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thermohydraulique des réacteurs.
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Abstract

This work is devoted to the coupling of two fluid models, such as two Euler systems in
Lagrangian coordinates, at a fixed interface. We define coupling conditions which can be
expressed in terms of continuity of some well chosen variables and then solve the coupled
Riemann problem. In the present setting where the interfaceis characteristic, a particular
choice of dependent variables which are transmitted ensures the overall conservativity.

Mathematics Subject Classification (2000)
-Numerical analysis (Partial differential equations, initial value and time-dependent initial-
boundary value problems ) 65M12 (Stability and convergenceof numerical methods),
65M30 (Improperly posed problems), 65-04 (Explicit machine computation and programs
(not the theory of computation or programming))
-Basic methods in fluid mechanics 76M12 (Finite volume methods),
-Partial differential equations of hyperbolic type 35L50 (Boundary value problems for hy-
perbolic systems of first-order PDE), 35L65 (Conservation laws)

1. INTRODUCTION

The problem of coupling two different fluid models at a fixed interface stems from the
need of coupling thermal-hydraulic models within the frameof a new generation of two-
phase flow codes for nuclear reactors. These codes are generally built upon distinct models,
each being devoted to the particular flow conditions taking place in a given reactor compo-
nent. The simulation of the whole device thus requires transient exchange of informations
at the interface of two adjacent components. Let us underline that the coupling problem
actually arises in various other physical settings (see [13] for instance).
In ideal cases, physical arguments, such as the continuity of some primitive quantity, might
help defining the transmission or coupling conditions. Evenin this case, both theoretical
considerations and numerical results obtained on some significant tests when coupling Eu-
ler systems (see [3]) will prove that not any coupling based on continuity arguments is
feasible. This also gives rise to interesting questions (nonuniqueness of self-similar solu-
tions) and has led us to analyze the problem in an abstract frame.
The theoretical study of these coupling conditions was initiated in the scalar case [12], then
for linear systems and the usual Lagrangian system in [13]. In the first paper new coupling
conditions have been formalized which result by expressingthat two boundary value prob-
lems should be well-posed, and resume to impose (whenever possible) the continuity of the
solution at the interface without imposing the overall conservativity of the coupled model.
For hyperbolic systems of conservation laws, the well-posedness of initial boundary value
problems is difficult and the boundary conditions have been expressed in terms of Riemann
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problems in [13]. This approach is well suited for the numerical methods we are interested
in implementing and linked to the theoretical results concerning the convergence of the
“two-flux method” in the scalar case (see [12], and also [10]).
In fact this formalism can be well understood in the particular case of the Euler system in
Lagrangian coordinates since the geometry of characteristics at the interface is fixed and
no resonance phenomenon can occur. This enables us to express the coupling conditions
in terms of continuity of some variables and then to solve thecoupled Riemann problem
in a unique way. In this work we justify the choice of dependent variables which are trans-
mitted.
This may seem at first glance a rather theoretical exemple. Onthe one hand, it is indeed
a very particular and very interesting case of coupling to analyze because of the special
property that0 is an eigenvalue. On the other hand, the analysis will justify the use of
‘Lagrange+projection’ schemes when coupling systems in Eulerian coordinates at a fixed
interface (cf. [6]), which means that it provides an useful tool to couple two Euler systems
at a fixed interface (which in that case is not characteristic). One may then ask why couple
two fluid models with different equations of state at a fixed interface since it may seem an
unphysical example? The answer is that it is a simplified model of what we get when cou-
pling more complex models associated to different systems of pde’s whose closure laws
are not strictly compatible, as will happen for instance in the context of thermal-hydraulic
models. The main lines of the present work were announced in [5].

The outline of the paper is as follows. In Section 2, we introduce the framework of
interface coupling and define the coupling conditions in terms of traces of solutions of
Riemann problems. These conditions are explicited and the coupled Riemann problem is
solved for twop−systems then in Section 3 in the case of two Euler systems in Lagrangian
coordinates. Section 4 treats the coupling of two systems ofdifferent dimensions: the
p−system and the Euler system. Section 5 introduces a more general theoretical setting
following Després’ formalism (cf. [7]) in order to extend the coupling to more general
Lagrangian systems. Some changes of variables are introduced in order to express the
coupling conditions and the coupled Riemann problem is solved. Several numerical results
will illustrate the theory.

2. THE INTERFACE COUPLING APPROACH

2.1. The coupling procedure. We first describe the theoretical settings and precise our
notations.
Let Ω ⊂ R

q be the set of states and letfα, α = L,R, be two smooth functions fromΩ
into R

q. Given a functionu0 : x ∈ R → u0(x), we want to find a functionu : (x, t) ∈
R × R+ → u(x, t) ∈ Ω solution of

(1) ∂tu + ∂xfL(u) = 0, x < 0, t > 0,

(2) ∂tu + ∂xfR(u) = 0, x > 0, t > 0,

satisfying the initial condition

u(x, 0) = u0(x), x ∈ R,

and at the interfacex = 0, a coupling condition which we now describe.
This coupling condition has been chosen in order to obtain two well-posed initial boun-

dary-value problems inx > 0, t ≥ 0 and inx < 0, t ≥ 0. This means that the trace
u(0−, t) (resp. u(0+, t)) should be an admissible boundary condition atx = 0 for the
system inx > 0, t ≥ 0 (resp. u(0+, t) is an admissible boundary condition atx = 0
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for the system inx < 0, t ≥ 0). We will assume that the systems are hyperbolic, i.e.
for α = L,R, the Jacobian matrixAα(u) ≡ f ′α(u) of fα(u) is diagonalizable with real
eigenvaluesλα,k(u) and corresponding eigenvectorsrα,k(u), 1 ≤ k ≤ q. Then rigorous
ways of writing the boundary conditions can be found in [9], [14] but the most practical
way to express them involves the traces of the solution of a Riemann problem. Thus, we
introduce the self-similar solution

u(x, t) = Wα(x/t;uL,uR)

of the Riemann problem for the system associated to the fluxfα, i.e. the Cauchy problem
with initial condition

(3) u(x, 0) =

{

uL, x < 0,
uR, x > 0.

v

We set for allb ∈ Ω,

OL(b) = OL(b) = {w = WL(0−;uℓ,b);uℓ ∈ Ω},
OR(b) = {w = WR(0+;b,ur);ur ∈ Ω}(4)

and following [8] we define admissible boundary conditions of the form

u(0−, t) ∈ OL(b(t)), t > 0,

and
u(0+, t) ∈ OR(b(t)), t > 0,

for (1) and (2) respectively. Hence natural coupling conditions for problem (1)–(2) consist
in requiring

(5)

{

u(0−, t) ∈ OL(u(0+, t)),
u(0+, t) ∈ OR(u(0−, t)).

This means that at each timet > 0, there exists some statesu−(t),u+(t) ∈ Ω such
that u(0−, t) = WL(0−;u−(t),u(0+, t)) andu(0+, t) = WR(0+;u(0−, t),u+(t)).
Using the formulation with Riemann problems to express admissible boundary conditions
is more practical and suitable for the numerical approximation of the coupled problem. It
is thoroughly justified in the scalar case and for linear systems. In [12], devoted to the
scalar case, we have shown that this was indeed a reasonable way of coupling two scalar
conservation laws in the sense that, in meaningful situations, the coupled problem has a
unique solution and a ‘natural’ numerical upwind scheme (the so called two-flux scheme)
converges to this solution. The case of linear systems is treated in [13].

Condition (5) resumes in a number of cases to the continuity of the solution at the
interface

(6) u(0−, t) = u(0+, t),

at least (6) holds true whenever the interface is non characteristic. Thus we may interpret
the coupling condition as a way of ensuring in a weak sense thecontinuity or thetransmis-
sionof the conservative variablesu.

However, when dealing with physical systems, we may prefer to transmitnot the con-
servative variables but otherphysicalvariables. Indeed, define two distinct change of vari-
ables

v → u = ϕα(v);α = L,R

from some setΩv ⊂ R
q ontoΩ such thatϕ′

α(v) is an isomorphism ofRq. Then ifc is a
given boundaryphysicaldata, settingbα = ϕα(c), we define

OL(bL) = {w = WL(0−;uℓ,bL);uℓ ∈ Ω},
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OR(bR) = {w = WR(0+;bR,ur);ur ∈ Ω}
which are admissible boundary conditions for the systems (1) and (2) respectively. Thus
we now require

(7)

{

u(0−, t) ∈ OL(ϕL(v(0+, t))),
u(0+, t) ∈ OR(ϕR(v(0−, t))).

SinceϕL(v(0+, t)) 6= ϕR(v(0+, t)) = u(0+, t), the boundary sets in (7) and (5) are
distinct. Conditions (7) will ensure the transmission ofphysicalvariables and whenever
possible their continuity instead of (6)

(8) v(0−, t) = v(0+, t),

again when the interface is non characteristic.
We will be interested in the sequel in solving thecoupled Riemann problem(1), (2), (3)

with coupling conditions given either by (5) or by (7) for some change of variablesϕα to
be specified.

2.2. Numerical coupling. Let us briefly recall the numerical procedure for the sake of
completeness since numerical illustrations are provided in the following sections. We use
a finite volume method for the discretization of each system (1), (2). Let∆x, ∆t, denote
the uniform space and time steps, we setµ = ∆t/∆x, tn = n∆t, n ∈ N, and consider
the cellsCj+1/2 = (xj , xj+1), with centerxj+1/2 = (j + 1/2)∆x, j ∈ Z. The initial
condition is discretized as usual by

u0
j+1/2 =

1

∆x

∫

Cj+1/2

u0(x)dx, j ∈ Z.

For the numerical coupling, we are given two numerical fluxesgL, gR (gα is consistent
with fα) corresponding to 3-point schemes (we assume these schemesare monotone in the
scalar case under some CFL condition), we define the scheme by

un+1
j−1/2 = un

j−1/2 − µ
(

gn
L,j − gn

L,j−1

)

, j ≤ 0, n ≥ 0,(9)

un+1
j+1/2 = un

j+1/2 − µ
(

gn
R,j+1 − gn

R,j

)

, j ≥ 0, n ≥ 0,(10)

(see also [1] in another context). So we have one fixed interface atx = 0 and two fluxes
gn

α,0. We havegn
α,j = gα(un

j−1/2,u
n
j+1/2), α = L, j < 0, α = R, j > 0, and for the

fluxes at the interfacex = 0, we choosegn
α,0 according to the coupling procedure. The

choice
gn

α,0 = gα(un
−1/2,u

n
1/2), α = L,R

corresponds to transmit the conservative variablesu. Namely, if j ≥ 0, the scheme (10)
with flux gR consistent withfR approximates the IBVP (2) with initial conditionu(x, 0) =
u0(x), x > 0 and for boundary condition atx = 0, the scheme takesun

−1/2. Sincegn
L,0 6=

gn
R,0, it is a nonconservative numerical approach, as for the continuous problem. For exam-

ple, the flux at the boundary with Godunov’s scheme isgn
R,0 = fR(WR(0+;un

−1/2,u
n
1/2)).

It has been proved in the scalar case (cf. [12]), that in a number of practical situations,
scheme (9)-(10) converges towards a solution of (1)-(2) satisfying (5).

We can also transmit thephysicalvariablesv by choosing

gn
L,0 = gL(un

−1/2, ϕL(vn
1/2)), gn

R,0 = gR(ϕR(vn
−1/2),u

n
1/2)

wherevn
1/2 = ϕ−1

R (un
1/2),v

n
−1/2 = ϕ−1

L (un
−1/2).
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FIGURE 1. The coupling conditions (5) for thep−system

2.3. A canonical example: coupling twop−systems.We are going to illustrate the two
choices in the coupling procedure on thep−system

(11)

{

∂tτ − ∂xv = 0,
∂tv + ∂xp = 0,

and then, in the following sections, for the Euler system in Lagrangian coordinates. Note
however that in this latter case, the interface is characteristic and will correspond to a
contact discontinuity. Hence in general, the coupling doesnot yield the continuity (6) or
(8), we will see that it yields the continuity of a subset of variables.

In (11),x stands for a mass variable,τ denotes the specific volume,v the velocity, and
we assume that the pressurep is a given decreasing functionp = p(τ). Let us consider the
coupling of twop−systems

(12) ∂tu + ∂xfα(u) = 0, α = L in x < 0, α = R in x > 0,

where

(13)







u = (τ, v)T , τ > 0
fL(u) = (−v, p)T , p = pL(τ),
fR(u) = (−v, p)T , p = pR(τ).

We assume thatp′α < 0, p′′α > 0, α = L,R. The two systems differ by the pressure
law p. An important feature is that the signs of the two eigenvalues do not depend onu:
λ1(u) = −c < 0 < λ2(u) = c, c =

√

−p′(τ). Hence in the left (resp. right) half plane,
there can be only1−waves (resp.2−waves).

We first transmit the conservative variables(τ, v). We denote byC k
α (u−) thekα−wave

curve, i.e., the set of states that can be connected to a givenstateu− by a kα−wave,
k = 1, 2 (either rarefaction or admissible shock) relative to thep−system with fluxfα, α =
L,R. Expressing the coupling conditions (5) gives (for the leftconditionu(0−, t) ∈
OL(u(0+, t))) thatu(0−, t) is connected tou(0+, t) by a2L−wave which meansu(0+, t)
∈ C 2

L(u(0−)) (we use shortened notation forC 2
L(u(0−, t)) and similarly (for the right

condition) by a1R−wave (see Fig. 1). Thusu(0+, t) ∈ C 2
L(u(0−)) ∩ C 1

R(u(0−)) and,
since it is well known that the two wave curves intersect at only one point in the plane
(τ, v), at least away from vacuum (see for instance [11]), it yields

(14) u(0+, t) = u(0−, t).
Now the IBVP’s in both quarter planes(x < 0, t > 0) and(x > 0, t > 0) are also

well posed if one wishes to prescribe a given(v, p) onx = 0 in a weak sense, according
to (7). Indeed, by assumptionp′α < 0, hence, we can define its inverse mappingτα(p) for
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FIGURE 2. The coupling conditions (7) for thep−system

α = L,R. Settingv = (v, p)T , we have an admissible change of variables:u = ϕα(v)
where

(15) (v, p) → ϕα(v, p) ≡ (τ, v)

is simply defined byτ = τα(p) (for instance ifpα(τ) = τ−γα , thenτα(p) = p−1/γα).
We now transmit this set of variables(v, p).

Proposition 1. For the systems (13), the coupling conditions (7) are equivalent to

(16)

{

v(0−, t) = v(0+, t),
p(0−, t) = p(0+, t).

Moreover, the solution of the coupled Riemann problem (12),(13), (3), (7) exists and is
unique.

Proof. Let us express the coupling condition (7):u(0+, t) ∈ OR(ϕR(v(0−, t))) and
u(0−, t) ∈ OL(ϕL(v(0+, t))), with more preciselyv(0±, t) = (v(0±), p(0±, t))T and
u(0−, t) = ϕL(v(0−, t)), u(0+, t) = ϕR(v(0+, t)).

Firstu(0+, t) ∈ OR(ϕR(v(0−, t)) yields thatϕR(v(0−, t)) is connected tou(0+, t) =
ϕR(v(0+, t)) by a1R−wave. The idea is that we can parametrize the wave curves byp
and represent them in the(v, p)−plane (for details concerning the equations of the wave-
curves, see [11], Chapter I, section 7). If the1R−wave curve isC 1

R(u(0−)) = {(τ, v); v =
Ψ1,R(τ)}, let

C̃1
R(v(0−)) = {(v, p); v = Ψ1,R(τR(p))} = {(v, p);ϕR(v, p) ∈ C

1
R(u(0−))}

= ϕ−1
R (C 1

R(u(0−)))

be its representation in the(v, p)−coordinates, we then havev(0+, t) ∈ C̃1
R(v(0−)) (see

Fig. 2).
Similarly, u(0−, t) ∈ OL(ϕL(v(0+, t))) yields thatu(0−, t) = ϕL(v(0−, t)) is con-

nected toϕL(v(0+, t)) by a 2L−wave. We parametrize the wave curves byp and rep-
resent them onto the(v, p)−plane. If the2L−wave curve isC 2

L(u(0−)) = {(τ, v); v =
Ψ2,L(τ)}, let

C̃2
L(v(0−)) = {(v, p); v = Ψ2,L(τL(p))} = {(v, p);ϕL(v, p) ∈ C

2
L(u(0−))}

= ϕ−1
L (C 2

L(u(0−)))

be its representation in the(v, p)−coordinates, we then havev(0+, t) ∈ C̃2
L(v(0−)).

We havev(0+, t) ∈ C̃1
R(v(0−)) ∩ C̃2

L(v(0−)) thusv(0+, t) = v(0−, t) because it is
easy to prove that the two curves intersect at only one point in the plane(v, p). Hence we
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FIGURE 3. τ, v, p in the transmission ofu = (τ, v) left / vsv = (v, p)
right for the coupledp−system: continuity of(τ, v) left / vs continuity
of (v, p) right (numerical and exact solution)

do have continuity ofv, p, not of τ sinceτ(0+, t) = p(0+, t)−1/γR 6= p(0−, t)−1/γL =
τ(0−, t).

Under the assumptions made on thepα’s, existence and uniqueness of the solution of
the coupled Riemann problem, away from vacuum, follow as in the usual non coupled
case. �

The solution of a coupled Riemann problem is illustrated in Figure 3 for twoγ−laws,
pα(τ) = τ−γα , γL = 1.4, γR = 1.6.

Remark 1. The choice of the transmitted variables is clearly non unique. The above
argument may be used for any other admissible change of variables of the formu =
(τ, v) → v = (v, hα(τ)) provided the corresponding functionshα, α = L,R are both
strictly increasing or both strictly decreasing mappings.It happens that the flux(−v, p) in
the preceding example may be taken as a set of dependent variables. It will not be possible
in the next example, where the flux is(−v, p, pv) since it would not define an admissible
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change of variables. However, we may want to transmit part ofthe flux variables(v, p)
which will then also yield the transmission ofvp. Hence, in these particular examples,
we are able to couple the two models by imposing the continuity of the flux, which might
appear as aconservativeapproach. �

3. COUPLING TWO EULER SYSTEMS INLAGRANGIAN COORDINATES

3.1. The Euler system. We consider the full Euler system of gas dynamics in Lagrangian
coordinates

(17) ∂tu + ∂xf(u) = 0

where

(18) u = (τ, v, e)T , f(u) = (−v, p, pv)T .

In (17),x stands for a mass variable while in (18),τ denotes the specific volume,v the ve-
locity, e = ε+ 1

2v
2 the specific total energy,ε the specific internal energy. We assume that

the pressurep is a given functionp = p(τ, ε). We study the coupling of two such systems
at the interfacex = 0 which now happens to be characteristic. It has thus the physical
interpretation of a contact discontinuity separating two fluids with different equations of
state

p = pα(τ, ε), α = L,R.

We denote by

(19) fα(u) = (−v, p, pv)T , p = pα(τ, ε), α = L,R,

the corresponding flux functions.
Let A(u) be the Jacobian matrix off(u)

(20) A(u) =





0 −1 0
pτ −vpε pε

vpτ p− v2pε vpε



 ,

with the notations

pε =
∂p

∂ε
(τ, ε), pτ =

∂p

∂τ
(τ, ε),

and we note when necessaryAα(u) that of fα(u), α = L,R. The eigenvalues ofA(u)
are

λ1(u) = −C(u) < λ2 = 0 < λ3(u) = C(u),

where
C(u) =

√−pτ + ppε

denotes the Lagrangian sound speed. Recall that the right eigenvectors ofA(u) can be
chosen as

(21) r1(u) =





−1
−C

p− Cv



 , r2(u) =





pε

0
−pτ



 , r3(u) =





−1
C

p+ Cv



 ,

while the left eigenvectors are given by

(22) l1(u) =
1

2C2





pτ

−C − vpε

pε



 , l2(u) =
1

C2





p
−v
1



 , l3(u) =
1

2C2





pτ

C − vpε

pε



 .

In this case, the interfacex = 0 is characteristic (λ = 0 is an eigenvalue ofA(u)), and
we have for each system one strictly positive and one strictly negative eigenvalue. We
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are going to study the coupling in two cases, transmitting either the conservative variables
(condition (5)) or the primitive variables(τ, v, p) (condition (7)). To justify the last choice,
let u be a solution of system (17)-(18) containing two states separated by a contact dis-
continuity atx = 0, u− ≡ u(0−, t) andu+ ≡ u(0+, t). Then we have continuity of the
2-Riemann invariantsv, p

(23)

{

v− = v+,
p(τ−, ε−) = p(τ+, ε+).

