above, we set:
a∗3 = a3 + r. Since the shell is assumed to present neither pinching nor dilatation, the
domain S∗ is given by

S∗ =
{

ϕ∗(x) + z a∗3(x), x ∈ ω, −e(x)
2
≤ z ≤ e(x)

2

}
(3.2)

(indeed, z still represents the distance of a point of the shell to the midsurfaceM∗). Thus,
the fact that the shell is above the obstacle can be written as

∀x ∈ ω,∀z ∈ [−e(x)
2

,
e(x)

2
],

(
ϕ∗(x) + z a∗3(x)

)
) · e3 ≥ 0,

or equivalently

∀x ∈ ω,
(
ϕ(x) + u(x)− e(x)

2
(a3(x) + r(x))

)
· e3 ≥ 0.
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We now set:

Φ(x) =
(e(x)

2
a3(x)−ϕ(x)

)
· e3. (3.3)

The first contact inequality reads(
u− e(·)

2
r
)
· e3 ≥ Φ in ω. (3.4)

We denote by ωc the contact zone, i.e., the set of points x in ω such that(
u(x)− e(x)

2
r(x)

)
· e3 = Φ(x). (3.5)

Reaction of the obstacle
In the situation that we consider, the reaction of the obstacle due to the presence of the
shell is of the form λ e3 for a scalar function λ. Thus, in the right-hand side of the equation,
the term

∫
ω

f · v
√
a dx must be replaced by∫

ω

f · v
√
a dx +

∫
ω

λ e3 ·
(
v − e(x)

2
s
)√

a dx

(indeed, the obstacle acts against the lower part of the shell, here represented by v− e(·)
2 s).

On the other hand, since the shell is above the obstacle, we have

λ ≥ 0 in ω. (3.6)

Location of the reaction
Of course, the reaction of the obstacle is limited to the contact zone ωc defined by (3.5).
This leads to the complementarity equation

λ
((

u− e(·)
2

r
)
· e3 − Φ

)
= 0 in ω. (3.7)

By inserting all this in problem (2.19), we obtain the model for the contact of the shell,
where the unknowns are the deformation of the shell u, its rotation r and the reaction
coefficient λ:

AU −
(

λ e3
√
a

−λ e3
e(·)
2

√
a

)
=
(

f
√
a

0

)
in ω,

r · a3 = 0 in ω,(
u− e(·)

2 r)
)
· e3 ≥ Φ, λ ≥ 0, λ

((
u− e(·)

2 r)
)
· e3 − Φ

)
= 0 in ω,

u = r = 0 on γ0,

NU =
(

N `
M `

)
on γ1.

(3.8)

It can be noted that the inequalities linked to the contact only involve the third compo-
nents of the unknowns, whence the importance of working in Cartesian coordinates in this
context.

To conclude, we observe that the shell is fixed on the obstacle if and only if the function
Φ vanishes on γ0. This assumption corresponds to a realistic physical situation and its
interest from a mathematical point of view appears in the next section.
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4. Variational formulation and well-posedness.

We introduce the following cones

H1
γ0+(ω) =

{
σ ∈ H1

γ0(ω); σ ≥ 0 a.e. in ω}, (4.1)

and
Λ =

{
µ ∈ H1

γ0(ω)′; ∀σ ∈ H1
γ0+(ω), 〈σ, µ〉 ≥ 0}, (4.2)

where H1
γ0(ω)′ stands for the dual space of H1

γ0(ω) and 〈·, ·〉 is the duality pairing between
H1
γ0(ω) and H1

γ0(ω)′. Next, in view of Section 2, we consider the following variational
problem

Find (U,ψ, λ) in X(ω)×M(ω)× Λ such that

∀V ∈ X(ω), a(U, V ) + b(V, ψ)− c(V, λ) = L(V ),
∀χ ∈M(ω), b(U, χ) = 0,

∀µ ∈ Λ, c(U, µ− λ) ≥
〈
Φ
√
a, µ− λ

〉
,

(4.3)

where the forms a(·, ·), b(·, ·) and L(·) have been introduced in (2.9), (2.16), and (2.10),
respectively, while the form c(·, ·) is given by

c(V, µ) =
〈(

v − e(·)
2

s
)
· e3

√
a, µ
〉
. (4.4)

Note that, in this definition, the duality pairing can be replaced by an integral whenever µ
belongs to L2(Ω). However, for general functions µ in Λ, the right-hand side of the third
line makes sense only if the function Φ belongs to H1

γ0(ω). We first check the equivalence
of this problem with system (3.8).