When coupling the two systems (1) and (2) withfα given by (19), we may want to trans-
mit also the velocity and the pressure. We will show that it corresponds to the coupling
conditions (7) expressed in the primitive variables

(24) v = (τ, v, p)T .

Let us describe more precisely the change of variables

(25) u = (τ, v, e)T = ϕα(v).

Sincee = ε+ 1
2v

2, we assume all along this paper that the functionsp = pα(τ, ε) may be
inverted inε = εα(τ, p), which is the case for instance for a polytropic ideal gas satisfying
aγ-law p = (γ − 1)τε, more generally, we assume∂p

∂ε > 0.

3.2. Coupled Riemann problem with transmission of primitive variables. This case
is easier to deal with. Indeed, the Riemann problem for (17)-(18) is usually solved using
primitive variables because the ‘projection’ of the wave curves on the(v, p)-plane are eas-
ily expressed. Moreover, this choice is consistent with what we have done in the isentropic
case for thep−system. Finally this choice appears fairly natural from a physical point of
view since Proposition 2 below shows that it corresponds totransmitp, v which are natu-
rally transmitted when the two laws coincide.
LetuL anduR be two given states. We denote byC 1

R(uL) the1−wave curve consisting of
statesu which can be connected touL on the right by a either a1−shock or a1−rarefaction
wave corresponding to the equation of statep = pR(τ, ε). Similarly, given a right stateuR,
we denote byČ 3

L(uR), the (backward)3−wave curve consisting of left statesu which can
be connected touR by a 3−shock or a3−rarefaction wave corresponding to the equa-
tion of statep = pL(τ, ε). We denote byC1

R(vL) andČ3
L(vR) the ‘projections’ (in a

sense to be precised below) onto the(v, p)-plane of the wave curvesC 1
R(uL) andČ 3

L(uR)
respectively. In factCi

α(vL) is the projection of thei−wave curve curveϕ−1
α (C i(uL))

expressed in primitive variablesv = (τ, v, p)T on the(v, p)-plane:

ϕ−1
α (C i

α(uL)) =
{

v = (τ, v, p)T ;ϕα(v) ∈ C
i
α(uL)

}

and
Ci

α(vL) =
{

(v, p); (τ, v, p)T ∈ ϕ−1
α (C i

α(uL))
}

.

Similar definitions for the backward wave curveČi
α(vR) are in order.

We then make the following hypothesis

(26)

{

for any pair of states(uℓ,ur), the curves
C1

R(vℓ) andČ3
L(vr) may intersect at one point at most.

This assumption simply guarantees that the Riemann problemhas a unique solution. It can
also be expressed in terms of monotonicity of the corresponding curves, as illustrated in
Figure 6,C1

α is decreasing anďC3
α increasing, and we refer to [15] for precise assumptions

on the equation of state which ensure this property (see however Remark 2 below).
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Proposition 2. Assume the hypothesis (26). Then, in the case (24), the coupling condi-
tions (7) lead to

(27)

{

v(0−, t) = v(0+, t),
p(0−, t) = p(0+, t).

In addition, the coupled Riemann problem has a unique solution (away fom vacuum).

Proof. By using the structure of the solution of the whole Riemann problem for the
gas dynamics equations with pressure lawpL, let us show that the conditionu(0−, t) ∈
OL(ϕL(v(0+, t))) means that

(28) (v, p)(0−, t) ∈ Č3
L(v(0+, t)).

Let us first precise the states that are involved in the above expressions:

v(0+, t) = (τ(0+, t), v(0+, t), p(0+, t))T

ϕL(v(0+, t)) = (τ(0+, t), v(0+, t), e(0+, t))T

wheree(0+, t) = εL(τ(0+, t), p(0+, t)) + v(0+, t)2/2

u(0−, t) = (τ(0−, t), v(0−, t), e(0−, t))T

andp(0−, t) = pL(τ(0−, t), e(0−, t) − v(0−, t)2/2).
Then, by definition of the admissible setOL, there exists a stateu− ∈ Ω such that

u(0−, t) = WL(0−;u−, ϕL(v(0+, t))).

TheL−Riemann problem betweenu− andϕL(v(0+, t)) is thus built with a1L−wave
betweenu− andu(0−, t), a 2−contact discontinuity atx = 0 betweenu(0−, t) and a
stateuL

+ and a3L−wave betweenuL
+ andϕL(v(0+, t)). This yields that(vL

+, p
L
+) =

(v(0−, t), p(0−, t)) and thus, after projection on the(v, p)−plane,(v, p)(0−, t)) belongs
to Č3

L(v(0+)). Similarly, the conditionu(0+, t) ∈ OR(ϕR(v(0−, t))) means that

(29) (v, p)(0+, t) ∈ C1
R(v(0−)).

If (26) holds, and away from vacuum, the curvesC1
R(v(0−)) and Č3

L(v(0+)) inter-
sect at only one point in the(v, p)−plane (see Figure 6 left); then (28)-(29) imply that
(v, p)(0+, t) and(v, p)(0−, t) must necessarily coincide since, in the(v, p)−plane, both
(v, p)(0+, t) and(v, p)(0−, t) lie on both curves, which proves the lemma.

Finally, we can solve the coupled Riemann problem followingthe usual procedure, by
solving first the systems of equations obtained by intersection of the projected curves (see
[11]). The solution exists (if no vacuum appears) and is unique. �

The result is illustrated in Figure 4 on a coupled Riemann problem for twoγ−laws,
γL = 1.4, γR = 1.6.

Remark 2. The curveC 1
R(uℓ) is tangent atuℓ to the first eigenvector (see formula (21)

rR,1(uℓ) = (−1,−CR, pR − CRv)
T (uℓ). In primitive variables, the curveϕ−1

R (C 1
R(uℓ))

is tangent toϕ′
R(vℓ)

−1(rR,1(uℓ)) = (−1,−CR, C
2
R)T (uℓ) which is the 1-eigenvector in

primitive variables and, by projection on the(v, p)-plane,C1
R(vℓ) is tangent to the vector

(−CR, C
2
R)T (uℓ) or equivalently to(−1, CR,ℓ)

T at state(vℓ, pℓ). Similarly, Č 3
L(vr) is

tangent to(1, CL,r)
T at state(vr, pr). The vectors(−1, CR,ℓ)

T and (1, CL,r)
T are not

colinear. Thus hypothesis (26) is satisfied at least for nearby states(uℓ,ur). It may be
globally satisfied for ‘standard’ equations of state. �
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FIGURE 4. τ, v, p for the coupled Riemann problem for Euler system
with transmission ofv = (τ, v, p): discontinuity ofτ , continuity ofv, p
atx = 0

3.3. Transmission of conservative variables. The polytropic ideal gas case.As already
observed, the above derivation of the coupling condition inprimitive variables was made
easy by the usual way of solving the classical Riemann problem in the(v, p)−plane. If
we now want to transmit the conservative variables, we must interpret the coupling con-
ditionsu(0−, t) ∈ OL(u(0+, t)) andu(0+, t) ∈ OR(u(0−, t)) in terms of conservative
variables(τ, u, e). Again, the solution of theL−Riemann problem between a stateu− and
u(0+, t) is made of a1L−wave betweenu− andu(0−, t), a2L−contact discontinuity at

x = 0 betweenu(0−, t) and a stateu(L)
+ and a3L−wave betweenu(L)

+ andu(0+, t) (see
Figure 5, left).

We first make the simplifying assumption that the two pressure laws areγ−laws:

(30) pα = (γα − 1)ε/τ, γα > 1.

We get that(v(L)
+ , p

(L)
+ ) = (v(0−, t), p(0−, t)), more precisely

(31) v
(L)
+ = v(0−, t)

and

(32) pL(u
(L)
+ ) = pL(u(0−, t))

and thus(γL − 1)ε
(L)
+ /τ

(L)
+ = (γL − 1)ε(0−, t)/τ(0−, t), which implies

(33)
ε
(L)
+

τ
(L)
+

=
ε(0−, t)
τ(0−, t) .

Following the usual way of solving the Riemann problem, we ‘project’ the condition

(34) u
(L)
+ ∈ Č

3
L(u(0+))

on the(v, p)−plane.
Similarly, the solution of theR−Riemann problem betweenu(0−, t) and a stateu+

is made of a1R−wave betweenu(0−, t) and a stateu(R)
− , a2R−contact discontinuity at

x = 0 betweenu(R)
− andu(0+, t) and a3R−wave betweenu(0+, t) andu+ (see Figure

5, right). This yields that(v(R)
− , p

(R)
− ) = (v(0+, t), p(0+, t)), more precisely

(35) v
(R)
− = v(0+, t)

and

(36) pR(u
(R)
− ) = pR(u(0+, t))
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FIGURE 5. Coupling conditions (5) for Euler system:
u(0−, t) ∈ OL(u(0+, t)) (left), u(0+, t) ∈ OR(u(0−, t)) (right)

and thus

(37)
ε
(R)
−

τ
(R)
−

=
ε(0+, t)

τ(0+, t)
.

Again we ‘project’ the condition

(38) u
(R)
− ∈ C

1
R(u(0−))

on the(v, p)−plane. Thus we have to meet the conditions

ML(0−) = (v(0−, t), pL(u(0−, t))) ∈ Č3
L(v(0+))

and
MR(0+) = (v(0+, t), pR(u(0+, t))) ∈ C1

R(v(0−))

and we can no longer intersect the two curves in order to solvethe problem. Figure 6
left (resp. right) illustrates the position of the projected wave curves when the coupling
conditions (7) (resp. (5)) are satisfied. Indeed, since in the (v, p)−plane, the curve

C1
R(v(0−)) =

{

(v, p); (τ, v, p)T ∈ ϕ−1
R (C 1

R(u(0−)))
}

,

starts from pointMR(0−) = (v(0−, t), pR(u(0−, t))), and not, as it did in the previous
case, fromML(0−) = (v(0−, t), pL(u(0−, t))) (see Figure 6 right), anďC3

L(v(0+))
starts fromML(0+) = (v(0+, t), pL(u(0+, t))). The intersection of the two curves no
longer solves the problem.

In fact, the(v, p)− plane is not well suited, sincep is no longer a transmitted variable.
For twoγ−laws, because of (33)-(37), we can think of the plane(v, π = ε/τ), sinceπ is
a variable independent of the pressure law. Following the above arguments and projecting
on the(v, π)−plane will lead to intersect two curves. More precisely,

Proposition 3. Assuming (30), the coupling conditions (5) lead to

(39)

{

v(0−, t) = v(0+, t),
ε

τ
(0−, t) =

ε

τ
(0+, t).

Proof.Define
w = (τ, v, π)T
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FIGURE 6. projection of the wave curves: transmission ofv (left)
- transmission ofu (right), with C1

R− = C1
R(v(0−)), Č3

L+ =

Č3
L(v(0+))

where

(40) π =
ε

τ
,

then the mapping̃ϕ by u = ϕ̃(w), and let

C̃1
R(w(0−)) =

{

(v, π); (τ, v, π)T ∈ ϕ̃−1
R (C 1

R(u(0−)))
}

with a similar definition for the backward curvẽ̌C3

L
(w(0+)). The projection on the

(v, π)−plane of (34), (38) together with (31), (37) (33), (37) then yields

(v(0−, t), π(0−, t)) ∈ ˇ̃
C3

L(w(0+))

(v(0+, t), π(0+, t)) ∈ C̃1
R(w(0−)).

Now, assuming (26) implies that̃C1
R(w(0−)) and ˇ̃

C3

L
(w(0+)) intersect at only one point,

since the change of variablesπ preserves the respective monotonicity of the curves. We
get

(41)

{

v(0−, t) = v(0+, t)
π(0−, t) = π(0+, t),

which is the desired result.
The coupled Riemann problem is then solved in the same way as before since we can
parametrize each wave curve byπ instead ofp. �

A coupled Riemann problem is illustrated in Figure 7 where the transmissions of con-
servative and of physical variables are compared.

We can easily extend the result to the case of pressure laws which can be written as a
function of one dependent variableπ = π(τ, ε) i.e. such that

pα(τ, ε) = pα(π(τ, ε)).

The above argument will show that(v, π) is continuous at the interfacex = 0.
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FIGURE 7. τ, v, p in the transmission ofu = (τ, v, e) vs. v = (τ, v, p)
for Euler system: Discontinuity ofτ – Continuity ofv – Continuity ofp
for v / Discontinuity ofp for u

Consider now two thermally perfect gases, such thatpτ = RT (ε) (T is the tempera-
ture). The pressure law is of the following form

(42) p = p(τ, ε) = p̃(τ, π)

with againπ = ε/τ and satisfies the identity

p = −τ p̃τ + πp̃π.

We have thus
−pτ

pε
=

p

p̃π

or we can also write

−pτ

pε
=

T (ε)

τT ′(ε)
.

If this quantity is independent of the closure law, we can take it as dependent variable and
conclude that it will be continuous at the interface together with the velocity.

Remark 3. Assuming aγ−law yields that the eigenvectorr2(u) in (21) can be chosen
as (1, 0, ε/τ)T = (1, 0, π)T . Thus the functionr2(u) does not depend on the pressure
law and (39) means thatrL,2(u(0−, t)) = rR,2(u(0+, t)). In the linearized approach,
linearizing the left problem atu(0−, t) and the right problem atu(0+, t), and coupling
these two problems, the necessary condition (3.19) of [13] requiringdimE = 1 is indeed
satisfied sinceE = [rR,1rR,2]∩[rL,2rL,3] = RrL,2 = RrR,2, where the notation[rα,irα,j ]
denotes the vector space spanned by the vectorsrα,i, rα,j .

The above section brings some precisions to the corresponding section (Section 4) of
[13] where it was not specified that the coupling was achievedin primitive variables. �

3.4. Transmission of conservative variables. The general case.Let us first see that the
velocity need not be continuous for general pressure laws. Assume first thatv is continuous
at the interface

v(0+, t) = v(0−, t).
If, for instance, the3L−wave in theL−Riemann problem and the1R−wave in theR−Rie-
mann problem are both shocks (see Figure 5), we get from the Rankine-Hugoniot relations
concerning the3L−shock

pL(u(0−, t)) = pL(u(0+, t))

and
pR(u(0−, t)) = pR(u(0+, t)).
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For instance to get the first formula, we write the Rankine-Hugoniot relation concerning
the3L−shock

−σ3,L(v(0+, t) − v
(L)
+ ) + (pL(u(0+, t)) − pL(uL

+) = 0,

with the invariance ofv, p at the contact discontinuity

v
(L)
+ = v(0−, t), pL(uL

+) = pL(u(0−, t))

(similarly the1R−shock relation for the second formula). Consider for instance two pres-
sure laws of Grüneisen type

(43) pα(τ, ε) = (γα − 1)
ε

τ
+ d2

α(
1

τ
− 1

τref,α
), α = L,R.

For (43), the continuity ofpR andpL yields

(γα − 1)
( ε

τ
(0+, t) − ε

τ
(0−, t)

)

+ d2
α

( 1

τ(0+, t)
− 1

τ(0−, t)
)

= 0, α = L,R

which implies, as soon as

(44)
d2

L

γL − 1
6= d2

R

γR − 1
,

that ε
τ (0−, t) = ε

τ (0+, t) andτ(0−, t) = τ(0+, t) so that

ε(0−, t) = ε(0+, t), τ(0−, t) = τ(0+, t).

Remark 4. Thus, in the case (44), the velocity need not be continuous, and if the velocity
is continuous, the whole state is continuous at the interface u(0−, t) = u(0+, t) (but
pL(u(0−, t)) 6= pR(u(0+, t))). That may happen with particular given statesuL,uR.
Indeed if the coupled Riemann problem is solved withu(0−, t) = u(0+, t) notedu(0) =
(τ0, v0, e0), then sinceu(0) = u(0−) ∈ C 1

L(uL) andu(0) = u(0+) ∈ Č 3
R(uR), the two

curves inR
3 necessarily intersect, not only their projection on a plane. For instance, the

projection of these curves on the plane(v, ε/τ) determines(v0, ε0/τ0), their projection
on the plane(τ, v) determines(τ0, v0). Assumeu(0) is completely determined. Then the
Hugoniot curvesHα(τ, p) = 0 are hyperbolas (cf. [11], Chapter II, Section 2, Example
2.2) and may be parametrized byp: τ = hα(p; τa, pa) for an Hugoniot curve with center
a. This provides two relationsτ0 = hL(pL(u0); τL, pL) = hR(pR(u0); τR, pR) where
pL = pL(uL), pR = pR(uR). HenceuL,uR should be such that(τL, pL) and(τR, pR)
satisfy the identityhL(pL(u0); τL, pL) = hR(pR(u0); τR, pR). �

We consider in Figure 8 states and wave curves correspondingto a coupled Riemann
problem for which the3L− and the1R−waves are both shocks (cf. Figure 5). The point
ML(0−) = (v(0−, t), pL(u(0−, t))) (resp. MR(0+) = (v(0+, t), pR(u(0+, t)))) is
the projection ofu(0−, t) (resp. u(0+, t)). In the above mentioned particular case, the
curvesC1

L(uL) andČ3
R(uR) intersect at a point for which the statesu(0−, t),u(0+, t)

do coincide. The two cases are illustrated in Figure 8.
If now

(45)
d2

L

γL − 1
=

d2
R

γR − 1
≡ d2

γ − 1
,

we notice that the above computations only give one relationlinking (τ, ε/τ)(0+, t) and
(τ, ε/τ)(0−, t). However, we can prove
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Proposition 4. Assuming (43) with (45), the coupling conditions (5) lead to

(46)







v(0−, t) = v(0+, t),
( ε

τ
+ (

d2

γ − 1
)
1

τ

)

(0−, t) =
( ε

τ
+ (

d2

γ − 1
)
1

τ

)

(0+, t).

Proof. Note that for twoγ−laws (d2
α = 0), we have indeed seen that the coupling yields

the continuity ofv andπ = ε
τ by projecting on the(v, π)−plane. Assuming (43) and (45),

we note that the quantity

ωα ≡ 1

γα − 1
(p+

d2
α

τref,α
)

now plays a particular role since it satisfes

ωα =
ε

τ
+ (

d2
α

γα − 1
)
1

τ

and thus does not depend onα if (45) holds, let us note itω. We can project on the(v, ω)−
plane, parametrize the projected wave curves byω sincep → ω is an isomorphism and
following the same arguments as in the proof of Proposition 3, obtain the continuity ofv
andω at the interface. �

Again, assuming (43) yields that the eigenvectorr2(u) in (21) is parallel to(1, 0,−ω)T

and does not depend on the pressure law. Then (46) implies that rL,2(u(0−, t)) = rR,2(u(0+, t))(
cf. Remark 3).

Remark 5. We can try to explicit the quantities which are transmitted at the interface
for more general pressure laws, since, in a heuristic way, wecan say that ‘two quantities
are transmitted’. In fact these quantities are not explicitphysical quantities in general,
in particular the velocity is not necessarily continuous. For more general pressure laws,
assuming for instance that(τ, v, ε)(0−, t) is known, and for some givent, the usual ‘pro-
jection’ on thev, p plane, assuming that the ‘projected’ curves can be parametrized byp,
provides a system of two equations in three unknowns(τ, v, ε)(0+, t), which can be in-
terpreted as the intersection of two surfaces inR

3, heuristically, this gives a curve. In the
case we have already considered of twoγ−laws (30), in variablesw = (τ, v, π), easy
computations show that this curve is a straight line (39) intersection of two planes, parallel
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to theτ−axis. In case (43)-(44), we can say that the intersection of the curve with plane
v(0+, t) = v(0−, t) is a point, so that the curve is not contained in this plane. Toexplicit
the transmitted quantity means to find a change of variables,sayw̃ ∈ R

3 such that in these
variables, the curve is a line parallel to one axis, sayw̃3 so that the quantities(w̃1, w̃2) are
continuous. We have been able to find it for (43)-(45). The coupled Riemann problem can
then be solved, however the physical meaning of the transmission is not clear. �

4. COUPLING LAGRANGIAN SYSTEMS OF DIFFERENT DIMENSIONS

4.1. The p−system and the Euler system.We consider thep−system (11) in the left
half-plane and the Euler system in Lagrangian coordinates (18) in the right half-plane
(using in this section capital letters to distinguish the variables of the larger system)

∂u

∂t
+

∂

∂x
fL(u) = 0, x < 0, u = (τ, v)T , fL(u) = (−v, p)T , p = pL(τ),

∂U

∂t
+

∂

∂x
FR(U) = 0, x > 0, U = (τ, v, e)T , FR(U) = (−v, p, pv)T , p = pR(τ, ε).

The dimensions of the two systems are now different, but the physical context helps to
give a meaning to the coupling since some state variables such as the specific volumeτ ,
velocity v or pressurep are defined for each model. Hence, we write coupling conditions
using the variables(v, p) that are common to the two systems and which we have seen are
good candidates for both. The idea is to reconstruct the missing variable for the smaller
system in such a way that we may transmit (i.e. have continuity of) the velocity and the
pressure.

Indeed, we can liftv = (v, p)T by reconstructingτ when we transmit from the left to
the right

(47) v = (v, p)T → L(v) = (τ, v, p)T , τ = τL(p),

wherep→ τL(p) is the inverse ofpL(τ). And we easily projectV when we transmit from
the right to the left

(48) V = (τ, v, p)T → P(V) = (v, p)T .

The coupling conditions naturally write

(49)

{

u(0−, t) ∈ OL(ϕL(P(V(0+, t))))
U(0+, t) ∈ OR(ϕR(L(v(0−, t)))).

HereϕL(v) = u andϕR(V) = U are the previously defined admissible change of vari-
ables (15) and (25).
Proposition 5. DefiningL,P by (47) and (48), the coupling conditions (49) lead to

(50)

{

v(0−, t) = v(0+, t),
p(0−, t) = p(0+, t),

and the solution of the coupled Riemann problem is unique.
Proof. We express the Riemann problems associated to (49) using thevariablesv and

p. First v(0−, t) is connected toP(V(0+, t)) by a 2L−wave for thep−system. Then
L(v(0−, t)) is connected toV(0+, t) by a1R−wave for the Euler system, we project the
corresponding1R−wave curve on the(v, p)−plane and its intersection with the2L−wave
curve for thep−system has only one intersection point, so thatv(0−, t) = P(V(0+, t))
and the result follows. We have implicitly assumed in the proof that the analogous of (26)
holds. �
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FIGURE 9. τ, v, p for the transmission ofv = (v, p), p-system inx < 0
and Euler system inx > 0

The result is illustrated in Figure 9 with aγ−law pL(τ) = τγ , pR(τ, ε) = (γ − 1)ε/τ ,
with γ = 1.4. We note thatτ is discontinuous whereas the continuity ofv, p at x = 0 is
indeed ensured.

We may also interpret the above coupling procedure by increasing the dimension of the
smaller system in order to couple systems of the same dimension.

4.2. Interpretation. In fact the previous approach of lifting+ projection can be inter-
preted by adding an equation to the small system with two conservation laws

(51)



























∂τ

∂t
− ∂v

∂x
= 0,

∂v

∂t
+
∂p

∂x
= 0,

∂p

∂t
− p′(τ)

∂v

∂x
= 0,

which we write
∂V

∂t
+B(V)

∂V

∂x
= 0,

whereV = (τ, v, p)T . Only the third equation is in non conservative form, but it is clearly
redundant sincep = p(τ), so the matrixB(V) of the system

B(V) =





0 −1 0
0 0 1
0 −p′(τ) 0





is non invertible. We have added to the existing eigenvaluesλ1 = −c, λ3 = c, c =
√

−p′(τ), a new eigenvalue which is preciselyλ2 = 0. The eigenvectors (in variables
V) ares2 = (1, 0, 0)T , s1 = (1, c,−c2)T , s3 = (1,−c,−c2)T . These eigenvectors are
presently the eigenvectors of the matrix of the full Euler system written in primitive vari-
ablesV = (τ, v, p)T , only withC2 = ppε − pτ . In fact, the corresponding third equation
for the full Euler system in primitive variables is

∂p

∂t
+ (ppε − pτ )

∂v

∂x
= 0.

The Riemann invariants associated to 0 arev, p.
The only nonconservative product in the third equation of (51) can be defined through

the first conservative equations. Indeed,v andp are continuous across a2−discontinuity
and if v andp are discontinuous across a1− or 3−wave, the productp′(τ) ∂v

∂x is naturally
defined by

−p′(τ)∂v
∂x

= σ2 ∂v

∂x
,
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if σ is the speed of propagation of the discontinuity, since we haveσ[p] = σ2[v], where[.]
denotes as usual the jump. So the augmentedp−system (51) is a barotropic Euler system
in whichpε = 0.

We can define uniquely a solution of the Riemann problem for (51) and initial data
VL = (τL, vL, pL)T , VR = (τR, vR, pR)T . The initial data are supposed to satisfyp =
p(τ), i.e.,pL = p(τL), pR = p(τR) but it is not necessary in what follows. A priori, the
solution consists of a1−wave betweenVL and some stateV∗

L, a2− discontinuity between
V∗

L and some stateV∗
R, and a3−wave betweenV∗

R andVR. Sincev, p are continuous
across the2−discontinuity, i.e.,x = 0, the common value(v∗, p∗) is determined as usual
by the intersection of the projection of the1− and3−wave curves on the(v, p)−plane
and it is the intermediate state in the solution of the Riemann problem for thep−system
(solved in variable(v, p) by parametrizing the wave curves byp as we have seen in section
1.3, for the data(vL, pL), (vR, pR)). Now we havep∗ = p(τ∗) so thatV is continuous,
W(0±;VL,VR) = (τ∗, v∗, p∗)T .

The coupling of (51) inx < 0 with the Euler system (17) inx > 0 is done through the
condition

(52)

{

V(0−, t) ∈ OL(V(0+, t))
U(0+, t) ∈ OR(ϕR(V(0−, t))).

Proposition 6. The coupling conditions (52) are equivalent to (50).

Proof. Expressing the conditionV(0−, t) ∈ OL(V(0+, t)) gives that(v, p)(0−, t) be-
longs to the projection on the(v, p)−plane of the (backward)3−wave curve, the projection
passes through(v, p)(0+, t). Note that the given valueτ(0+, t) does not satisfyp = p(τ),
but as we have noticed above, it does not prevent from solvingthe Riemann problem for
system (51).

Similarly expressing the conditionU(0+, t) ∈ OR(ϕR(V(0−, t))) gives that the point
(v, p)(0+, t) belongs to the projection of the1−wave curve through(v, p)(0−, t). Again,
the two curves intersect at only one point in the(v, p)−plane. �

If the initial states satisfypL = pL(τL), pR = pR(τR) the two solutions of the coupled
Riemann problem satisfying (52) or (50) coincide.

4.3. Another interpretation: coupling of the isentropic and ful l sytems. We now con-
sider thep−system in the left half-plane as the isentropic model of gas dynamics, thus
augmented by∂s

∂t = 0 and we write

(53)



























∂τ

∂t
− ∂v

∂x
= 0,

∂v

∂t
+
∂p

∂x
= 0,

∂s

∂t
= 0,

assuming

p = p(τ, s0)

for some fixed values0 of the specific entropy wherep = p(τ, s) is the equation of state of
the fluid expressed in terms ofτ ands. For instance for a perfect gas, we havep(τ, s) =
(γ − 1) exp((s− s0)/Cv)τ

−γ .
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We then consider the coupled problem

(54)



















∂W

∂t
+

∂

∂x
FL(W) = 0, x < 0,

∂U

∂t
+

∂

∂x
FR(U) = 0, x > 0,

where
W = (τ, v, s)T , U = (τ, v, e)T ,

and
FL(W) = (−v, p, 0)T , FR(U) = (−v, p, pv)T ,

so that the systems have now the same size.
We setW̃ = (v, p, s)T , and define an admissible change of variablesψ by ψ(W̃) =

W. More preciselyψL(W̃) = W = (v, τL(p), s)T is an admissible change of variables
for (53) with pressure lawp = pL(τ) andτL(p) its inverse. Now, for the Euler system,
the mappingV = (τ, v, p)T → U = ϕR(V) = (τ, v, e)T is an admissible change of
variables, and so is̃W = (v, p, s)T → ϕ̃R(W̃) ≡ V = (τ, v, p)T , when assuming
thats = s(τ, p) satisfies∂τs 6= 0. For instance, in the case of aγ−law, we have seen that
pR(τ, s) = (γR−1)τ−γR exp((s−s0)/Cv) thussR(τ, p) = s0+Cv log(pτγR/(γR−1)).
Therefore we can writeU = ϕR(ϕ̃R(W̃)) ≡ ψ̃R(W̃)) and it is admissible.

For the coupling problem (54), we take the following coupling conditions

(55)

{

W(0−, t) ∈ OL(ψL(W̃(0+, t))),

U(0+, t) ∈ OR(ψ̃R(W̃(0−, t))),

whereW̃(0+) = (ψ̃R)−1(U(0+)) = (v, p, s)T (0+), with p(0+) = pR(τ(0+), ε(0+)),
andW̃(0−) = (ψL)−1(W(0−)) = (v, p, s)T (0−) with p(0−) = pL(τ(0−)). Again (55)
is equivalent to (50). Note that the precise value ofs0 does not matter since the variables
does not appear in the equation forpL nor in the coupling condition.

5. EXTENSION TO GENERALLAGRANGIAN SYSTEMS

We want to extend the coupling to more general systems in Lagrangian coordinates,
by transmission of a set of variables which corresponds to(v, p) when restricting to Euler
system. We first recall the common algebraic structure of allthese systems which allows
us to treat their coupling from a general point of view. This is followed by some technical
computations which are required in order to define the transmitted variables.

5.1. The form of general Lagrangian systems.We consider systems ofq conservation
laws in Lagrangian coordinates (x still stands for a mass variable)

(56) ∂tu + ∂xf(u) = 0,

which meet some common properties (we refer to [7] for a detailed description):

• they are endowed with a strictly convex entropys(u), with null associated entropy
flux, so that for smooth solutions

∂ts = 0.

• u is made ofq − 1 − d statevariables andd velocityvariablesU. The last com-
ponent ofu is the total energy which we will denotee

uq ≡ e = ε+
1

2
|U|2
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where the internal energyε is astatevariable, thens is also astatevariable. We
will assume thats(u), satisfies∂s

∂e (u) ≡ se(u) < 0. The model is then called a
fluid model.

• Galilean invariance,
• reversibility in time for smooths solutions.

Then, such a system can be written in a canonical form:∃Ψ : u → Ψ(u) ∈ R
q−1, ∃B ∈

M(Rq−1) such that

(57) f(u) = (BΨ(u),−1

2
Ψ(u)TBΨ(u))T ,

moreoverB is a symmetric(q − 1) × (q − 1) constantmatrix. Finally the spectrum of
f ′(u) is symmetric: ifλ(u) is an eigenvalue, so is−λ(u). In the sequel we will writeλ
in order to shorten the notations. Again we refer to [7] for a detailed proof. From now
on, we assume these results and we derive some of the properties needed in the following
computations.

The first consequence of the last result is that there is an even number, say2m, of
eigenvaluesλi 6= 0 and we can number the spectrum as follows:λ0 = 0 with multiplicity
q − 2m andλ1, · · · , λm < 0, λm+1, · · · , λ2m > 0.

5.1.1. Number of transmitted variables.Since the interface is characteristic, we cannot
expect the continuity ofu at the coupling interface. As illustrated by the case of the Euler
system, a reduced number of (nonlinear) functions ofu are expected to be continuous.
The aim of this section is to provide the material in order to derive the required set of these
functions with linear independent gradients which are Riemann invariants associated to the
eigenvalue0.
First note that (57) implies that a solution which is assumedto be discontinuous across
x = 0 satisfiesB[Ψ] = 0 and one could say thatBΨ aretransmittedvariables. However,
B is not inversible as we will see, and we want to ‘extract’ moreexplicit informations
and define independent transmitted variables from theseq − 1 relations, by some change
of variables (the analogous ofv, p for Euler system). In particular, the number of these
transmittedvariables depends on the dimension ofkerB and thus on the multiplicity of
the eigenvalue 0 off ′(u).

The set of variablesΨ is derived from the polar variables which we precise now. We
will need other sets of variables which we introduce together with some notations. For the
set of conservative variablesu and fluxf(u), we distinguish the last component

u = (uq−1, e)
T , f(u) = (fq−1(u), fe(u))T ,

whereuq−1 = (u1, u2, · · · , uq−1)
T . We should writeu = (uT

q−1, e)
T but we will skip the

interior transpose markT in order to lighten the notations. Thus Després’ result says that
we can writefq−1(u) = BΨ(u), fe(u) = − 1

2ΨTBΨ(u) so that the system (56) writes

(58)

{

∂tuq−1 +B∂xΨ(u) = 0,
∂te+ ∂x(− 1

2Ψ(u)TBΨ(u)) = 0.

The system is endowed with an entropys, with se(u) < 0, and we define the entropy
variables that symmetrize the system (see [11])

u∗ ≡ s′(u)T = (su1
, · · · , suq−1

, se)
T

and (cf. [7])Ψ(u) in (58) is in fact derived from the entropy variables

(59) Ψ(u) = (
su1

se
, · · · , suq−1

se
)T .
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Note that we identify the derivative of scalar functions involved in the definition of polar
variables (such ass′(u)) with a1 × q matrix (line vector). We also consider the change of
variables

v = (u1, u2, · · · , uq−1, s)
T = (uq−1, s)

T .

Then, since againse(u) < 0, the mappingv → e(v) = ε+ |U|2/2 is a convex entropy for
the system in variablesv (see the details in [11] chapter II, Section 1 for the Euler system)
and we define the conjugate function or polar variables by

(60) v∗ = e′(v)T = (ev1
, · · · , evq−1

, es)
T ≡ (v∗

n−1, s
∗)T .

Lemma 1. Let v∗
n−1 be defined by (60). Then we have the identity

(61) v∗
n−1 = −Ψ(u(v))

whereΨ is defined by (59).

Proof. Indeed, we can writee(v(u)) = e = uq, so thate′(v)v′(u) = (0, ..., 0, 1). Then,
the last component giveses = (se)

−1 while for theq − 1 first components, for which
vj = uj, we get

∑

1≤i≤q−1

∂e(v)

∂vi

∂vi

∂uj
+
∂e

∂s

∂s

∂uj
= evj + essuj = 0,

so thatevj = −essuj = −(se)
−1suj , which, in view of (59), gives (61). �

Thus, from (58), we can write for smooth solutions

(62) ∂tv −
(

B 0
0 0

)

∂xv
∗ = 0

(in fact, only the last equation is not satisfied by discontinuous solutions). Now multiplying
this equation by the matrixv∗′(v) = e′′(v), we get the system satisfied byv∗

∂tv
∗ − e′′(v)

(

B 0
0 0

)

∂xv
∗ = 0.

It is not difficult to prove thatu → v∗ is an admissible change of variables, hence the

matrices−f ′(u) ande′′(v)

(

B 0
0 0

)

are similar. This implies the following result.

Lemma 2. 0 is an eigenvalue of multiplicityq−2m−1 ofB. MoreoverB hasm negative
andm positive eigenvalues.
Proof SinceB is symmetric,B is diagonalizable. Assume 0 is an eigenvalue of multiplic-
ity k of B. Let r1, · · · rk bek independent eigenvectors∈ R

q−1 of B associated to the
eigenvalue 0 (i.e. a basis ofkerB) andr̃i = (rT

i , 0)T ∈ R
q. Then thẽri are independent

eigenvectors of the augmented matrix

(63) B̃ ≡
(

B 0
0 0

)

and thus ofe′′(v)B̃. Now the vectorrq = (0, · · · , 0, 1)T is also an eigenvector of the
matrix B̃ associated to 0 and thus ofe′′(v)B̃ (associated to the eigenvalue 0). Thek + 1
vectorsr̃i andrq are linearly independent. We have assumed at the beginning that the
matrixf ′(u) (and thuse′′(v)B̃) hasq−2m null eigenvalues, hencek+1 ≤ q−2m. Letr be
another eigenvector ofe′′(v)B̃ associated to 0, sincee′′(v) is invertible, it is an eigenvector
of B̃, we can choosẽr ∈ r⊥q i.e. r = (r1, · · · , rq−1, 0)T . Then,(r1, · · · , rq−1)

T is clearly
an eigenvector ofB and thus a combination of theri, which yieldsk + 1 = q − 2m.
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The diagonalization of the matrixf ′(u) gives a diagonal matrix, sayD(u), with m
negative,m positive and(q−2m) 0 entries, and thus its signature is(m,m). The matrices
f ′(u(v)) ande′′(v)B̃ are similar. The matrixe′′ is symmetric positive definite, we may
define its square root, saye′′1/2, which is symmetric positive definite too, with inverse
e′′−1/2 then e′′1/2B̃e′′1/2 is similar to e′′(v)B̃. The symmetric matrixe′′1/2B̃e′′1/2 is
associated to a quadratic form onR

q which has thus the same signature(m,m) asD(u).
Thene′′1/2B̃e′′1/2 has the same signature asB̃. Indeed, the number of eigenvalues that are
positive, negative, or 0 does not change under a congruence transformation (by Sylvester’s
inertial law). Finally if the signature of̃B is (m,m) so is that ofB. That argument also
proves thatdim kerB = q − 2m− 1. �

5.1.2. Choice of transmitted variables.We are looking for still another set of variables
built from v∗ for which theq− 1 first jump relations in the original system or equivalently
in system (57):B[v∗

n−1] = B[Ψ] = 0, will give the conservation of precisely2m inde-
pendent quantities, sayw∗

2m, i.e.,2m = q − (k + 1) Riemann invariants associated to the
eigenvalue0 of multiplicity k + 1

[w∗
2m] = 0.

These quantities, corresponding tov, p or rather combinations ofv, p for the Euler system,
are meant to be transmitted in the coupling which will follow.
More precisely, the aim of this section is to prove that thereexists a change of variables
(wk,w2m, e), which will be defined below, such that the weak solutions of the original
model (56), (57) equivalently solve the system

(64)











∂twk = 0,
∂tw2m −M∂xw

∗
2m = 0,

∂te+ ∂x(−1

2
w∗

2m
TMw∗

2m) = 0,

whereM is a diagonal invertible matrix andw∗ is a linear combination ofw. The interest
of this change of variables lies in the fact thatw∗

2m is the set of2m Riemann invariants we
are looking for. Indeed, the matrixM is constant, diagonal and invertible, hence if a solu-
tion is discontinuous acrossx = 0 (contact discontinuity corresponding to the eigenvalue
λ = 0), the jump condition yields

M [w∗
2m] = 0 ⇔ [w∗

2m] = 0

and provides the set of transmission relations we are looking for.
We ‘decouple’ partly the system by diagonalizingB. The spectrumS of B is S =

{0, µi, 1 ≤ i ≤ 2m} with multiplicity k for the eigenvalue 0 and the other eigenvalues
satisfyingµi 6= 0. SinceB ∈ M(Rq−1) is symmetric, there exists an orthogonal matrix
O, satisfyingOOT = Iq−1 and

OBOT = diag(0k,M) ≡ Λ,

withM ∈ M(R2m) a constant diagonal matrix:M = diag(µi), havingm entriesµj < 0
andm entriesµl > 0. Then we define the orthogonal matrixΩ ∈ M(Rq), ΩΩT = Iq by

Ω =

(

O 0
0 1

)

,

and set

(65) w = Ωv = (wk,w2m, s)
T .
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We adopt the notation: given a vectory ∈ R
q, y = (y1,y2, ..yj)

T corresponds to the
partition(i1, i2, .., ij) of (1, 2, .., q), (i1, i2, .., ij) ∈ (N∗)j , i1 + i2 + ...+ ij = q. Also for
the particular partition(k, 2m, 1), (y)2m ≡ y2m. With this convention, sinceΩB̃ΩT =
diag(0k,M, 0), we get from (62) that smooth solutions satisfy

(66)







∂twk = 0,
∂tw2m −M∂x(Ωv∗)2m = 0,
∂ts = 0.

Again, sinceΩ has constant entries, only the last equation is not satisfiedby discontinuous
solutions.

We now introduce

(67) w∗ = Ωv∗ = (Ov∗
n−1, s

∗) = (w∗
k,w

∗
2m, s

∗)

so that (66) writes

(68)







∂twk = 0,
∂tw2m −M∂xw

∗
2m = 0,

∂ts = 0.

Let us check the following.

Lemma 3. The mappingw → E(w) ≡ e(ΩTw) is strictly convex andE ′(w)T = w∗.
Proof. We use the formula to express the derivative of a compound function. It gives
(using the differential form fore′′)

E ′′(w)(w1,w2) = e′′(ΩT w) · (ΩT w1,Ω
Tw2)

or using the matrix form for the Hessiane′′(w), E ′′(w) = Ωe′′(ΩT w)ΩT which proves
the convexity ofE sincee′′(v) is positive definite. �

Observe thatE(w(v)) = e(ΩT w(v)) = e(v). ThenE is an entropy for system (68)
and the polar variableE ′(w) is in factw∗ = Ωv∗, i.e.