Proposition 4.1. Assume that the partition of ∂ω into γ0 and γ1 is sufficiently smooth
for D(ω ∪ γ1) to be dense in H1

γ0(ω). Then, any triple (U,ψ, λ) in X(ω) ×M(ω) × Λ is a
solution of problem (4.3) if and only if it is a solution of system (3.8) in the distribution
sense.

Proof: Due to the previous assumption, the first equation in (4.3) is equivalent to the
first and fifth lines in (3.8) (see also (2.18) for the Lagrange multiplier ψ) while the second
equation in (4.3) is equivalent to the second line in (3.8). On the other hand, the boundary
conditions on u and r on γ0 and the nonnegativity of λ follow from the definition of the
space H1

γ0(ω) and the cone Λ. So it remains to check that the third line in (4.3) is equivalent
to (

u− e(·)
2

r
)
· e3 ≥ Φ and λ

((
u− e(·)

2
r
)
· e3 − Φ

)
= 0 in ω. (4.5)

1) If (U, λ) satisfies (4.5), we have for all µ in Λ

c(U, µ− λ) = c(U, µ)−
〈
Φ
√
a, λ
〉
,

whence, due to the nonnegativity of µ,

c(U, µ− λ) ≥
〈
Φ
√
a, µ− λ

〉
,
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which is the third line in (4.3).
2) Conversely, if (U, λ) satisfies the third line of (4.3), taking µ equal to λ+ χO where χO
is the characteristic function of any measurable subset O of ω, we have∫

O

(
u− e(x)

2
r
)
· e3

√
a dx ≥

∫
O

Φ
√
a dx,

which yields the first part of (4.5). On the other hand, taking successively µ equal to 0
and to 2λ leads to 〈(

u− e(·)
2

r
)
· e3

√
a, λ
〉

=
〈
Φ
√
a, λ
〉
.

Since both quantities
(
u − e(·)

2 r
)
· e3 − Φ and λ are nonnegative, this gives the second

part of (4.5).

Note that the assumption made in Proposition 4.1 is satisfied for all geometries that
we have in mind. We now perform the analysis of problem (4.3). A very similar but simpler
system is studied in [8], however the approach that we follow here is slightly different. We
introduce a first simplified problem. We recall that the space V(ω) has been introduced in
(2.6) and we consider the problem

Find (U, λ) in V(ω)× Λ such that

∀V ∈ V(ω), a(U, V )− c(V, λ) = L(V ),

∀µ ∈ Λ, c(U, µ− λ) ≥
〈
Φ
√
a, µ− λ

〉
.

(4.6)

The next statement is a direct consequence of the inf-sup condition (2.18).

Proposition 4.2. Problems (4.3) and (4.6) are equivalent, in the following sense:
(i) If (U,ψ, λ) is a solution of problem (4.3), the pair (U, λ) is a solution of problem (4.6);
(ii) If (U, λ) is a solution of problem (4.6), there exists a unique function ψ in M(ω) such
that the triple (U,ψ, λ) is a solution of problem (4.3).

However, this is not sufficient to prove the existence of a solution for problem (4.3).
We now introduce the convex set

KΦ(ω) =
{
V ∈ V(ω);

(
v − e(·)

2
s
)
· e3 ≥ Φ a.e. in ω

}
. (4.7)

Indeed, it follows from Propositions 4.1 and 4.2 that the part U of any solution (U, λ) of
problem (4.6) belongs to KΦ(ω). We consider the problem

Find U in KΦ(ω) such that

∀V ∈ KΦ(ω), a(U, V − U) ≥ L(V − U). (4.8)

We are thus in a position to state the following result.