E ′(w)T = Ωv∗

(the similarity transformationΩ commutes with the conjugate). Indeed, for anyh ∈ R
q,

the linear formE ′(w) satisfies

E ′(w) · h = e′(ΩT w) · ΩT h

and if we identify bothE ′(w) ande′(v) with line vectors inRq, it gives

E ′(w)T = Ωe′(ΩT w) = Ωe′(v)T = Ωv∗.

Let us now consider the system satisfied by the set of variables we = (wq−1, e)
T ,

replacing the equation on the entropys by the original equation ine. It can be checked that
we is also an admissible change of variables and smooth solutions of (66) solve the energy
equation. In order to express the flux in terms ofwe, we notice that sincev∗ = ΩTw∗ and
ΨTBΨ = v∗

q−1
TOT ΛOv∗

q−1, we getΨTBΨ = w∗
q−1

T Λw∗
q−1 = w∗

2m
TMw∗

2m because
of the specific form ofΛ = diag(0k,M). Thus, in variables

(69) we ≡ (wq−1, e)
T = (wk,w2m, e)

T

we get as expected the system (64)










∂twk = 0,
∂tw2m −M∂xw

∗
2m = 0,

∂te+ ∂x(−1

2
w∗

2m
TMw∗

2m) = 0.
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System (64) is nowequivalentto the initial one (they have the same smooth and discontin-
uous solutions) since the last equation is now also satisfiedby discontinuous solutions of
(56), (57). Andw∗

2m is indeed the set of2m Riemann invariants we are looking for, while
thek components ofwk ands are common Riemann invariants for the other characteristic
fieldsλj 6= 0.

5.1.3. Choice of coupling variables.The ‘final’ set of variables we are going to use for
coupling is

(70) z = (wk,w
∗
2m, e)

T .

Let us check first that it is indeed admissible. The results ofthe previous section prove that
it is sufficient to ask for the transmission ofw∗

2m since bothwk ande are free of constraints
at the interface.

Lemma 4. The mappingw → z defines an admissible change of variables.
Proof. Recall thatw, z are defined byw = (wk,w2m, s)

T andz = (wk,w
∗
2m, e)

T ,
with e = E(w) strictly convex. Hence it is enough to prove that the2m × 2m matrix
∇w2mw∗

2m ≡ ((∂w2m,iw
∗
2m,j)i,j) is invertible. We havew∗ = E ′(w)T , thus(w∗)′(w) =

E ′′(w). Let us writeE ′′(w) in blocks corresponding to the the partition (k, 2m, 1), i.e. to
the decomposition ofRq in R

k × R
2m × R

E ′′(w) =





Ek,k Ek,2m Ek,1

E2m,k E2m,2m E2m,1

E1,k E1,2m E1,1



 .

The matrix corresponding to∇w2mw∗
2m is the2m×2m diagonal blockE2m,2m extracted

from E ′′(w) which is symmetric positive definite. This means thatE2m,2m(w) is the
restriction ofE ′′(w) to the subspace{r = (0k, r2m, 0), r2m ∈ R

2m} and thus is invertible.
�

Example. Let us explicit the above computations for the Euler system,u = (τ, v, e)T ,
v = (τ, v, s)T , se = 1

T , u∗ = 1
T (p,−v, 1)T ,Ψ = (p,−v)T , v∗ = (−p, v, T )T , k =

0,m = 1, then

B =

(

0 1
1 0

)

, M =

(

−1 0
0 1

)

, O =
1√
2

(

−1 1
1 1

)

,

so thatw = Ωv = ( 1√
2
(−τ + v), 1√

2
(τ + v), s)T and the components ofw∗

2 = −OΨ =
1√
2
(v + p, v− p)T are indeed 0-Riemann invariants. The matrixE2m,2m which is the first

2 × 2 diagonal blockOT e′′(v)2,2O, extracted fromE ′′(w) = ΩT e′′(v)Ω, is given by

E2m,2m =
1

2

(

1 + C2 1 − C2

1 − C2 1 + C2

)

.

Indeed,e′(v)T = v∗ = (−p, v, T )T so that

e′′(v)2,2 =

(

−∂τp 0
0 1

)

,

with −∂τp(τ, s) = C2. �
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5.2. The coupling of general Lagrangian systems.We now consider the coupling of
two general systems (1), (2) where the fluxesfα are of the form (57) with the same matrix
B but with two distinct entropy functions involved in the definition (59) of Ψ.
Thus, following the previous study, we start from two systems which we can write in
the equivalent form (64) with the set (69) of variableswe = (wq−1, e)

T , each system is
endowed with a strictly convex entropy function:sL = sL(we), sR = sR(we), and we

havee = |U|2
2 + ε with (τ, s) → ε(τ, s) strictly convex. We want to express the coupling

condition in the set (70) of variablesz = (wk,w
∗
2m, e)

T which means that we want to
transmitw∗

2m. Note that, considered as a function ofz, w∗
2m depends on the choice of the

closure relation.

5.2.1. The coupling conditions expressed in variablesz. Recalling (7), we write

(71)

{

we(0−, t) ∈ OL(ϕL(z(0+, t))),
we(0+, t) ∈ OR(ϕR(z(0−, t))),

wherewe = ϕL(z) in x < 0, we = ϕR(z) in x > 0. We aim to prove that (71) gives
the continuity ofw∗

2m (for the Euler system, this means the continuity ofv andp) at the
interface.
This result is stated in the following proposition. It will be established for entropy functions
close enough so that the following assumption is true: given, forα = L,R, a basis of eigen-
vectors(rα

j )1≤j≤q of the Jacobian matrixf ′α and(rα
j,2m)1≤j≤2m the corresponding basis

of R
2m, the vectors(rR

1,2m, r
R
2,2m, ..., r

R
m,2m, r

L
m+1,2m, r

L
m+2,2m, ..., r

L
2m,2m) still form a

basis ofR2m. The vectors will in fact be expressed as functions ofwe.

Proposition 7. The coupling conditions (71) lead to the continuity ofw∗
2m at the interface

x = 0.
The proof relies on some more technical lemmas.

Lemma 5. Given a statez, let C+
L(z) be defined as the projection (on thew∗

2m− hy-
perplane) of the set of states that can be connected toϕL(z) by (at most)m L−waves
associated to positive eigenvaluesλL

j , j ∈ {m + 1, · · · , 2m} and similarlyC−
R(z) as the

projection of the set of states to whichϕR(z) can be connected by (at most)m R−waves
associated to negative eigenvaluesλR

j , j ∈ {1, · · · ,m}. Then (71) implies

w∗
2m(0−, t) ∈ C+

L(z(0+, t)), w∗
2m(0+, t) ∈ C−

R(z(0−, t)).
Proof. By definition of the admissible setOL, there exists a statewe

− ∈ Ω such that

we(0−, t) = WL(0−;we
−, ϕL(z(0+, t))).

TheL−Riemann problem betweenwe
− andϕL(z(0+, t)) is thus built with a succession

of (at most)m L−waves (with negative speed) betweenwe
− andwe(0−, t), a 0−contact

discontinuity atx = 0 betweenwe(0−, t) and a statewe,L
+ and (at most)m L−waves

(with positive speed) betweenwe,L
+ andϕL(z(0+, t)). This yields that

w∗
2m(we,L

+ ) = w∗
2m(0−, t),

and thus, after projection onR2m (thew∗
2m− hyperplane),w∗

2m(0−, t) belongs to the set
C+

L(z(0+, t)), defined as the projection (on thew∗
2m− hyperplane) of the set of states

that can be connected toϕL(z(0+, t)) byL−waves associated to positive eigenvaluesλL
j ,

j ∈ {m+ 1, · · · , 2m}.
Similarly by definition of the admissible setOR, there exists a statewe

+ ∈ Ω such that

we(0+, t) = WR(0+;ϕR(z(0−, t)),we
+).
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TheR−Riemann problem betweenϕR(z(0−, t)) andwe
+ is thus built with a succession of

(at most)m R−waves betweenϕR(z(0−, t)) and a statewe,R
− , a0−contact discontinuity

atx = 0 betweenwe,R
− andwe(0+, t) and (at most)m R−waves betweenwe(0+, t) and

we
+. This yields that

w∗
2m(we,R

− ) = w∗
2m(0+, t),

and thus, after projection onR2m (thew∗
2m− hyperplane),w∗

2m(0+, t) belongs to the set
C−

R(z(0−, t)) defined as the projection of the set of states to whichϕR(z(0−, t)) can be
connected byR−waves associated to negative eigenvaluesλR

j , j ∈ {1, · · · ,m}. �

However, the proof of the continuity ofw∗
2m at 0 supposes that we can parametrize

correctly the projection of the wave curvesC−
R(z(0−, t)) orC+

L(z(0+, t)), at least locally.
For instance, for the Euler system, we are able to parametrize the projection of the wave
curves in the(v, p)−plane in the formv = Φ(p). The parametization is proved in the
following lemma where we use the same notations as those introduced in Lemma 5.
Lemma 6. For given statesz± characterized byz± = (w±

k ,w
∗
2m

±, e±)T , the curve
C−

R(z−) can be parametrized forξ− = (ξ−j ) ∈ R
m, |ξ−j | small enough by

w∗
2m(ξ−) = w∗

2m
− +

m
∑

j=1

ξ−j rR
j,2m(z−) +O(|ξ−|2);

similarly C+
L(z+) can be parametrized forξ+ = (ξ+j ) ∈ R

m, |ξ+j | small enough, by

w∗
2m(ξ+) = w∗

2m
+ +

2m
∑

j=m+1

ξ+j rL
j,2m(z+) +O(|ξ+|2).

Proof. Let us first consider a discontinuous solution of (64). It satisfies the following jump
conditions

(72)







−σ[wk] = 0,
−σ[w2m] −M [w∗

2m] = 0,

−σ[e] − 1
2 [w∗

2m
TMw∗

2m] = 0,

in particular[w∗
2m] = −σM−1[w2m] with M diagonal.

A shock corresponds necessarily to aj−characteristic field associated to a non null
eigenvalueλj , j ∈ {1, · · · , 2m}. Assume first, only in order to simplify the presentation,
that all the corresponding fields are genuinely nonlinear (GNL). We know that the jump
[we] is an eigenvector sayre

j of the matrix noted in a shortened wayDe

De ≡ D(we
−,w

e
+) =

∫ 1

0

D(we
− + s(we

+ − we
−))ds

corresponding to the eigenvalueσ.
Note that the choice of variablesz kind of decouples the system in three subsystems,

(73)











∂twk = 0,
∂tw

∗
2m − E2m,2mM∂xw

∗
2m = 0,

∂te+ ∂x(−1

2
w∗

2m
TMw∗

2m) = 0.
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The matrixD∗(z) of this quasilinear system∂tz + D∗(z)∂xz = 0 is (in block of sizes
corresponding to the decompositionq = k + 2m+ 1)

(74) D∗(z) =





0 0 0
0 −E2m,2mM 0
0 B1,2m 0



 .

The Jacobian matrix of system (64), notedD, is similar toD∗ and has the same structure
in blocks asD∗(z)

(75) D(we) =





0 0 0
0 −ME2m,2m 0
0 B1,2mE2m,2m 0



 .

Hence, given the structure ofD(we) (see (75)), this eigenvectorre
j of De has the form

re
j = (0k, r

e
j,2m, rj,e)

T . Now, by (74), (75), the matrices extracted fromD andD∗ are
given byD∗

2m,2m = −E2m,2mM andD2m,2m = −ME2m,2m, we write

[w∗
2m] = −σM−1[w2m] = −M−1De

2m,2mre
j,2m = Ee

2m,2mre
j,2m = rz

j,2m

with shorthand notations expressing thatrz
j,2m ≡ Ee

2m,2mre
j,2m is an eigenvector ofD∗

2m,2m.
Thus we can parametrize thej−shock curve in a decoupled way. For a given left state

characterized byz− = (w−
k ,w

∗
2m

−, e−)T , the curve (thej−shock curve) of states which
can be connected toz− by aj−shock can be parametrized in variablez, and for|ξ|, small
enough,ξ < 0 (this results from Lax entropy condition) and we may write

(76)

{

wk(ξ) = w−
k ,

w∗
2m(ξ) = w∗

2m
− + ξrj,2m(z−) +O(ξ2)

and the last equation of (72) which we write

e(ξ) = e− +
1

2σ
[w∗

2m
TMw∗

2m].

Now, aj−rarefaction curve, where the indexj corresponds again to a non null eigen-
valueλj , j ∈ {1, · · · , 2m}, is (in variablez) an integral curve ofrj(z) and thus satisfies

(77)

{

dξwk = 0,
dξw

∗
2m = rj,2m(z(ξ)),

together with
dξs = 0.

For a given left statez− = (w−
k ,w

∗
2m

−, e−)T , the curve of states which can be con-
nected toz− by aj−rarefaction can be parametrized forξ > 0 small enough by

(78)







wk(ξ) = w−
k ,

w∗
2m(ξ−) = w∗

2m
− + ξrj,2m(z−) +O(ξ2)

e(ξ) = E(w−
k ,w

∗
2m(ξ), s−).

E(w) is a function ofw = (wk,w2m, s)
T , and we have seen that∇w2mw∗

2m is invertible,
hence the notationE(wk,w

∗
2m, s) is a short way of writingE(wk,w2m(w∗

2m), s).
Now if a characteristic field sayλR

j , is linearly degenerate (LD), the result still holds
since the curve of states which can be connected toz− by aj−contact discontinuity is also
an integral curve ofrj(z) that can be parametrized in the same way.
Thus, for a given left statez− = (w−

k ,w
∗
2m

−, e−), the curveC−
R(z−) projection of the

set of states to whichϕL(z−) can be connected by (at most)m R−waves,j−rarefaction,
j−shock (if thej−field is GNL) orj−contact discontinuity (if it is LD), each associated to
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a negative eigenvalueλR
j , j ∈ {1, · · · ,m}, can be parametrized forξ− = (ξ−j ) ∈ R

m, |ξ−j |
small enough by

w∗
2m(ξ−) = w∗

2m
− +

m
∑

j=1

ξ−j rR
j,2m(z−) +O(|ξ−|2).

Similarly, for C+
L(z+) projection of the set of states to whichϕL(z+) can be connected

by (at most)m L−waves,j−rarefaction orj−shock orj−contact discontinuity, each
associated to a positive eigenvalueλL

j , j ∈ {1, · · · ,m} can be parametrized forξ+ =

(ξ+j ) ∈ R
m, |ξ+j | small enough, by

w∗
2m(ξ+) = w∗

2m
+ +

2m
∑

j=m+1

ξ+j rL
j,2m(z+) +O(|ξ+|2),

which ends the proof of the lemma. �

Proof of proposition 7. We apply the above results toz+ = z(0+, t), z− = z(0−, t), and
assume thatrR

j,2m(z(0+, t)), 1 ≤ j ≤ m, rL
j,2m(z(0−, t)),m + 1 ≤ j ≤ 2m are linearly

independent. We write

(79)

{

w∗
2m(0+, t) = w∗

2m(0−, t) +
∑m

j=1 ξ
−
j rR

j,2m(z(0−, t)) +O(|ξ−|2),
w∗

2m(0−, t) = w∗
2m(0+, t) +

∑2m
j=m+1 ξ

+
j rL

j,2m(z(0+, t)) +O(|ξ+|2).

Assumeξ = (ξ−, ξ+) is non null. This would imply
m

∑

j=1

ξ−j
|ξ| r

R
j,2m(z(0−, t)) = −

2m
∑

j=m+1

ξ+j
|ξ| r

L
j,2m(z(0+, t)) +O(|ξ|).

This holds for anyξ 6= 0 small enough, lettingξ tend to0, this yields that some of the vec-
torsrR

j,2m, 1 ≤ j ≤ m andrL
j,2m,m+1 ≤ j ≤ 2m are linearly dependent in contradiction

with our assumption. Henceξ = 0 andw∗
2m(0−, t) = w∗

2m(0+, t), which concludes the
proof.

The fact that the vectorsrR
j,2m(z(0+, t)), 1 ≤ j ≤ m, rL

j,2m(z(0−, t)),m + 1 ≤ j ≤
2m are linearly independent can be proved, by some technical continuity argument, using
the fact that we have assumed that the entropy laws are close enough so that the eigen-
vectorsrR

j,2m(z), 1 ≤ j ≤ m, rL
j,2m(z),m + 1 ≤ j ≤ 2m are independent. Indeed, due

to the coupling condition, we know thatz(0−, t) andz(0+, t) are connected byL− (or
equivalentlyR−) waves, hence, with a possible change inO(|ξ−|2) we can take all the
eigenvectors evaluated at the same statez(0+, t) (or z(0−, t)). �

5.2.2. The coupled Riemann problem.We are given two nearby constant stateswe
± or

equivalentlyz± = (w±
k ,w

∗
2m

±, e±), wherewe
− = ϕL(z−), we

+ = ϕR(z+), and we
want to solve the coupled Riemann problem i.e. (64) withsL = sL(we), or in variablez,
εL(τ, s) in x < 0, sR = sR(we) or εR(τ, s), in x > 0, the initial condition

(80) w(x, 0) =

{

we
−, in x < 0

we
+, in x > 0,

together with the coupling conditions (71).
Theorem 1. Assuming the above hypothesis, the coupled Riemann problemhas a unique
solution.
Proof. We try to connect the states by a succession of elementary waves: (at most)m
L−waves, each associated to a negative eigenvalueλL

j < 0, j ∈ {1, · · · ,m}, between
we

− andwe(0−), a ‘discontinutity’ at the interfacex = 0 betweenwe(0−) andwe(0+)
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satisfying the coupling conditions (71) and (at most)m R−waves, each associated to a
positive eigenvalueλR

j > 0, j ∈ {m+ 1, · · · , 2m} betweenwe(0+) andwe
+.

Following the proof of proposition 7, we intend to ‘project’on thew∗
2m hyperplane

since the discontinutity between the statewe(0−) andwe(0+) is characterized byw∗
2m(0−) =

w∗
2m(0+). This gives2m unknown quantities(ξj)1≤j≤2m characterizing the components

w∗
2m of the intermediate constant states, saywe

j,∗, between theL−waves (inx < 0) or
R−waves (inx > 0). These quantities are obtained by writing the2m equations express-
ing thatwe

j,∗ belongs to thej−wave curve throughwe
j−1,∗ orwe

j+1,∗ according to whether
j is in {1, ..m} or {m+ 1, .., 2m}). Using the parametrization of Lemma 6, it results in

(81)

{

w∗
2m(0−, t) = (w∗

2m)− +
∑m

j=1 ξjr
L
j,2m(z(0−, t)) + 0(|ξ+|2)

w∗
2m(0+, t) = (w∗

2m)+ +
∑2m

j=m+1 ξjr
R
j,2m(z(0+, t)) + 0(|ξ−|2).

Now, since the2m vectorsrL
j,2m(z(0−, t)), rR

j,2m(z(0+, t)) are independent, thanks to the
inverse mapping theorem, we conclude that theξj exist and are unique forz± sufficiently
close.

We already know that thewk are constant across the non 0 characteristic fields thus
wk(0−) = w−

k , wk(0+) = w+
k . If there were only rarefactions, we could conclude thats

also is constant so thatsL(0−) = s−L , sR(0+) = s+R, in that case the solution is thoroughly
determined. However, if we have aj−discontinuity, we know from the last equation in (72)
that it is in fact completely determined by thew∗

2m components which are already known,
so that, in that case too, the argument is completed. �

Note that the coupling we have performed is conservative, meaning that

fL(u(0−, t)) = fR(u(0+, t)).

Indeed, at the interface, (64) shows thatwk is conserved (the corresponding flux is null)
while w∗

2m beeing continuous, the remaining components of the left andright fluxes are
equal. This also holds in conservative variablesu, since constant linear combinations of
the above variables remain continuous at the interface.

5.3. Conclusion and perspective.We have been able to explicit coupling conditions in
physicalvariables and then to solve the coupled Riemann problem in a unique way for a
rather wide class of fluid systems whose equations are written in Lagrangian coordinates.
Since the interface is characteristic, only the Riemann invariants of the eigenvalueλ = 0
are constant.

Let us note byWL,R(ξ;u−,u+) this solution of the coupled Riemann problem. It can
be used as a building block for a numerical scheme. Indeed, wecan define a Godunov
scheme with numerical fluxgGod

LR (u,v) with (see (9)(10)) the usual Godunov schemes in
each half space

(82)

{

gGod
LR (uj−1/2,uj+1/2) = gGod

L (uj−1/2,uj+1/2), j < 0
gGod

LR (uj−1/2,uj+1/2) = gGod
R (uj+1/2,uj+1/2), j > 0

wheregGod
α denotes the Godunov flux forfα which involves usual (i.e., uncoupled) Rie-

mann problems and again two fluxes at the interfacej = 0

(83)

{

gGod−
LR (u−1/2,u1/2) = fL(WL,R(0−;u−1/2,u1/2)),

gGod+
LR (u−1/2,u1/2) = fR(WL,R(0+;u−1/2,u1/2)).

The variablesw∗
2m involved in these fluxes coincide. For instance, for the usual Euler sys-

tem, the flux is(−v, p, pv)T so that the two fluxes do coincidefL(WL,R(0−;u−1/2,u1/2)) =
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fR(WL,R(0−;u−1/2,u1/2)) = (−v0, p0, p0v0)
T if v0, p0 denote the common velocity

and pressure of the stateWL,R(0−;u−1/2,u1/2).
The above analysis can also be used for the coupling of two Euler systems (in Eulerian

coordinates) in primitive variables using a Lagrange+projection scheme. In the Lagrangian
step, we solve the Lagrangian system on one time step with some two-flux method which
ensures the transmission ofv, p and then project back on the Eulerian grid, thus the La-
grangian step ensures the continuity of the Riemann invariantsw∗

2m, i.e. of v, p for the
usual Euler system. A special treatment of the projection step (with mean pressure projec-
tion) will preserve this continuity. This has been performed and the corresponding scheme
is used for the coupling of two Euler systems with differentγ−law (we refer to [4]).

This work falls within the scope of a joint research program on multiphase flows be-
tween CEA and University Pierre et Marie Curie–Paris 6 (see [2], [4]) in the framework of
the Neptune project.
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THE DRIFT-FLUX ASYMPTOTIC LIMIT OF BAROTROPIC

TWO-PHASE TWO-PRESSURE MODELS

ANNALISA AMBROSO, CHRISTOPHE CHALONS, FRÉDÉRIC COQUEL, THOMAS

GALIÉ, EDWIGE GODLEWSKI, PIERRE-ARNAUD RAVIART, NICOLAS SEGUIN

Abstract. We study the asymptotic behavior of the solutions of barotropic two-phase two-
pressure models, with pressure relaxation, drag force and external forces. Using Chapman-Enskog
expansions close to the expected equilibrium, a drift-flux model with a Darcy type closure law is
obtained. Besides, restricting this closure law to permanent flows (defined as steady flows in some
Lagrangian frame), we can obtain a drift-flux model with an algebraic closure law, in the spirit of
Zuber-Findlay models. The example of a two-phase flow in a vertical pipe is described.

1. Introduction

The description of two-phase flows is of great importance. Numerous applications
need a clever modeling of such flows, in particular in nuclear engineering. Due to
the complexity of these flows, some assumptions must be made according to the
configurations under study. Various classes of models exist and a crucial problem is
the understanding of the compatibility between all these models [9, 12, 4]. Indeed, the
knowledge of these relationships can help us when a coupling between two-phase flow
models from different classes must be performed. In [1] for instance, the coupling of
two homogeneous two-phase models with different time scales for the mass transfer is
investigated. The relationship between these two models enters in the classical frame
of relaxation mechanisms [3] and different ways of coupling are proposed.

Here, we investigate the links between two-pressure models, such as the one pro-
posed by Baer and Nunziato [2], and drift-flux models, like the Zuber-Findlay one [14]
(see also [8] or [6] for richer models). The main tools we use are Chapman-Enskog ex-
pansions and long-time scalings, but this study does not enter in the theory developed
in [3]. These tools enable us to understand the different modeling assumptions and
asymptotic expansions that are necessary to bridge two-pressure models and drift-flux
models. A fundamental step is the use of a drift-flux model with a Darcy closure law
(see [7] for related computations).

In this note, the main guidelines are sketched. Full details on the asymptotic
developments and the numerical schemes are provided in a forthcoming companion
paper.

2. Two-phase two-pressure models and drift-flux models

Two-phase two-pressure models [2] are governed by the following set of equations,
with u = (α2, α1ρ1, α2ρ2, α1ρ1u1, α2ρ2u2)

T in d space variables, (d = 1, 2, 3):

∂tα2 + Vi(u) · ∇xα2 = Θ(u)(p2 − p1), t > 0, x ∈ R
d,

∂t(α1ρ1) + ∇x · (α1ρ1u1) = −Γ(u),

∂t(α2ρ2) + ∇x · (α2ρ2u2) = Γ(u),

∂t(α1ρ1u1) + ∇x · (α1ρ1u1 ⊗ u1 + α1p1I) − Pi(u)∇xα1

= α1ρ1f1(u) + Λ(u)|u2 − u1|(u2 − u1),

∂t(α2ρ2u2) + ∇x · (α2ρ2u2 ⊗ u2 + α2p2I) − Pi(u)∇xα2

= α2ρ2f2(u) + Λ(u)|u1 − u2|(u1 − u2),

(2.1)

where αk, ρk, uk are the void fraction, the density and the velocity of the phase
k, k = 1, 2 and α1 + α2 = 1. We assume that solutions to (2.1) belong to the set
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u = (α2, (1−α2)ρ1, α2ρ2, (1−α2)ρ1u1, α2ρ2u2)
T ∈ Ω := (0, 1)×R

∗

+ ×R
∗

+ ×R
d ×R

d.
The pressures pk are defined by the equations of state pk = Pk(ρk) where the Pk

satisfy classical assumptions for k = 1, 2:

P
′

k(ρk) > 0, ∀ρk > 0,
lim

ρk→0
Pk(ρk) = 0, lim

ρk→∞

Pk(ρk) = +∞. (2.2)

The vectors f1 and f2 denote the external forces for phases 1 and 2 while Λ and Θ
correspond to positive relaxation functions and the source term Γ corresponds to the
mass transfer from phase 1 to phase 2. The two functions Vi and Pi, the so-called
interfacial velocity and pressure, are convex combinations of, respectively, u1 and u2,
and p1 and p2:

Vi(u) = βV (u)u1 + (1 − βV (u))u2,

Pi(u) = βP (u)p1 + (1 − βP (u))p2,

with βV , βP ∈ [0, 1]. If d = 1, such systems are strictly hyperbolic over Ω, except when
the wave speed Vi identifies with another wave speed uk ±

√

P ′

k(ρk), k = 1, 2 [2, 5]
(the system is hyperbolic but not strictly hyperbolic if d > 1 due to the multiplicity
of the eigenvalues uk · n, for any n ∈ R

d, ‖n‖ 6= 0).
Let us focus now on drift-flux models. They read

∂tρ̃ + ∇x · (ρ̃ũ) = 0, t > 0, x ∈ R
d,

∂t(ρ̃Ỹ ) + ∇x · (ρ̃ũỸ + ρ̃Ỹ (1 − Ỹ )ũr) = Γ̃(ṽ),

∂t(ρ̃ũ) + ∇x · (ρ̃ũ ⊗ ũ + p̃I + ρ̃Ỹ (1 − Ỹ )ũr ⊗ ũr) = ρ̃(1 − Ỹ )f̃1 + ρ̃Ỹ f̃2,

(2.3)

where ρ̃, ρ̃ũ and Ỹ are the density of the mixture, the momentum vector of the mixture
and the mass fraction of the phase 2. Noting ṽ = (ρ̃, ρ̃Ỹ , ρ̃ũ)T , we define the set of
admissible states ΩD := {ṽ ∈ R

2+d | ρ̃ > 0, (ρ̃Ỹ /ρ̃) ∈ (0, 1)}. The pressure p̃ is given
by some closure law p̃ = P̃(ṽ). More precisely, let be given two classical pressure
laws P̃1 and P̃2 satisfying

P̃
′

k(ρ̃k) > 0, ∀ρ̃k > 0,

lim
ρ̃k→0

P̃k(ρ̃k) = 0, lim
ρ̃k→∞

P̃k(ρ̃k) = +∞. (2.4)

Then, the pressure law p̃ = P̃(ṽ) is obtained by solving the 2 × 2 nonlinear system

p̃ = P̃1(ρ̃(1 − Ỹ )/(1 − α̃)),

P̃1(ρ̃(1 − Ỹ )/(1 − α̃)) = P̃2(ρ̃Ỹ /α̃),
(2.5)

where the unknown (p̃, α̃) belongs to (0, +∞) × (0, 1). The existence and uniqueness
of the solution (p̃, α̃) is ensured by assumptions (2.4), provided that ṽ ∈ ΩD. The
relative velocity vector ũr corresponds to the difference between the velocity of the
phase 2 and the velocity of the phase 1 and is given by the closure law ũr = Φ̃(ṽ) (see
[9] and [10] for explicit laws). The precise form of the vector-valued function Φ̃ will
be discussed in Section 4. The functions Γ̃, f̃1 and f̃2 denote the mass transfer and
the external forces.

3. Asymptotic analysis

The goal of this section is to obtain a model similar to (2.3) using asymptotic
arguments, starting from a two-phase two-pressure model (2.1).
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3.1. The time scales of the source terms

In order to study the asymptotic limits of (2.1), we must explicit the different
scales of the system. To this aim, we use a small parameter ε which describes the
strength of perturbations of an dimensionless one-velocity one-pressure equilibrium
flow. The first perturbation we are interested in concerns the difference of the veloc-
ities. In order to obtain a first order in ε perturbation, we set

Λ(u) =
λ(u)

ε2
(3.1)

since the drag force is quadratic with respect to u1−u2. It is classical to assume that
the pressure relaxation is much faster that the relaxation due to the drag force [9].
Therefore, we use the following scaling for the pressure relaxation coefficient

Θ(u) =
θ(u)

ε2
(3.2)

(the pressure relaxation term is linear with respect to p1 − p2). Besides, we assume
that the characteristic time associated with the mass transfer is much larger than the
ones of the pressure relaxation and of the drag effects. We then use the scaling

Γ(u) = εγ(u). (3.3)

Letting Γ be linear with respect to ε will enable us to preserve the mass transfer term
when we investigate the long-time behavior of the solutions in Section 3.3.

3.2. First order equilibrium: a drift-flux model with a Darcy law

This first step in bridging models (2.1) and (2.3) lies in the study of the first order
asymptotic limit of (2.1).

Solutions to (2.1) with (3.1-3.2) are now parameterized by ε and we denote them
uε. Let us introduce some new variables:

ρε = αε
1ρ

ε
1 + αε

2ρ
ε
2, ρεuε = αε

1ρ
ε
1u

ε
1 + αε

2ρ
ε
2u

ε
2, ρεY ε = αε

2ρ
ε
2,

uε
r = uε

2 − uε
1, pε = αε

1p
ε
1 + αε

2p
ε
2, pε

r = pε
2 − pε

1.

By easy calculations, one can deduce from (2.1) the following equations:

∂tρ
ε + ∇x · (ρεuε) = 0,

∂t(ρ
εY ε) + ∇x · (ρεuεY ε + ρεY ε(1 − Y ε)uε

r) = Γε,

∂t(ρ
εuε) + ∇x · (ρεuε ⊗ uε + pε

I + ρεY ε(1 − Y ε)uε
r ⊗ uε

r)

= ρε(1 − Y ε)fε
1 + ρεY εfε

2 ,

∂tu
ε
r + uε

r · ∇xuε + uε · ∇xuε
r + ∇x · ((1/2 − Y ε) uε

r ⊗ uε
r) + (1/ρε

2 − 1/ρε
1)∇xpε

+
(

βP /(ρεY ε) − (1 − βP )/(ρε(1 − Y ε)) + 1/ρε
1 − 1/ρε

2

)

pε
r∇xαε

2

+ ρε/(ρε
1ρ

ε
2)∇xpε

r = fε
2 − fε

1 − λε|uε
r|uε

r/(ε2ρεY ε(1 − Y ε)),

∂tp
ε
r + uε

r · ∇xpε + (ρε
2P

′

2(ρ
ε
2) − ρε

1P
′

1(ρ
ε
1))(∇x · uε − uε

r · ∇xY ε)

+ (Y ερε
1P

′

1(ρ
ε
1) + (1 − Y ε)ρε

2P
′

2(ρ
ε
2))∇x · uε

r + (αε
1u

ε
2 − αε

2u
ε
1) · ∇xpε

r

+
(

βV ρε
2P

′

2(ρ
ε
2)/αε

2 − (1 − βV )ρε
1P

′

1(ρ
ε
1)/αε

1 − pε
r

)

uε
r · ∇xαε

2

= −(ρε
1P

′

1(ρ
ε
1)/αε

1 + ρε
2P

′

2(ρ
ε
2)/αε

2)θ
εpε

r/ε2.
(3.4)
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It is worth noticing that under assumptions (2.2), the application which maps uε ∈ Ω
to (ρε, ρεY ε, ρεuε, uε

r, p
ε
r)

T is a diffeomorphism. Therefore, αε
2, ρε

1, ρε
2, fε

1 , fε
2 ... must

be understood in (3.4) as functions of (ρε, ρεY ε, ρεuε, uε
r, p

ε
r)

T (we keep for sim-
plicity the same notations whatever the dependence of the functions on uε or on
(ρε, ρεY ε, ρεuε, uε

r, p
ε
r)

T is). We thus deduce that the system (3.4) is closed.
We are interested in studying solutions of (3.4), near the equilibrium defined by

uε
r = 0 and pε

r = 0, (3.5)

and in obtaining a closed system which describes such solutions up to the first order in
ε. With this in mind, we follow the Chapman-Enskog method and focus on solutions
of the form

uε
r = εuε

r1 + O(ε2),

pε
r = εpε

r1 + O(ε2).

These expansions and the last two equations of (3.4) lead us to define

|uε
r1|uε

r1 =
ρεY ε(1 − Y ε)

λε

(

fε
2 − fε

1 +

(

1

ρε
1

− 1

ρε
2

)

∇xpε

)

, (3.6)

pε
r1 = 0. (3.7)

We are now in position to propose a first order equilibrium system associated with
the two-phase two-pressure model (2.1), that is to say a reduced model in which only
second (and higher) order terms in ε have been neglected.
Proposition 3.1. Let us note v = (ρ, ρY, ρu)T ∈ ΩD and assume that Γ, λ, f1 and
f2 only depend on v. Consider the system

∂tρ + ∇x · (ρu) = 0,

∂t(ρY ) + ∇x · (ρuY + ρY (1 − Y )ur) = Γ(v),

∂t(ρu) + ∇x · (ρu ⊗ u + pI + ρY (1 − Y )ur ⊗ ur)

= ρ(1 − Y )f1(v) + ρY f2(v),

(3.8)

where

|ur|ur = ε2 ρY (1 − Y )

λ(v)

(

f2(v) − f1(v) +

(

1

ρ1(v)
− 1

ρ2(v)

)

∇xp

)

, (3.9)

and with the pressure law p = P(v), given by the solution (p, αe
2) of the 2×2 nonlinear

system

p = P1(ρ(1 − Y )/(1 − αe
2)),

P1(ρ(1 − Y )/(1 − αe
2)) = P2(ρY/αe

2).
(3.10)

The system (3.8-3.10) is closed and its solutions correspond to equilibrium solutions
of the two-phase two-pressure model (2.1) up to the first order in ε.

In order to prove that this system is closed, we only need to study the system
(3.10). As soon as v ∈ ΩD, simple computations allow to check that assumptions
(2.2) on the pressure laws ensure that αe

2 ∈ (0, 1) and that there exists a function
P that maps v to p (see (2.4) and (2.5) for a similar discussion). Note that these
assumptions also ensure that the pressure laws are invertible, so that the functions
ρk(v) := P

−1
k (P(v)), v ∈ ΩD, in (3.9) make sense.
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Besides, only terms of order ε2 and higher have been neglected in (3.8-3.10),
thanks to the assumptions on λ, Γ, f1 and f2 made in Proposition 3.1. The term
ur ⊗ ur, of order ε2, has been kept in (3.8) in agreement with the classical form of
drift-flux models. It is also important to remark that, due to the order in ε2 of the
pressure relaxation, the first order pressure correction pε

r1 is null and consequently,
the system (3.8-3.10) is independent of θ.

This system enables to describe flows near the equilibrium (3.5) of system (2.1)
(see [7] for a study of a related system). It is the first step towards a classical drift-
flux model. Indeed, v = (ρ, ρY, ρu)T in (3.8) and ṽ = (ρ̃, ρ̃Ỹ , ρũ)T in (2.3) verify the
same set of partial differential equations, with Γ ≡ Γ̃, f1 ≡ f̃1 and f2 ≡ f̃2, the only
difference being that the hydrodynamic closure law (3.9) is a Darcy-like law, in the
sense that ur depends not only on v but also on its derivative via ∇xp.

3.3. Permanent flows: from a Darcy law to a zeroth order law

In order to obtain a zeroth order hydrodynamic closure law, we investigate per-
manent flows. We define such flows as the long-time limit of the solutions of (3.8)
along the characteristics of the flow. We then focus on the characteristics of the flow
and rewrite system (3.8) in the associated frame of reference. Let us consider the
differential system







dx

dt
= u(x, t), t > 0,

x(0) = ξ,
(3.11)

where ξ ∈ R
d. We denote x(ξ, t) the solution of (3.11) and introduce the associated

change of coordinates

φ(ξ, t) = φ(x(ξ, t), t), (3.12)

where φ is a given function in Eulerian coordinates and φ the same function in La-
grangian coordinates. We then obtain

∂tφ = ∂tφ + u · ∇xφ.

The equations of (3.8) becomes in the new frame of reference

∂tρ + ρ∇x · u = 0,

∂tρY + ρY ∇x · u + ∇x · (ρY (1 − Y )ur) = εγ,

∂tρu + (ρ∇x · u)u + ∇xp + ∇x · (ρY (1 − Y )ur ⊗ ur) = ρ((1 − Y )f1 + Y f2).

In order to investigate the long-time limit, we use the scaling s = εt. This leads to

ε∂sρ + ρ∇x · u = 0,

ε∂sρY + ρY ∇x · u + ∇x · (ρY (1 − Y )ur) = εγ,

ε∂sρu + (ρ∇x · u)u + ∇xp + ∇x · (ρY (1 − Y )ur ⊗ ur) = ρ((1 − Y )f1 + Y f2).
(3.13)

At the zeroth order, it remains

ρ∇x · u = 0, (3.14)

∂sρY + ∇x · (ρY (1 − Y )ur1) = γ, (3.15)

∇xp = ρ((1 − Y )f1 + Y f2). (3.16)
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Assuming now that the flow governed by (3.8) satisfies this relation for all t > 0
and x ∈ R

d, the closure law (3.9) becomes

|ur|ur = ε2 ρY (1 − Y )

λ(v)

(

f2(v) − f1(v)

+

(

1

ρ1(v)
− 1

ρ2(v)

)

(

ρ(1 − Y )f1(v) + ρY f2(v)
)

)

, (3.17)

from which one can deduce a zeroth order closure law ur = Φ(v).
Remark 1. Provided that λ, f1, f2 and P are only functions of ρ and ρY , equations
(3.15), (3.16) with the closure laws

p = P(v) and |ur1|ur1 =
ρY (1 − Y )

λ

(

f2 − f1 +

(

1

ρ1
− 1

ρ2

)

∇xp

)

. (3.18)

constitute a closed system very similar to those which govern the evolution of the
saturation of a fluid in a porous medium, coupled with a Darcy law.
Remark 2. One can here notice the importance of the scaling Γ = εγ. Indeed,
when ε → 0, the second equation of (3.13) directly vanishes whereas, if Γ had been
independent of ε, the limit ε → 0 would yield Γ ≡ 0.

4. The asymptotic drift-flux model

We have obtained a closed drift-flux model, composed of the PDE’s (3.8) with
the zeroth order hydrodynamic closure law (3.17) and the pressure law given by the
solution of (3.10). This last equation is exactly the pressure law P̃ which appears
for classical drift-flux models (2.3), provided that Pk ≡ P̃k, k = 1, 2. Moreover,
v = (ρ, ρY, ρu) in (3.8) and ṽ = (ρ̃, ρ̃Ỹ , ρũ) in (2.3) verify the same set of PDE’s,
with f1 ≡ f̃1, f2 ≡ f̃2 and Γ ≡ Γ̃. Then, it remains to address the hydrodynamic law
(3.17).