Proposition 4.3. Assume that the function Φ satisfies

Φ(x) ≤ 0 for a.e. x in ω. (4.9)
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Then, for any data (f ,N ,M) in L2(ω)3 × L2(γ1)3 × L2(γ1)3, problem (4.8) has a unique
solution U in KΦ(ω).

Proof: The set KΦ(ω) is closed, convex and, due to assumption (4.9), not empty (indeed,
it contains the pair (0,0) for instance). Then, owing to the ellipticity property (2.12),
the existence and uniqueness of a solution to problem (4.8) is a direct consequence of the
Lions–Stampacchia theorem, see [11].

Note that assumption (4.9) follows from the positivity of ϕ · e3 when the thickness e
is not too large. To prove the existence of a solution for problem (4.6), hence for problem
(4.3), we now investigate the properties of the form c(·, ·).

Lemma 4.4. The form c(·, ·) is continuous on X(ω) × H1
γ0(ω)′ and satisfies the inf-sup

condition, for a constant δ > 0,

∀µ ∈ H1
γ0(ω)′, sup

V ∈V(ω)

c(V, µ)
‖V ‖X(ω)

≥ δ ‖µ‖H1
γ0

(ω)′ . (4.10)

Proof: The continuity of the form c(·, ·) follows from its definition and the continuity of
the mapping: V 7→

(
v− e(·)

2 s)
)
·e3
√
a from X(ω) into H1

γ0(ω). On the other hand, for any
µ in H1

γ0(ω)′, the Lax–Milgram lemma combined with the Poincaré–Friedrichs inequality
yields that the problem: Find σ in H1

γ0(Ω) such that

∀ρ ∈ H1
γ0(Ω),

∫
Ω

(gradσ)(x) · (grad ρ)(x) dx = 〈ρ, µ〉, (4.11)

has a unique solution σ. Moreover, the definition of the norm of H1
γ0(ω)′ yields

‖µ‖H1
γ0

(ω)′ ≤ |σ|H1(ω).

Next, we observe that the previous mapping is onto: Taking V = (v,0), with v =
(0, 0, σ/

√
a), yields

c(V, µ) = |σ|2H1(ω), ‖V ‖X(ω) ≤ c ‖σ‖H1(ω).

Moreover this V belongs to V(ω). All this together with the Poincaré–Friedrichs inequality
yields the desired condition.

Proposition 4.5. Assume that the function Φ satisfies (4.9) and

Φ(x) = 0 for a.e. x in γ0. (4.12)

Then, for any data (f ,N ,M) in L2(ω)3 × L2(γ1)3 × L2(γ1)3, problem (4.6) has at least
a solution (U, λ) in V(ω)× Λ.

Proof: Let U be the solution of problem (4.8) (see Proposition 4.3). Let K(ω) denote the
kernel of the form c(·, ·), namely the set

K(ω) =
{
V ∈ V(ω);

(
v − e(·)

2
s
)
· e3 = 0 a.e. in ω

}
.
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For any function W in K(ω), it is readily checked that the functions V = U ±W belong to
KΦ(ω), so that applying problem (4.8) to these V yields a(U,W ) = L(W ). Thus, the form:
V 7→ a(U, V ) − L(V ) belongs to the polar set of K(ω). It then follows from the inf-sup
condition (4.10), see [10, Chap. I, Lemma 4.1], that there exists a unique λ in H1

γ0(ω)′

such that
∀V ∈ V(ω), c(V, λ) = a(U, V )− L(V ). (4.13)

We now wish to prove that (U, λ) is a solution of problem (4.6).
1) For all σ in H1

γ0+(ω), we take V = U +W , with W = (w,0) and w = (0, 0, σ√
a
). This

function belongs to KΦ(ω), and it follows from problem (4.8) that

c(W,λ) = a(U, V − U)− L(V − U) ≥ 0.