4.1. The case of a vertical pipe with buoyancy effects

In order to understand the connection between the hydrodynamic laws Φ and Φ̃,
we present the case of a dispersed flow in a vertical confined channel only subject to
the gravity force, that is to say we only consider classical buoyancy effects. The model
is now one-dimensional, x is the upward direction and thus, f1 = f2 = −g where g is
the gravity constant. Assume that the phase 1 is the air and the phase 2 is the liquid,
then ρ1 ≪ ρ2.

Following [10], the drag force in the two-pressure model (2.1) can be defined by

Λ(u)|ur|ur =
3

8RD
α1ρ2CD(u)|ur|ur

where RD is the bubble radius (assumed to be constant) and CD is the drag coefficient.
For the present configuration of flow, Ishii and Zuber proposed the following formula
in [11]

CD(u) =
4RD

3
(α2)

−ϑ
√

(ρ2 − ρ1)g/σ,

where σ denotes the surface tension and the value of the constant ϑ is given according
to the ratio of the dynamical viscosities of the phases. This leads to

Λ(u)|ur|ur =
1

2
α1(α2)

−ϑρ2

√

(ρ2 − ρ1)g/σ|ur|ur,
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from which we can deduce Λ (note that Λ can also be expressed as a function of v).
On the other hand, Equation (3.17) reduces to

Λ(u)|ur|ur = −α1α2(ρ2 − ρ1)g.

Due to the configuration of the flow, both velocities u1 and u2 are negative and
u2 6 u1, which yields Λ(u) > 0. Identifying the two latter equations enables us to
deduce the following form for the relative velocity:

ur = −
√

2

(

σ(ρ2 − ρ1)g

(ρ2)2

)1/4

(α2)
(1+ϑ)/2.

This definition corresponds to a classical hydrodynamic closure law ũr = Φ̃(ṽ) for
drift-flux models (see for instance [8] or [6] for such models and extensions). Actually,
this correspondence is not so surprising since it is a classical way of modeling in two-
phase flows. The cornerstone of this derivation in modeling of two-phase flows is the
balance of the gradient of pressure with the external forces, which is recovered here
by the study of permanent flows.

4.2. Some remarks on the derivation

Let us first provide a comment on the entropy criterion. The functions Vi and
Pi are only assumed to be convex combinations of the velocities and pressures re-
spectively. For a more detailed analysis regarding the consistency of two-phase two-
pressure models with the entropy principle, additional requirements on these two
quantities must be added [5]. This should enable us to study the dissipative structure
of the relaxation terms and the nonlinear stability of the asymptotic limits proposed
here, following [3].

On the other hand, a theoretical study of the asymptotic limits described in this
paper should be performed. In particular, the works of Yong [13] on the relation of
the dissipative structure of the relaxation phenomenon with the convergence towards
equilibrium smooth flows could be very useful to justify the asymptotic link between
the two-pressure model (2.1) and the drift-flux model (2.3).

In general, system (3.8) is directly obtained from (2.1) by algebraic manipulations
and restricting to one-pressure flows, while the drift law is derived using the balance of
the buoyancy effects by the drag forces. The novelty of our work is the proposition of a
hierarchy between two-pressure models and drift-flux models by the use of asymptotic
mechanisms.
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SUMMARY

This paper studies a global relaxation method to ensure the conservative coupling at a fixed interface of
two Euler systems with different pressure laws. Copyright q 2007 John Wiley & Sons, Ltd.
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1. INTRODUCTION

What we consider as our coupling problem is, given two different systems,

�tu+�x fL(u)=0, x<0, �tu+�x fR(u)=0, x>0, t>0 (1)

where f�,�= L , R, are two smooth fluxes, find a function u satisfying (1) with some initial
condition u(x,0)=u0(x), x ∈R, and a coupling condition (CC) at the interface x=0. A new CC
was introduced in [1] and followed by applications to problems arising in the frame of multiphase
flow simulations [2], with the further aim of coupling codes. The condition says that two boundary
value problems should be well posed, and results in imposing whenever possible the continuity of
the solution u at the interface, without imposing the conservativity of the coupled model, what we
call state coupling as opposed to flux coupling. Flux coupling appears as a conservative approach
of a system with discontinuous flux, since we can then write (1) for x ∈R, with a unique flux
f(u, x)=(1−H(x))fL(u)+H(x)fR(u), where H is the Heaviside function. We will see that, in the
case we consider below, we can also achieve this conservative coupling through the state coupling
of larger relaxation systems. Indeed, we have introduced in [3] a global relaxation approximation

∗Correspondence to: E. Godlewski, LJLL, BC 187, Université Pierre et Marie Curie, 4 place Jussieu, 75252 Paris
cedex 05, France.

†E-mail: godlewski@ann.jussieu.fr
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involving relaxation systems and a state coupling procedure as a tool for flux coupling of two
Euler systems at a fixed interface.

First, recall that the state coupling approach was generalized in [2, 4] by introducing the possi-
bility of transmitting other variables, say v, than the conservative ones u. In the case of Euler
system in Lagrangian coordinates, we may choose for v the primitive variables and transmitting
the velocity and the pressure eventually results in flux coupling. However, the flux variables cannot
always be taken as transmitted variables. Indeed in the case of the Euler system (2), the problem
is more delicate since the eigenvalues may vanish and change the sign and this might create a
resonance phenomenon at the interface [5]. Here comes the idea of using a relaxation method
which, by introducing a larger but simpler system on which a state coupling procedure is applied,
ensures a conservative coupling of two Euler systems which avoids resonance. Then state and
flux coupling can be combined in an optimized hybrid coupling. We are presently extending the
approach to more complex systems (bifluid models).

In Section 2, we introduce the relaxation system. In Section 3, we study the coupled Riemann
problem (CRP) of two linearly degenerate systems involved in the global relaxation approximation
which we present in Section 4. Numerical tests illustrate the good properties of this global relaxation
solver.

2. THE RELAXATION SYSTEM

The systems involved in (1) will be two Euler systems differing by their pressure law

�t�+�x (�u)=0,

�t (�u)+�x (�u2+ p)=0,

�t (�e)+�x ((�e+ p)u)=0,

p=
{
pL(�,�)= p̃L(�,s) in x<0

pR(�,�)= p̃R(�,s) in x>0
(2)

where p� is a given function expressed either in terms of density and internal energy (�,�) or
equivalently (with a tilde) in terms of specific volume and entropy (�,s) (with �=1/� and the
physical specific entropy is −s). We assume that these functions satisfy the classical assumptions
derived from laws of thermodynamics, in particular we can write �= �̃(�,s) with �̃� =−p<0,
�̃s =−T<0, and �̃(�,s) strictly convex. The internal energy satisfies the relation e=�+u2/2, the
set of states is �E ={(�,q=�u,E=�e);�>0,u∈R,e−u2/2>0}. Outside coupling (when pL =
pR), discontinuous solutions of (2) are required to satisfy an inequality �t�s+�x (�su)�0, which
becomes an equality for smooth solutions

�t�s+�x (�su)=0 (3)

Following [6], we propose to approximate the solutions of (2) by those of the relaxation system

�t�+�x (�u)=0,

�t (�u)+�x (�u2+�)=0,

�t�s+�x (�su)=0,

�t (�T)+�x (�Tu)=��(�−T),

�=
{
p̃L(T,s)+a2(T−�) in x<0

p̃R(T,s)+a2(T−�) in x>0
(4)
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with a singular perturbation where �>0 stands for the relaxation parameter. The set of states for
(4) is �={U=(�,q=�u, S=�s,I=�T);�>0,u∈R,s>0,T>0}. The closure relation for � is
the exact pressure law p̃ modified by a correction term, where a is a positive constant which is
required to satisfy Whitham’s or subcharacteristic condition

a2>−�� p̃�(T,s) (5)

i.e. to upper bound the exact Lagrangian sound speed for all the states U under consideration.
Formally, as the relaxation parameter �→∞,T−�→0, so that �→ p and we indeed obtain Euler
system at equilibrium where the energy equation has been replaced by entropy (3). When pL = pR ,
outside coupling, a proof of the convergence for smooth solutions of (4) to smooth solutions of
(2) can be found in [7]. It is then shown in [8] how to recover a consistent approximation of weak
solutions of (2). The relaxation procedure is justified by an entropy dissipation principle (see [6])
involving the energy E=�� and energy flux GE where

�(U)= �̃(T,s)+u2/2+(�̃
2
(�,s,T)− p̃2(T,s))/2a2, GE(U)=(��+�)u (6)

System (4) without source term (�=0) has four linearly degenerate fields u−a�,u,u,u+a�, and
explicit solutions for Riemann problems, which we note W�(x/t;U�,Ur ) when the law p� is used
on the whole line (without coupling).

3. COUPLED RIEMANN PROBLEM

The numerical method we describe in Section 4 involves the coupling, at a fixed interface x=0,
of two such systems (4) with �=0, differing by their pressure law. We now study the CRP, which
corresponds to initial data U� for x<0 and Ur for x>0 and with a CC which we now describe. Since
we want to transmit, not the conservative variables but the primitive variables V=(�,u,�,�)T,
we introduce the law T�(�,�,s) obtained by inverting the relation p̃�(T,s)+a2T=�+a2�,
for a satisfying (5) and two associated changes of variables

U=��(V) where ��(�,u,�,�)=(�,�u,�s,�T�(�,�,s)) (7)

Note that (6) yields �s�(�,u,�,s)=�s �̃(T,s)<0 by assumption so that �� is indeed an admissible
change of variables. The CC with transmission of V writes

U(0−, t) ∈ OL(�L(V(0+, t)) ∀t>0

U(0+, t) ∈ OR(�R(V(0−, t)) ∀t>0
(8)

where the sets O� are sets of traces of possible Riemann problems with one given data
OL(Ub)={WL(0−;U,Ub),U∈�}, OR(Ub)={WR(0+;Ub,U),U∈�} (we refer to [4] for details).
Relations (8) say that the two boundary value problems in each half space t>0, x>0, or x<0,
are well posed (cf. [9]). However, the boundary data are characterized in terms of primitive (as
in [4]), not conservative variables (as they were in [1]). In [4] for the case of two Lagrangian
systems we solved directly (1) with u=(�,v,e)T, f�(u)=(−v, p, pv)T, p= p�, where the CC in
variables v=(�,v, p)T, eventually resulted in the continuity of the flux. Here also, for coupling
the two systems (4,�=0), V is a variable for the CC such that the flux is continuous. Given data
at equilibrium, i.e. such that T� =�,�= L , R, we prove the following.
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Theorem 1
Assuming (5), for any given equilibrium states UL ,UR , the CRP (4,�=0), with CC (7), (8) admits
a unique solution WV

c (x/t;UL ,UR) which coincides with the solution of the classical Riemann
problem in each half space

WV
c (x/t;UL ,UR)=

{
WL(x/t;UL ,�L(VR)), x<0

WR(x/t;�R(VL),UR), x>0
(9)

Moreover, �u, �u2+� and (��+�)u, are continuous at the interface.

We prove that the solution we obtain for the above CRP expressed in terms of V coincides
with the solution of the Riemann problem of the conservative system in variables (�,�u,��,��),
where we have replaced the third equation in (4) by �t (��)+�x ((��+a2)u)=0, which is easy
to verify and the last one by the energy conservation equation. Since all the characteristic fields
are linearly degenerate, the two systems are equivalent. If we express the solution in terms of U,
we have to use the two changes of variables T� (as in (7)) and s.

4. GLOBAL RELAXATION APPROXIMATION

Let us now define our global relaxation approximation that involves a relaxation solver and a
coupling solver. Recall that this numerical procedure is devised to approximate the conservative
coupling of two Euler systems (2).

4.1. The relaxation solver

We use a fractional step method to advance the solution in time from tn to tn+1= tn+�t . Three
steps are needed in the relaxation solver: reconstruction, evolution, projection, the last two steps
correspond to solve the relaxation system (4) by an operator splitting method [8]. We first describe
the main lines of the relaxation procedure for n=0.

1. Let u0(x)=(�0,�0u0,�0e0)
T(x) be an initial datum for system (2). We define the extended

initial datum at equilibrium U0(x)=(�0,�0u0,�0s0,�0T0)
T(x) for system (4) with T0≡

1/�0, s0=s(�0,�0).
2. We solve (approximately) the coupled Cauchy problem for (4) with �=0, and V—CC at

x=0, we obtain U−
1 (x)=U(x,�t).

3. We project U−
1 =(�1,�1u1,�1s1,�1T1)

T on the equilibrium set of system (4) to obtain
U1=(�1,�1u1,�1s1,1)

T (instantaneous relaxation).

4.2. Definition of the coupling solver

In step 2, we need a numerical coupling procedure which we recall briefly (see [4]). Let
�x denote the space step, we set �=�t/�x , and consider the cells C j+1/2=(x j , x j+1),
with center x j+1/2=( j+1/2)�x, j ∈Z. The initial condition is discretized as usually by
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U0
j+1/2=(1/�x)

∫
C j+1/2

U0(x)dx . We are given two numerical fluxes GL ,GR (G� consistent with
F�) corresponding to 3-point schemes, and we define the coupling scheme by

Un+1
j−1/2 = Un

j−1/2−�(Gn
L , j −Gn

L , j−1), j�0, n�0

Un+1
j+1/2 = Un

j+1/2−�(Gn
R, j+1−Gn

R, j ), j�0, n�0
(10)

So we have usual fluxes for j �=0 and two fluxes Gn
�,0 at the interface at x=0. If we take for

G�, j , j �=0 Godunov’s flux (noted with a superscript God) and, use the solution of the CRP,
according to the coupling procedure

GGod,n
L ,0 =FL(WV

c (0−;Un
−1/2,U

n
+1/2)), GGod,n

R,0 =FR(WV
c (0+;Un

−1/2,U
n
+1/2)) (11)

we obtain what we call the Godunov scheme with V state coupling

Un+1
j−1/2 = Un

j−1/2−�(GGod,n
L , j −GGod,n

L , j−1), j�0, n�0

Un+1
j+1/2 = Un

j+1/2−�(GGod,n
R, j+1−GGod,n

R, j ), j�0, n�0
(12)

4.3. The global relaxation solver

We now define the resulting global relaxation scheme when we use Godunov’s flux in each
half space. Given an initial data for (2) u0, define u0j+1/2=(1/�x)

∫
C j+1/2

u0(x)dx , then from

unj+1/2=(�,�u,�e)nj+1/2, define Un
j+1/2=((�,�u,�s)nj+1/2,1), j ∈Z.

• Solve the Riemann problems, compute W�(0;Un
j−1/2,U

n
j+1/2),�= L , j<0,�= R, j>0,

to define the numerical fluxes GGod,n
�, j , j �=0. Solve the CRP with data Un

−1/2,U
n
+1/2 and

prescribed state CC, compute WV
c (x/t;Un

−1/2,U
n
+1/2) and (11).

• Update Un+1
j+1/2 by (12), (11); keep the two first components that provide a scheme consistent

with the equations of conservation of mass and momentum, the third one gives an equation
for the entropy, with numerical flux at the interface x= x j noted Gn

�,�s, j , �= L or R.
• A careful analysis as in [8] enables us to reverse the role of entropy conservation and energy
inequality and turn back to a scheme with an equation for the energy that satisfies an entropy
inequality. We skip the technical details for which we refer to [10].

We thus assert that with V-state coupling, the resulting global Godunov relaxation solver is
conservative in (�,�u,�e):

Theorem 2
The resulting scheme can be expressed as

un+1
j+1/2=unj+1/2−�(gnj+1−gnj ), j ∈Z, n�0 (13)

with the three components of the flux gnj given by (�u,�u2+�, (��+�)u)(Wn
j ) (i.e. evaluated

on state Wn
j )

Wn
j =

{
W�(0;Un

j−1/2,U
n
j+1/2), �= L if j<0, �= R if j>0

WV
c (0;Un

−1/2,U
n
+1/2), j =0

(14)
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Figure 1. Test 1: density, velocity and impulsion flux.
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Figure 2. Test 2: density, velocity and numerical flux components.

Moreover, the global Godunov relaxation solver satisfies a discrete entropy inequality

(�s)n+1
j+1/2 � (�s)nj+1/2−�(Gn

L ,�s, j+1−Gn
L ,�s, j ), j<0, n�0

(�s)n+1
j+1/2 � (�s)nj+1/2−�(Gn

R,�s, j+1−Gn
R,�s, j ), j�0, n�0

(15)

Note that in (15), (�s)n+1
j+1/2 is defined from s(�n+1

j+1/2,�
n+1
j+1/2) (and not by the third component of

Un+1
j+1/2). We have moreover the formal Lax–Wendroff-type convergence result, where u� denotes

the piecewise constant function associated in a classical way with scheme (13).

Theorem 3
Assume that u� is bounded in L∞ and that the scheme converges in the sense that u� →u in
L1
loc(R+;L1

loc(R)) and a.e. and u�(0, t)→u(0, t) in L1
loc(R) and a.e. Then the limit u is a weak

solution of the conservative Euler system with pressure law p= p(x)=(1−H(x))pL +H(x)pR
and initial condition u0.

We illustrate our approach numerically with the solution of two CRP for the full Euler system
(2) with two 	-laws. We take 	L =1.4,	R =1.6 (CFL=0.5, 500 points), we represent the density,
velocity and numerical impulsion flux which is continuous at x=0 (the interface is at the middle of
the space domain (−0.5,+0.5)). For the first test, we start with a constant initial data �L =�R =1.6,
uL =uR =0.8, pL = pR =2.35. Because of the difference in pressure laws, it gives birth to three
waves plus a standing wave and the exact solution is a 1L-shock, a standing wave, a 2R-contact
discontinuity and a 3R-rarefaction. These four waves are seen on the density (Figure 1, left),
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while the velocity (Figure 1, middle) is naturally constant on the 2R-contact discontinuity, and the
impulsion flux (Figure 1, right) is indeed continuous on the standing wave.

The second test is more delicate since it involves a sonic rarefaction wave (but no resonance
occurs): �L =1.902,uL =1.6361, pL =2.4598;�R =1,uR =2, pR =1. The solution (shown at t=
0.13) is a 1L-shock, a standing (coupling) wave, a sonic 1R-rarefaction, a 2R-contact discontinuity
and a 3R-shock, with a zoom on the three normalized numerical flux components (Figure 2) that
are indeed continuous on the coupling wave (at x=0). Note the presence of two waves of the same
family (1-waves), due again to the difference of pressure laws hence of sound velocities at the
interface. The solution does not depend on the mesh refinement (computations by Thomas Galié).
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Convergent and conservative schemes

for nonclassical solutions based on kinetic relations. I.

Benjamin Boutin1,2, Christophe Chalons1,3, Frédéric Lagoutière1,3,

and

Philippe G. LeFloch1

Abstract

We propose a new numerical approach to compute nonclassical solutions to hyperbolic
conservation laws. The class of finite difference schemes presented here is fully conservative
and keep nonclassical shock waves as sharp interfaces, contrary to standard finite difference
schemes. The main challenge is to achieve, at the discretization level, a consistency property
with respect to a prescribed kinetic relation. The latter is required for the selection of phys-
ically meaningful nonclassical shocks. Our method is based on a reconstruction technique
performed in each computational cell that may contain a nonclassical shock. To validate this
approach, we establish several consistency and stability properties, and we perform careful
numerical experiments. The convergence of the algorithm toward the physically meaningful
solutions selected by a kinetic relation is demonstrated numerically for several test cases,
including concave-convex as well as convex-concave flux-functions.

1 Introduction

State of the art

We are interested here in the challenging issue of numerically computing nonclassical solutions
(containing undercompressive shocks) to nonlinear hyperbolic conservation laws. Nonclassical
solutions have the distinctive feature of being dynamically driven by small-scale effects such
as diffusion, dispersion, and other high-order phenomena. Their selection requires an additional
jump relation, called a kinetic relation, and introduced in the context of phase transition dynamics
[28, 29, 30, 31, 1, 2, 11, 20, 13, 14, 26, 27], and investigated by LeFloch and collaborators in the
context of general hyperbolic systems of conservation laws (see [21] for a review).

From pioneering work by Hayes and LeFloch [13, 14] it is now recognized that standard finite
difference schemes do not converge to nonclassical solutions selected by the prescribed kinetic
function. In fact, kinetic functions can be associated not only with continuous models, but with
the finite difference schemes themselves. Achieving a good agreement between the continuous
and the numerical kinetic functions has been found to be very challenging.

1 Laboratoire Jacques-Louis Lions & Centre National de la Recherche Scientifique, Université Pierre-et-Marie
Curie (Paris 6), 75252 Paris Cedex 05, France. E-mail: Boutin@ann.jussieu.fr, LeFloch@ann.jussieu.fr
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3 Université Paris Diderot (Paris 7), 75251 Paris Cedex 05.
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In the present paper, we will show how to enforce the validity of the kinetic relation at the
numerical level, and we design a fully conservative scheme which combines the advantages of
standard finite differences and Glimm-type (see below) approaches.

Nonclassical shocks and other phase transitions are naturally present in many models of
continuum physics, especially in the modeling of real fluids governed by complex equations of
state. This is the case, for instance, of models describing the dynamics of liquid-vapor phase
transitions in compressible fluids, or of solid-solid phase transformations in materials such as
memory alloys. For numerical work in this direction we refer to [15, 16, 8, 24, 25].

Setting for this paper

We restrict here attention to scalar conservation laws

∂tu + ∂xf(u) = 0, u(x, t) ∈ R, (x, t) ∈ R × R
+,

u(x, 0) = u0(x),
(1)

and postpone the discussion of systems of conservation laws to the follow-up paper [4]. The
above equation must be supplemented with an entropy inequality of the form

∂tU(u) + ∂xF (u) ≤ 0. (2)

Here, t denotes the time variable, x the (one-dimensional) space variable, f : R → R the flux
function, and (U,F ) is any strictly convex mathematical entropy pair. That is, U : R → R is
strictly convex and F : R → R is given by F ′ = U ′f ′. Equations (1) and (2) are imposed in the
distributional sense.

We rely here on the theory of nonclassical solutions based on kinetic relations, established in
[21]. The flux f is assumed to be nonconvex, which is the source of mathematical and numerical
difficulties. From the mathematical standpoint, a single entropy inequality like (2) does not
suffice to select a unique solution. This can be seen already at the level of the Riemann problem,
corresponding to (1)-(2) when u0 has the piecewise constant form

u0(x) =

{

ul, x < 0,
ur, x > 0,

(3)

ul and ur being constant states. The Riemann problem admits (up to) a one-parameter family
of solutions (see Chapter 2 in [21]). However, these solutions contain discontinuities violating the
standard Lax shock inequalities, which are referred to as nonclassical. They are essential from
the physical standpoint, and should be retained. This non-uniqueness can be fixed however,
provided an additional algebraic condition, the so-called kinetic relation, is imposed on each
nonclassical shock. Consider a shock connecting a left-hand state u− to a right-hand state u+

and propagating with the speed σ given by the usual Rankine-Hugoniot relation, that is,

u(x, t) =

{

u−, x < σt,
u+, x > σt,

σ = σ(u−, u+) =
f(u+) − f(u−)

u+ − u−
. (4)

The kinetic relation takes the form

u+ = ϕ♭(u−) for all nonclassical shocks, (5)

where ϕ♭ is the so-called kinetic function. Equivalently, denoting by ϕ−♭ the inverse of the kinetic
function it may be preferable to write u− = ϕ−♭(u+). The kinetic relation implies that the right-
hand (respectively left-hand) state is no longer free (as in a classical shock wave) but depends
explicitly on the left-hand (respectively right-hand) state.

2



Objectives in this paper

At the numerical level, several strategies exist in the literature in order to take into account the
kinetic relation (5). We can distinguish between diffuse interface methods and sharp interface
methods.

In the first approach, one assumes that the kinetic relation is derived from an augmented
continuous model and, in order to take into account the internal structure of nonclassical dis-
continuities, one attempts to resolve the effects dues to (small) diffusive and dispersive terms
that generate them. It is then possible to construct conservative schemes that mimic at the
numerical level the effect of the regularized models. Due to the great sensitivity of nonclassi-
cal solutions with respect to small scales and numerical diffusion, it turns out that numerical
results are satisfactory for shocks with moderate amplitude, but discrepancies between the ex-
act and the numerical kinetic function arise with shocks with large amplitudes and in long-time
computations. For this circle of ideas we refer the reader to [13, 14], and the follow-up papers
[22, 7, 8].

In the second approach, small scale features are not explicitly taken into account. Instead,
the kinetic relation is included, in a way or another, in the design of the numerical scheme. This
is the case of the random choice and front tracking schemes. It should be mentioned here that
the Glimm scheme and front tracking schemes do converge to exact solutions even in presence of
nonconclassical shocks; see [20, 21, 23] for the theoretical aspects and Chalons and LeFloch [9]
for a numerical study of the Glimm scheme. These schemes require the explicit knowledge of the
underlying nonclassical Riemann solver, which may be expensive numerically, and this motivated
the introduction of the so-called transport-equilibrium scheme by Chalons [5, 6].

In [16], Hou, LeFloch, and Zhong proposed a class of converging schemes for the computation
of propagating solid-solid phase boundaries. More recently, Merckle and Rohde [25] developed
a ghost-fluid type algorithm for a model of dynamics of phase transition. These schemes pro-
vide satisfactory numerical results, as nonclassical discontinuities are sharply and accurately
computed. Although the convergence of the methods was demonstrated numerically, their main
drawback in practice is similar to the Glimm-type schemes and the property of strict conservation
of the conservative variable u fails.

Building on these previous works, our objective in this paper is to design a fully conservative,
finite difference scheme for the approximation of nonclassical solutions to the hyperbolic conser-
vation law (1). Our basic strategy relies on the discontinuous reconstruction technique proposed
recently in Lagoutière [18, 19] which has been found to be particularly efficient to computing
classical solutions of (1) with moderate numerical diffusion.

In our approach below, the kinetic function ϕ♭ is included explicitly in the algorithm, in
such a way that nonclassical shocks are computed (essentially) exactly while classical shocks
suffer moderate numerical diffusion. To validate our strategy we perform various numerical
experiments and, in particular, draw the kinetic function associated with our scheme. As the
mesh is refined, we observe that the approximate kinetic function converges toward the analytic
kinetic function. The scheme also enjoys several fundamental stability properties of consistency
with the conservative form of the equation and (like the Glimm scheme) with single nonclassical
discontinuities.
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2 Nonclassical Riemann solver with kinetics

Assumption on the flux-function

We describe here the nonclassical Riemann solver introduced and investigated in LeFloch [21].
Note in passing that this solver was later extended in [23] to include also a nucleation criterion.

Consider the problem (1)-(2)-(5) for a given Riemann initial data (3). Throughout this
paper we assume that the flux f is either concave-convex or convex-concave, that is, satisfies the
conditions (for all u 6= 0)

uf ′′(u) > 0, f ′′′(0) 6= 0, lim|u|→+∞ f ′(u) = +∞, (6)

or
uf ′′(u) < 0, f ′′′(0) 6= 0, lim|u|→+∞ f ′(u) = −∞, (7)

respectively. The functions f(u) = u3 + u and f(u) = −u3 − u are prototypes of particular
interest, used later in this paper for the validation of the proposed numerical strategy.

Let ϕ♮ : R → R be the unique function defined by ϕ♮(0) = 0 and for all u 6= 0, ϕ♮(u) 6= u
is such that the line passing through the points (u, f(u)) and (ϕ♮(u), f(ϕ♮(u))) is tangent to the
graph of f at point (ϕ♮(u), f(ϕ♮(u))):

f ′(ϕ♮(u)) =
f(u) − f(ϕ♮(u))

u − ϕ♮(u)
.

This function is smooth, monotone decreasing and onto thanks to (6) or (7). We denote by
ϕ−♮ : R → R its inverse function.

Concave-convex flux functions

Let us assume that f obeys (6) and let ϕ♭ : R → R be a kinetic function, that is (by definition)
a monotone decreasing and Lipschitz continuous mapping such that

ϕ♭
0(u) < ϕ♭(u) ≤ ϕ♮(u), u > 0,

ϕ♮(u) ≤ ϕ♭(u) < ϕ♭
0(u), u < 0.

(8)

From ϕ♭, we define the function ϕ♯ : R → R such that the line passing through the points
(u, f(u)) and (ϕ♭(u), f(ϕ♭(u))) with u 6= 0 also cuts the graph of the flux function f at point
(ϕ♯(u), f(ϕ♯(u))) with ϕ♯(u) 6= u and ϕ♯(u) 6= ϕ♭(u):

f(u) − f(ϕ♭(u))

u − ϕ♭(u)
=

f(u) − f(ϕ♯(u))

u − ϕ♯(u)
.

The nonclassical Riemann solver associated with (1)-(2)-(3)-(5) is given as follows.
When ul > 0:

(1) If ur ≥ ul, the solution is a rarefaction wave connecting ul to ur.
(2) If ur ∈ [ϕ♯(ul), ul), the solution is a classical shock wave connecting ul to ur.
(3) If ur ∈ (ϕ♭(ul), ϕ

♯(ul)), the solution contains a nonclassical shock connecting ul to ϕ♭(ul),
followed by a classical shock connecting ϕ♭(ul) to ur.

(4) If ur ≤ ϕ♭(ul), the solution contains a nonclassical shock connecting ul to ϕ♭(ul), followed
by a rarefaction connecting ϕ♭(ul) to ur.
When ul ≤ 0:
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(1) If ur ≤ ul, the solution is a rarefaction wave connecting ul to ur.
(2) If ur ∈ [ul, ϕ

♯(ul)), the solution is a classical shock wave connecting ul to ur.
(3) If ur ∈ (ϕ♯(ul), ϕ

♭(ul)), the solution contains a nonclassical shock connecting ul to ϕ♭(ul),
followed by a classical shock connecting ϕ♭(ul) to ur.

(4) If ur ≥ ϕ♭(ul), the solution contains a nonclassical shock connecting ul to ϕ♭(ul), followed
by a rarefaction connecting ϕ♭(ul) to ur.

Convex-concave flux functions

We next assume that f satisfies the condition (7). Let ϕ♭ : R → R be a kinetic function, that is,
a monotone decreasing and Lipschitz continuous map such that

ϕ♭
0(u) < ϕ♭(u) ≤ ϕ−♮(u), u < 0,

ϕ−♮(u) ≤ ϕ♭(u) < ϕ♭
0(u), u > 0.

(9)

We then define ρ(u, v) ∈ R if v 6= u and v 6= ϕ♮(u) by

f(ρ(u, v)) − f(u)

ρ(u, v) − u
=

f(v) − f(u)

v − u

with ρ(u, v) 6= u and ρ(u, v) 6= v, and extend the function ρ by continuity otherwise. Note that
ϕ♯(u) = ρ(u, ϕ♭(u)) where ϕ♯ is defined as in the case of a concave-convex flux function. The
nonclassical Riemann solver associated with (1)-(2)-(3)-(5) is given as follows.
When ul > 0:

(1) If ur ≥ ul, the solution is a classical shock connecting ul to ur.
(2) If ur ∈ [0, ul), the solution is a rarefaction wave connecting ul to ur.
(3) If ur ∈ (ϕ♭(ul), 0), the solution contains a rarefaction wave connecting ul to ϕ−♭(ur),

followed by a nonclassical shock connecting ϕ−♭(ur) to ur.
(4) If ur ≤ ϕ♭(ul), the solution contains:

(i) a classical shock connecting ul to ϕ−♭(ur), followed by a nonclassical shock connecting
ϕ−♭(ur) to ur, if ul > ρ(ϕ−♭(ur), ur).

(ii) a classical shock connecting ul to ur, if ul ≤ ρ(ϕ−♭(ur), ur).
When ul ≤ 0:

(1) If ur ≤ ul, the solution is a classical shock connecting ul to ur.
(2) If ur ∈ (ul, 0], the solution is a rarefaction wave connecting ul to ur.
(3) If ur ∈ (0, ϕ♭(ul)), the solution contains a rarefaction wave connecting ul to ϕ−♭(ur),

followed by a non classical shock connecting ϕ−♭(ur) to ur.
(4) If ur ≥ ϕ♭(ul), the solution contains:

(i) a classical shock connecting ul to ϕ−♭(ur), followed by a nonclassical shock connecting
ϕ−♭(ur) to ur, if ul < ρ(ϕ−♭(ur), ur).

(ii) a classical shock connecting ul to ur, if ul ≥ ρ(ϕ−♭(ur), ur).
Observe that the convex-concave case can in principle be deduced from the concave-convex

case, by replacing f by −f and x by −x. Nevertheless, it is useful to keep the above two
descriptions in mind, since there is a dramatic difference between the Riemann solvers: the
nonclassical shock always connects ul to ϕ♭(ul) in the concave-convex case, and ϕ−♭(ur) to ur in
the convex-concave case. The numerical method we are going to describe must take this feature
into account, and as we will explain it is necessary to take into account both ϕ♭ and ϕ−♭ in the
design of the scheme.
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3 Motivations and difficulties

Notation

Our aim is to design a scheme for the numerical approximation of the nonclassical solutions to
(1)-(2)-(5). To this end, we consider the general class of finite volume methods. Introducing
constant space and time lengths ∆x and ∆t for the space and time discretization, we can set
xj+1/2 = j∆x, j ∈ Z, and tn = n∆t, n ∈ N. The discretization consists, at each time tn, of a
piecewise constant function x 7→ uν(x, tn) which should be an approximation of the exact solution
u(x, tn) on the cell Cj = [xj−1/2;xj+1/2):

uν(x, tn) = un
j , x ∈ Cj, j ∈ Z, n ∈ N.

Here, ν refers to the ratio ∆t/∆x. The initial data at the time t = 0 is denoted by u0 and we
define the sequence (u0

j )j∈Z:

u0
j =

1

∆x

∫ xj+1/2

xj−1/2

u0(x)dx, j ∈ Z. (10)

The starting point in the conception of our algorithm is a few conventional interpretation of
the constant values un

j , j ∈ Z. As suggested by the proposed initialization (10), un
j is usually,

and rightly, seen as an approximate value of the average on cell Cj of the exact solution at time
tn. Integrating equation (1) over the slab Cj × [tn, tn+1] and using Green’s formula, it is thus
natural to define (un+1

j )j from (un
j )j and a conservative scheme of the following form

un+1
j = un

j −
∆t

∆x
(fn

j+1/2 − fn
j−1/2), j ∈ Z, (11)

where fn
j+1/2 represents an approximate value of the flux that passes through the interface xj+1/2

between the times tn and tn+1.
Here, we shall also consider un

j as a given information, on cell Cj and at time tn, on the structure
of the exact Riemann solution associated with inital states ul = un

j−1 and ur = un
j+1 which will

develop at the next times t > tn. At this stage, one easily realize that if this information is
precise (i.e. close to what will really happen), then we should be in a good position to define
accurately the numerical fluxes fn

j+1/2 and then predict the approximate values of the solution

at time tn+1.

Linear advection equation

As a first illustration, let us consider the linear advection with constant velocity a > 0, that
is, the scalar conservation law with flux f(u) = au. In this case, the weak solution to the
initial-value problem for (1) is unique, and is given explicitly as u(t, x) = u0(x − at). Hence,
neither the entropy condition (2) nor the kinetic condition (5) are necessary. The basic scheme
for approximating this solution is the so-called upwind scheme and corresponds to the choice
fn

j+1/2 = aun
j for all j ∈ Z. Recall that the CFL condition a∆t/∆x ≤ α for a given α ≤ 1

is mandatory for the stability of the procedure. Figure 1 (left-hand) shows the corresponding
numerical solution at time t = 0.25 for a = 1, α = 0.5 and ul = 1, ur = 0 in (3). The mesh
contains 100 points per unit. We observe that the numerical solution presents a good agreement
with the exact one but contains numerical diffusion. We propose the following interpretation. In
some sense, the value un

j that we consider as an information on the Riemann solution associated
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Figure 1: Linear advection - upwind scheme (left-hand) and reconstruction scheme (right-hand).

with initial states ul = un
j−1 and ur = un

j+1 is sufficient to correctly approach this solution when
defining fn

j+1/2 = aun
j , but not enough to avoid the numerical diffusion. Note that the latter

is expected but not hoped. In the present situation, the fact is that we actually know what
will happen in the future, namely a propagation of the Riemann initial states (ul = un

j−1 and
ur = un

j+1) with speed a. In particular, no value different from un
j−1 and un

j+1 is created so that
information given by un

j is clearly not optimal. In the process of calculation of the numerical flux
fn

j+1/2, we are thus tempted to add more information in the cell Cj when replacing, as soon as
possible, the constant state un

j with a discontinuity separating un
j−1 on the left and un

j+1 on the
right, and located at point xj ∈ Cj. In the forthcoming developments, the left and right states
of this reconstructed discontinuity will be noted un

j,l and un
j,r, respectively. Hence, we have here

un
j,l = un

j−1, un
j,r = un

j+1. (12)

See Figure 2 below. We claim that this provides better information for calculating fn
j+1/2 than

the original one. Such a reconstruction is due to conserve u in order to be relevant, which defines
xj by the following constraint

(xj − xj−1/2)u
n
j,l + (xj+1/2 − xj)u

n
j,r = (xj+1/2 − xj−1/2)u

n
j

which equivalently recast as

xj = xj−1/2 +
un

j,r − un
j

un
j,r − un

j,l

∆x. (13)

Then, the reconstruction is possible provided we have 0 ≤ dn
j ≤ 1, with

dn
j =

un
j,r − un

j

un
j,r − un

j,l

. (14)
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Figure 2: An example of discontinuous reconstruction with conservation property (the linear
case).

Now, let us introduce ∆tj+1/2 the time needed by the reconstructed discontinuity to reach the
interface xj+1/2 (recall that a > 0). We clearly have

∆tj+1/2 =
1 − dn

j

a
∆x.

In this case, the flux that passes through xj+1/2 between times tn and tn+1 = tn + ∆t equals
f(un

j,r) until tn + ∆tj+1/2, and f(un
j,l) after (if ∆tj+1/2 < ∆t). Therefore, we propose to set now

∆tfn
j+1/2 = min(∆tj+1/2,∆t)f(un

j,r) + max(∆t − ∆tj+1/2, 0)f(un
j,l).

On Figure 1 (right-hand), we have plotted the numerical solution given by this new numerical
flux, leading to the so-called reconstruction scheme. The parameters of the simulation are the
same than those of Figure 1 (left-hand). We see that the more precise informations we have
brought on each cell Cj for calculating the numerical fluxes make the scheme less diffusive than
the original one. This strategy was proposed (and is discussed in further details) in [18, 19] (see
also [10, 17]). In particular, it is shown therein that the numerical solution presented in Figure 1
(right-hand) is exact in the sense that un

j equals the average of the exact solution on Cj, that is

un
j =

1

∆x

∫ xj+1/2

xj−1/2

u(x, tn)dx, j ∈ Z, n ∈ N. (15)

The corresponding numerical discontinuity separating ul and ur in then diffused on one cell at
most.

Godunov scheme with a nonclassical Riemann solver

As a second illustration, let us go back to the problem (1)-(2)-(5) with a general concave-convex
(or convex-concave) flux function f with however, for the sake of clarity,

f ′(u) ≥ 0, u ∈ R. (16)

Here, we focus ourselves on a particular Riemann initial data (3) such that ur = ϕ♭(ul). In
other words, the kinetic criterion is imposed on the initial discontinuity. The exact solution
then corresponds to the propagation of this discontinuity with speed σ(ul, ur) > 0 given by
Rankine-Hugoniot relation:

σ(ul, ur) =
f(ur) − f(ul)

ur − ul
. (17)

Figure 3 (left-hand) represents the numerical solution given by the upwind scheme fn
j+1/2 = f(un

j )

at time t = 0.1, for f(u) = u3 +u and ul = 1. The kinetic function is taken to be ϕ♭(u) = −0.75u
so that ur = −0.75.
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Figure 3: Propagating nonclassical shock - upwind scheme (left-hand) and reconstruction scheme
(right-hand).

We observe a strong disagreement between the numerical solution and the exact one. Indeed,
the former is made of a (classical) shock followed by a rarefaction wave while the latter is a single
(nonclassical) shock from ul to ur. It is then clear that the usual upwind scheme (as many others
actually) is not adapted for the computation of nonclassical solutions. The next result states
that the upwind scheme always converges towards the classical solution of (1)-(2). This scheme
is then adapted for the computation of classical solutions only.

Property. Assume that u0 ∈ L∞(R) and f is a smooth function satisfying (16). Then, under
the CFL condition

∆t

∆x
max
u∈A

|f ′(u)| ≤ 1,

with A := [minx u0(x),maxx u0(x)] the upwind conservative scheme (11) with fn
j+1/2 = f(un

j )

converges towards the unique classical solution of (1)-(2).