Since c(W,λ) coincides with 〈σ, λ〉, we thus derive from definition (4.2) that λ belongs to
Λ.
2) By taking V = (v,0) and v = (0, 0,Φ), and noting that this V belongs to KΦ(ω), we
derive from (4.8) that

−c(U, λ) ≥ −
〈
Φ
√
a, λ
〉
. (4.14)

On the other hand, it follows from the definition (4.7) of KΦ(ω) , together with assumption
(4.12), that, for any µ in Λ,

c(U, µ) ≥
〈
Φ
√
a, µ
〉
.

By combining these two inequalities, we obtain

c(U, µ− λ) ≥
〈
Φ
√
a, µ− λ

〉
,

which is the second line of (4.6).
So, the pair (U, λ) belongs to V(ω)× Λ, and satisfies the two lines of problem (4.6).

Remark 4.6. It is likely that the part λ of the solution is a little more regular than
stated in the previous proposition. However, the arguments of [7] for proving this further
regularity seem to fail here.

Proposition 4.7. Assume that the function Φ satisfies (4.9) and (4.12). Then, for any
data (f ,N ,M) in L2(ω)3×L2(γ1)3×L2(γ1)3, problem (4.6) has at most a solution (U, λ)
in V(ω)× Λ. Moreover the part U of this solution is a solution of problem (4.8).

Proof: We proceed in two steps, beginning with the second part of the statement.
1) Let (U, λ) be any solution of problem (4.6). For any subset O of Ω, denoting by χO the
characteristic function of O and taking µ = λ+ χO in problem (4.6), we obtain∫

O

((
u− e(x)

2
r
)
· e3 − Φ

)
(x)
√
a dx ≥ 0,

which yields that U belongs to KΦ(ω). On the other hand, we have to prove that, for any
V in KΦ(ω), c(V −U, λ) is nonnegative. First, by taking µ equal to zero in (4.6) we observe
that inequality (4.14) still holds here. Second, by using the definition (4.7) of KΦ(ω) and
also from the fact that λ belongs to Λ, we obtain

c(V, λ) ≥
〈
Φ
√
a, λ
〉
. (4.15)
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Summing up these two inequalities yields the desired result.
2) Let (U1, λ1) and (U2, λ2) be two solutions of problem (4.6). It follows from the previous
lines that U1 and U2 are solutions of problem (4.8). So, owing to Proposition 4.3 they are
equal. The functions λ1 and λ2 satisfy (4.13), and it follows from the inf-sup condition
(4.10) that they are equal. This yields the uniqueness of the solution of problem (4.6).

By combining Propositions 4.2, 4.5 and 4.7, we derive the main result of thie section.

Theorem 4.8. Assume that the function Φ satisfies (4.9) and (4.12). Then, for any data
(f ,N ,M) in L2(ω)3×L2(γ1)3×L2(γ1)3, problem (4.3) has a unique solution (U,ψ, λ) in
X(ω)×M(ω)× Λ.

In what follows, we are mainly interested in the discretization of problem (4.8). It
must be noted from Proposition 4.3 that the well-posedness of this problem only requires
assumption (4.9). However, if assumption (4.12) is not satisfied, there is no link between
this problem and the contact model.

Remark 4.9. We are not interested in computing any of the Lagrange multipliers ψ and
λ. However, from a numerical point of view, the constraint r ·a3 = 0 is not easy to handle
since the direction of a3 is not constant. For this reasons, we introduce the convex set

NΦ(ω) =
{
V ∈ X(ω);

(
v − e(·)

2
s
)
· e3 ≥ Φ a.e. in ω

}
, (4.16)

and consider the problem

Find (U,ψ) in NΦ(ω)×M(ω) such that

∀V ∈ NΦ(ω), a(U, V − U) + b(V − U,ψ) ≥ L(V − U),
∀χ ∈M(ω), b(U, χ) = 0.

(4.17)

It follows from the previous statements that this problem has a unique solution. Despite
the further unknown ψ, it can be an efficient way to handle the constraint in V(ω), see [4,
§2] for instance.
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