To establish this property, we only need to observe that, under the assumption (16) (prop-
agation is only in one direction), the upwind scheme is equivalent to the standard Godunov
scheme associated with the classical Riemann solver of (1)-(2) Then, standard compactness and
consistency arguments apply and allow us to conclude that the scheme converges towards the
unique classical solution.

Obviously, the above property also holds if f is assumed to be decreasing if we define fn
j+1/2 =

f(un
j+1).

4 A conservative scheme for nonclassical entropy solutions

Preliminaries

In view of the discussion in the previous section and in order to better evaluate the numerical
fluxes fn

j+1/2, let us obtain some information beyond un
j on cell Cj . In the present instance of

an isolated propagating discontinuity, it is expected that the Riemann solution associated with
initial states un

j−1 and un
j+1 simply propagates the initial discontinuity. This is actually true if
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un
j−1 = ul and un

j+1 = ϕ♭(ul), or more generally if un
j+1 = ϕ♭(un

j−1). So that here again, we
propose to replace the constant state un

j with a discontinuity separating un
j,l and un

j,r and located
at point xj given by (13), as soon as possible i.e. when 0 ≤ dn

j ≤ 1. We take

un
j,l = ϕ−♭(un

j+1) and un
j,r = ϕ♭(un

j−1). (18)

Note that this reconstruction is equivalent to (12) provided that un
j−1 = ul and un

j+1 = ϕ♭(ul),

or more generally un
j+1 = ϕ♭(un

j−1). Then, under the assumption (16), we again naturally set

∆tfn
j+1/2 = min(∆tj+1/2,∆t)f(un

j,r) + max(∆t − ∆tj+1/2, 0)f(un
j,l)

with now

∆tj+1/2 =
1 − dn

j

σ(un
j,l, u

n
j,r)

∆x. (19)

Figure 3 (right-hand) highlights the benefit of such a reconstruction. The numerical solution
now fully agrees with the exact one and is moreover free of numerical diffusion (the profile is
composed of a single point). We will show below that it is exact in this case, in the sense that
(15) is still valid as in the linear case.

The scheme

On the basis of the above motivations and illustrations, we follow the description of our algorithm
by considering the general situation. Assuming as given a sequence (un

j )j∈Z at time tn, it is thus

a question of defining its evolution towards the next time level tn+1. More precisely, and in the
context of a finite volume conservative scheme, we have to define the numerical fluxes (fn

j+1/2)j∈Z

coming in (11). For that, we still assume

either f ′(u) ≥ 0 for all u, or f ′(u) ≤ 0 for all u, (20)

so that propagation is in one direction only. According to the previous section, information in
cell Cj is understood as an element of the inner structure of the Riemann problem associated
with initial states un

j−1 and un
j+1. This one will be used to compute either fn

j+1/2 (if f ′(u) ≥ 0)

or fn
j−1/2 (if f ′(u) ≤ 0).

In Section 2, it is stated that the Riemann problem associated with initial states un
j−1 and un

j+1

may contain a nonclassical shock between un
j−1 and ϕ♭(un

j−1) if the function is concave-convex

(and between ϕ−♭(un
j+1) and un

j+1 if the function is convex-concave).
Recall that these nonclassical waves are difficult to capture numerically and require special

attention. (We have shown in the previous section that as many others, the upwind scheme does
not suit.) Instead of considering un

j as a sufficiently accurate information for the structure of
the Riemann solution associated with the initial states un

j−1 and un
j+1, we propose to replace

it (whenever possible) with a discontinuity separating un
j,l = ϕ−♭(un

j+1) on the left and un
j,r =

ϕ♭(un
j−1) on the right, and located at point xj ∈ Cj. In other words, we propose to introduce in

the cell Cj the right (respectively left) state ϕ♭(un
j−1) (respectively ϕ−♭(un

j+1)) of the nonclassical
discontinuity which is expected to be present in the Riemann solution associated with un

j−1

and un
j+1 (depending on if f obeys (6) or (7)). As in the previous section, one requires the

reconstructed discontinuity to satisfy the conservation property (13) and to be located inside
Cj, that is 0 ≤ dn

j ≤ 1 with dn
j given in (14). See Figure 4 for an illustration. Here, we let

un
j,l = un

j,r = un
j if dn

j given in (14) does not belong to [0, 1].
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Figure 4: A general discontinuous reconstruction with conservation property (the general case).

Then, we naturally set for all j ∈ Z:
(i) if f is non-decreasing

∆tfn
j+1/2 =

{

min(∆tj+1/2,∆t)f(un
j,r) + max(∆t − ∆tj+1/2, 0)f(un

j,l), 0 ≤ dn
j ≤ 1,

∆tf(un
j ), otherwise,

(21)

with

∆tj+1/2 =
1 − dn

j

σ(un
j,l, u

n
j,r)

∆x. (22)

(ii) if f is non-increasing:

∆tfn
j−1/2 =

{

min(∆tj−1/2,∆t)f(un
j,l) + max(∆t − ∆tj−1/2, 0)f(un

j,r), 0 ≤ dn
j ≤ 1,

∆tf(un
j ), otherwise,

(23)

with

∆tj−1/2 =
dn

j

−σ(un
j,l, u

n
j,r)

∆x. (24)

Note that contrary to the linear advection (see the first illustration in the previous section), the
local time step ∆tj+1/2 (respectively ∆tj−1/2) given by (22) (respectively (24)) is now only a
prediction of the time needed by the reconstructed discontinuity to reach the interface xj+1/2

(respectively xj−1/2). The prediction step is however exact in the case of an isolated nonclassical
discontinuity (see the second illustration in the previous section) and more generally as soon as
un

j−1 and un
j+1 verify un

j+1 = ϕ♭(un
j−1).

Observe that the proposed scheme belongs to the class of five-point schemes, since un+1
j

depends on un
j−2, un

j−1, un
j , un

j+1 and un
j+2.

Stability and consistency properties

We now state and prove important properties enjoyed by our algorithm.
We assume that the flux f satisfies the monotonicity condition (20) and either the concave-

convex or concave-convex conditions (6) or (7) respectively. Then, under the CFL restriction

∆t

∆x
max

u
|f ′(u)| ≤ 1, (25)

where the maximum is taken over all the u under consideration, the conservative scheme (11)
with fn

j+1/2 defined for all j ∈ Z by (21)-(23) is consistent with (1)-(2)-(5) in the following sense.
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Property 1 (Flux consistency.) Assume that u := un
j−1 = un

j = un
j+1, then fn

j+1/2 = f(u) if

f ′ ≥ 0 and fn
j−1/2 = f(u) if f ′ ≤ 0.

Property 2 (Classical solutions.) Assume that un
j−2, un

j−1, un
j , un

j+1 and un
j+2 belong to the

same region of convexity of f . Then the definition un+1
j given by the conservative scheme (11)-

(21)-(23) coincides with the one given by the usual upwind conservative scheme. Then it obeys
all the usual stability properties provided by this scheme. In particular, the strategy is convergent
if the whole discrete solution belongs to the same region of convexity of f .

Property 3 (Isolated nonclassical shock waves.) Let ul and ur be two initial states such
that ur = ϕ♭(ul). Assume that u0

j = ul if j ≤ 0 and u0
j = ur if j ≥ 1. Then the conservative

scheme (11)-(21)-(23) provides an exact numerical solution on each cell Cj in the sense that

un
j =

1

∆x

∫ xj+1/2

xj−1/2

u(x, tn)dx, j ∈ Z, n ∈ N, (26)

where u denotes the exact Riemann solution of (1)-(2)-(3)-(5) given by u(x, t) = ul if x <
σ(ul, ur)t and u(x, t) = ur otherwise, and is convergent towards u. In particular, the numerical
discontinuity is diffused on one cell at most.

The following comments are in order. Property (i) shows that the proposed numerical flux
function is consistent in the classical sense of finite volume methods. Properties (ii) and (iii)
provide us with crucial stability/accuracy properties. They show that the method is actually
convergent if the solution remains in the same region of convexity of f (see (ii)) or, more im-
portantly, the solution consists in an isolated nonclassical discontinuity satisfying the prescribed
kinetic relation (see (iii)). We emphasize that all of the conservative schemes proposed so far in
the literature violate the latter property.

Proof of Property 1. (i) If u := un
j−1 = un

j = un
j+1 then

dn
j =

ϕ♭(u) − u

ϕ♭(u) − ϕ−♭(u)
.

The property 0 ≤ dn
j ≤ 1 means min(ϕ−♭(u), ϕ♭(u)) ≤ u ≤ max(ϕ−♭(u), ϕ♭(u)) and cannot hold,

since u and ϕ♭(u) do not have the same sign for all u. Then, we obtain fn
j+1/2 = f(u) if f ′ ≥ 0

and fn
j−1/2 = f(u) if f ′ ≤ 0 by (21)-(23).

Proof of Property 2. Assume without restriction that f ′ ≥ 0 and recall that 0 ≤ dn
j−1 ≤ 1 and

0 ≤ dn
j ≤ 1 respectively means that min(ϕ−♭(un

j ), ϕ♭(un
j−2)) ≤ un

j−1 ≤ max(ϕ−♭(un
j ), ϕ♭(un

j−2))

and min(ϕ−♭(un
j+1), ϕ

♭(un
j−1)) ≤ un

j ≤ max(ϕ−♭(un
j+1), ϕ

♭(un
j−1)). These inequalities are not valid

since by definition u and ϕ♭(u) do not belong to the same region of convexity of f . By (21)-(23),
the numerical fluxes fn

j±1/2 coincides with the usual upwind fluxes and the conclusion follows.

Proof of Property 3. First, note that there is no relevant reconstruction in the first iteration.
Indeed, the property 0 ≤ dn

j ≤ 1 reads as follows if j < 0 or j > 1,

0 ≤ dn
j ≤ 1 if and only if

{

min(ϕ−♭(ul), ϕ
♭(ul)) ≤ ul ≤ max(ϕ−♭(ul), ϕ

♭(ul)), j < 0,

min(ϕ−♭(ur), ϕ
♭(ur)) ≤ ur ≤ max(ϕ−♭(ur), ϕ

♭(ur)), j > 1,
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which again cannot hold (see (i) below), while if j = 0 or j = 1, the relation ur = ϕ♭(ul) and
definition (14) give











dn
j =

ur − ul

ur − ul
= 1, j = 0,

dn
j =

ur − ur

ur − ul
= 0, j = 1,

so that the reconstructions exist but are trivial: ul = ϕ−♭(ur) (respectively ur = ϕ♭(ul)) takes
the whole cell associated with j = 0 (respectively j = 1).
Assume now without restriction that f is non-decreasing and let ∆t be such that (25) holds. After
one time step ∆t, the exact solution given by u(x,∆t) = ul if x < σ(ul, ur)∆t and u(x,∆t) = ur

otherwise is such that

1

∆x

∫ xj+1/2

xj−1/2

u(x,∆t)dx =







ul, j ≤ 0,

ur − σ(ul, ur)
∆t
∆x(ur − ul), j = 1,

ur, j > 1.

(27)

But recall that σ(ul, ur) is given by (17) so that we have

1

∆x

∫ xj+1/2

xj−1/2

u(x,∆t)dx =







ul −
∆t
∆x(f(ul) − f(ul)), j ≤ 0,

ur −
∆t
∆x(f(ur) − f(ul)), j = 1,

ur −
∆t
∆x(f(ur) − f(ur)), j > 1,

(28)

that is

u1
j =

1

∆x

∫ xj+1/2

xj−1/2

u(x,∆t)dx, j ∈ Z. (29)

The identity (26) is then proved for the first iterate.
What happens now in the next time iteration ? At this stage, it is first clear (see the previous
discussion just below) that only cell C1 is going to be dealt with a reconstruction. Now, the main
point of the proof lies in the fact that the reconstructed discontinuity in this cell actually joins
the expected states ϕ−♭(u1

2) = ϕ−♭(ur) = ul and ϕ♭(u1
0) = ϕ♭(ul) = ur and is located exactly at

point x = σ(ul, ur)∆t by the conservation property (29). In other words, we have reconstructed
the exact solution at time t = ∆t. To derive the required identity (26) for the second iterate, it
is sufficient to recall that by Green’s formula the conservative scheme (11) with fn

j+1/2 defined

for all j ∈ Z by (21)-(23) is equivalent for n = 2 to average the evolution of this exact solution
up to time t2 = 2∆t. And the process is going on in a similar way for the next time iterations,
which proves the result.

5 Numerical experiments

We mostly consider here the flux f(u) := u3 + u, thus f is concave-convex in the sense given in
the second section. For the entropy-entropy flux pair (U,F ) required in (2), we use

U(u) := u2, F (u) :=
3

2
u4 + u2.

Easy calculations lead to explicit formulas for ϕ♮ and ϕ−♮:

ϕ♮ = −
u

2
, ϕ−♮ = −2u, ϕ♭

0(u) = −u.

13



Moreover, we have here ϕ♯(u) = −u − ϕ♭(u).

The choice of the kinetic function ϕ♭ must be in agreement with relations (8) with ϕ♮ and ϕ♭
0

just calculated. Here, we will choose the kinetic function

ϕ♭(u) = −βu, β ∈ [0.5, 1) ,

which, as observed in Bedjaoui and LeFloch [3], can be realized by an augmented model based
on nonlinear diffusion and dispersion terms. In the following, we will take β = 0.75.

Test A. Let us check Property 3 numerically, which is concerned with the exact capture of
isolated nonclassical shocks. Thus, consider the following nonclassical shock as a Riemann initial
condition

u0(x) =

{

4, x < 0,

ϕ♭(4) = −3, x > 0,

The numerical solution shown in Figure 5 is exact everywhere but in the single cell containing the
nonclassical shock. (We sometimes use a piecewise constant representation in the figure, in order
for the interpretation of the numerical solutions to be easier.) However, as expected, the value
in this cell coincides with the average of the corresponding exact solution (see (26)), and allows
(after reconstruction) to recover the exact location of the discontinuity (using the conservation
property of scheme). This property explains why the numerical solution stays sharp when the
time evolves.
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-1

 0

 1

 2

 3

 4

-0.2  0  0.2  0.4  0.6  0.8

initial data t=0.00
exact solution at t=0.01
exact solution at t=0.02
exact solution at t=0.03

numerical solution at t=0.01
numerical solution at t=0.02
numerical solution at t=0.03

Figure 5: Test A - Nonclassical shock – 30 points

Test B. In our second test we consider the Riemann problem with initial data

u0(x) =

{

4, x < 0,
−5, x > 0,

whose solution is a nonclassical shock followed by a rarefaction wave. The two left-hand curves
in Figure 6 are performed with ∆x = 0.01 and ∆x = 0.002, respectively. The nonclassical shock,
as previously, is localized in a single computational cell.
The right-hand figure represents the logarithm of the L1-error (between the exact and the numer-
ical solution) versus the logarithm of ∆x. The numerical order of convergence is about 0.8374.
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Figure 6: Test B - Nonclassical shock and rarefaction – L1 convergence (log(EL1) versus log(∆x))

Test C (Figure 7). Now, we choose another Riemann initial condition which develops a
nonclassical shock followed by a classical shock:

u0(x) =

{

4, x < 0,
−2, x > 0.

We can make the same observation as previously, concerning the nonclassical shock; it is sharply
captured and arises in a small spatial domain. However, note here that the classical shock does
contain some numerical diffusion: in fact, our scheme is exactly the upwinding scheme if the
values of the solution remains in a given convexity region for the flux f .
Once again, the plot with the L1-error shows the numerical convergence with order about 0.9999.
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Figure 7: Test C - Nonclassical and classical shocks – L1 convergence (log(EL1) versus log(∆x))

Test D (Figure 8). We now take an initial data composed of two nonclassical shocks that
interact:

u0(x) =







4 = ϕ−♭(−3), x < 0.1
−3, 0.1 < x < 0.2

2.25 = ϕ♭(−3), x > 0.2.
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The computation is performed with ∆x = 0.05 and plotted at four successive times t = 0, 0.0010, 0.0017,
and 0.0020. We observe that the two nonclassical shocks cancel each other at the interaction,
and generate a single classical shock, in accordance with the general theory in [21].
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 0.1  0.2  0.3  0.4  0.5  0.6

at t=0.000
exact solution at t=0.010
exact solution at t=0.017
exact solution at t=0.020

numerical at t=0.010
numerical at t=0.017
numerical at t=0.020

Figure 8: Test D - Interaction of two nonclassical shocks

Test E (Figure 9). Next, we consider the periodic initial condition

u0(x) = sin
( x

2π

)

,

with periodic boundary conditions u(−0.5, t) = u(0.5, t). The exact solution is not known explic-
itly, so we compare our numerical solution with the solution generated by Glimm’s random choice
scheme [12] in which we have replaced the classical solver by the nonclassical solver described in
Section 2. We use here van der Corput’s random sequence (an), defined by

an =

m
∑

k=0

ik2
−(k+1),

where n =
∑m

k=0 ik2
k, ik ∈ {0, 1}, denotes the binary expansion of the integer n. Figure 9

represents the solutions at the times t = 0, 0.25 and 0.5 for our scheme with ∆x = 0.01 and with
∆x = 0.0001, and for the Glimm scheme with ∆x = 0.0001 (to serve as a reference). The two
methods strongly agree. Roughly speaking, the increasing parts of u0 evolve as rarefactions, while
the decreasing parts are compressed and develop in a classical shock and, then, when left- and
right-hand states at the shocks change sign, nonclassical shocks (which do satisfy the expected
kinetic relation) and new faster classical shocks on the right-hand side arise.

Test F (Figure 10). To illustrate the behavior of convex-concave flux functions, we finally
compute two Riemann solutions with opposite flux f(u) = −u3 − u (so f ′ < 0 and the solutions
move from right to left) and the same kinetic function ϕ♭(u) = −0.75 u: the first one (left-hand
figure) corresponds to the initial data

u0(x) =

{

−4, x < 0,
4, x > 0,

and develops a rarefaction wave and a nonclassical shock; the second one (right-hand figure)
corresponds to the initial data

u0(x) =

{

−2, x < 0,
4, x > 0,
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Figure 9: Test E - Periodic initial data - reconstruction scheme and Glimm scheme

and the corresponding solution is a classical shock followed by a nonclassical shock.
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Figure 10: Test E - Two examples in the convex-concave case

Test F. We now study how the kinetic relation uR = ϕ♭(uL) is computed. On Figure 11 (right-
hand figure), we plot points whose horizontal coordinates (respectively vertical coordinates)
correspond to the left-hand (resp. right-hand) traces around the reconstructed cell. The initial
data allows us to cover a large range of value:

u0(x) =







0, x < 0.5,
1 + 20(x + 0.45), 0.5 < x < 0.45,

−0.75, x > −0.45.

The left-hand figure represents the solution at different times with ∆x = 0.0002.

We clearly observe the convergence of the numerical kinetic relation towards the prescribed
one. This a strong test to validate the proposed method.

Test G. In the course of designing the scheme proposed in the previous section we tried
several variants. We report here one such scheme that is very similar to the proposed scheme,
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Figure 11: Test F - Numerical kinetic relation

but which does not converge to exact nonclassical solutions. This is due to the fact that small
oscillations are generated in the scheme which are in competition with the dissipation mechanisms
described by the prescribed kinetic function.

The variant is designed for the concave-convex flux f(u) = u3 + u. The only difference with
the scheme developed above is that it performs the reconstruction in Cj with un

j,l = un
j−1 (instead

of ϕ−♭(un
j+1) and uj,r = ϕ♭(un

j−1). This is equivalent in the case of a pure nonclassical shock
(Test B) but different in the general case.
Figure 12 presents the solution obtained for the same initial value as in Test E. Oscillations are
generated because the reconstruction is not constrained enough in this version of the scheme.
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u(0.00,x)
u(0.05,x) - 5 000 mailles

u(0.05,x) - 50 000 mailles

Figure 12: Another version of the scheme

6 Concluding remarks

In this paper we have introduced a new numerical strategy for computing nonclassical solutions
to nonlinear hyperbolic conservation laws. The method is based on a reconstruction technique
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performed in each computational cell which may exhibit a nonclassical shock. Importantly, the
whole algorithm is conservative and propagates any admissible nonclassical discontinuity exactly.
The convergence of the proposed method was demonstrated numerically for several test-cases.
This new approach brings a new perspective on the numerical approximation of nonclassical
shocks and kinetic functions. The efficiency of the method is clearly demonstrated in the present
paper, and we refer to the follow-up paper [4] for various extensions and applications. Among
the questions of interest we can mention the total variation bounds and the hyperbolic systems
of conservation laws, the application to real materials undergoing phase transitions, as well as
the extension to higher-order schemes.
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